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Abstract: In this article, we derive Chen’s inequalities involving Chen'’s §-invariant d;, Riemannian
invariant é(my, ..., my), Ricci curvature, Riemannian invariant (2 < k < m), the scalar curvature
and the squared of the mean curvature for submanifolds of generalized Sasakian-space-forms en-
dowed with a quarter-symmetric connection. As an application of the obtain inequality, we first

derived the Chen inequality for the bi-slant submanifold of generalized Sasakian-space-forms.

Keywords: Chen inequalities; quarter-symmetric connection; generalized Sasakian-space-form;
bi-slant; Riemannian invariants

MSC: 53B15; 53B25; 53D15

1. Introduction

In submanifold theory, obtaining the relationship between an intrinsic invariant and
an extrinsic invariant has been the primary goal of many geometers in recent decades. Chen
invariants were introduced by B.Y. Chen [1] to tackle the question raised by Chen concern-
ing the existence of minimal immersions into a Euclidean space of arbitrary dimension [2].
Chen’s é-invariant dps of a Riemannian manifold M introduced by Chen is

Opm(x) = t(x) —inf{K(IT)|IT is a plane section C TyM}, 1)

where T is the scalar curvature of M.
In [1], Chen obtained an inequality for a Riemannian submanifold M™ of a real space
form M with constant sectional curvature c as

m?(m — 2)

om = 2(m —1)

1
I H {1 45 (m 4 1) (m = 2)c, 2
where H is the mean curvature of the submanifold M™. Equation (2) is known as the first
Chen inequality.
Then in [3], Chen gave the inequality for a Riemannian submanifold M™ of complex-
space-form M" (4c) as follows:

m?(m — 2)

om < 2(m—1)

| H P +5(m 4+ 1)(m —2)e+ 3 | P e~ 30(m)e. ®)

Afterward, many authors obtained Chen’s inequalities for different submanifolds in
various ambient spaces, such as the Kenmotsu space form [4], the Sasakian-space-form [5],
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the Cosympletic space form [6], the Riemannian manifold of quasi-constant curvature [7],
generalized space forms [8,9], Statistical manifolds [10-12], quaternionic space forms [13]
and the GRW spacetime [14].

Qu and Wang [15] introduced the notion of a special type of quarter-symmetric connec-
tion as a generalization of a semi-symmetric metric connection [16] and a semi-symmetric
non-metric connection [17]. They studied the Einstein warped product and multiple warped
products with a quarter-symmetric connection [15]. In [18], the authors obtained Chen’s
inequalities for submanifolds of real space forms endowed with a quarter-symmetric
connection. Mihai and Ozgﬁr [19] obtained the Chen inequalities for submanifolds of
complex space forms and Sasakian-space-forms with a semi-symmetric metric connec-
tion. Wang [20] obtained Chen inequalities for submanifolds of complex space forms and
Sasakian-space-forms with quarter-symmetric connections which improved the results of
Mihai and C)Zgﬁr [19]. Sular [21] obtained Chen inequalities for submanifolds of general-
ized space forms with a semi-symmetric metric connection. Al-Khaldi et al. [22] obtained
the Chen—Ricci inequalities Lagrangian submanifold in generalized complex space form
and a Legendrian submanifold in a generalized Sasakian-space-form endowed with the
quarter-symmetric connection.

As a continuation of their studies, we obtained Chen inequalities for submanifolds of
generalized Sasakian-space-form admitting a quarter-symmetric connection. The signifi-
cance of this study is that it generalizes a large number of previously obtained results, some
of which are [20,21]. The paper is organized as follows. In Section 2, we recall the properties
of the quarter-symmetric connection. In Section 3, we establish the B.Y. Chen inequalities
for submanifolds of a generalized Sasakian-space-form endowed with a quarter-symmetric
connection. First, we prove the following inequality and also look at its equality case.

Theorem 1. Let M™, m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M(f1, fa, f3) endowed with a quarter-symmetric connection V, then

2
2(m—1)

£(3 1712 ~6020) 2 1 (e 12~ =) 1 €7 1P ) £
P02 (1, ) — A1) + LD (5, 1y

= 1)) + P2 (A 1) — m(m — 1) (1)),

v(x) ~ K(11) < (m ~2) | H 2+ )

where 11 is a two-plane section TyM, x € M.

Next, we obtain bounds for the Riemannian invariant §(m;, . .., m;) and a Ricci curva-
ture in terms of the scalar curvature of the r-plane section L, squared mean curvature and
some special functions. Among others, we obtain the inequality involving the Riemannian
invariant ©,2 < k < m, as follows:

IHIP () 2 Ox) = o= o2 | T IR 4222 7

A
+E(l,’)1 + 1) + %1,02(4’1 —2) + (1 — Y2)A(H).

Using Theorem 1 in Section 4, we derive Chen inequalities for the bi-slant submanifold
of generalized Sasakian-space-forms.
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2. Preliminaries

Suppose that M"*? is an (m + p)-dimensional Riemannian manifold with Riemannian
metric . A linear connection V is known as a quarter-symmetric connection if its torsion
tensor T is presented by

T(X1,X2) = Vx, Xa — Vx, X1 — [X1, Xo]

satisfies
T(X1, X2) = A(X2) X1 — A(X1) 9 X2,

where A is a 1-form, P is a vector field given by A(X;) = g(X3,P), and ¢ is (1, 1)-tensor.
In [15], the authors introduced a special type of quarter-symmetric connection defined as:

Vi, X2 = Vx, Xo + 1 A(X2) X1 — 928(X1, X2)P, 4)

where V denote the Levi-Civita connection. It is easy to see that the quarter-symmetric
connection V includes the semi-symmetric metric connection (; = ¢ = 1) and the
semi-symmetric non-metric connection (p; = 1,1, = 0). Let the curvature tensor of V be

R(Xl, Xz)Xg = Vxlvxz}% — vXZVXl X3 — V[X],XZ]X}

Similarly, the curvature tensor R of V can be defined as the same.
Let M™ be an m-dimensional submanifold of an (m + p)-dimensional Riemannian
manifold M" 7 endowed with the quarter-symmetric connection V and the Levi-Civita

connection V. Let V and V denote the induced quarter-symmetric connection and the
induced Levi-Civita connection on the submanifold M. The Gauss formula with respect to
V and V can be presented as

Vx, X2 = Vx, Xo +h(X1,X2), Xq,Xp € T(TM)
Vi, X2 = Vx, Xa +h(Xy,X2), Xi,Xa € T(TM)

where i and 11 are the second fundamental forms associated with the quarter-symmetric
connection V and the Levi-Civita connection V, respectively, and are related as follows:

o~

h(Xy, X2) = h(X1, X2) — $2g(X1, Xo) P, (5)

where P+ is the normal component of the vector field P on M. If PT represents that tangent
component of the vector field P on M, then P = PT + P+.

The curvature tensor R with respect to the quarter-symmetric connection V on M"+p
can be expressed as [15]:

R(X1, X2, X3, Xa) = R(X1, X, X3, X4) + 911(X1, X3)g(Xa, X3)
—1B1(Xa, X3)8(X1, X4) + 28 (X1, X3)B1(X2, X4) — ¢28(X2, X3)B1(X1, X4)
+2 (1 — ¥2)8(X1, X3) B2 (X2, Xa) — 2 (91 — $2)8(X2, X3)B2(X1, X4), (6)

where 1 and p; are symmetric (0, 2)-tensor fields defined as

B1(X1,Xa) = (T, A)(Xa) — p1A(KDA(K) + Lg%, Xa)A(P),

and
A(P)
2

Moreover, we assume that i7(1) = A and tr(B2) = u.

B2(X1, X2) = §(X1, Xa) + A(X1)A(X2).
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Suppose that R and R are the curvature tensors of V and V, respectively. Then the
Gauss equation with respect to the quarter-symmetric connection is as follows [15]:

R(Xl,Xz, X3, X4) = R(Xl,Xz, X3, X4) — g(h(Xl,X4),h(X2, X3))
+8(h(X2, X4), h(X1, X3)) + (Y1 — ¢2)g(h(X2, X3), P)g (X1, X4)
+(2 — 91)g(h(Xq, X3), P)g(X2, X4). )

Let {e1,...,em} and {€y11,...,em1p} be an orthonormal frame of T M and T;-M at the
point x € M. Then the mean curvature vector of M associated with V is H = % YL h(ei e)).
Similarly, the mean curvature vector of M associated to V is H = Lym, he;, ej). In addition,
the squared length of i is || h ||2= Yii—18(h(ei ), hieie;).

Now, we recall some of the Riemannian invariants introduced by Chen [23] in a
Riemannian manifold. Let L be an r-dimensional subspace of TyM, x € M, r > 2 and
{e1,...,¢;} an orthonormal basis of L. The scalar curvature 7 of the r-plane section L is
given by

T(L) = Z Kij/ (8)

1<i<j<r

where Kj; is the sectional curvature of the plane section spanned by ¢; and ¢; at x € M.
Suppose that IT C TxM is a two-plane section and K(IT) is the sectional curvature of M for
a plane section ITin TyM, x € M. Then

K(IT) = z[R(e1,e2,€2,€1) — R(ey, €2, €1, €2)]. )

NI~

The scalar curvature T(x) of M at the point x is presented by

T(X) = ZKif’ (10)

i<j
where {ey, ..., ey} is an orthonormal basis for T M.

3. B. Y. Chen Inequalities

First, we recall the well-known lemma obtained by Chen [1], which is as follows:

Lemmal. Ifaq,...,am, a1 are m + 1 (m > 2) real numbers such that

m 2 m
a;) =(m—1) a4 ap41),
(L) (Lot +ani)

then 2ayay > ay,11, with equality holding if and only if a1 +a; = a3 = ... = ay,.

Now, let M be a (211 4 1)-dimensional almost contact metric manifold with the struc-
ture (¢,7,8,&) where ¢ isa (1,1)-tensor, 77 is a 1-form which is dual to the Reeb vector field
¢, and g is a Riemannian metric on M which satisfies the follows [24]:

P =—1+7®¢ 718 =1, g(eX1,9Xa) = g(X1, X2) — 7(X1)7(Xy).

Because of these conditions, we have

95 =0, 1-9=0, 1(X1)=g(X1,¢),

for any vector fields X, X, € T'(TM).
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An almost contact metric manifold (]\71, ¢,1,¢,g) whose curvature tensor satisfies

R(X1,X2)X3 = fi{g(Xa, Xa) X1 — g(X1, X3) X2} + fo{g(X1, 9X3)9Xo
—8(X2, 9X3) X1 +28(X1, 9X2) 9 X3} + f3{n(X1)1(X3) X2
—1(X2)n(X3) X1 + g(X1, X3)1(X2)G — §(X2, X3)1(X1)¢}, (11)

for any vector field X1, Xp, X3 € T(TM) and fi, f», f3 being differentiable functions on M is
said to be a generalized Sasakian-space-form denoted by M(fy, f», f3). The notion of a general-
ized Sasakian-space-form M( f1, f», f3) was introduced by Alegre et al. [25], generalizing three
important contact space forms, that is, the Sasakian-space-form (f; = <2, fo = f3 = 1),
the Kenmotsu space form (f; = ’3 o= f3 = m) and the Cosympletic space form
(h=hr=f=5

From (6) and (11), we obtain

R(X1, X2, X3, X4) = fi{g(Xa, X3)8(X1, Xs) — 8(X1, X3)8(X2, X4) }
+f2{g(X1, 9X3)8(9X2, X4) — 8(X2, 9X3)8(9X1, Xy)
+28(X1, 9X2)8(9X3, Xa)} + fo{n(X1)1(X5)g(X2, X4)
—1(X2)1(X3)8(X1, Xg) + g(X1, X3)1(X2)1(X4)
—8(Xo, X3)n(X1)n(Xa)} + ¢11(X1, X3)8(X2, X3)
—1B1(X2, X3)8(X1, Xa) + 28(X1, X3)B1(X2, X4)
—128(X2, X3)B1(X1, Xa) + P2 (1 — ¥2)8(X1, X3) B2 (X2, X4)
— (Y1 — $2)g(X2, X3)B2(X1, Xy), (12)

Let M be a submanifold of a generalized Sasakian-space-form M(fi, f2, f3) of dimen-
sion (2n + 1). For any tangent vector field X; on M, we can write ¢X; = 7 X1 + FX,
where 7 Xj is the tangential component, and FXj is the normal component of ¢X;. The
squared norm of 7 at x € M is defined as

1T I1P="Y &*(geie)), (13)

ij=1

where {e1,..., ey} is any orthonormal basis of the tangent space T, M and decomposing
the structural vector field ¢ = ¢T + &+, where &7 and ¢ denotes the tangential and normal
components of & Moreover, we set @*(I1) = g?(Te1,e2) = g*(pey, e2), where {e1,e5} is
the orthonormal basis of two-plane section I1.

Theorem 2. Let M™,m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M(f1, f2, f3) endowed with a quarter-symmetric connection ¥, then

mZ
2(m—1)
F(31 T2 ~602) 2 4+ (e 12~ —1) 17 12)

+M (tr(Br 1) = Am—1)) + w (tr(B2 )

= 1)) + 2 (A 1)) - m(m — A (D)),

v(x) — K(11) < (m - 2) | H 2+ )

where I1 is a two-plane section TyM, x € M.
If in addition, P is a tangent vector field on M™, then H = H and the equality case holds
at a point x € M if and only if there exists an orthonormal basis {ey, ..., en} of TxM and an
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orthonormal basis {ey 11, - .., €41} of T M such that the shape operators of M in M(f1, f2, f3)

at x have the following forms:

hitto0 0 . 0
0 nptt 0 . 0
Ag=| 0 I A AR 0
0 0 0 hm+l _'_hm+l
Theorem and
hil h{% 0 ... 0
ki, —hi; 0 ... 0O
A, = 0 0 0 ... O m42<r<on+i1
0 0 0 0

Proof. Letx € M and {ey,ez,...,em}, {€ms1,---, €411} be an orthonormal basis of TyM

and T} M, respectively, then from (7), (10) and (12) we obtain

21(x) =m? | H|* = | I |]> +m(m —1)fi + 3% || T |I> —=2(m = 1)f5 || &" |2
—(1 +P2)A(m = 1) — (1 — ) pu(m — 1) —m(m — 1) (1 — p2)A(H).  (14)

We set,
c=27(x) — % | H > =m(m—1)f; =3f | T |I> +2(m —1)f5 | &" |1?
+(¢1 + P2)A(m — 1) + a1 — o) pu(m — 1) + m(m — 1) (1 — $2)A(H), (15)

then (14) becomes

m? || H ||>= (m—=1)( | h||* +c). (16)

For a chosen orthonormal basis, (16) can be written as:

m 2n+1 m
(th+1) — _1)[2 hm+1 +Z hm+1)2+ Z Z(hlr)z_i_c}
i=1 i#] r=m+21i,j=1
then using Lemma 1, we have
1 1 1 2n+1  m )
Pl LA I (s R WD B A LR (17)
i#j r=m+21i,j=1

Now, let IT = span{ey, e }, then from (7) and (12) we obtain

2n+1
R(e, ez, e2,61) = Y [Hiyhhy — (h5)?] = (91 — 92)g(h(e2, €2), P)
r=m-+1

+£1 +3f28%(pe1,e2) — f3(17(e1) + 1% (e2))
—1B1(e2,€2) — YaPa(er e1) — a(¢1 — 2)Baler, e1). (18)
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and
2n+1
R(er ez e1,e2) = Y [(Mip)* — Hiyhbo) + (91 — 2)g(h(er er), P)
r=m+1
—f1 —3f28° (9e1,2) + fa(7*(e1) + 1% (e2))
+1B1(e1, e1) + PoPi(er, e2) + Yo (P1 — 1P2)Ba(ez, €2). (19)

Making use of (18) and (19) in (9), we obtain

2n+1 —
R S e NI )
r=m-+
i +3£03) — f(] & P)
~Bar(pr 1 10— Lor(pr 1) — 21— p2)tr(Ba ). 0)

Combining (14) and (20) gives

m2

() = KD = (m=2) (=5 | H P +(m+ 1))
£(31 717 ~602(0) 2 1 (e |2 ~(m—1) [ €7 1P ) £
_}_(1701;—11[)2) (tr(,Bl |H)_/\(m_1)> + 1!’2(1#’1 ¢2)< ( | )

= 1)) + I (A 1)) — m(m — 1) (1))

2n+1
+ L [ T mE - Y )%+ ()] 1)
r=m+1 ~1<i<j<m 1<i<j<m

Making use of Lemma 2.4 [26], we have

g 2 mz(m 2) 2
L[ X mpemi— ¥ )] < R HIP @)
r=m+1 "~ 1<i<j<m 1<i<j<m

In view of the last expression in (21), we obtain

mZ
20m 1)

F(31 T2 ~602) 2 4 (g |2 ~(m—1) &7 |2
+(1/J1‘;1P2) (tr(,ﬁl |H)—)L(m—l)>+lp2(l/] IIJZ)( (

7(x) — K(I) < (m —2)( | H 2+ )
)f
In

)
—y(m—l)) +M(A(tr(h ) —m(m—l)A(H)). (23)
Now, if P is a tangent vector field on M, then (5) implies h = hand H = H. If the

equality case (23) holds at a point x € M, then the equality cases of (17) and (22) hold,
which gives
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1 1 1 1
her :h”12+ :h73713+ :.”:her
hq;ﬂ = hg;.“ =0,j>2
hh+h£2:0,r:m+2,...,2n+l
hfj:O,iyéj,r:m—i—l,...,2n+1

Wit =0,i#ji,j > 2

Therefore, choosing a suitable orthonormal basis, the shape operators take the de-
sired forms. O

Corollary 1. Under the same arquments as in Theorem 2,
1. If the structure vector field ¢ is tangent to M, we have

| HIE +(m 1))

7(x) — K(I) < (m—2)(5 (m’” ;

0
+(3||T|\2 @) 2 4+ (22 ~m 1)
92 (1, 1) — am— ) + LD (5, 1y
= 1)) + P2 (e 1)) — G — 1) A (1)),

2. If the structure vector field ¢ is normal to M, we have

2
() = K(11) < (1 =2) (g5 | H P +m+1)5)
+(317 2 —602(m) 2 4 + LY (5, 1y

_/\(m _ 1)) + 1/’2(%2— IIJZ) (tr(lﬁ ‘H)
~plm = 1)) + 2 (A e 1)) - G — ) A(H)).

Remark 1. If should be noted that Theorem 2 generalizes the Theorem 6 obtained in [20]. Moreover,
taking different values of f;,i = 1,2,3, we can obtain similar inequalities as Theorem 1 for the
Kenmotsu space form and the Cosympletic space form endowed with certain types of connections by
restricting the values of ¥;,1 = 1,2.

Remark 2. Ifin Theorem 2, we take 1 = 1, = 1 then we obtain Theorem 5.1 [21].

Corollary 2. Let M™,m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M( f1, f, f3) endowed with a semi-symmetric non-metric connection, then

m2

2(m—1)
£(3 1717 ~602(0) 2+ (e |2 (=) [ €7 1P ) £
5 (61 ) = Am = 1)) 4 3 (A 1)) — m(m ~ DACH)),

v(x) ~ K(ID) < (m—2) | H 2 +m 1)1

where I1 is a two-plane section TyM, x € M.

For an integer k > 0, we denote by S(m, k) the set of k-tuples (my, ..., my) of integers
> 2 satisfying my < m and my, ..., m; < m. In addition, let S(m) be the set of unordered
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k-tuples with k > 0 for a fixed m. Then, for each k-tuple (my,...,m;) € S(m), Chen
introduced a Riemannian invariant é(my, ..., my) as follows [23]
S(my,...,mp)(x) =7t(x) —inf{t(Ly)+---+7(Lg)}, (24)
where L, ...

Ly run over all k mutually orthogonal subspaces of Ty M such that dimL
m;,j € {1,...,k}. For simplicity, we set

il = Y, & (Teie), Fally) = Y, (857 e +8(E" e)’]
<i<j<r si<jsr
¥5(Lj) ) Y. [Bileiei) +Bilejef)], Ya(Lj) = ) Y. [Baleiei) + Palej )]
<i<j<r <i<j<r

¥s(L) = Y, A(h(e,e)+heje))

1<i<j<r

As the generalization of Theorem 2, we state and prove the following results using the
methods used in [26].

Theorem 3. Let M™, m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M(f1, f2, f3) endowed with a quarter-symmetric connection ¥, then

d(my, ..., myg) < b(my,..
2 k
136 (IITII Z‘I’ )) -

41+ 92)
— S (-

o) || H|P? +ﬂ(m1, ) fi

fr(lm=1) )" |2 - z% ))

1M—g%@n—%m—wmm4w
£

k k
-1 ¥) + B (o ) - L 9(1),
= =

for any k-tuples (m, ..., my

) € S(m). If P is a tangent vector field on M, the equality case holds at
x € M™ if and only if there exists an orthonormal basis {e1,

. em} of T M and an orthonormal
basis {ey11, - .., exm+1} of Ty M such that the shape operators of M in M(f1, fa, f3) at x have the
following forms:

aq 0 ... O A{ ... 0 0
0 a ... 0 :
Aem+1: . ’AEV* r=m+2 2n+1
: : o 0 A 0
0 0 ... ap 0 0 ¢l

where ay, . .., ay satisfy

a1+...+am1:...:gm1+.._+mk71+1+...+am1+___+mk+l:...:am

and each Aj is a symmetric mj X mj submatrix satisfying tr(A}) =--- =tr(A) =g lisan
identity matrix.
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Proof. Choosean orthonormalbasis {e, . . ., e, } of Ty M and an orthonormal basis { ey, 11, - . ., €241 }
of T;- M such that mean curvature vector H is in the direction of the normal vector to e, 1.
We set

m—+1 :
a=ht i=1,...,m
bl :alle :‘12+"'+am1/b3 :”m1+l+"'+am1+m21---/

bk+1 == am1+...+mk71+1 +---+ ﬂml—i—m—«—mk,l—i-mk/ .. lb"erl = am,
and consider the following sets

D1 :{1,...,m1}, D, = {m1+1,...,m1 +T}’I2},...,
D= A{(m+ - +meq) + 1., (my + -+ i) + my

Let Ly, ..., Ly be a mutually orthogonal subspace of Ty M with dimL; = m;, defined by
Li= Span{emﬁ..drmjfl“,...,em1+.‘.+mj}, i=1,...,k

From (7), (8) and (12), we obtain

() = D L sp ) - )
Sty ) - By g - B2
2n+1
+r ;4'1 txg:ﬁ hr] a; rﬁfﬁ/ N (h”‘fﬂf)q' (25)

We set

e =27 —2b(my,...,my) | HI|?> —m(m—1)fi =3 || T |
+2(m—=1)f3 | &7 > + (91 + 2)A(m — 1)

+p2 (1 — Yo)pu(m — 1) +m(m — 1) (1 — h2) A(H), (26)
where )
mz(m+k—1— Zm])
j=1
b(ml,...,mk): X ,
2(mt k=Y m;
(m + J; m])

for each (my,...,my) € S(m).
k
In addition, let v = m + k — 2 m;. Then in view of this and (26), Equation (14)

j=1
becomes

m* || H |[2= (| 1 ]1? +e)7,

which can be written as

7+l 7+1 2n+1 m
(Zb) Yo+ Lo+ L4 Y Y ()
i=1 i#] r=m+2i,j=1
—2 Z Aoy Apy — =2 Z ”ﬂk’lﬁk}' 27)
a1 <p1 o <Py

where aj, Bj € D; forallj=1,...,k
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Now applying Lemma 2.3 [26] in (27), we obtain
Y. Awap o+ ) agap >
a1<p1 we <Py
2n+1  m
[€+Z hm+l)2+ Z Z (h:])2:|,
i#j r=m+2i,j=1
which further implies
2n+1 €
hr (h .>2 Z <
]Z%r §+1 IX;;] { ajttj ﬂ,ﬁ, wij ] 2
1 2n+1 2n+1 P
+3 2 X ( 2+ L (h, <5 (28)
r m—+1 ("‘13 QDZ r= m+2a GD
where D? = (Dy x D1) U+ - U (Dg x D). Combining (14), (25) and (28) gives
T—ZT ) <b(my,...,m) || H|*+a(my,..., m)fi
=
T 112 k
vap(IZ1E - L) (- 1e P - Z‘YZ )
_l’_
—M((w DA - Y ¥a() — Ligr - o) (0 - D
j=1
k k
-y ) + ) - 1A - Y ws(), 9)
=i =1

k
where, a(my, ..., my) = % {m(m -1)— Z mi(m; — 1)}

The equality case (29) at a point x € M holds if and only if all the previous inequalities
hold; thus, the shape operators take the desired forms. [

Remark 3. Restricting the values of f;,i = 1,2,3 and ; for i = 1,2, we can obtain similar bounds
as Theorem 3 for certain contact space forms endowed with certain connections.

Theorem 4. Let M"™,m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M(f1, f», f3) endowed with a quarter-symmetric connection ¥, then

(i) For each unit vector Xy in Ty M, we have

Rie(Xy) < (m—1)fi+3f igz(prl,@j) +f3(@—my?(X)— [ &7 %)
pan

+1 + (1 —m)p] B1 (X1, X1) — 1A + 2 (1 — ¢2) (1 — m)B2(X1, X1)
m2
=1 = $2)[mA(H) = A(h(Xy, X))+ - | H 2. (30)

(i) If H(x) = 0, then a unit tangent vector X at x satisfies the equality case of (30) if and only if
X1 € M(x) = {Xl e TxM | h(X],X2) =0,VX, € TXM}.

(iii) The equality of (30) holds for all unit tangent vectors at x if and only if either
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1. m;éZ,h =0,4,j=12....mr=m+1,...,2n+1,0r
2. m=2hy =hyh,=0r=3,...2n+1

Proof. Choosing the orthonormal basis {ey, ..., en } such that ey = X7, where X € TxM is
a unit tangent vector at the point x on M. In view of (7) and (12), then proceeding similarly
as the proof of Theorem 4 in [20], one can easily obtain the desire results. [J

By choosing an orthonormal frame {ey, ..., e} of L such that e; = X3, a unit tangent
vector, Chen [23] defined the k-Ricci curvature of L at X; by

RiCL(Xl) =Kpp + Kz + - + Ky (31)

For an integer k, 2 < k < m, the Riemannian invariant ®; on M is defined by

O(x) =

= 1inf{RicL(X1) |L X1}, xeM

where L runs over all k-plane sections in TyM and X; runs over all unit vectors in L.
From [26], we have

O (x). (32)
Let us choose {e1, ..., ey} and {ey1,. .., €111} as an orthonormal basis of TyM and

T¢M,x € M, respectively, where e, is parallel to the mean curvature vector H. In
addition, let {ey,...,e;} diagonalize the shape operator A, ,. Then,

a 0 ... 0
0 a ... 0
Cm+1 = : .
0 0 ... apy

and

A, =h, i,j=1,....m, r=m+2,...,.2n+1, trA, =0.

r 17

(33)

In consequence of the above assumptions, Equation (14) can be written as follows:

2n+1 m
m? || H ||>= 27+Z“ + ) 2k m—1)fi
r=m+2i,j=1
=B3h I T 17 +20m =1 fz | §" I +(¢1 + 2)A(m — 1)
+p2(P1 — 2)pu(m — 1) + m(m — 1) (1 — ¢2) A(H). (34)

Using the Cauchy-Schwartz inequality, we have
- 2 2
Yoo zm|H|. (35)
i=1

Combining (32) and (34), we can state the following:



Axioms 2022, 11, 324

13 of 16

Theorem 5. Let M™,m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional general-
ized Sasakian-space-form M(f1, fa, f3) endowed with a quarter-symmetric connection V. Then for
any integer k,2 < k < m and any point x € M, we have

I H|? (x) > O(x) - f = m(ile)

A
21+ ) + Ly — ) + (91— ) A ().

2 2f3 AT 2
T2+ ey

As a particular case of Theorem 5, we obtained Theorem 6.2 [21] which is as follows:

Corollary 3 ([21]). Let M™,m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional
generalized Sasakian-space-form M( f1, fa, f3) endowed with a semi-symmetric metric connection.
Then for any integer k,2 < k < m and any point x € M, we have

IHIP () 2 Ox) == o2 | T IR +222 1 67 I 45

Corollary 4. Let M™, m > 3 be an m-dimensional submanifold of a (2n + 1)-dimensional gener-
alized Sasakian-space-form M(f1, f2, f3) endowed with a semi-symmetric non-metric connection.
Then for any integer k,2 < k < m and any point x € M, we have

| HIP () > @(x) — fi —

2 A
(m —1)

2, 2f3 AT 2
T = == e 17+ + A(H).

Remark 4. Restricting function f;,i = 1,2,3, we can easily obtain similar inequality in the case of
the Sasakian, Kenmotsu and Cosympletic space forms.

4. Some Applications

The notion of slant submanifolds in almost contact geometry was introduced by
Lotta [27]. A submanifold M of an almost contact metric manifold (1\71, ¢,¢,1,¢) tangent to
the structure vector field ¢ is said to be a contact slant submanifold if, for any point x € M
and any vector X; € TyM linearly independent on ¢y, the angle between the vector ¢X;
and the tangent space Ty M is constant. This angle is known as the slant angle of M. The
concept of slant submanifold is further generalized as follows:

Definition 1 ([28]). A submanifold M of an almost contact metric manifold M is called a bi-slant
submanifold, whenever we have

1. Tszgl@Dgz@C

2. @Dy, L Dy, and 9Dy, L Dy,.

3. Fori=1,2, the distribution D; is slant with slant angle 6;.

Now, as a consequence of Theorem 2, we can state the following:

Theorem 6. Let M be a (m = 2dy + 2d, + 1)-dimensional bi-slant submanifold of a (2n + 1)-
dimensional generalized Sasakian-space-form M(f1, fa, f3) endowed with a quarter-symmetric
connection ¥V, then we have

m2

(x) — K(IT) < (m - 2) (m

| H 2 +m+ 1)1

+3((d1 —1)cos?6; + d2c05292)% —(m—1)f3

R DR )RRt Y (T

= 1)) + I (A 1) — m(m — 1) (1)),
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for any plane I1 invariant by T and tangent to slant distribution Dy, and

m2

7(x) — K(IT) < (m —2) (m

|H 2+ 1))
+3 (d1c05291 + (dy — 1)COS292)% —(m—1)f3

—I—M (t?’(,Bl 1) — A(m — 1)) + wﬁr(ﬁz In)

2
= 1)) + I (o 1) — m(m — 1)),

for any plane 11 invariant by T and tangent to slant distribution Dg,. Moreover, the ideal case is
the same as Theorem 2.

Proof. Let M be a bi-slant submanifold of a generalized Sasakian-space-form M(fi, f2, f3)
of dimension (m = 2d; + 2d; + 1) and let {ey,..., e, = &} be an orthonormal frame of
tangent space Ty M at a point x € M, such that

ey, e2 = sectTey, ..., e 1,64, = 5ecO01T €xq 1,804, 4+1,€2d,+2

= secth T exdq 1, -, €2dy+2dy—1,€2d, +2d, = 50T €24, 124, 1, €24, 424y 41 = G,

which gives

2(gerr, e1) = cos?6;, for i=1,2,...,2d —1
8 \(Peir1,€i 005292, for i:2d1+1,.-.,2d1+2d2—1.
Thus we have

| 7 |12= 2{d1cos?0; + dacos>6,}

Making use of the above facts in Theorem 2, the proof is straightforward. O

In a similar manner, Theorems 3, 4 and 5 can be stated for a bi-slant submanifold of
a generalized Sasakian-space-form. Moreover, restricting the values of 0;,i = 1,2, similar
results can be obtained for a large class of submanifolds such as slant, semi-slant, hemi-slant,
semi-invariant submanifolds. Moreover, by taking different values of f;,i = 1,2,3, we can
derive similar inequalities for the Sasakian, Kenmotsu and Cosympletic space forms.

5. Conclusions and Future Work

In this article, we established the general form of Chen’s inequalities are obtained for
generalized Sasakian-space-forms endowed with a special type of quarter-symmetric connec-
tion. This work is in continuation of the previous works by Wang [20], Mihai and Ozgiir [19],
Sular [21] and Wang and Zhang [18]. By using the obtained inequality, we derived the Chen
inequality for the bi-slant submanifold of generalized Sasakian-space-forms. Recently, Chen
inequality for lightlike hypersurfaces of GRW spacetime was obtained by Poyraz [14]. For
future research, we would try to combine the methods and results in [29-52] to obtain the
Chen inequalities for submanifolds of indefinite space forms such as spacelike and lightlike.
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