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1. Introduction

Variational inequalities were proposed by Signorini in the 1950s in the context of
applications to the rigid contact problem in elasticity and mainly involved convex energy
functionals or nonempty closed convex sets. Variational inequalities represent powerful
mathematical tools with application to contact mechanics, see [1-4]. With the development
of solid contact mechanics, the researchers realized that not all contact problems are mod-
eled by variational inequalities. Hemivariational inequalities were firstly introduced by
Panagiotopoulos in the 1980s, which was mainly used to deal with the mechanical prob-
lems of nonsmooth and nonconvex functions, see [5]. During the last 30 years, hemivaria-
tional inequalities have been substantially developed in both application and mathematics,
see [6-15]. Moreover, numerical analysis of hemivariational inequalities has achieved good
results, see [16-18]. In particular, the PDAS approach [17] provides suitable analytical and
numerical tools for the solution of hemivariational inequalities. This method is of great
significance for solving crack problems.

Systems consisting of variational inequalities and differential equations were first
studied by Pang and Stewart [19] in 2008 in a framework of finite-dimensional spaces.
They called this complex system a differential variational inequality (DVI, for short) and
are mainly applied to electrical circuits with ideal diodes, dynamic contact mechanics,
economical dynamics, dynamic traffic networks and so on. Differential hemivariational
inequalities (DHVIs, for short) as extensions of differential variational inequalities are
mainly organized by hemivariational inequalities and differential equations. Obviously,
DHVI mainly involves nonsmooth and nonconvex functions. The mathematical results on
DHVIs have found applications to contact problems, see [20-22].

As we all know, the traditional constitutive laws of viscoelastic materials are obtained
by linear springs and Newton dashpot in series and parallel. However, the creep and
relaxation processes of viscoelastic materials can not be accurately described by this scheme.
Abel dashpot modeled by fractional time derivative can effectively characterize the creep
and relaxation processes of viscoelastic materials. In recent years, the frictional contact
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problems for a viscoelastic body with the time-fractional viscoelastic Kelvin—Voigt constitu-
tive law have attracted widespread attention. Zeng and Migérski [23,24] used the Rothe
method to study a frictional quasistatic contact problem. Based on the Rothe method and
numerical analysis, Weng et al. considered a new class of fractional differential hemivaria-
tional inequality with an application in [25]. In real life, the traditional fractional derivative
sometimes causes great difficulties in analysis and calculation. To overcome the above
difficulties, conformable derivatives as a new fractional derivative are proposed in [26].
Recently, conformable derivatives have attracted attention in mathematics and applications,
see [27-32]. It can describe Newtonian mechanics [29], the logical model [30] and cobweb
model [31]. It is worth mentioning that Ma et al. [32] established a grey model with a con-
formal derivative in view of the computational complexity of the existing fractional grey
model and the new model was superior to the existing fractional grey model in predicting
the natural gas consumption of 11 countries and is more effective than the existing model
in nonsmooth time-series prediction.

In this paper, we consider the quasistatic conformable viscoelastic to frictionless
contact problem with the surface traction driven by the conformable impulsive differential
equation. Next, we briefly present our innovation in this paper.

We give an analysis of constitutive laws by the property of conformable derivative and
study the quasistatic conformable viscoelastic to frictionless contact problem. Because a
conformable derivative is a form of fractional derivative, our model can accurately describe
the creep and relaxation processes of viscoelastic materials. It is necessary to mention
that our viscoelastic body is the generalized fractional Kelvin—Voigt constitutive of the
conformable type and the contact boundary is modeled with the Clarke subdifferential
of a nonconvex and nonsmooth function. In addition, the contact surface is vulnerable to
impact, and this phenomenon is described by impulsive differential equations. Therefore,
our new contact model leads to a new class of fractional hemivariational inequalities. Based
on the literature [23-25], we will use the Rothe method to solve the existence of weak
solutions for hemivariational inequality.

This paper is organized as follows. In Section 2, we give the basic notations and some
important results. In Section 3, we obtain the new fractional viscoelastic constitutive laws.
In Section 4, we give the quasistatic contact problem. Finally, we obtain the existence
solvability for the contact problem.

2. Preliminaries

In this section, we recall the basic notations and preliminary results.

Let V and W be reflexive and separable Banach spaces and J = [0, T]. (-, -) denote the
duality of V and V*. We use the notation C(J; V') to denote the spaces of all continuous func-
tions. PC(J; W) the space of function g : ] = Wsuch thatg : J/ Uj—o1,2,...mm+1{7} = W

is continuous and g(Tj_) and g(‘f;’) exist with (1) = g(T] ),where0 =1 <1 <---<

Tm < Tm+1 = T. The norms of the above spaces are defined separately as follows:

Ixllc@vy = sup x(t)[|v
tel

and
gl pcwy = sup 1§ (£) [lw-
teJ

Next, let us recall some conformable definitions and conclusions.

Definition 1 ([28]). The conformable derivative with lower index a of a function y : [a, +c0) — R
is defined as:

%y(t) — lim y(t+8(t — a)liﬁ) — y(t)

g >a,0< B <1,
e—0 &
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and

by(a) = lim Dhy).

Definition 2 ([28]). The conformable integral with lower index a of a function y : [a, +c0) — R
is defined as

t
Tu(t) = [ (s =) Ty(s)ds.
Lemma 1 ([28]). Fory € C'([a, ), R), one has
Dy (t) =y(t) —y(a),t >a,0<p <1

Remark 1 ([26]). If@%y(to) exists and is finite, we say that y is B—differentiable at ty. When
y € C'((a, 0], R), we have ’D”ﬁy(t) = (t—a)'"Py/(t). Indeed, note that for t > a, the conformable
derivative Dy (t) exists if and only if y is differentiable at t and Dyy(t) = (t — a)l =Py (t).

For more details about conformable derivatives, we can refer to [26,27] and the ref-
erences therein. Then, we will review the definition of generalized clarke for a locally
Lipschitz functional F : X — R on a Banach space X. According to [13], we denote by
FY(x; ) the clarke generalized directional derivative of F at x in the direction v, that is

(y +Av) — Fy)
A

F
FO(x;v) = limsup

y—=x,A—=0"

Recall also that the generalized clarke subdifferential of F at x, denoted by JF, is a
subset X* given by
OF(x) = {x* € X* : F(x;0) > (x%,0)}, 1)

forallv € X.

3. Conformable Type Viscoelastic Constitutive Laws

Before implying the conformable constitutive laws, let us review the constitutive
model. According to rheology, the idealized elastic and viscous properties of the substance
can be ideally modeled with the linear spring and Newton dashpot. The linear spring obeies
the Hooke’s law 0, = Ee, and the Newton dashpot obeies Newton’s law ¢, = ¢}, where
the coefficient E > 0 denotes the Young modulus of elasticity and 77 > 0 is the Newtonian
Viscosity. €, is the time derivative of the strain ¢, and ¢, denotes the stress of the dashpot
element. Then, people produce the Maxwell model, see Figure 1, and the Kelvin-Voigt
model, Figure 2, by combining the linear spring and Newton dashpot. In order to improve
the quality of models, more elements are used, for example, the generalized Maxwell and
Voigt model and the Burgers model. However, the constitutive laws are influenced by a
larger number of parameters, from which many difficulties in theoretical and numerical
analyses arise. In order to overcome the above difficulties, fractional constitutive models
have been used. Therefore, the fractional model is a natural extension of the integral
order case. For the fractional constitutive models, we can refer to [33,34]. In particular,
Han et al. [35] implied the creep and relaxation behavior for THE Caputo fractional-order
Maxwell model and the fractional Kelvin—Voigt model.

Motivated by the above works, we imply the conformable constitutive laws. The basic
conformable element is called the conformable Scott-Blair dashpot, and it satisfies the law
of the form

o (t) = 7(Df(ea(t)), 0< B <1,t>0,

where 0, and ¢, are the stress and strain of the Scott-Blair dashpot element, and ’D% is the
conformable fractional integral with a lower index of 0.
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If 0 (t) = op for t > 0, according to the definition of conformable integral, we have

eo(t) = €5(0) + (:;)t;.

Thus, we imply the creep compliance of the Scott-Blair model

J(t) = 0<p<1,t>=0.

ﬁ/
We can choose a different number € (0,1). Therefore, we get a series of strain creep
compliance for the conformable Scott-Blair model.

I:i,’?

Figure 1. The Maxwell model.

Now, we can deduce that the conformable Maxwell model, Figure 3, and the con-
formable Kelvin—Voigt model, Figure 4, by combining the linear spring with the con-
formable Scott-Blair dashpot. As is known to all, if a system of elements is connected in
parallel, their stresses coincide, and the total strain equals the sum of stresses in separate ele-
ments. It is obvious that the fractional Kelvin—Voigt constitutive law in the one-dimensional
case is described as follows

o(t) = Ee(t) +n(Dp(e(t))
= Ee(t) + e (1P, &)
for0 < B < 1and t > 0. On the other hand, according to Figure 3, we know that the

elements are connected in serial. Thus, the fractional Maxwell constitutive law in the
one-dimensional case can be formulated by

£ = gg"‘gv
c 1 [to(s)
= E—i_%/o - ﬁds—b—so

Similarly, in order to improve the quality of models, we can use more elements, which
implies the generalized conformable Maxwell and conformable Voigt models, the con-
formable Burgers model, etc. Next, we push to creep the conformable Kelvin—Voigt model.

Using creep compliance of the conformable Kelvin—Voigt model: we obtain from
os(t) = op for t > 0 that

tP )
Jfk = —= + > + 2.
T

Similarly, we can also choose a different number p € (0,1). Meanwhile, we get a series

of strain creep compliance for the conformable Kelvin-Voigt model.
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E% (]

Figure 2. The Kelvin—Voigt model.

=

g

Figure 3. The Conformable Maxwell model.

Figure 4. The Conformable Kelvin—Voigt model.

4. Quasistatic Conformable Viscoelastic Frictionless Contact Problem

In real life, the surface traction I'y will suddenly change due to external interference,
see Figures 5 and 6. We regard this phenomenon as an impulsive effect. On the other
hand, the surface traction I'y is influenced by a larger number of parameters, for example,
the pointwise fractional density of active bonds and the roughness of the surface traction
I'y. Therefore, the force f,; on the surface I'y of the viscoelastic body can not be changed
uniformly. Namely, the change rate of the force f,; on each place of the contact surface
I'y is also different. Based on the above fact and discussion in the third part, we study the
quasistatic conformable viscoelastic frictionless contact problem for a viscoelastic body with
Kelvin—Voigt constitutive law. Meanwhile, we use a conformable impulsive differential
equation to describe the influence on the surface traction I'y, see Figure 6.
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- time

Figure 5. The force f; on surface traction I'y.

Next, we review the physical setting of the contact problem and introduce the basic
notations. We study a deformable viscoelastic body, which occupies a domain Q C RY,
d = 2,3 with the boundary I' = 9Q). The boundary I consists of three disjoint measurable
parts I'p, I'y and I'c with means I'p > 0, see Figure 6.

Let v be a unit outward normal vector, and S be the space of second-order symmetric
tensors on RY. The inner products and corresponding norms in S¥ and R? are denoted by

u-v=uv;, |Vlg= v -v)% forallu= (u;)v=(v;) € RY,

1/2

0T =0T ||Tllge = (v:7)/" forallo = (0y), T = (7)) € s,

where u = (u;),0 = (0jj), and e(u) = (¢;;(u)) denote the displacement tensors, the stress
tensor, and the linearized strain tensor, the indices 7, j, k, I run from 1 to d and the summation
convention over repeated indices is used. On the other hand, we denote by #, = u# - v and
u: = u — u, the normal and tangential components of the displacement u#. The normal
and tangential components of the displacement u# on I' is denoted by o, = (ov) - v and
or=0V—0oyv.

foundation

Figure 6. A deformable body in contact with a foundation.

This paper considers the following new conformable contact problem with the surface
traction by a conformable impulsive differential equation.
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Problem 1. Find a displacement filed u : Q) x [0, T] — R, a stress field o : Q x [0, T] — §¢
and a surface traction density fy : Ty x [0, T] — R? such that

o(t) = As(@%(u(t))) + B(e(u(t))) inQ x[0,T], 3)
Divo(t) + fo(t) =0 in Q) x [0,T], 4)
u(t) =0 on I'p x [0,T], (5)
o(t)v = fy(t) onTn x [0,T], (6)
Do(fn(t) =gt f (1), u(t)),
t#7,j=12,--,m, onTy x [0,T], )
An(T) = Oi(fn(T)),
j=1,2-m,  onTyx[0,T] ®)
fnO) =fY  onTyx[0,T], ©)
—oy(t) € 9y (uy (1)) onTc x[0,T], (10)
ocr=0 onTc x[0,T], (11)
u(0) = ug in Q. (12)

We give a brief description. Equation (3) is the conformable Kelvin—Voigt viscoelastic
constitutive law. It is made of the linear spring and the conformable Scott-Blair dashpot in
parallel. We extend (2) to the general d-dimensional case to obtain (3). The conformable
Kelvin—Voigt viscoelastic constitutive law presents elastic and viscous features. Elastic
properties are described by springs, and viscous properties are modeled by dashpots. .A
and B stand for the viscosity and elasticity operators. On the other hand,

—_

S(u) = (Sij(u)), Sij = E(ui’j + ui,j)/ 1,] =1,-- ./d.

denotes the linearized or the small strain tensor. Equation (4) denotes the equilibrium
equation, and Equation (5) denotes that the body is clamped on I'p. Equations (6)—(9) show
that the traction is acted on I'y and the density of the surface traction is governed by a con-
formable impulsive differential equation, O;isan impulsive function withj =1,2,... ,m,
and Afy (1) = fn(T") — () and fy(77) = f (1) with f (") and f (1) being
the left and the right limitof fy att = jand 0 = 190 <73 < -+ < T < Typ1 = T.
Equation (10) denotes contact condition, where j, is locally Lipschitz functionals. We need
to explain the contact conditions. Equation (11) represents the frictionless contact problem.
In this paper, we consider the following spaces V, H and H.

V={ve H(Q;RY)|v =00nTp}, H=L2(O;RY) and H = L2((3;S%).

The space H is endowed with the Hilbert structure by the inner product by
(0, T)y = /Q 0ijTijdx for o, T € H,

and the associated norm || - ||3. For space V, we consider the inner product by
(u,v)y = (e(u),e(v))y foru,v € V.

and the associated norm || - ||, and it is well known that V is a real Hilbert space with the
inner product. From the Sobolev trace theorem [23,24,35], there exists the smallest constant
19, such that

9]l 2(rerey < rollolly forv € V.

In order to study the solution to Problem 1, we give some hypotheses on the rele-
vant dates.
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H(.A) : the viscosity operator A : Q x S* — S satisfies the following conditions:

(@) A(x,€) = a(x)e fora.ex € Qand e € S%

(b) a(x) = (ajj(x)) with a;g € L%(Q);

(©) ajju (x)eijen > ma||€||§d fora.e. x € Qandall e = (g;;) with m, > 0.

H(B) : the elasticity operator B : Q x S¢ — S satisfies the following conditions:

(@) B(x,€) = b(x)efora.ex € Qand e € S;

(b) b(x) = (bija (x)) with by € L¥(Q).

H(jy) : the function j, : I'c x R — Ris such that

(a) ju(-,r) is measurable on I'¢ for all » € R, and there exists e, € L'(T¢) such that
ulren) € L(Te);

(b) ju(x, -) is locally Lipschitz on R for a.e x € T¢;

(c) there exists c;, > 0 such that [9jy(x,{)| < ¢j,(1+[¢]) forall § € R;

(d) (x, 11510 — 1) + jO(x, 10511 —12) < aj,|r1 — r2|? for a.e.x € T¢, all 71,7, € R with
&, > 0.

(e) s — jO(x,s;17) is upper semicontinuous for all 7 € R and a.e.x € I'c.

H(g): the function g : Ty x (0, T) x R? x R — R satisfies the following conditions:

(a) g(+, -, & r) is measurable on Ty x (0, T) for all (&, 7) € R? x R;

(b) |g(x, t/é’lrrl) _g(x/ t162/r2)| < Lg(”@l - (;(2” + |7’1 - 72|) fora.e. (xrt) €'y x (0, T)
and all (§;,7;) € R? x R,i = 1,2 with Ly > 0;

(c) there exists 7 € LP[0, T] satisying

lg(t, x,2,y)| < 7t(t), forall (t,z,y) € (0,T) x R? x R,a.e.x € Ty,

where p > %
H(I): ©;: L?(Tn;RY) — L2(Ty; RY) is bounded, and there exists d; > 0 satisfying

18;(21) — ©;(z2) | < djllz1 — 22l 2y ey, V21,22 € LA(DN;RY)

and
di <

N~

M

I
—

1

H(fo): the densities of body force f, satisfies the following condition:
fo € C(0, T L2, RY).

H(L) mg > col|B|| + ¢, 73 Tlf
It follows from the Green formula that

((t), (o)) = (fot), o) + [ o(t)v-vd.
On the other hand, we have

/0’(t)u~vd1":/ ct)v-odl+ | o(t)v-odl + [ o(t)v-odl.
r I'p Ty I'c

By (10) and the definition of subgradient (1), we have
—oy(t)oy < jg(VV(t)}UV)-
Combined with the Green formula, we infer that

(o(t),e(v))3 = (fo(t) H+/ v~vdF+/rN¢7(t)v-vdl".

Then, we have the following variational inequality
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(A(e(@pu(1)) + (Be(u(t))), e(v))3 + /rC o (1 (£); 00)dT

z (fo(t), 0)n + (fn (), 0) 20 re)-

Therefore, we get the following variational formulation of Problem 1.

Problem 2. Find a displacement vector u € WY2(0, T; V) and a surface traction density f :
Ty % [0, T] = R such that

(A(e(D(u(t)))) + (Be(u(t))), e(v)) + fr_ jo(uy(t);00)dT
Z (fo(t),0)m + (fN(£),©)12(ry;re)r

DR(fn(t) = g(t, (1), u(t)) onTn x [0, T],

A x(T) = Oi(fx(T)),j = 1,2, m, on Ty x [0,T],
fn(0) = fN onTy x[0,T].

5. The Conformable Impulsive Hemivariational Inequality

To prove Problem 2, we need to consider the following conformable impulsive differ-
ential problem

{@E(fw(t)) =gt fy(t)u(t), te (O], t#1, j=1,2,--m,
Fn(0) = o Afa (1) = ©i(fn()), j=1,2,--m

According to [36], Lemma 1 and Defination 2, the above problem is equivalent to the
following integral equation

j t
Al = R+ O ) + [[ (e () (o) s, W€ (tytyal. (13

Then, the assumption H(g) implies that fy () is well defined. Meanwhile, we assert
that fy € C([1, Tj41); L*(Tn; RY)). Indeed, for k > 0 and ¢+ € [19, 1), it follows from
Equation (13) and condition H(g) that

Ifn(t+x) = fy(t) ||C([TO,11);L2(I"N;Rd))

s a—1
< [ s as) uls))st s
f C([1o,m);L*(TN;RT))
t+x
< txfld
/t 7t(s)s s
t+x 1/p t+x p 1-1/p
< P a—T1\5-1
< (e (e )
t+x 1/p t+x  pa—p 1-1/p
< p =i
< (/t (1(s)) ) (/t s P ds)
ttx 1/p -1 1-1/p
— p P (pa=1)/(p=1) _ 4((pa—1)/(p~1)
([ ) (A t )

— 0, ask — 0.

On the other hand, since f (7, ) = fx(71). Then, wehave f\; € C([t, 11]; L2(Tn; R?)).
Whent € (19, ) and t + k € (71, T2), we have

[fn (4 %) = Fn Ol ez, m)02 (g me))

T v } — 1-1/
< (/t K( (S))p) p(}?tx 11((t K)(W D/ (p-1) _ t(P“—l)/(p—1>)) ' - 0.
t _
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Since f\ (T, ) = fy(12). Thus, fy € C((1, w); L*(Tn; RY)).
When t € (T]', Tj+1) and t+x € (T]-, ’L']-+1),j =1,2,.--m, we can show that

HfN(t + K) - fN(t) ||C((T]-,Tj+1);L2(FN;Rd))

T v 1-1/
< (/t+K( (S))P) P (:{x 11 ((t + K)(Ptx—l)/(p—l) t(P“—l)/(p—l))) P 0
t J— —_

Since fy(t.1,) = fyy(T1)- Thus fyy € C((5, T s LA(Tn; RY)).
To study Problem 2, we first consider the following conformable differential hemivari-
ational inequality.

Lemma 2. For any given fy € C((tj, 77j+1];L2(FN;Rd)),ﬁnd ue Wl'z((rj, Tj11]; V) such that

{«4(8(92(”(0))) + (Be(u(t))) +r50] (rou(t)) 3 fo(t) + i (8), £ € (T, T, (14)

u(0) = ug.
Here ] (u) = [r_ ju(x,uy(t))dI.
Next, we define the following operators.
(Auw,v)pey = (Ale(u)),€(0)) 1
(Bu,v)y-xy = (B(e(u)), €(v)) 1

(r(t, fn (D), 0)yexy = (Fo(t), 0)m + (fn (), ©) 12 (ry;ma)-

According to conditions H(A) and H(B), we imply that the operators A and B satisfy
the following conditions.
H(A): A e L(V,V*). There exists a constant m, > 0 such that

(Av,v) = m,||v|)? forallv € V.

H(B):Be L(V,V").
Thus, system (14) is equivalent to the following system

Ay (u(t)) + B(u(t) +r50] (rou(t)) 3 h(t, fy (1), t € (T, T, (15)
u(0) = up.
According to Remark 1, we have
D (u(t) = (t=5)" Pu' (1)t € (5, 711):
Let x(t) = t'=Pu/(t). Then, we infer that
u(t) =u(0) + /Ot tF =1k (s)ds. (16)

Then, system (15) is equivalent to the following problem.

Problem 3. Find x € L'(0,7;; V) such that
A(x(t))) + B(u(0) + /Ot sP~1k(s)ds) + r50] (ro(u(0)

+ [ F7IK(5)d5)) 3 (e £ (0, € (53,77
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Let bk = tk h(s)ds and t; = ki. Next, we discuss the following Rothe problem.
Problem 4. Find {«f}I | C V such that uy = u(0) and
A(KE) + B(B) + i =, (17)
with 7k € 9] (roBF). Here,
f=ro+ ZK, (k= j+1)F = (k= )F]. (18)

Lemma 3. If the conditions H(A), H(B), H(j,), H(h) hold. Then there exists ko > 0 such that
Problem 4 has at least one solution for all 1 € (0, ko).

Proof. Given «?,«], ..., k"1, we will show that there exist /' € X}, € V* such that

Equations (17) and (18) hold. We claim that operator
V 3 v — Av+ B(vg + cov) + 139] (ro(vo + cov)) C V*
is pseudomonotone. Where

vo_u0+i’12 n—j+1)“0—(n—j)/5]andcozlg.
It follows from conditions H(A) and H(B) that
(A(v) + B(uo + cov) — Az — B(ug +02), v — 2)y+xv > (ma — co||Bl|)llv —z[,
where v,z € V1. By H(A) and H(B), operator
V 3 v = Av+ B(ug + ¢ov) € V*

is bounded and continuous. Thus, we infer that the above operator is pseudomonotone.
On the other hand, It follows from condition H(j) that v — r;d](rov) is pseudomonotone.
Thus, by (Corollary 7, [24]), we have v — Av + B(ug + cov) + tﬁrgaj(ro(uo +cov)) as a
pseudomonotone. Next, we will show that the operator L : v — Av + B(ug + cov) +
1Pr3a] (ro(uo + cov)) is coercive. Indeed, by conditions H(A), H(B) and H(j), we have

(Av + B(ug + cov) + ry9] (ro(uo + cov)),v) = (ma — co||B|| — coc]-vr%)Hsz
—lluolll| Bl lo]l = ¢j, (1 + [luol})[o]|-

1
ﬁ|B|+c]-V/3ré> B

Mg

By condition H(I;), we have m, > cg||B|| + cocj, 3. Taking 1y = (

have m, > ¢g||B|| + cocj, 7§ for all ¢ € (0,1)). Meanwhile, the operator L is coercive. By
(Theorem 1.3.70, [37]), system (17) has at least one solution for all 1 € (0,1). The proof
is complete. O

Lemma 4. Assume that conditions H(A), H(B), H(h) hold. Then, we have
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where 17{ € 8](70,8{).
Proof. According to Lemma 3, Equation (17) and taking k = n, we have
(AG), 1 ) vy + (BBS) 1) vy + (rom’s k1) vesy = (6 ) vy
Combined with conditions H(A), H(B), H(j) and Equation (18), we have

PIBI| + g, lIroll?) %

1B v +
L ‘B ]'=1

P(IIB]| + ¢, lIrol®)
+|1B(uo) v + ¢, Iroll + ¢, llrol? luoll > (ma - : Iy

B

2my

g2\ VP
Taking 1y = </W’> , we have

Bl + < lirol?) _ ma

mg ‘B Z 5

By condition H (%), there exists constant M > 0, for all 1 € (0, 19) such that
187 [[vs < M.
Then, we have

2(M +|IB(uo) [y + ¢, Iroll +¢j, [Irol|* o]}

I [y < e
26P(|[BIl +¢j, lIroll?) "= : .
exr?( p» ﬁ] Y [(n—j+1)% = (n—j)*]
a j:1
_ 2(M 4 |IB(uo)llv+ +cj, lIroll + cj, lIroll* | uoll) 2TP(||BIl + ¢j, [Irol1®)
<y = - exp _— 1)

By Equation (18) and condition H(j), we can easily obtain
1B Iy < Mand |5l < M.

Thus, we complete the proof of the lemma. [

Theorem 1. If hypotheses H(A), H(B), H(j), H(h) hold. Let {1} be a sequence with i, — 0 as
k — co. Then we have

K, — K weakly in LY#(0,7;V); (19)
Ny — 1] weakly in V¥, (20)

where 0 < u < Band (x,n) € LY#(0,7; V) x V*) is a solution to Problem 3.

Proof. By Lemma 4, there exists a constant M > 0 such that ||x,, || ;1 I 0my) S M. We
claim that there exists x € L'/#(0,1;; V) such that

t t
/Osﬁ—lxlk(s)ds%/o s’g_lx(s)ds weakily in V.
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Then we have
./ot“ﬁ_l("tk(S) —x(s)), 0)vxp+ds
= [ 105005~ 561 P ey e
= ) o), Mol

It follows from (ﬁy;ll) >-Lu+ul=landpu < ,Bthats/g’lx[o,t]v e LV/*'(0,T; V*) and

J. Ot (sP1 X[0,10) /i ds < oo. Thus, we complete the proof of the assertion. By (Theorem 16, [24]),
we infer that

t
By — / sP~1k(s)ds + ug weakly in V, as 1 — 0. (21)
0

By Lemma 4, the sequence {7, } is bounded in V*. There is subsequence again {7, }
such that 7, — 17 weakly in V*. On the other hand, we have

t
0Py — ro(/o sP~1k(s)ds 4 up) strongly in V, as 1 — 0.

It follows from condition H(j,)(e) that

t
(1, 2)v+xy = limsup (1, z)y+xy < limsup J°(roB,,;z) < ]0(70(/0 Pk (s)ds + ug); 2).

Lp—>00 L—>00

Thus, we infer that

t
n€af <r0(/ sﬁflx(s)ds +u0)>.
0
As 1 — 0, we have
<A(Klk)/ (D>V*><V — <A(K)’(D>V*XV/

(B(Ky, ), @)y sy — <B(/0t tﬁ_lx(s)ds +up), @) prwy;

<71Lk160>v*xv — <77/c‘7>V*><V/'
(hy, @)y = (h,@)pxy;

where 17, € 9]((roB,)) and 7 € 8](1*0(f(;E sP~1x(s)ds + up)). Then, we imply that

0 < limsup(A(k,), v)y+xy +limsup(B(B,), v)y+xy

LkA)O LkA)O
+lim sup(rghz,, v)y+xy — iminf(h, , v)p«p
13—0 ;=0

¢
= (A(x),0)psxy + <B(/0 s’gflx(s)ds + 1), V) ey
+(ro1, V) vexy — (1, 0)yexy,

where 17 € rgaf(ro(fot sP~1k(s)ds + ug)). Thus, (x,7) € (LV#(0,11;V) x V*) is a solution
of Problem 3. [

When the contact surface I'y is impacted at T;, the corresponding displacement u(7;)
is given. Similar to the proof of Theorem 1, for any given fy € C((tj, Tj41); L*(Tn; RY)),
there exists u € W'2((7j, 7j41]; V) such that (14) hold.
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Theorem 2. If (u, f5) € PC(J; V) x PC(J; L?(Tn; R?)) satisfies the following system

(M(f))(t) = £+ 2® (fn(T +/ (t, f(s),u(s))s* 'ds, Vte (titiv1l, (22

and

{A(@%(u(f))) +B(u(t)) +r5of (rou(t)) 3 h(t, fn (1), € (T, Tl 23)

(O) = Up.
where a, B € (0,1). Then (u, fy) € PC(J; V) x PC(J; L*(T'n; RY)) is a solution to Problem 2.
Proof. By Theorem 1, for a given fy € C((tj, Tj1]; L*(Tn; R%)), we infer that system (23)

is satisfied. On the other hand, for any given u € W'?((1j, 7j41]; V), according to the
condition H(g) and Equation (22), we have

|MFrn ()5 = (MFra )OI 2 sy

(S(Sr Fai(8),u1(s)) — 8(s, Faa(s), ua(s))s*'ds

2

j
+Z® le 2 fN2

C((Terj-H]}Lz(rN}Rd))

2
< / (IO ROl - M———
+H”1 ) uy(s ||2 Hﬂ;Lz(l‘N;Rd)))dS
+22d Hle ) fNZ( )HC T]T]+]]L2(FN R4Y))* (24)
Obviously, by inequality (24) and Gronwall’s inequality, we infer that
(1- 2; d;) |Mf 1 — MfNZ”%C(J;LZ(FN;Rd))
4T 2 2
< (Ilfm() Fro ()7 + [l (s) —ua(s))[7)ds
and
4TF
= frall < (L5 ) gy, (o) = a(e)) e 25)

By inequality (25) and [36], H(I), we know the uniqueness of the solution to system (22)
and the dependence of this solution on #;. Thus, by Theorem 1 and (16), we complete the
proof of Theorem 2. [

6. Conclusions

In this paper, we study a class of conformable frictionless contact problems with the
surface traction driven by the conformable impulsive differential equation. Under quite
general assumptions on the data and employing a subjectivity theorem for pseudomonotone
operators and the Rothe method, we prove that the system has at least one solution. In
the future, we plan to apply the theoretical results established in the current paper to
conformable frictional contact problems.
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