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on the complex Banach space of all complex-valued essentially bounded functions on [0, 1].

Keywords: symmetric polynomial on a Banach space; continuous polynomial on a Banach space;
algebraic basis; Lebesgue-Rohlin space

MSC: 46G25; 47H60; 46G20

1. Introduction

The study of symmetric polynomials on infinite dimensional spaces started with
the work [1] (for classical results in the finite dimensional case, see, e.g., [2—4]). In [1],
the authors considered symmetric continuous polynomials on real Banach spaces ¢, and
L,[0,1], where p € [1,4-00). In particular, in [1] the authors constructed algebraic bases of
algebras of the abovementioned polynomials. In [5], the authors considered symmetric
continuous polynomials on separable sequence real Banach spaces with a symmetric basis
(see [6] (Def. 3.a.1, p. 113)) and on a separable rearrangement invariant function the real
Banach spaces (see [7] (Definition 2.a.1, p. 117)). Topological algebras of symmetric holo-
morphic functions on £, were studied first in [8]. Symmetric polynomials and symmetric
holomorphic functions of bounded type on sequence Banach spaces were studied in [9-34]
(see also the survey [35]). Symmetric holomorphic functions of unbounded type on se-
quence Banach spaces were studied in [36-39]. Symmetric polynomials and symmetric
holomorphic functions on Banach spaces of Lebesgue measurable functions and on Carte-
sian powers of such spaces were studied in [40—49]. In [50-54], the authors used the most
general approach to the study of symmetric functions.

In [41], the authors constructed an algebraic basis of the algebra of symmetric continu-
ous complex-valued polynomials on the complex Banach space Le[0, 1] of complex-valued
Lebesgue measurable essentially bounded functions on [0, 1] and described the spectrum of
the Fréchet algebra Hys (Lo [0, 1]) of symmetric analytic entire functions, which are bounded
on bounded sets, on Le[0, 1]. In [42], the authors showed that the algebra Hys(Leo[0,1])
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is isomorphic to the algebra of all analytic functions on the strong dual of the topological
vector space of entire functions on the complex plane C. In addition in [42], it was shown
that the algebra Hys(L[0, 1]) is a test algebra for the famous Michael problem (see [55]).
In [49], the authors showed that the algebra Hys (Lo [0, 1]) is isomorphic to the algebra of
symmetric entire functions on the complex Banach space of complex-valued Lebesgue
integrable essentially bounded functions on the semi-axis.

In this work, we generalize the results of the work [49], replacing the semi-axis with the
arbitrary union of Lebesgue-Rohlin spaces (which are also known as standard probability
spaces) with continuous measures. Note that there are a lot of important measure spaces
which can be represented as the abovementioned union. For example, R” for any n € N
with the Lebesgue measure is one such space. We consider symmetric functions on Banach
spaces of all complex-valued integrable essentially bounded functions on the unions of
Lebesgue-Rohlin spaces with continuous measures. We construct countable algebraic bases
of algebras of continuous symmetric polynomials on these Banach spaces. The completions
of such algebras of polynomials are Fréchet algebras of all complex-valued entire symmetric
functions of bounded type on the abovementioned Banach spaces. We show that every
such Fréchet algebra is isomorphic to the Fréchet algebra Hys (L [0,1]).

2. Preliminaries

Let us denote by N and Z . the set of all positive integers and the set of all nonnegative
integers, respectively.

2.1. Polynomials

Let X be a complex Banach space.
Let N € N. A mapping P : X — C, which is the restriction to the diagonal of some
N-linear mapping Ap : XN — C, ie.,

P(x) = Ap(x,...,yﬁ)
N

for every x € X, is called an N-homogeneous polynomial.
A mapping P : X — C, which can be represented in the form

P:P0+P1+...+PN,

where N € N, Py is a constant mapping, and P, : X — C is an n-homogeneous polynomial
forevery n € {1,..., N}, is called a polynomial of a degree at most N.
It is known that a polynomial P : X — C is continuous if and only if its norm

IP|| = sup [P(x)]
[[x[[<1

is finite. Consequently, for every continuous N-homogeneous polynomial P : X — C and
for every x € X we have the following inequality:

[P(x)] < [IP]lx]™. ©)

2.2. Holomorphic Functions

Definition 1. ([56] (Def. 2.1, p. 53)) A subset U of a vector space E is said to be finitely open if
U N F is an open subset of the Euclidean space F for each finite dimensional subspace F of E.

(See [56] (p. 53)). The finitely open subsets of E define a translation invariant topology
Tr. The balanced ty-neighborhoods of zero form a basis for the t¢-neighborhoods of zero.
On a topological vector space (E, 7), the topology Ty is finer than 7, i.e., 7 > 7.
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Definition 2. (See [56] (Def. 2.2, p. 54)) The complex-valued function f, defined on a finitely
open subset U of a complex vector space E is said to be G-holomorphic if for each a € U,b € E the
complex-valued function of one complex variable

A f(a+ Ab)

is holomorphic in some neighborhood of zero. We let Hs (U) denote the set of all G-holomorphic
mappings from U into C.

The following proposition is a partial result of [56] (Prop. 2.4, p. 55).

Proposition 1. If U is a finitely open subset of a complex vector space E and f € Hg(U), then for

o)

each a € U there exists a unique sequence of homogeneous polynomials from E into C, { f,gf) }m:O,

such that

flaty) =Y i)
m=0
for all'y in some T¢-neighborhood of zero. This series is called the Taylor series of f at a.

Definition 3. (See [56] (Def. 2.6, p. 57)) Let (E, T) be a complex locally convex space, and let
U be a finitely open subset of E. A function f : U — C is called holomorphic or analytic if it is
G-holomorphic and for each a € U the function

v LA

converges and defines a continuous function on some t-neighborhood of zero. We let H(U ) denote
the algebra of all holomorphic functions from U into C endowed with the compact open topology (the
topology of uniform convergence on the compact subsets of U). A function, which is holomorphic on
E, is called entire.

The following proposition is a partial result of [56] (Lemma 2.8, p. 58).

Proposition 2. If U is an open subset of a complex locally convex space E and f : U — Cis
G-holomorphic, then f € H(U) if and only if f is locally bounded.

The following proposition is a partial result of [56] (Cor. 2.9, p. 59).

Proposition 3. Let E be a complex locally convex space. Let U be an open subset of E, and

suppose f € H(U). Then for every a in U and every m € N, the m-homogeneous polynomial f,Sf)
is continuous.

(See [56] (p. 166)). Let U be an open subset of a complex locally convex space E, and
let B be a balanced closed subset of E. We let

dg(a,U) =sup{|A|: A€ C,a+ABC U}

for every a € U. If E is a complex normed linear space and B is the unit ball of E, then
dg(a,U) is the usual distance of a to the complement of U in E.
Let f € H(U). The B-radius of boundedness of f ata € U, is defined as

r¢(a,B) = sup{|)\| :AeCa+ABC U, sup [f(y)] < oo}.
y€a+AB

The B-radius of uniform convergence of f ata € U is defined as
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Rf(a,B) = sup{|)\| : A€ C,a+ AB C U, and the Taylor series of f ata

converges to f uniformly on a + AB }
The following proposition is a partial result of [56] (Prop. 4.7, p. 166).

Proposition 4. Let U be an open subset of a complex locally convex space E. Suppose f € H(U).
Ifa € U, Bis a closed balanced subset of E and r¢(a, B) > 0, then

r¢(a,B) = Ry(a,B) = min{dg(a, u), (limsup sup|£," (y)|”") _1}.

n—o0 yeB

Let E be a complex normed space. An entire function f : X — C, for which (0, B) =
+co, where B is a closed unit ball in E, is called a function of bounded type. In other words,
f is called a function of bounded type if it is bounded on every bounded subset of E. By
Proposition 4, for every such a function f, its Taylor series at zero, Z%:o fm, converges

uniformly to f on every bounded subset of E (we denote f,$10) by fim)-
By [57] (Cor. 7.3, p. 47),

Fuly) = = /| U @)

- % &l=r ngrl

wherem € Z,y € E and v > 0. Equation (2) is called the Cauchy Integral Formula.

Let E be a complex Banach space. Let H,(E) be the Fréchet algebra of all entire func-
tions of bounded type f : E — C endowed with the topology of the uniform convergence
on bounded subsets. Let

1fllz = sup |f(x)]
llxlI<r
for f € Hy(E) and r € (0,+00). The topology of the Fréchet algebra H(E) is generated by
any set of norms
{-llr=rety,

where I is an arbitrary unbounded subset of (0, +0).
For details on holomorphic functions on Banach spaces, we refer the reader to [57]
or [56,58] .

2.3. Measure Spaces

A measure space is a triple (), F,v), where Q) is a set, F is a ¢ algebra of its subsets,
and v : F — [0, +oco] is a measure. In addition, we assume v to be a complete measure,
i.e., every subset of a measurable set with null measure (so called null set) is measurable too.
An isomorphism between two measure spaces (()q, F1,v1) and ((p, F», 1) is an invertible
map f : Q1 — QO such that f and f~! are both measurable and measure-preserving maps.
In the case (), F1,v1) = (o, F2,12), the mapping f is called a measurable automorphism.
Two measure spaces (Qq, F1,v1) and (), F,17) are called isomorphic modulo zero if
there exist null sets M C ()1 and N C ), such that measure spaces ()1 \ M and ), \ N are
isomorphic [59] (§1, No. 5).

Let a measure space (), F,v) be such that v(Q)) = 1. The measure space (Q), F,v) is
called separable ([59] (§2, No. 1)), if there exists a countable system G of measurable sets
having the following two properties:

1.  For every measurable set A C (), there exists a set B such that A C B C (), B is
identical with A modulo zero, and B is an element of the ¢ algebra generated by G.

2. For every pair of points x, y € (), there exists aset G C G such thateitherx € G,y € G,
orxZ G,yeG.
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Every countable system G of measurable sets satisfying conditions (1) and (2) is called
a basis of the space (Q), F,v).

Let (Q), F,v) be a separable measure space, and let B = {B, }’_; be an arbitrary basis
in (Q, F,v). If all intersections of the form N> An, where Ay is one of the two sets By,
and Q) \ By, are nonempty, then the space (Q), F,v) is called complete with respect to the
basis B. By [59] (§2, No. 2), if the space (), F,v) is complete modulo zero (i.e., isomorphic
modulo zero to some complete measure space) with respect to some basis, then it is
complete modulo zero with respect to every other basis. Separable measure spaces which
are complete modulo zero with respect to their bases are called Lebesgue-Rohlin spaces
or standard probability spaces. By [59] (§2, No. 4), every Lebesgue-Rohlin space with
continuous measure (i.e., there are no points of positive measure) is isomorphic modulo
zero to [0,1] with Lebesgue measure. The following simple lemma shows that every
such space is isomorphic to [0, 1] with Lebesgue measure.

Lemma 1. Every Lebesgue-Rohlin measure space with continuous measure is isomorphic to [0, 1]
with Lebesgue measure.

Proof. Let (Q), F,v) be a Lebesgue-Rohlin measure space with continuous measure. By [59]
(82, No. 4), (), F,v) is isomorphic modulo zero to [0, 1] with Lebesgue measure, i.e., there
exist null sets M C Q and N C [0,1] such that Q \ M is isomorphic to [0,1] \ N. Let
f:Q\M — [0,1] \ N be the isomorphism. Let K be an arbitrary null subset of [0,1] \ N
with the cardinality of the continuum. Then f~!(K) is a null subset of Q \ M with the
cardinality of the continuum. Consequently, both sets C; = MU f~1(K) and C, = NUK
are null sets of the cardinality of the continuum. Let h : C; — C; be a bijection. Let
g : Q0 — [0,1] be defined by

[ h(p), ifteCy,
8(f)—{ f(t), ifte [01,1]\C1-

Evidently, g is an isomorphism between (Q), F,v) and [0, 1] with Lebesgue measure. [

2.4. Symmetric Functions

In general, symmetric functions are defined in the following way.

Definition 4. Let A be an arbitrary nonempty set, and let S be a nonempty set of mappings
acting from A to itself. A function f, defined on A, is called symmetric with respect to the set S if
f(s(a)) = f(a) forevery s € Sand a € A.

Let us describe the partial case of Definition 4, which we will use in this work. The set
of all measurable automorphisms of some measure space (Q), F,v) we will denote by Eq,.
A complex Banach space X of measurable functions x : 3 — C such that x o ¢ belongs to X
for every x € X and ¢ € E, will be in the role of the set A from Definition 4. The set of
operators

{xeX—xo00eX: cein}

will be in the role of the set S from Definition 4. So, a function f, defined on X, is called
symmetric if

flxoo) = f(x)
for every x € X and ¢ € Eq.

2.5. Algebraic Combinations
A mapping
teT— Q(fl(t),. . .,fk(t)) eC,
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where T is a nonempty set, k € N, fi,..., fy are mappings acting from T to C and Q is a
polynomial acting from C* to C, is called an algebraic combination of mappings f, . . -, fx-

Let A be some algebra of complex-valued mappings. Let B C A be such that every
element of A can be uniquely represented as an algebraic combination of some elements of
B. Then B is called an algebraic basis of A.

2.6. Entire Symmetric Functions on Leo[0,1]

Let Lo [0, 1] be the complex Banach space of all Lebesgue measurable essentially
bounded complex-valued functions x on [0, 1] with norm

1%[leo = ess supye(g 1) x(H)]-

For every n € N, let R, : Lo[0,1] — C be defined by
Ru(x) = / £)" dt.
0= [0

Note that R, is a symmetric continuous n-homogeneous polynomial such that | R, || = 1
forevery n € N.

Theorem 1. ([41] (Theorem 4.3)) Every symmetric continuous n-homogeneous polynomial P :
L [0,1] — C can be uniquely represented as

P(x) = ) o
k1+2ky+...4+nk,=n

k
KRy () - Ry (x),

1yeeer

where ky, ..., kn € Zy and ay,,_x, € C. In other words, {Ry,} forms an algebraic basis in the
algebra of symmetric continuous polynomials on Leo[0, 1].

Theorem 2. ([41] (Theorem 3.1)) For every sequence ¢ = {Cn}5"_; C C such that the sequence
{V/1&ul}:_, is bounded, there exists xz € Loo[0, 1] such that R, (xg) = u for every n € N and

2
[xelleo < 7 sup \/8nl,
¢ M neN

where
s T 1
M—k|_|1cos(2~k+1>. 3)

Let Hps(Loo [0, 1]) be the subalgebra of the Fréchet algebra Hy, (L« [0, 1]), which consists
of all symmetric elements of H,(Le[0,1]). It can be checked that Hys(Loo[0,1]) is closed in
Hp(Loo[0,1]).

For every function f € Hys(Leo[0,1]), its Taylor series converges uniformly to f on
every bounded set. The nth term, where n € N, of the Taylor series is a continuous n-
homogeneous polynomial, which is symmetric by the symmetry of f and by the Cauchy
Integral Equation (2). Therefore, by Theorem 1, every f € Hps(Ls[0,1]) can be repre-
sented as

= k
fx)=ao+ Y Y. gy, g Ry (x) - RE (x) @)
n=1ky+2ky+...4+nky=n
Ky, hn€Z

where ay, _, € C, x € Ls[0,1], and the series converges uniformly on every bounded
subset of Leo[0, 1].
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2.7. Entire Symmetric Functions on (L1 N Le ) [0, +00)

Let L1[0, +o0) be the complex Banach space of all Lebesgue integrable functions
x:[0,400) — C with norm ||x||; = f[o too) |x(t)| dt. Let Loo [0, +00) be the complex Banach
space of all Lebesgue measurable essentially bounded functions x : [0, +00) — C with norm

1 ¥[leo = ess supte(g 4o) [ ()]

Let us consider the space (L1 N Leo)[0, +00) := L1]0, +00) N Leo[0, +00) with norm
lx]] = max{||x||1, ||x]|eo }. By [60] (p. 97, Thm. 1.3), this space is complete. For n € N, let us
define R, : (L1 N L)[0, +00) — C by

Ry(x) = /[O,m) (x(t))" dt.

For every n € N, R, is a symmetric n-homogeneous polynomial and ||R,|| = 1.

Theorem 3. ([48] (Theorem 2)) Every symmetric continuous n-homogeneous polynomial P :
(L1 N Leo)[0, +00) — C can be uniquely represented as
/\k A
P(x) = Y. agy, g Ryt (x) - REr (x),

k1+2ky+...+nk,=n
k1/~~/k;1€Z+

1yeeer

where ay, . x, € C.

By [49] (Thm. 2), Fréchet algebras Hps((L1 N Loo)[0,+00)) and Hys(Lo[0,1])
are isomorphic.

3. The Main Result

Let (Q., Fy,v,) be a Lebesgue-Rohlin measure space with continuous measure for
every v € I, where I' is an arbitrary index set. Let (Q), F, v) be the disjoint union of all the
spaces belonging to the set { (Q, Fy,v,) : ¥ €T}, ie,

Q - |_| Q')/,
yer

F:{AEQ: Aﬁﬂve]:,yforevery'yel“}

and

v(A) = Y (ANQy)
yel

for A € F. By Lemma 1, for every v € I there exists an isomorphism w, between
(Q,, F,,vy) and [0,1] with Lebesgue measure. Therefore, for every v € I', the mapping
W, : Leo[0,1] = Leo (€2, ), defined by

W, (x) = x 0w,y ()

for x € Le[0,1], is a linear isometrical bijection, where Lo ({2, ) is the complex Banach
space of all complex-valued measurable essentially bounded functions on (Q., F, v, ).

Let (L1 N Lo ) (Q2) be the complex Banach space of all measurable integrable essentially
bounded functions x : 3 — C with norm

[l = max{{[x[lx, [[x]leo }

where

Ixll = [ [x(t)]at
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and
[x/[e0 = esssup;cq[x(t)]-

Lemma 2. Let v € I'. The mapping ] : Leo(Qy) = (L1 N Leo) (Q2), defined by

B ={ 50 et ©

for x € Loo(Q)y), is a linear isometrical injective mapping. Consequently, Lo (€)) can be consid-
ered as a subspace of (L1 N Leo ) (QY).

Proof. Clearly, ], is linear and injective. Let us show that [, is isometrical. Let x € Loo ().
Note that ||J,(x)[|cc = ||%||co- Since v (Qy) = 1, it follows that

1)l = [ @ 1= [ x]dt < vl

Therefore,
175 ()Nl = max{[[ Ty () [, 1Ty (¥) leo } = [||co-

Hence, ], is an isometrical mapping. [J

For every E C (), let

1, iftek,
1E(t)_{ 0, ifte Q\E.

For n € N, let the polynomial R, : (L1 N L )(Q) — C be defined by

Ro(x) = /Q(x(t))”dt.

The symmetry and the n-homogeneity of the polynomial R,, for every n € N, can be
easily verified. Let us prove the continuity of R;,.

Lemma 3. For everyn € N,
[[Rnl =1

and, consequently, R,, is continuous.

Proof. Let us show that ||R,| = 1. Let x € (L1 N Leo)(Q) be such that ||x|| < 1. Then
[Ix][1 < 1and ||x]| < 1.Since ||x]|e < 1, it follows that |x(¢)| < 1 for almost all t € Q.
Consequently, |x(t)|" < |x(t)| for almost all t € ). Therefore,

Ra)| < [ x(t)"de < [ [x(t)]dt =[xl <1

Hence,
IRall = sup [Ra(x)] < 1.
[lx[I<1
On the other hand, for an arbitrary fixed y € T, we have |[1q, || = 1 and Rn(lﬂv) =1
Therefore, | R, || = 1. Consequently, R, is continuous. [

Theorem 4. Every symmetric continuous n-homogeneous polynomial P : (L1 N L) (Q2) — C
can be uniquely represented as

P(x) = ) Wy, R () - R (),
k1+2ky+...+nky=n

1eee

whereky, ..., kn € Zy and ay, 1, € C.
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Proof. For vy €T, let Q, : L[0,1] — C be defined by
Qy="PoJyoW,, )
where W, and ], are defined by (5) and (6), respectively. We have the following diagram:

Lol0,1] 5 Lo()) 15 (L N L) (@) 25 .

Since W, and |, are linear continuous mappings and P is a continuous n-homogeneous
polynomial, it follows that P o ], and Q,, are continuous n-homogeneous polynomials.

Let us prove that P o ], is a symmetric polynomial on Le (€2, ). Let ¥ € Loo(€),) and
0 € Eq,. Let us show that (Po J;)(x o) = (P o J;)(x). Note that

Jy(xoo) =J,(x)o o,

where ¢’ : ) — Q) is defined by

i o), ifteQ,,
U(t)_{t, ifte 0\ Q.

It can be easily checked that ¢’ € Eq. Since P is symmetric, it follows that

(PoJy)(xo00) = P(Jy(x) o) = P(J;(x)) = (Po Jy)(x).

Thus, P o ], is symmetric.
Let us prove that Q, is symmetric. Let x € L«[0,1] and T € Ejgy). By (7),

Qy(xo1) = (PoJy)(Wy(xoT)).

By (5), Wy (x o T) = x o T o w,,. Therefore

Qy(xot)=(Po]y)(xoTow,).

No’fe’chatxo‘(owv:xow«,ow7

o T o w,. We have the following diagram:

—1
Q, 2 0,1 = il 21, 0,1] = C.

[0,1]

Qy

Since w, and 7 are isomorphisms, it follows that w:, lotow, € Eq,- Since Po ] is
symmetric, it follows that

(PoJy)(xotowy) = (Po],)(xowyo(w, oTow,)) = (Po]y)(xow,).

By (5) and (7), (P o J,)(x owy) = Q4 (x). Therefore Q,(x o 7) = Q,(x). Hence, Qy
is symmetric.

Let us prove that Q, does not depend on 7. Let 71, 72 € I' be such that y; # 7. Let
us show that Q,, = Q,. Let x € L[0,1]. By (5) and (7),

Q%(x) = P(]’h (x o w“rl))' (8)

Let 0,4, : Q@ — Q) be defined by

(w%l oWy, )(t), ift € Qy,,

(Wi 0wy, ) (), ift €y,
Oy (B) =
t ift € Q\(Q), NO,).
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Since w., and w., are isomorphisms, it follows that ¢, ,, € Eq. Since P is symmetric,
it follows that

P(]’Yl(xow’h)) :P(]'h(xow%)oaﬁvz)‘ )
Let us show that
Jm (x 0wy, ) 00419y =y, (x 0 Wn,).

If t € O, then oy, (t) = (' o w,,)(t). In this case, 0y, (t) € Q,,; therefore,
by (6),

(]%(x ° w71)) (071“Y2(t)) = (x © w%) ((w%l © w“n)(t)) = (x ° w?z)(t)-

Ift € O\ Q,,, then o, 1, (t) € O\ Q,,,; therefore, by (6),

(I’h (xo Wy )) (U’h’Yz(t)) =0.
Thus,

(Jyy (x 0 w,)) (0,7, (1)) = { (()icowth)/ 1: g 87\2'072’

thatis,
(Jon (x 0 wy,)) (0917, () = (Ja (x 0 W04,)) (H)

for every t € Q). Therefore,

Jm (x 0wy, ) 00419y = ]y, (x 0 Wn,). (10)

Consequently, by (8)—(10),
Qyy (x) = P(Jp, (x 0wy, )) = Qo (%)

Therefore, Q, = Q,,.
Since Q. is a continuous n-homogeneous symmetric polynomial on Le[0,1], by
Theorem 1, Q. can be uniquely represented as

k
Qx) = ) gy, g R (X) - Rk (x), (11)
k1+2k2+...+1’lky,:1’l
kl,‘..,kn€Z+

where x € Leo[0,1] and ay,, g, € C.

Recall that for every index ¢ € I, the mapping w, is an isomorphism between
(Q,, Fy,vy) and [0,1] with Lebesgue measure p. For every index 7y € T, let us construct
the isomorphism w/, between (Q,, F,,vy) and [0,1) with Lebesgue measure. Choose a
countable set M C Q) such that w; (1) € M. Let N = w, (M) \ {1}. Since the mapping
w., is a bijection, the set N is countable. Since measures v,, and y are continuous, the sets
M and N are null sets. Let h : M — N be an arbitrary bijection. Let us define the mapping
wr, : Qy — [0,1) by

ron | owa(t), ifteQy\ M,
wy(f) = { h(t), ifte M.

It can be checked that the mapping w7, is an isomorphism between (Q., 7, v,) and
[0,1) with Lebesgue measure.

Let {74}, € T be an arbitrary sequence of pairwise distinct indexes. Let us define

the mapping vy, 1o ngl Q,, — [0,+) by

T){,yn}:lozl (t) = wf{(t) +k—1
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fort € Q,,, k € N. Note that the mapping vy, 1 ,isan isomorphism between oﬁl Qy,
n= n=
and [0, +o0).
Let us define the mapping V(,, 1 : (L1 M Leo)[0, +00) = (L1 N Leo) < rjl Q%> by
n= n=

Vigaye, (%) = X 00 4o

n]

where x € (L1 N Leo)[0, +00). Since the mapping v {yn}eo, is an isomorphism, it follows that
the mapping Vi, 1 is a linear isometric bijection. -

Let us define the mapping I, 1 : (L1 N Leo) ( oﬁl Q%> — (L1 NLeo)(QY) by
n= n=

7 7

Iy ye (x)(t) = o
{'Y }n:l Ol lft € Q\ U] Q’Yn’
n=

where x € (L1 N Loo)( 81 Q%). It can be checked that the mapping I, 1~ is linear,
n= n=

isometric and injective.

Since mappings V., b and Ip,, joo | are linear and continuous, and the mapping P is
a continuous n—homogeneous polynormal it follows that the mapping P o Iy, 1 © V{%
is a continuous n-homogeneous polynomial. It can be checked that P o I, 1 {%}m
is symmetric. Therefore, by Theorem 3, P o I {rn}e, © Vigupe, can be umquely representeél
in the form

k kn
(Polpy,ye 0 Vigye ) (x) = Y BBy (x) - RE(x),
k1+2ky+...4nky,=n
ki kn€Zy

where x € (L1 N Leo)[0, +00) and By, , € C. Since the mapping Vi), is an isomor-
phism, it follows that -

(P o I{'Yn e 1) (y) - 2 lBklw-rkn X
k1 +2ky+...4nky,=n
k1,...,kn€Z+

kn

((RioV, e )(y))kl'“((A Ve )W) (2)

for every y € (L1 N L) ( 81 Q%). Let us show that coefficients fy, i, coincide with
n=

respective coefficients ay, _ r,, obtained in (11). Let us define the mapping T : Leo(Qq,) —

(Ly OLOO)( ﬁl Q%) by
n=

x(t), ifteQ,,
T()(®) _{ 0, ifte 00,
n=

where x € Lo (), ). It can be verified that the mapping T is linear, isometric and injective.
We have the following diagram:

3

W'Yl T 1{711};;0:1
Loo[0,1] ——— Leo(Qy,) — > (L1 N Leo) |_|l Q,, | ——
n=

Lnye P
—" (L1 N Leo) (Q) —— C.
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By (12),
(P © I{'Yn};ozl oTo W’Yl) (x> = 2 anlm-/kn x
k1+2ky+...4nky,=n
ki €2+

kn

((Rlo { - oToW,h)( ))kl((f{ { }OQ oToW,h)( )) (13)

for every X € Leo[0,1]. Taking into account that Po Iy, o o T oW, = Q, and Rjo

{% o oToW% = R forevery j € N, by (13),

Q,(x) = Y Brr. g R (x) - - R (x)

kl +2k2+...+7’lkn =n
kl/u-/kn €Z+

for every x € L0, 1]. By the uniqueness of the representation (11), we obtain the equality
Bky,..n = Xky,.. K, fOT €VETY k1, ... ky € Z such that ky + 2k, + ... + nk, = n. Therefore,
by (12),

(P °© I{’Yn :,o:l) (y) = Z lxkll'“lkl’l x
k1 +2ky+...+nky=n
Kipkn€Z

kn

N B k1 N -~
(RioVihe YO) ™ (Ruo Vil J0)™,
for every y € (L1 N Leo) ( oI_IQl Qw) Consequently, for every z € (L1 N L) (Q2), which
n=

belongs to I, 1o ((L1 N Loo) ( 0LCI)1 Qw)):
n= n=

P(z) = ) Oy, e X

ky+2ky+...4nky,=n
ki, kn€Z 4

p -1 -1 k -1 K
((Rl ° V{'Yn el ° I{’Yn 20:1)(2)) ((Rn ° V{ 0 I{'Yn Zo:l)(z)) '

Taking into account that

(Rio Vi, o Timyz ) &) = Ri2)

foreveryj €N,

P(z) = Y e (Ri(@) - (Ra(2) (14)
k1 +2ky+...+nky=n
k,ekn€Z

for every z € (L1 N Leo) (Q2), which belongs to I, ) ((L1 N Loo) < o|_<|>1 Q,, | ). Aswe can
n= n=

see, coefficients in this equality do not depend on the choice of the sequence of indexes

{rnbis-
Let us show that the equality (14) holds for every z € (L; N L« )(Q)). Let z be an
arbitrary element of the space (L1 N L) (Q2). Since

Izl = [ ()t = Z/ ) dt

yerl
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is finite, there exists not more than a countable set of indexes -y € T such that [ a, |z(t)] dt >
0. So, there exists a sequence of pairwise distinct indexes {7, }%>_; C I'such thatz =0a. e.

on the set (), for every indexy € T'\ {74 };_;. Therefore, z € I 1o <(L1 N Leo) ( Dol Q%> )
n= n—=
Consequently, for the element z the equality (14) holds. This completes the proof. [

Theorem 4 and the Cauchy Integral Equation (2) imply the following corollary.

Corollary 1. Every function f € Hys((L1 N Leo)(Q2)) can be uniquely represented in the form

(o)
~k ~k
f=ao+ ), Yo kR R
n=1ky+2ky+...4+nky=n
kl,...,kn€Z+

where a,x,.. k, € C, and the series converges uniformly on bounded sets.

Lemma 4. For every y € (L1 N Leo)(Q), there exists x, € Loo[0,1] such that Ry, (y) = Ru(xy)
for every n € N and the following estimate holds:

2
[e] < — 7
Iyl < <yl (15)
where M is defined by (3).

Proof. Consider the sequence ¢ = {c,}}’ ;, where ¢, = Ry (y) for n € N. Since R, is an
n-homogeneous polynomial and ||R,| = 1, by (1),

[Ru(y)] < llyll"

for every n € N. Consequently,

sup {/lea] < Iyl < co.
neN

Therefore, by Theorem 2, there exists x; € Leo[0,1] such that R, (x.) = ¢, for every

|| C||00 <7 S 'I'IE ‘(”| <7 Hy”
M neN M !

where M is defined by (3). We set x,, := x.. This completes the proof. [

Let us define the mapping | : Hys(Lo[0,1]) — Hps((L1 N Leo)(Q2)) in the following
way. Let f € Hps(Loo[0,1]). Then f can be uniquely represented in the form (4), that is,

[ee]
k k
f =g + Z Z Dékl,”_,kanl - Ry (16)
n=1ky+2ky+...4+nk,=n
ki, kn€Z4
Let
oo ~k ~k
J(f) = a0+ ) Y kR R (17)
n=1ky+2ky+...4+nk,=n
kl,...,kn EZ+

Let us show that J(f) € Hps((L1 N Leo)(QY)).
Proposition 5. J(f) € Hys((L1 N Leo)(Q))) for every f € Hys(Loo[0,1]) and

O < 11112, (18)
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for every r > 0, where M is defined by (3).

Proof. By Lemma 4, for every y € (L N Leo) (Q) there exists x,, € Lo [0, 1] such that

Ru(y) = Ru(xy) (19)
for every n € N and the inequality (15) holds. By (16), (17) and (19),
J()) () = flxy) (20)

for every f € Hys(Loo[0,1]) and y € (L1 N Leo) (Q2). By (15) and (20),

IT(H Nl = sup{IT(/) ()] : ¥ € (L1 N Leo)(Q) such that [|y|| < r}
=sup{|f(xy)] : ¥ € (L1N Leo)(Q) such that [ly|| < r}
< sup{|f()]: x € L[0,1] such that |[x]w < -7 @1)
< [Ifll2,

for every f € Hys(Loo[0,1]) and ¥ > 0. Thus, we have proved (18).

Let f € Hys(Loo[0,1]). Let us show that J(f) € Hps((L1 N L) (€2)). The inequality (21)
and the fact that f is the function of bounded type imply the fact that J( f) is the function of
bounded type. By (17) and by the symmetry of R,, the function J(f) is symmetric. Let us
show that J(f) is entire. By Proposition 4,

lim sup ||Pn||%/” =0, (22)
n—oo
where Py = g and .
P = )y .k R R

k1 +2k2+...+nkn =n
kl,...,kn EZJr

for n € N. Consider the series

Y By, 23)

where Py = ag and

~ ~k =
Po= )} ag Ry RY

k1 +2ky+...+nky=n
ki, kn €7+

for n € N. Note that P, = J(P,); therefore, by (21),

Pl < 1Pl 5

for every n € N. By the n-homogeneity of the polynomial P,

2 2\" 2\
IPall g = sup [Pa(x)| = sup |P(:x)| = (57) sup [P0l = (55) IPall
" ki< x| <1 (M> (M) Ix<1 (M>
Therefore,
~ 2\n
1Palls < (55) IPall. (24)

By (22) and (24),

~ 2
0 < limsup || B, ||}/" < Mlimsup | Pa|l}/™ = 0.
n—o0

n—o0
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Therefore,
limsup || B, |}/" = 0
n—oo
and, consequently, by Proposition 4, the series (23) converges to some entire function on
the space (L1 N L« ) (Q)) with the infinite radius of boundedness. By (17), this function is
J(f). Consequently, J(f) is an entire function of bounded type. Thus, J(f) € Hps((L1 N
Le)(Q)). O

Theorem 5. The mapping ], defined by (17), is an isomorphism of Fréchet algebras Hys(Loo[0,1])
and Hps((L1 N Leo) (€2)).

Proof. Let us show that ] is linear. Let f, g € Hps(Loo[0,1]). Then functions f and g can be
uniquely represented as

[ee]
k k
f=ao+ ), Yo kR R
n=1ky+2ky+...4+nky=n
ki,...kn€Z

[e¢]
k k
8= ABO + Z Z ﬁkl,---,kanl - Ry
n=1ky+2ky+...4nk,=n

kl,.‘.,kHEZJr
respectively. Let A € C. Note that
0 B ‘
Af =Aao+ ), Y. Ay g, Ry Ry
n=1ky+2ky+...+nk,=n
ki,...kn€Z+
and
f+g=wao+Po+ ), Y (@ky,. ey T Bry, e ) RY - R
n=1ky+2ky+...+nk,=n
kl,...,knEZ+
Therefore,
(e} ~k ~k
JAf) = Ang+ Y ) Aoy, g, RV REm = AJ(f)
n=1ky+2ko+...+nk,=n
klr---rkn€Z+
and

J(f+8) =a0+ o+ Z,lk N ). o (&ky,... +ﬁk1,...,kn)R]1q R =T(F) + J(9).
"

Thus, | is linear.

Let us show that | is continuous. Since | is a linear mapping between Fréchet al-
gebras, it follows that for | the continuity and the boundedness are equivalent. In turn,
the boundedness of | follows from (18). Thus, | is continuous.

Let us show that | is multiplicative. By (17),

k pk R
](Rll - Rl;ln) — Rll ce RI;ZW (25)

foreveryn € Nand ky,...,k;, € Z4. As a consequence of Theorem 1, every symmetric
continuous polynomial P : L [0,1] — C can be uniquely represented as

N
k k
P=ao+), ) &g kR Ry
n=1ky+2ky+...+nk,=n
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where N € N, kq,...,ky € Z4 and ay,,_, € C. Therefore, since | is linear, taking into
account (25),

N
k ~
P)=uag+ Y, Y ap, g Ry R (26)
n=1ky+2ky+...4+nky=n

By using (26), it can be verified the equality

J(P1Py) = J(P1)](P2) (27)

for arbitrary symmetric continuous polynomials Pj, P; : Le[0,1] — C. Let f, g € Hps(Loo[0,1]).
Let us show that J(fg) = J(f)]J(g)- Let f = Y fu and g = Y5, gn be the Taylor series
expansions of f and g respectively. Then

o k
= Z Zfsgk—s'
k=0s=0

Consequently, since ] is linear and continuous, taking into account (26),

o k o k

19 = 5% 1) = 2 3 T e ) = (szn )(zfgn ) 1),

k=0s=0 k=0s=0

Thus, | is multiplicative.
Let us show that | is a bijection. Let 7y be an arbitrary element of I'. Let v : Loo[0,1] —
(L1 N Lo ) () be defined by
U= Joyy 0 Wy, (28)

where W, is defined by (5), and J,, is defined by (6). Since W, is a linear isometrical
bijection and J,, is a linear isometrical injective mapping (by Lemma 2), it follows that v is
a linear isometrical injective mapping. Therefore, for every r > 0, the image of the closed
ball with the center at 0 and the radius r of the space L [0, 1] under v is a subset of the
closed ball with the center at 0 and the radius r of the space (L1 N L ) (Q2). Therefore,

sup{|g(2(x))| : ¥ € Lo[0,1], [|x]l < 7}
<sup{[g(¥)|: ¥ € (LiNLo)(Q), llyll <7}. (29

for every function of bounded type ¢ : (L1 N Ls)(Q) — C and for every r > 0. Let us
prove the following auxiliary statement.

Lemma 5. For every function f € Hps((L1 N Lo )(Q2)), the function f o v belongs to the Fréchet
algebra Hys (Lo [0,1]).

Proof of Lemma 5. Let f € Hpg((L1 N Lo )(Q2)). Since f is a function of bounded type, it
follows that the value || f||, is finite for every r > 0. Therefore, by (29), the value ||f o v||, is
finite for every » > 0. Thus, the function f o v is of bounded type.
Let us show that f o v is symmetric. For every o € £, let us define the function
0:Q — Qby
o (1) = { (w5, 0T owyy)(t), %ft €O,
t, ift e Q\ Q.

It can be checked that & € Eq and v(x o) = v(x) o 0 for every x € Lo |0, 1]. Therefore,
taking into account the symmetry of f,

(fov)(xoo) = f(o(x) 0 &) = f(o(x)) = (fov)(x)

forevery o € Ejg ;) and x € Lw[0, 1]. Thus, f o v is symmetric.
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Let us show that f o v is an entire function. Since the function f is an entire function of
bounded type, its Taylor series, terms of which we denote by fo, f1, ..., fu,. .., is uniformly
convergent to f on every bounded subset of the space (L1 N Lo ) (Q2). By Proposition 4,

limsup [|f]|1/" = 0.
n—oo

Consider the series

Z fnow. (30)
n=0
By (29), || fu o v|l1 < ||full1 for every n € N. Consequently,
limsup | f o v||1/" =0,
n—o0

that is, the series (30) converges uniformly to some entire function of bounded type on
every bounded subset of the space L«[0,1]. Let us show that this function is equal to
fow.Since Y ° fu converges uniformly to f on every bounded subset of (L1 N Leo ) (Q2), it
follows that for every ¢ > 0 and r > 0 there exists N € N such that

Hf—niofn

for every m > N. Therefore, by (29),

<é€
r

m m
o gy g <
n=0 r n=0 r
where m > N. Thus, the series (30) converges uniformly to f o v on every bounded subset
of the space L0, 1]. Consequently, the function f o v is entire. This completes the proof of

Lemma5. O

We now continue with the proof of Theorem 5. Let us show that | is surjective. Let ¢
be an arbitrary element of Hys((L1 N Lo )(€2)). Then g can be represented in the form

[ee]
~k1 ~k
g=ag+ Y Y ap, . g, Ry R, (31)
n=1ky+2ky+...4+nk,=n
ki, kn€Zy

Let f = gov. By Lemma 5, f € Hys(Loo[0,1]). By (31),

(e}
f=a+ ) Y gy, o (Ry00)f1 - (R, 00)fr.
n=1ky+2ky+...+nk,=n
ki kn €7

Taking into account the equality R,, 0 v = Ry,

[ee]
k k
f=ao+ ), Y Xky, h, Ry Ry
n=1ky+2ky+...4+nk,=n
Kiykn€Z

By (17), J(f) = g. Thus, the mapping ] is surjective and

J(f)ov=f (32)

for every f € Hps(Lo[0,1]).
Let us prove that | is injective. Recall that | is linear. For a linear mapping, the in-
jectivity is equivalent to the fact that the image of every nonzero element is nonzero. Let
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f be a nonzero element of Hys(L[0,1]). Let us show that J(f) # 0. Suppose J(f) = 0.
Then J(f) ov = 0. Therefore, by (32), f = 0., which is a contradiction. Thus, J(f) # 0.
Consequently, | is injective. So, | is bijective.
By (18) and (29),
1Al < WO < 1f1l 2,

for every f € Hps(Loo[0,1]) and for every r > 0. This inequality implies the continuity of |
and ] ~1. This completes the proof of Theorem 5. [

4. Conclusions

This work is a significant generalization of the work [49]. We consider symmetric
functions on Banach spaces of all complex-valued integrable essentially bounded functions
on the unions of Lebesgue-Rohlin spaces with continuous measures. Note that there are a
lot of important measure spaces which can be represented as the abovementioned union.
For example, R” for any n € N with the Lebesgue measure is one such space. We investigate
algebras of symmetric polynomials and entire symmetric functions on the abovementioned
spaces. In particular, we show that Fréchet algebras of all complex-valued entire symmetric
functions of bounded type on these Banach spaces are isomorphic to the Fréchet algebra of
all complex-valued entire symmetric functions of bounded type on the complex Banach
space Leo[0,1].

The next step in this investigation is to consider the case of unions of arbitrary
Lebesgue-Rohlin spaces.

Author Contributions: Conceptualization, T.V.; methodology, T.V.; writing—original draft prepara-
tion, T.V. and K.Z.; writing—review and editing, T.V. and K.Z. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Acknowledgments: The authors were partially supported by the Ministry of Education and Science
of Ukraine, project registration number 0122U000857.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Nemirovskii, A.S.; Semenov, S.M. On polynomial approximation of functions on Hilbert space. Mat. USSR Sbornik 1973, 21,
255-277. [CrossRef]

2. Weyl, H. The classical Groups: Their Invariants and Representations; Princeton university Press: Princenton, NJ, USA, 1973.

3. van der Waerden, B.L. Modern Algebra; Ungar Publishing: New York, NY, USA, 1953; Volume 1.

4. Macdonald, I.G. Symmetric Functions and Orthogonal Polynomials; University Lecture Series, 12; AMS: Providence, RI, USA, 1998.

5. Gonzdlez, M.; Gonzalo, R.; Jaramillo, J.A. Symmetric polynomials on rearrangement invariant function spaces. J. Lond. Math. Soc.
1999, 59, 681-697. [CrossRef]

6. Lindenstrauss, J.; Tzafriri L. Classical Banach Spaces, Vol. I, Sequence Spaces; Springer: Berlin, Germany, 1977.

7. Lindenstrauss, J.; Tzafriri L. Classical Banach Spaces, Vol. 11, Function Spaces; Springer: Berlin, Germany, 1979.

8. Alencar, R.; Aron, R.; Galindo, P.; Zagorodnyuk, A. Algebras of symmetric holomorphic functions on £,,. Bull. Lond. Math. Soc.
2003, 35, 55-64. [CrossRef]

9.  Chernega, I.; Holubchak, O.; Novosad, Z.; Zagorodnyuk, A. Continuity and hypercyclicity of composition operators on algebras
of symmetric analytic functions on Banach spaces. Eur. . Math. 2020, 6, 153-163. [CrossRef]

10. Halushchak, S.I. Spectra of some algebras of entire functions of bounded type, generated by a sequence of polynomials. Carpatian
Math. Publ. 2019, 11, 311-320. [CrossRef]

11.  Halushchak, S.I. Isomorphisms of some algebras of analytic functions of bounded type on Banach spaces. Mat. Stud. 2021, 56,
106-112. [CrossRef]

12.  Burtnyak, I; Chernega, I.; Hladkyi, V.; Labachuk, O.; Novosad, Z. Application of symmetric analytic functions to spectra of linear
operators. Carpathian Math. Publ. 2021, 13, 701-710. [CrossRef]

13. Chernega, I.V. A semiring in the spectrum of the algebra of symmetric analytic functions in the space ¢;. J. Math. Sci. 2016, 212,

38-45. [CrossRef]


http://doi.org/10.1070/SM1973v021n02ABEH002016
http://dx.doi.org/10.1112/S0024610799007164
http://dx.doi.org/10.1112/S0024609302001431
http://dx.doi.org/10.1007/s40879-019-00390-z
http://dx.doi.org/10.15330/cmp.11.2.311-320
http://dx.doi.org/10.30970/ms.56.1.106-112
http://dx.doi.org/10.15330/cmp.13.3.701-710
http://dx.doi.org/10.1007/s10958-015-2647-3

Axioms 2022, 11, 460 19 of 20

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

25.
26.
27.
28.
29.
30.
31.
32.
33.

34.
35.

36.
37.

38.

39.

40.

41.

42.

43.

44.

45.

46.
47.

Chernega, 1.V.; Fushtei, V.I; Zagorodnyuk, A.V. Power operations and differentiations associated with supersymmetric polynomi-
als on a Banach space. Carpathian Math. Publ. 2020, 12, 360-367. [CrossRef]

Chernega, I.; Galindo, P.; Zagorodnyuk, A. Some algebras of symmetric analytic functions and their spectra. Proc. Edinb. Math.
Soc. 2012, 55, 125-142. [CrossRef]

Chernega, I.; Galindo, P.; Zagorodnyuk, A. The convolution operation on the spectra of algebras of symmetric analytic functions.
J. Math. Anal. Appl., 2012, 395, 569-577. [CrossRef]

Chernega, I.; Galindo, P; Zagorodnyuk, A. A multiplicative convolution on the spectra of algebras of symmetric analytic functions,
Rev. Mat. Complut. 2014, 27, 575-585. [CrossRef]

Chernega, 1.V.; Zagorodnyuk, A.V. Note on bases in algebras of analytic functions on Banach spaces. Carpathian Math. Publ. 2019,
11, 42-47. [CrossRef]

Jawad, F,; Karpenko, H.; Zagorodnyuk, A. Algebras generated by special symmetric polynomials on ¢;. Carpathian Math. Publ.
2019, 11, 335-344. [CrossRef]

Jawad, F.; Zagorodnyuk, A. Supersymmetric polynomials on the space of absolutely convergent series. Symmetry 2019, 11, 1111.
[CrossRef]

Holubchak, O.M.; Zagorodnyuk, A.V. Topological and algebraic structures on a set of multisets. J. Math. Sci. 2021, 258, 446-454.
[CrossRef]

Novosad, Z.; Zagorodnyuk, A. Analytic automorphisms and transitivity of analytic mappings. Mathematics 2020, 8, 2179.
[CrossRef]

Holubchak, O.M. Hilbert space of symmetric functions on ¢1. J. Math. Sci. 2012, 185, 809-814. [CrossRef]

Novosad, Z.; Zagorodnyuk, A. Polynomial automorphisms and hypercyclic operators on spaces of analytic functions. Archiv.
Math. 2007, 89, 157-166. [CrossRef]

Martsinkiv, M.; Zagorodnyuk, A. Approximations of symmetric functions on Banach spaces with symmetric bases. Symmetry
2021, 13, 2318. [CrossRef]

Aron, R.; Gonzalo, R.; Zagorodnyuk, A. Zeros of real polynomials. Linearand Multilinear Algebra 2000, 48, 107-115. [CrossRef]
Jawad, F. Note on separately symmetric polynomials on the Cartesian product of ¢1. Mat. Stud. 2018, 50, 204-210. [CrossRef]
Kravtsiv, V. The analogue of Newton’s formula for block-symmetric polynomials. Int. J. Math. Anal. 2016, 10, 323-327. [CrossRef]
Kravtsiv, V.V. Algebraic basis of the algebra of block-symmetric polynomials on ¢; ® . Carpathian Math. Publ. 2019, 11, 89-95.
[CrossRef]

Kravtsiv, V.V. Analogues of the Newton formulas for the block-symmetric polynomials. Carpathian Math. Publ. 2020, 12, 17-22.
[CrossRef]

Kravtsiv, V.V. Zeros of block-symmetric polynomials on Banach spaces. Mat. Stud. 2020, 53, 206-211.
doi: 10.30970/ms.53.2.206-211. [CrossRef]

Kravtsiv, V.V,; Zagorodnyuk, A.V. Multiplicative convolution on the algebra of block-symmetric analytic functions. J. Math. Sci.
2020, 246, 245-255. [CrossRef]

Kravtsiv, V.; Vasylyshyn, T.; Zagorodnyuk, A. On algebraic basis of the algebra of symmetric polynomials on £, (C"). J. Funct.
Spaces 2017, 2017, 4947925. [CrossRef]

Vasylyshyn, T. Symmetric functions on spaces £, (R") and £,(C"). Carpathian Math. Publ. 2020, 12, 5-16. [CrossRef]

Chernega, I. Symmetric polynomials and holomorphic functions on infinite dimensional spaces. J. Vasyl Stefanyk Precarpathian
Natl. Univ. 2015, 2, 23-49. [CrossRef]

Chernega, I.; Zagorodnyuk, A. Unbounded symmetric analytic functions on ¢1. Math. Scand. 2018, 122, 84-90. [CrossRef]
Hihliuk, A.; Zagorodnyuk, A. Entire analytic functions of unbounded type on Banach spaces and their lineability. Axioms 2021,
10, 150. [CrossRef]

Hihliuk, A; Zagorodnyuk, A. Algebras of entire functions containing functions of unbounded type on a Banach space. Carpathian
Math. Publ. 2021, 13, 426-432. [CrossRef]

Hihliuk, A.; Zagorodnyuk, A. Classes of entire analytic functions of unbounded type on Banach spaces. Axioms 2020, 9, 133.
[CrossRef]

Galindo, P; Vasylyshyn, T.; Zagorodnyuk, A. Symmetric and finitely symmetric polynomials on the spaces £e and Leo[0, +00).
Math. Nachr. 2018, 291, 1712-1726. [CrossRef]

Galindo, P.,; Vasylyshyn, T.; Zagorodnyuk, A. The algebra of symmetric analytic functions on Le. Proc. Roy. Soc. Edinburgh Sect. A
2017, 147, 743-761. [CrossRef]

Galindo, P;; Vasylyshyn, T.; Zagorodnyuk, A. Analytic structure on the spectrum of the algebra of symmetric analytic functions
on L. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 2020, 114, 56. [CrossRef]

Vasylyshyn, T. Symmetric polynomials on (L,)". Eur. . Math. 2020, 6, 164-178. [CrossRef]

Vasylyshyn, T.V. Symmetric polynomials on the Cartesian power of L, on the semi-axis. Mat. Stud. 2018, 50, 93-104. [CrossRef]
Vasylyshyn, T. Algebras of symmetric analytic functions on Cartesian powers of Lebesgue integrable in a power p € [1, 4c0)
functions. Carpathian Math. Publ. 2021, 13, 340-351. [CrossRef]

Vasylyshyn, T.V. The algebra of symmetric polynomials on (Lo )". Mat. Stud. 2019, 52, 71-85. [CrossRef]

Vasylyshyn, T. Symmetric analytic functions on the Cartesian power of the complex Banach space of Lebesgue measurable
essentially bounded functions on [0, 1]. J. Math. Anal. Appl. 2022, 509, 125977. [CrossRef]


http://dx.doi.org/10.15330/cmp.12.2.360-367
http://dx.doi.org/10.1017/S0013091509001655
http://dx.doi.org/10.1016/j.jmaa.2012.04.087
http://dx.doi.org/10.1007/s13163-013-0128-0
http://dx.doi.org/10.15330/cmp.11.1.42-47
http://dx.doi.org/10.15330/cmp.11.2.335-344
http://dx.doi.org/10.3390/sym11091111
http://dx.doi.org/10.1007/s10958-021-05559-0
http://dx.doi.org/10.3390/math8122179
http://dx.doi.org/10.1007/s10958-012-0963-4
http://dx.doi.org/10.1007/s00013-007-2043-4
http://dx.doi.org/10.3390/sym13122318
http://dx.doi.org/10.1080/03081080008818662
http://dx.doi.org/10.15330/ms.50.2.204-210
http://dx.doi.org/10.12988/ijma.2016.617
http://dx.doi.org/10.15330/cmp.11.1.89-95
http://dx.doi.org/10.15330/cmp.12.1.17-22
http://dx.doi.org/10.30970/ms.53.2.206-211
http://dx.doi.org/10.1007/s10958-020-04734-z
http://dx.doi.org/10.1155/2017/4947925
http://dx.doi.org/10.15330/cmp.12.1.5-16
http://dx.doi.org/10.15330/jpnu.2.4.23-49
http://dx.doi.org/10.7146/math.scand.a-102082
http://dx.doi.org/10.3390/axioms10030150
http://dx.doi.org/10.15330/cmp.13.2.426-432
http://dx.doi.org/10.3390/axioms9040133
http://dx.doi.org/10.1002/mana.201700314
http://dx.doi.org/10.1017/S0308210516000287
http://dx.doi.org/10.1007/s13398-020-00791-w
http://dx.doi.org/10.1007/s40879-018-0268-3
http://dx.doi.org/10.15330/ms.50.1.93-104
http://dx.doi.org/10.15330/cmp.13.2.340-351
http://dx.doi.org/10.30970/ms.52.1.71-85
http://dx.doi.org/10.1016/j.jmaa.2021.125977

Axioms 2022, 11, 460 20 of 20

48.

49.

50.

51.

52.

53.

54.

55.
56.

57.
58.
59.
60.

Vasylyshyn, T. Symmetric polynomials on the space of bounded integrable functions on the semi-axis. Int. |. Pure Appl. Math.
2017, 117, 425-430. [CrossRef]

Vasylyshyn, T. Algebras of entire symmetric functions on spaces of Lebesgue measurable essentially bounded functions. J. Math.
Sci. 2020, 246, 264-276. [CrossRef]

Aron, RM.; Falcé, J.; Garcia, D.; Maestre, M. Algebras of symmetric holomorphic functions of several complex variables. Rev.
Mat. Complut., 2018, 31, 651-672. [CrossRef]

Aron, RM.; Falc6, J.; Maestre, M. Separation theorems for group invariant polynomials. ]. Geom. Anal. 2018, 28, 393-404.
[CrossRef]

Choi, Y.S.; Falcé, J.; Garcia, D.; Jung, M.; Maestre, M. Group invariant separating polynomials on a Banach space. Publ. Mat. 2022,
66, 207-233.

Aron, R.; Galindo, P; Pinasco, D.; Zalduendo, I. Group-symmetric holomorphic functions on a Banach space. Bull. Lond. Math.
Soc. 2016, 48, 779-796. [CrossRef]

Garcia, D.; Maestre, M.; Zalduendo, I. The spectra of algebras of group-symmetric functions. Proc. Edinb. Math. Soc. 2019, 62,
609-623. [CrossRef]

Michael, E. Locally multiplicatively convex topological algebras. Mem. Amer. Math. Soc. 1952, 11, Providence. [CrossRef]

Dineen, S. Complex Analysis in Locally Convex Spaces; North-Holland: Amsterdam, The Netherlands; New York, NY, USA; Oxford,
UK, 1981.

Mujica, J. Complex Analysis in Banach Spaces, North Holland: Amsterdam, The Netherlands, 1986.

Dineen, S. Complex Analysis on Infinite Dimensional Spaces, Monographs in Mathematics; Springer: New York, NY, USA, 1999.
Rohlin, V.A. On the fundamental ideas of measure theory. Am. Math. Soc. Transl. 1952, 71, 1-54.

Bennett, C.; Sharpley, R. Interpolation of Operators; Academic Press: Boston, MA, USA, 1981.


http://dx.doi.org/10.12732/ijpam.v117i3.7
http://dx.doi.org/10.1007/s10958-020-04736-x
http://dx.doi.org/10.1007/s13163-018-0261-x
http://dx.doi.org/10.1007/s12220-017-9825-0
http://dx.doi.org/10.1112/blms/bdw043
http://dx.doi.org/10.1017/S0013091518000603
http://dx.doi.org/10.1090/memo/0011

	Introduction
	Preliminaries
	Polynomials
	Holomorphic Functions
	Measure Spaces
	Symmetric Functions
	Algebraic Combinations
	Entire Symmetric Functions on L[0,1]
	Entire Symmetric Functions on (L1L)[0,+)

	The Main Result
	Conclusions
	References

