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Abstract: This paper develops a fractional-order model of COVID-19 with vaccination. The model
is well designed by including both the efficacy and inefficacy of vaccinations in humans. Besides
calculating the reproduction number, equilibrium points and the feasibility region are also determined.
Stability analysis for the proposed model around equilibrium points is discussed. Fixed-point theory
is employed to identify the singularity of the solution. Adomian decomposition and Laplace integral
transformation are combined to obtain the solution. We present the solutions graphically to analyze
the contributions of the disease dynamics based on different values of the fractional order. This study
seeks an in-depth understanding of COVID-19 transmission to improve health outcomes.
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1. Introduction

The World Health Organization issued a public health emergency of international
concern on 30 January 2020 and a pandemic alert in March 2020 in response to the rapid
and extensive spread of Coronavirus Disease 2019. Initially, the disease turned out to be
an epidemic in mainland China first hitting Wuhan, in the province of Hubei [1]. India
had the second-highest confirmed cases in the world. The direct transmission of SARS-
CoV-2 was conclusively proven by clinical evidence in January 2020 [2]. Four consecutive
lockdowns came into effect in India as a preventive measure. In the absence of vaccines,
social distancing serves as the best control measure against COVID-19 [3].

As a part of the vaccination program, India has established a NEGVAC (National
Expert Group on Vaccine Administration for COVID-19) committee to develop guidelines
for the COVID-19 vaccine administration [4]. There have been vaccination campaigns
conducted around the world to combat COVID-19. Several types of vaccines are available
for COVID-19 [5]. Furthermore, India has exported 35,793,000 doses of vaccine internation-
ally (commercial exports). Innovative technologies are tested during the development of
vaccines to determine if they work. Vaccine development, which is dependent on public
approval, determines the effectiveness of the vaccination program based on perception
and beliefs surrounding the vaccine [6]. In addition, a significant portion of the popula-
tion remains uncertain about the vaccine. The perception of the vaccine among people
may change with the advent of awareness programs and the improvement of vaccine
outcomes [7].

Fractional-order differential equations are the most effective tool for studying bio-
logical and engineering systems. Several fractional-order derivatives comprise numerical
models of physical and biological systems [8,9]. There are numerous motivations to employ
fractional order, but the main focus is on dealing with the memory dynamics evident in
many biological systems. Differential equations derived using the fractional derivative
have several applications to analyze various infectious disease transmission dynamics such
as HIV/AIDS, TB, and others [10].
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The results in [11] indicate that even in the absence of social distancing, only vaccina-
tion to people can significantly reduce the overall infected population. Other approaches
related to vaccination strategies have been considered, for example, in [12]. Some fractional
models have been considered [13] to derive the optimal control of COVID-19 transmission.
In [14], the authors proposed the fraction model and dynamics of COVID-19 and numerical
simulations are performed using Laguerre collocation technique. In [15], a generalized
fractional-order SEIR model is proposed. Specifically, the paper shows that, according to
real data from the USA, the considered fractional model has a good prediction ability for
the epidemic trend in the next two weeks. In [16], numerical simulations of fractional-
order modeling of COVID-19 in the case of Wuhan (China) were carried out. In particular,
the Adams-Bashforth numerical scheme was used in simulations of the Caputo-Fabrizio
fractional-order derivative.

The aim of this paper is to develop the fractional-order model to describe the dynamics
of COVID-19 using the Caputo—Fabrizio fractional derivative. The main contribution of
this paper is to prove the existence and uniqueness of the solution using fixed-point theory.
In order to reduce infection in a community, this paper examines the dynamic behavior of
the system with vaccination. A summary of the paper’s content is as follows. We formulate
an SVEITR model for COVID-19 in Section 2. We calculate equilibrium points and the
reproduction number in Section 3. Section 4 discusses the existence and uniqueness of the
fractional system solution. The Adomian decomposition method with Laplace integral
transform is employed to obtain the analytical solution whose graphical results appear in
Sections 5 and 6.

2. Mathematical Model

Let us consider the mathematical model for understanding the dynamics of COVID-19
spread with vaccination. The model is formulated based on assumptions involving six
compartments: S(f) and V (t) represent the people who are likely to contract the infection
and are vaccinated, E(t) is the exposed population, I(t) is the infected population, T(t) is
individuals who are receiving treatment after infection, R(t) is the recovered population.
The total population is N(t) = S(¢) + V() + E(t) + I(t) + T(t) + R(¢). It is formulated as:

ds

E = 0(—,31SE—,325[—(‘H+1/J)S+gT
av

dE

ar = ﬁ15E+ﬁ251—(0+y)E 1
dl

T 0E—(n+d+u)l

dT

5 = M= (rtptoT

dR

i yT — (4 + @)R

where a: the recruitment rate of individuals susceptible to the disease, B1: the rate at which
infectious agents transfer from exposed individuals to susceptible humans,

B2: the rate at which infection is transferred from infected persons to susceptible persons
via objects or surfaces used by them,

u: natural death rate,

¢: the removal rate of the treatment population to susceptible population,

o: the rate of the exposed population getting infected,

1: the rate of individuals receiving treatment after knowing symptomes,

d: disease-induced mortality rate,

y: recovery rate,

@: the removal rate of the treatment population to vaccinated population,
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¥: vaccination rate,
1: rate of vaccine inefficacy in people.

With S(0) = So,V(0) = Vy,E(0) = Ep,I(0) = Ip,T(0) = Tp,R(0) = Ry as the
initial conditions.

In the model, we apply the definitions of fractional derivatives [17]. The fractional
derivatives and integrals are incorporated, and the time derivative takes the form of a
Caputo-Fabrizio (CF) fractional derivative [18]. For ¢ € H!(c,d) and d > c, the Ca-
puto-Fabrizio derivative of fractional order n € (0,1) for g is given by

CFD”g(t) = (]1\/1(71;1)) /Ct exp(l_nn(t — v))g’(v)dv

where t > 0, M(n) is a normalization function that depends on n and M(0) = M(1) = 1.
Hence, we introduce an auxiliary parameter called A for n € (0,1) [19-21]. The transmission
model is as follows:

S TDIS() = a = BIS(EW) — BaS(OT() — (e + 9)S(E) +6T()
eIV = S — (4 V() — @R (1)

S TDIE(®) = BiS(E() + B2S()I() — (0 + wE(D) @
/\nl_lCFD?I(t) = CGE(t)— (p+d+u)(t)

i TDIT() = ()~ (v + e+ OT()

S DIR() = AT~ (e + @)R(Y)

with the same initial conditions.

3. Model Analysis

Theorem 1. The closed set () is positively invariant under fractional system (2).

Proof. From (2), we obtain

1
An*ch?N(t) =a— uN(t)

After some calculations, we have

Thus, N(0) < % thent > 0,
invariant. [

3.1. Equilibria Points

By equating each relationship in the fractional system with zero, this section deter-
mines the equilibrium points of the fractional system. The disease-free equilibrium exists

when there is no disease; it is denoted by Ej, where Ey = (H il[]’ %, 0,0,0, 0) .

The endemic equilibrium is denoted by E*, E* = (S*,V*,E*, I*, T*, R*), where
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™ nl*
T+Hu+tg
R* — I
(n+@)(rv+p+g)
g rd+p)l
N o
* o %
S g A
v~ O tpto) + YA+ @) (v +pt6) + @yl
t+uw)(pt+a)ry+u+g)
oo o) td+p)(p+y) - praly +d+p) - pac

PrA(n +d +p) + prAc

cno—(otp) (ptdtp) (ytpte)

where A = (o) (uty)oe

3.2. Basic Reproduction Number

By considering the fractional system (2), the R results from the subsequent matrices.

0 B1a B
1 ptp o ptp
P:W 0 O 0
0 0 0
1 o+ pu 0 0
0 —1 YHu+g

The reproduction number [22] for the system (2) is

Ry = ao (1 (y + p+¢) + Pory] 3)
(m+9)o+u)(y+d+p)(y+p+g)

4. Stability of the System
This section examines the stability of the system.

Theorem 2. The equilibrium point Eq is locally asymptotically stable in the system (2).

Proof. The reduced matrix of the system (2) is

- ‘B ‘B -
A ~it ~it & 0
P —1— U 0 0 0 @
pra Boa
F_ il 0 0 Hy-o—p o 0 0
A 0 0 o ——d—pu 0 0
0 0 0 U] —Y—H—¢ 0
L 0 0 0 0 07 —U—@ |

The eigenvalues of the above matrix are — (¢t + p), —(u + @), —(p + ¢), — (v + p +¢)
negative. The remaining eigenvalues of the matrix obtained by the equation coA? + c1A +
¢y = 0 where

o = 1
0 = U+U+d+2y—ﬁ17a
pt
1 KON —v—1U—
& = (—R)@+p)p+dtp+ LY gy—d—py+ BRTI=T ¢

7 (o — d—
u+y p+y y+p+g
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Hence the model (2) is locally asymptotically stable if Ry < 1. [
Theorem 3. The equilibrium point E is globally asymptotically stable in the system (2).

Proof. Consider the Lyapunov function,

L=x1(S—S0) +x2(V—Vy) +x3E 4+ x4] + x5T + x¢R

dL
i —u(S+V+E+I+T+R)+1V+dl —af
Therefore, % < 0. Hence proved. O

5. A Fractional Approach
The unique solution of the fractional system (2) is investigated and becomes

LoDy = Gt ()
)\nlﬂch?V(f) = Gt V(t)),
G TDIE®) = GaltE(1), @
SCDHW) = Gk (1),
S DIT() = Gs(t,T(1),
i TDIR() = Glt R(1),
Using the fractional derivative theorem, we obtain
S(t) —5(0) = ﬁ/ Gi(t,S)(t — 7)"ldr,
V(t) —V(0) = W/ Ga(t, V) (t — 7)" ldt
E(t) —E(0) = W/ Gs(t,E)(t — 1) ldt 5)
I(t) — 1(0) = W/ Galt, 1)(t — 1)\t
T() — T(0) = W/ Gs(t, T)(t — )" ldt
R(t) —R(0) = W/ Ge(T,R)(t — T)"ldt

Theorem 4. The kernel Gy satisfies the Lipschitz condition and contraction if the 0 < (B1h1 +
‘Bzhz =+ (}/l + lP)) < 1 holds.

Proof. Let us consider for S and S,

1G1(£,8) = Gi(t, S| =I[ = BLE(£)(S(£) = Su(8)) — B2I (£)(S(¢) — S1(t))
= (u+9)(S(t) = S1(1))]|

< BUIEOIS() = S1(B)]| + B2AIEIS(E) = St (D) + (u + ) [S(t) = S1(B)]]
< [Biky + Baka 4+ ¢][]S — Sq|

Hence, by = Biki + Boka + i + 9, where ||E(t)|| = ky,||I(t)|| = kz, is bounded
function. Hence,
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[[G1(t,S) — G1(t, S1)[| < br[|S() — S1(t)]] (6)

Therefore, if 0 < B1h1 + Bohy + p + P < 1 the Gy is a contraction and the Lipschitz
condition is obtained. Similarly, we obtain the Lipschitz condition for all the relations.

1G2(t, V) = Ga(t, V)| < baf [V () = Va(B)]]
1G3(t, E) = Ga(t, E1)|| < b3|[E(t) — Ea(t)]|
1Ga(t, 1) = Ga(t, ) [ < ballI(t) = ()]
1Gs(t,T) = Gs(t, T)[| < bs[T(t) = Ta()]]
[1Gs(t, R) = Ge(t, Ry)|| < b||R(E) = Ry (t)]]

where by = (1+u),bs3 = (0 +p),bs = (y+d+u),bs = (y+pu+¢),bs = (4 + @) are all
bounded functions if 0 < b; < 1, then G;,i = 2,3,4,5, 6 are contractions.
Consider the following recursive forms, according to the system (5),

Hi () = S;(t)—=S,_1(t) = Alnlr(n) /Ot(Gl(Tr Sr-1) = Gi(tT,5,2)) (t — 7)" ldt
Ho(t) = Vi(t) = Viy(t) = Allr(n) / (Gal(t, V1) = Ga(T, V) ( — 7)"dt
Hy(t) = E(t)—E 1(t) = Allr(n) / (Ga(t, Er 1) — Ga(T, Ero))(t — 7)"—1dr
Hy(t) = L(t) —Ly(t) = ;ulr(n) / (Ga(t, 1) = Ga(T, [ _2))(t — 7)™ ldt

Ho(t) = T(t) - T,1(t) = Allr(n) / (Gs(T, T, 1) = Gs(t, Ty_2)) (¢ — )" Ldr
Ho(t) = Ro(t)—Ry_i(f) = Allr(n) /Ot(G6(T, Ri_1) — Go(t, Ry_2))(t — 1) dt

with the initial conditions.
Consider the equation,

[[Har (8)]] =[1Sr () = Sy (#)]]

:||/\1—nlr(n) /Ot(Gl(T, Si_1) — Gi(T,8,-2)) (t — )" ||
S/\l—nlr(n) /Ot 1G1(T,8,-1) — G1(T,S,-2)) (t — T)"||dT

with the condition (6).

1

H (O] < 7=

t
T(Tl)bl/o |[[Hyp—1y (T)|dT @)

Similarly, we obtain,

1 t
2011 < =gyt ) e (@)lde

1 t
5 ()11 < Sr=spgy?s e ()T

1
||H4r(t)|| < W
1 t
s ()11 < Sspybs ) e (D)lde

1 t
Hor ()11 < Sspybo e (0)lde

t
b | ||Hagy1) (1)l v ®



7 of 15

Axioms 2022, 11, 446

This can be written as

Z Hyj(t) Z Hyj(1) Z Hsj(t)
Z Hy;() Z Hs;(t) Z Hej(1)
Next, we must prove the existence of the solution. [

Theorem 5. The fmctional system (2) gives the system of solutions if there exist t such that

Proof. Using a recursive technique, (7) and (8) can be written as
1 r [ 1 r
01 < 1181001 srmmrgryaf] 1)1 < 1V O | st
1 r r 1 qr
s ()1 < )] =y ot 1011 < IO | st
1 r r 1 qr
5 (1 < T | st - Hr (1] < RO |

We assume

S(t) = S(0) = S¢(t) — By, (1), V() = V(0) = Vi(t) — Bar(t),
E(t) — E(0) = E,(t) — B3, (t),I(t) — I(0) = L.(t) — By, (t),
T(t - T(O) = Tr(t) - BSr(t)/R(t) - R(O) = Rr(t> - Bér(t)/

where
1 t
1By 11 =l 535y ) (G1(T8) = Grlw,S, 1))
)
S)\l_nlr(n)lﬁﬂs — S|t

1 n+
1By ()] < {Wt} b

The above equation can be obtained by repeating the method.

1 n+1
[[Bi(B)]] < {7\1_”1“(71)1&1} by h

We obtain ||By,(f)|| — 0 as r tends to co. Hence, this can be obtained for all functions

This completes the proof. [
Assume the system (2) has another solution S;(t), Vi(t), E1(t), L1 (t), T1(t), Ry (t)

We have
1 t
() = $1(8) = 31y [, (1T S) = Gulr,S1)dw
we have

159 = $1(0)l| = G ) 161(55) = Gatr,50) e
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150 = 1)1 < =y IS = Si0)]

Therefore,

150 = 510111~ =) <O 10

Hence, ||S(t) — S1(t)|| = 0. Therefore, S(t) = S1(t). Similarly, we can obtain this
result for all the equations in the model.

6. Numerical Simulation

An approximate method for the solution of the nonlinear problem is called the Ado-
mian decomposition method [23] and provides solutions for both ordinary and fractional
differential equations [24]. To obtain results, Laplace Transform is used for model (2)

Liso)] - 50) = TPUD o pisE posi— (ot p)s+eT)

v -vio) = TP pps (v er

LE®) - E0) = TPUZD 58 4 posi— (o4 an
L) -10) = PRV (g pas

o] -1 = Uy

LR -RO) = FPIZipr ()R]

S

The series of the solution is considered to be [25],
S() = ), Sk(h),V(H) =) Vi(t),E(t) = ) Ex(t)
k=0 k=0 k=0
I(t) = Y L(),TE) = Z Tic(t), R(t) = Z R (t)
k=0 k=0 k=0

S(HE(t) = ki (S, E), ZBk (S, 1)
=0

where A (S, E), Bx(S,1) is used as Adomian polynomial. After some manipulation, the sys-
tem (11) becomes

L[i sm] = s(0)+ 2T PI=S)) [a s i AS,E)— B2 Y Bi(S, D)
k=0 § k=0 k=0

—(n+v) Zsk +gZTk

=0 k=0
L) Y| = v+ 2=, [lp Y St — () Y Vi) +@ Y Re(t)
k=0 k=0 k=0
L [i Ek(f)] = E(O)—l—%L [,31 Z Ak(S,E) + B2 i Bk(S, I)
k=0 k=0 k=0

()Y Ek<t>]

k=0
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[Zlk ]— +W UZEk —(n+d+mn) ZIk ]
L[ZTN)] _ o=, | ZIk (e YTl ]
L k=0
[zm )| = RO+ A= [ 5 1) - (e @) 3 Relt)
| k=0 k=0
After some manipulation, we obtain
LSen(®] = Ui g A8 E) - BaB(S,1) - (-t 9)Silt) + cTu(o)]
LWVia®) = P16, () — (o4 ) Velt) + @Re(0)
LB ()] = L1845 ) 4 BaBi(S, 1) - (0 + ) E(1)] 12
La®) = PR r0m ) — (gt pn)
LT ®) = SPIZ D@ (4 0T0)
LR (] = TPUZD 1m0 (et @)y

S

Exercising the transform on both sides in (12), we have

So(t) = So, Vo(t) = Vo, Eo(t) = Eo, Io(t) = Io, To(t) = To, Ro(t) = Ro

S1(t) = [a—pB1So(t)Eo(t) — B2So(t)Io(t) — (1 +¥)So(t) +¢To(t)](1+ p(t — 1)),
Vi(t) = [¥So(t) — (14 u)Vo(t) + @Ro(H)](1+ p(t - 1)),

Ei(t) = [B1So(t)Eo(t) + B2So(t)Io(t) — (o + pu)Eo(H)](1+ p(t — 1)),

L(t) = [oEo(t) — (n+d+pu)lo(H)](1+p(t—1)),

Ti(t) = [ph(t) = (r+p+0)To(®)](1+p(t-1)),

Ri(t) = [7To(t) — (u+@)Ro(H)](1+ p(t—1))

So(t) = [a—B1S1(HEL(t) — B2S1(H) () — (u+9)S1(t) + ¢Ta()](1 + p(t — 1)),
Va(t) = [9S1(t) — L+ pu)Vi(t) + @Ry ()] (1 + p(t - 1)),

Ex(t) = [B1S1(H)Er(t) + B2S1()Ia(t) — (o + p)Er()](1+ p(t — 1)),

L(t) = [vEi(t) = (p+d+pu)L(H)](1+p(t-1)),

L(t) = [ph(t)—(r+p+o)Ti®)](1+p(t-1)),

Ro(t) = [vTi(t) — (p+@)Ri(H)](1+ p(t —1))

The solution can be expressed as

S(1) = LS(0,V() = Y V(1) E() = Y Ei(1)
j=0 j=0 j=0

1) = YL, T() = L Ti(6),R() = Y. Ri(¢)
j=0 j=0 j=0

7. Graphical Discussion

The solution of the system (2) is calculated using the Table 1.
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Table 1. Values of the parameters for the fractional model (2).

Parameter Values Source
o 0.5 Assumed
B1 2.55 [26]
B2 2.28 Assumed
c 0.86 [27]
P 0.036 [28]
L 0.006 [29]
@ 0.002 Assumed
o 0.21 [30]
U 0.53 [31]
1 0.07 [32]
0% 0.91 [33]
d 0.012 [34]

Figures 1-6 show the approximate solutions of various population compartments
corresponding to different fractional orders. The density of the susceptible population
is decreasing according to the corresponding fractional-order depicted in Figure 1. In
Figure 2, the number of the vaccinated population was rapidly increasing. According to
Figures 3 and 4, the infected population density increases following exposure to infection.
Figures 5 and 6 show that the total number of people in treatment is on the rise, as many
people have been cured of the disease through proper treatment, resulting in an increasing
number of people in recovery.

0.9 T T T T T T T T T
n=0.5
0.8 1n=0.6| |
n=0.7
n=0.8
0.7 r n=0.9 |
n=1

o
o
T
1

Susceptible population
o o
~ o

o
w
T
1

o
\V]
T

0.1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time (months)

Figure 1. Graphical representation of the susceptible population corresponding to different fractional
orders.
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1n=0.5
0.18 1 77=0.6 b
n=0.7
0.16 n=0.8
7n=0.9
5 0.14 n=1 |
o
> 012 1
o
o
o
- 0.1r 4
2
5
£ 0.08 1
3
Q
S
> 0.06 - 1
0.04 f — ]
0.02 —
0 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 3 40 45 50
Time (months)
Figure 2. Graphical representation of the vaccinated population corresponding to different frac-
tional orders.
1 .1 T T T T T T T T T
1n=0.5
1n=0.6
1t 7 n=0.7| 4
/ n=0.8
7=0.9
// 77=1
/ \ 1
\
\
\

Exposed population
o o
(o] ©

o
~
T

1

1

1

25

30

0.5 ! !
5 10 15 20
Time (months)

0
Figure 3. Graphical representation of the exposed population corresponding to different fractional

orders.
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032 T T T T T T T T T

0.3

0.28

Infected population
o o
o N
B [e)}

o
o
N

°
no

018 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
Time (months)

Figure 4. Graphical representation of the infected population corresponding to different fractional

orders.
0-4 T T T T T T T T T
n=0.5
0351 =06 ]
\ n=0.7
\\ n=0.8
03[ \\\ n=0.9 | 7
S \ n=1
9 \
o 0.25 - \ .
> \
Q \
3
2 02t .
c \
o)
E i
g 0.15 \ .
~ \
0.1F 1
\
0.05 - ]
0 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50
Time (months)

Figure 5. Graphical representation of the treatment population corresponding to different fractional
orders.
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Figure 6. Graphical representation of the recovered population corresponding to different fractional
orders.

8. Conclusions

This paper presents an SVEITR COVID-19 model with a fractional-order derivative
of Caputo—Fabrizio. We compute the reproduction number, equilibrium points, and fea-
sible region. Fixed-point theory is applied to show that a unique solution exists for the
fractional system. The Adomian method coupled with Laplace integral transform yields
the approximate solution of the proposed model. The graphical presentation provides a
better understanding of the dynamics, and the proposed technique compares favorably
with the other method in terms of its speed of convergence. At the same time, COVID-19 is
persistent and largely uncontrollable due to the continual change in the spread of informa-
tion, a factor which will be explored in more depth in the future by bifurcation analysis,
which combines fractional derivatives with optimal control. In future work, this model
may be modified by introducing control variables to analyze optimal control strategies.
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