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Abstract: Two invariants for mappings of affine connection spaces with a special form of deformation
tensors are obtained in this paper. We used the methodology of Vesić to obtain the form of these
invariants. At the end of this paper, we used these forms to obtain two invariants for third-type
almost-geodesic mappings of symmetric affine connection.
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1. Introduction

Invariants for different mappings of symmetric and non-symmetric affine connection
spaces have been obtained by different authors. The generalizations of the Weyl conformal
and the Weyl projective tensor and the Thomas projective parameters are objects that have
been generalized in different papers about invariants for geometric mappings.

Vesić [1] developed the methodology of obtaining invariants for mappings defined on
symmetric and non-symmetric affine connection spaces. We develop one result obtained
in [1] below.

1.1. Affine Connection Spaces

An N-dimensional manifoldMN equipped with an affine connection ∇ is the affine
connection space. If this affine connection is torsion-free, i.e., if

∇XY ≡
0
∇XY, ∇XY−∇YX = [X, Y],

the pair (MN ,
0
∇) is symmetric affine connection space AN (see [2,3]).

The affine connection coefficients of the space AN are Li
jk, Li

jk = Li
kj.

The partial derivative of a tensor ai
j of the type (1, 1) by xk, ∂ai

j/∂xk = ai
j,k, is not a

tensor. the covariant derivative ai
j|k of the tensor ai

j by xk is the tensor of the type (1, 2),
whose components are

ai
j|k = ai

j,k + Li
αkaα

j − Lα
jkai

α. (1)

Remark 1. For a tensor A
i1 ...ip
j1 ...jq of the type (p, q), the partial derivative A

i1 ...ip
j1 ...jq ,k is not a tensor,

but the tensor is the corresponding covariant derivative:

A
i1 ...ip
j1 ...jq |k = A

i1 ...ip
j1 ...jq ,k +

p

∑
u=1

Liu
αka

i1 ...iu1 αiu+1 ...ip
j1 ...jq −

q

∑
v=1

Lα
jvka

i1 ...ip
j1 ...jv−1αjv+1 ...jq . (2)
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With respect to symmetric affine connection
0
∇XY and for the tensor ai

j of type (1, 1),
one Ricci identity exists [2,3]:

ai
j|m|n − ai

j|n|m = aα
j

0
Ri

αmn − ai
α

0
Rα

jmn, (3)

for the curvature tensor
0
Ri

jmn of the space AN given as

0
Ri

jmn = Li
jm,n − Li

jn,m + Lα
jmLi

αn − Lα
jnLi

αm. (4)

The Ricci tensor of space AN is

0
Rij =

0
Rα

ijα = Lα
ij,α − Lα

iα,j + Lα
ijL

β
αβ − Lα

iβLβ
jα. (5)

By the anti-symmetrization of the Ricci tensor
0
Rij without division, the next geometri-

cal object is obtained:

0
R[ij] =

0
Rij −

0
Rji = −Lα

iα,j + Lα
jα,i = −Lα

[iα,j]. (6)

1.2. Riemannian Spaces

Special symmetric affine connection spaces are the Riemannian spaces [2–4].
Let a symmetric metric tensor ĝ of the type (0, 2), whose components are gij, gij = gji,

be defined at any point of the manifoldMN . The pair (MN , ĝ) is Riemannian space RN
(see [2–4]).

We assume that the matrix
[
gij
]

is non-degenerate, i.e., g = det
[
gij
]
6= 0. The compo-

nents of the contravariant metric tensor are gij, determined by
[
gij] = [gij

]−1.

The Christoffel symbols Γi
jk uniquely determine the affine connection ∇g of the space

RN . The affine connection coefficients of RN are Γi
jk.

The next equation holds:

Γα
iα = Γα

αi =
1

2
√
|g|

∂|g|
∂xk =

1
2
|g|−1/2|g|,i. (7)

Analogously to the case of space AN , covariant derivative of the tensor ai
j by xk with

respect to the affine connection ∇g is defined as [2,3]

ai
j|gk = ai

j,k + Γi
αkaα

j − Γα
jkai

α. (8)

The corresponding Ricci identity is [2,3]

ai
j|gm|gn − ai

j|gn|gm = aα
j Rgi

αmn − ai
αRgα

jmn, (9)

where
Rgi

jmn = Γi
jm,n − Γi

jn,m + Γα
jmΓi

αn − Γα
jnΓi

αm, (10)

is the curvature tensor of space RN .
The Ricci tensor of space RN is

Rg
ij = Rgα

ijα = Γα
ij,α − Γα

iα,j + Γα
ijΓ

β
αβ − Γα

iβΓβ
jα. (11)
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The scalar curvature of space RN is

Rg = gγδRg
γδ = gγδ(Γα

γδ,α − Γα
γα,δ + Γα

γδΓβ
αβ − Γα

γβΓβ
δα

)
. (12)

1.3. Geodesic Mappings

The affine connection coefficients Li
jk and the Christoffel symbols Γi

jk are not tensors.

With respect to transformation of coordinate systems (O, x1, . . . , xN)→ (O′, x′1, . . . , x′N),
the corresponding transformation rules are [2,3]

Li′
j′k′ = xi′

α xβ
j′x

γ
k′L

α
βγ + xi′

α xα
j′k′ ,

Γi′
j′k′ = xi′

α xβ
j′x

γ
k′Γ

α
βγ + xi′

α xα
j′k′ ,

(13)

for xi′
α =

∂x′i
′

∂xα
, xα

j′ =
∂xα

∂xj′ , xα
j′k′ =

∂2xα

∂xj′∂xk′
.

The differences
0
Pi

jk = Li
jk − Li

jk and Pgi
jk = Γi

jk − Γi
jk are tensors. These tensors are

named the deformation tensors.
It was found [2,3] that after adding a tensor of the type (1, 2), symmetric by covariant

indices, to any of affine connection coefficients, Li
jk or Γi

jk, the resulting sums are affine

connection coefficients. That is the motivation for studying the transformation rules of

curvature tensors
0
Ri

jmn →
0
Ri

jmn or Rgi
jmn → Rgi

jmn caused by transformations of affine

connection coefficients Li
jk → Li

jk = Li
jk +

0
Pi

jk or Γi
jk → Γi

jk = Γi
jk + Pgi

jk. Transformations

like that are called the mappings.
Before we present the motivational results for our current research, we need to define

the geodesic lines of manifolds [2,3].
A curve ` =

(
`1, . . . , `N) that satisfies the corresponding system of the following

differential equations:

d2`i

dt2 + Li
αβ

d`α

dt
d`β

dt
=

0
ρ`i, (14)

d2`i

dt2 + Γi
αβ

d`α

dt
d`β

dt
= ρg`i, (15)

where
0
ρ and ρg are scalar functions and t is a scalar parameter, is the geodesic line of the

corresponding spaces AN and RN , respectively.
The mappings f : AN → AN and f : RN → RN , which any geodesic line of spaces

AN or RN transform to a geodesic line of the corresponding space AN or RN , are called
the geodesic mappings of symmetric affine connection space AN or Riemannian space RN ,
respectively.

The basic equations of geodesic mappings f : AN → AN and f : RN → RN are [2,3]

Li
jk = Li

jk +
0
ψjδ

i
k +

0
ψkδi

j,

Γi
jk = Γi

jk + ψg
jδ

i
k + ψg

kδi
j,

(16)

for the 1-forms
0
ψ and ψg.

Invariant geometrical structures under transformation (16) of the corresponding affine
connection coefficients are the Thomas projective parameters [2,3,5]:

0
Ti

jk = Li
jk −

1
N + 1

(
Lα

jαδi
k + Lα

kαδi
j
)

and Tgi
jk = Γi

jk −
1

N + 1
(
Γα

jαδi
k + Γα

kαδi
j
)
. (17)
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The geometrical objects that are invariant under the transformation of curvature

tensors
0
Ri

jmn and Rgi
jmn caused by Equation (14) are the corresponding Weyl projective

tensors [2,3,6]:

0
Wi

jmn =
0
Ri

jmn +
1

N + 1
δi

j

0
R[mn] +

N
N2 − 1

δi
[m

0
Rjn] +

1
N2 − 1

δi
[m

0
Rn]j, (18)

Wgi
jmn = Rgi

jmn +
1

N − 1
δi
[mRg

jn]. (19)

The Thomas projective parameters (17) and the Weyl projective tensors (18) and (19)
are invariants for the corresponding geodesic mappings.

Because geodesic mappings are not only transformations of affine connections, differ-
ent authors have been motivated to obtain invariants for mappings of affine connection
and Riemannian spaces.

Many authors have obtained invariants for different mappings of symmetric and
non-symmetric affine connection spaces. Some of them are J. Mikeš with his research
group [2,7–15], V. E. Berezovski [13–15], M.S. Stanković [16], M.Lj. Zlatanović [17,18], and
many others.

These invariants are used as the motivation for obtaining invariants for mappings
of non-symmetric affine connection spaces. Some interesting invariants were obtained
in [17–19].

N. O. Vesić was motivated to develop the methodology for obtaining invariants for
geometric mappings of symmetric and non-symmetric affine connections spaces. The cor-
responding results were presented in [1].

The formulas presented in [1] were applied in [19] for obtaining invariants of the
corresponding geometric mappings. We were motivated by the results presented in [1] to
obtain invariants for mappings determined with a deformation tensor of a special form in
this paper.

1.4. Motivation from Physics and Two Kinds of Invariants

When stating the Theory of General Relativity, A. Einstein stated the corresponding
principles. The most important of these principles in this paper is [20] the Principle of General
Covariance. This principle states that the laws of physics maintain the same form under a
specified set of transformations.

If we make them parallel with invariants for different geometric mappings, we may
see that they have the same forms before and after transformations.

In an attempt to generalize this mathematical property of invariants for mappings,
Vesić and Simjanović defined different kinds of invariance for geometrical objects.

Definition 1 (see [19]). Let f : AN → AN be a mapping, and let U
i1 ...ip
j1 ...jq be a geometrical object of

the type (p, q):

• If the transformation f preserves the value of the object U
i1 ...ip
j1 ...jq , but changes its form to V

i1 ...ip
j1 ...jq ,

then the invariance for geometrical object U
i1 ...ip
j1 ...jq under transformation f is valued.

• If the transformation f preserves both the value and the form of the geometrical object U
i1 ...ip
j1 ...jq ,

then the invariance for the geometrical object U
i1 ...ip
j1 ...jq under transformation f is total.

Valued invariants for the third-type almost-geodesic mappings of a non-symmetric
affine connection space and the basic condition for them to be total were obtained in [19].
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1.5. Motivation

In [1], the methodology for obtaining invariants for mappings of affine connection
spaces is presented. As basics for these invariants, the author used transformation rule:

Li
jk = Li

jk + ωi
jk −ωi

jk, (20)

for geometrical objects ωi
jk, ωi

jk of the type (1, 2), such that ωi
jk = ωi

kj and ωi
jk = ωi

kj. Based
on Equation (20), the associated basic invariants of the Thomas and Weyl type for this
mapping are obtained [1]:

0
T i

jk = Li
jk −ωi

jk, (21)

0
W i

jmn =
0
Ri

jmn −ωi
jm|n + ωi

jn|m + ωα
jmωi

αn −ωα
jnωi

αm. (22)

Moreover, Vesić considered [1] the case of difference ωi
jk −ωi

jk expressed as the sum

of ψjδ
i
k + ψkδi

j, for 1-form ψj, and tensor σi
jk symmetric by j and k and obtained the single

invariant of the Thomas type and two invariants of the Weyl type for a mapping. In this
paper, we will develop this research with respect to expression σi

jk = Fi
jk − Fi

jk for the

tensors Fi
jk and Fi

jk of the type (1, 2), which are symmetric by j and k.

The main purpose of this paper is to obtain invariants for mappings whose deforma-
tion tensor is of the form Pi

jk = ψjδ
i
k + ψkδi

j + Fi
jk − Fi

jk, Fi
jk = Fi

kj, Fi
jk = Fi

kj. We obtained

these results for mappings of symmetric affine connection spaces and point out the corre-
sponding results of mappings defined on Riemannian spaces of Eisenhart’s sense.

Sinyukov used the covariant vector qi such that ϕαqα = e, e = ±1, to obtain invariants
for the third-type almost-geodesic mappings. Our next aim in this paper is to obtain the
geometrical object ωi

jk from the invariant [3]:

T
3

i
jk = Li

jk + eϕiqj|k

− 1
N
(
δi

j − eϕiqj
)[

Lα
kα + eϕαqα|k +

1
N − 1

qk
(
eϕβLα

βα + ϕα ϕβqα|β
)]

− 1
N
(
δi

k − eϕiqk
)[

Lα
jα + eϕαqα|j +

1
N − 1

qj
(
eϕβLα

βα + ϕα ϕβqα|β
)]

.

2. Review of Basic and Derived Invariants

Let us consider a mapping f : AN → AN whose deformation tensor is [1]

Pi
jk = Li

jk − Li
jk = ψjδ

i
k + ψkδi

j + Fi
jk − Fi

kj, (23)

for geometrical objects Fi
jk, Fi

jk of the type (1, 2) symmetric by j and k.

After contracting Equation (23) by i and k, one obtains [1]

ψj =
1

N + 1
(

Lα
jα − Fα

jα
)
− 1

N + 1
(

Lα
jα − Fα

jα
)

(24)

If substituting Equation (24) in (23), one obtains [1]:

Li
jk − Li

jk = Fi
jk +

1
N + 1

[
δi

k
(

Lα
jα − Fα

jα
)
+ δi

j
(

Lα
kα − Fα

kα

)]
− Fi

jk −
1

N + 1

[
δi

k
(

Lα
jα − Fα

jα
)
+ δi

j
(

Lα
kα − Fα

kα

)]
.

(25)
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If we compare Equation (25) with (20), we obtain

ωi
jk = Fi

jk +
1

N + 1

[
δi

k
(

Lα
jα − Fα

jα
)
+ δi

j
(

Lα
kα − Fα

kα

)]
. (26)

Therefore, the corresponding basic invariants are

0
T i

jk = Li
jk − Fi

jk −
1

N + 1

[
δi

k
(

Lα
jα − Fα

jα
)
+ δi

j
(

Lα
kα − Fα

kα

)]
, (27)

0
W i

jmn = Ri
jmn +

1
N + 1

δi
jR[mn] − Fi

jm|n + Fi
jn|m + Fα

jmFi
αn − Fα

jnFi
αm

− 1
N + 1

[
δi

m
(

Lα
jα|n − Fα

jα|n
)
− δi

n
(

Lα
jα|m − Fα

jα|m
)
− δi

jF
α
[mα|n]

]
+

1
N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
− 1

N + 1
δi
[mFα

jn]
(

Lβ
αβ − Fβ

αβ

)
− 1

(N + 1)2 δi
m
(

Lα
jα − Fα

jα
)(

Lα
nα − Fα

nα

)
+

1
(N + 1)2 δi

n
(

Lα
jα − Fα

jα
)(

Lα
mα − Fα

mα

)
,

(28)

for Li
jm|n = Li

jm,n + Li
αnLα

jm − Lα
jnLi

αm − Lα
mnLi

jα, i.e., Lα
iα|j = Lα

iα,j − Lβ
αβLα

ij.

The basic invariant
0
W i

jmn may be expressed as

0
W i

jmn = Ri
jmn +

1
N + 1

δi
jR[mn] − Fi

jm|n + Fi
jn|m + Fα

jmFi
αn − Fα

jnFi
αm

+
1

N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
+

1
N + 1

δi
jF

α
[mα|n]

+ δi
mQjn − δi

nQjm,

(29)

for

Qij = −
1

N + 1

[
Lα

iα|j − Fα
iα|j + Fα

ij
(

Lβ
αβ − Fβ

αβ

)]
− 1

(N + 1)2

(
Lα

iα − Fα
iα
)(

Lβ
jβ − Fβ

jβ
)
. (30)

The transformed invariant
0
W i

jmn is

0
W i

jmn = Ri
jmn +

1
N + 1

δi
jR[mn] − Fi

jm‖n + Fi
jn‖m + Fα

jmFi
αn − Fα

jnFi
αm

+
1

N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
+

1
N + 1

δi
jF

α
[mα‖n]

+ δi
mQjn − δi

nQjm,

(31)

for

Qij = −
1

N + 1

[
Lα

iα‖j − Fα
iα‖j + Fα

ij
(

Lβ
αβ − Fβ

αβ

)]
− 1

(N + 1)2

(
Lα

iα − Fα
iα
)(

Lβ
jβ − Fβ

jβ
)
. (32)
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The equality 0 =
0
W i

jmn −
0
W i

jmn, i.e.,

0 = Ri
jmn − Ri

jmn +
1

N + 1
δi

j
(

R[mn] − R[mn]
)

− Fi
jm‖n + Fi

jn‖m + Fα
jmFi

αn − Fα
jnFi

αm + Fi
jm|n − Fi

jn|m − Fα
jmFi

αn + Fα
jnFi

αm

+
1

N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
− 1

N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
+

1
N + 1

δi
j
(

Fα
[mα‖n] − Fα

[mα|n]
)
+ δi

m
(
Qjn −Qjn

)
− δi

n
(
Qjm −Qjm

)
.

(33)

After contracting Equation (33) by i and n, we obtain

Qjm −Qjm =
N

N2 − 1
(

Rjm − Rjm
)
+

1
N2 − 1

(
Rmj − Rmj

)
− 1

N − 1
(

Fα
jm‖α − Fα

jα‖m − Fα
jmFβ

αβ + Fα
jβFβ

αm
)

+
1

N − 1
(

Fα
jm|α − Fα

jα|m − Fα
jmFβ

αβ + Fα
jβFβ

αm
)

+
1

N2 − 1

[
Fβ

jm
(

Lα
αβ − Fα

αβ

)
− Fβ

jβ
(

Lα
mα − Fα

mα

)]
− 1

N2 − 1

[
Fβ

jm
(

Lα
αβ − Fα

αβ

)
− Fβ

jβ
(

Lα
mα − Fα

mα

)]
− 1

N2 − 1
(

Fα
[jα‖m] − Fα

[jα|m]

)
.

(34)

Equation (34) should be rewritten in the more suitable form:

Qij −Qij =
N

N2 − 1
(

Rij − Rij
)
+

1
N2 − 1

(
Rji − Rji

)
+

0
S ij −

0
S ij, (35)

for
0
S ij = −

1
N − 1

(
Fα

ij|α − Fα
iα|j − Fα

ij F
β
αβ + Fα

iβFβ
αj
)

+
1

N2 − 1

[
Fβ

ij
(

Lα
αβ − Fα

αβ

)
− Fβ

iβ
(

Lα
jα − Fα

jα
)
− Fα

[iα|j]

]
,

(36)

and the corresponding
0
S ij.

If we substitute the expression (35) in Equation (33), we obtain

0
Wi

jmn =
0

Wi
jmn,

for

0
Wi

jmn = Ri
jmn +

1
N + 1

δi
j
(

R[mn] + Fα
[mα|n]

)
+

N
N2 − 1

δi
[mRjn] +

1
N2 − 1

δi
[mRn]j

+ δi
[m

0
S jn] − Fi

jm|n + Fi
jn|m + Fα

jmFi
αn − Fα

jnFi
αm

+
1

N + 1

[
Fi

jm
(

Lα
nα − Fα

nα

)
− Fi

jn
(

Lα
mα − Fα

mα

)]
,

(37)

and the corresponding
0

Wi
jmn.

The next theorem is proven in this way.
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Theorem 1. Let f : AN → AN be a mapping determined by deformation tensor Pi
jk = ψjδ

i
k +

ψkδi
j + Fi

jk − Fi
jk for the one-form ψj and the tensors Fi

jk, Fi
jk of the type (1,2) symmetric by

covariant indices.

The geometrical object
0
T i

jk given by (27) is the associated basic invariant of the Thomas type
for the mapping f .

The geometrical object
0
W i

jmn equivalently given by Equations (28) and (29) is the associated
basic invariant of the Weyl type for the mapping f .

The geometrical object
0

Wi
jmn given by (37) is the derived associative invariant of the Weyl type

for the mapping f .

Because the forms of invariants
0
T i

jk,
0
W i

jmn,
0

Wi
jmn coincide with the forms of their images,

0
T i

jk,
0
W i

jmn,
0

Wi
jmn, these invariants are total.

Invariants for Mappings of Riemannian Space

In Riemannian space RN , the affine connection coefficients are Christoffel symbols

Γi
jk. After changing Li

jk with Γi
jk and Lα

iα with Γα
iα =

1
2
|g|−1|g|,i in Equations (27), (28), (29),

and (37), we obtain the corresponding invariants for the mapping f : RN → RN , whose
components are

T gi
jk = Γi

jk − Fi
jk −

1
2(N + 1)|g|

[
δi

k
(
|g|,j − 2|g|Fα

jα
)
+ δi

j
(
|g|,k − 2|g|Fα

kα

)]
, (38)

W gi
jmn = Rgi

jmn − Fi
jm|gn + Fi

jn|gm + Fα
jmFi

αn − Fα
jnFi

αm

− 1
N + 1

[
δi

m
(
Γα

jα|gn − Fα
jα|gn

)
− δi

n
(
Γα

jα|gm − Fα
jα|gm

)
− δi

jF
α
[mα|gn]

]
+

1
N + 1

[
Fi

jm
(
Γα

nα − Fα
nα

)
− Fi

jn
(
Γα

mα − Fα
mα

)]
− 1

N + 1
δi
[mFα

jn]
(
Γβ

αβ − Fβ
αβ

)
− 1

(N + 1)2 δi
m
(
Γα

jα − Fα
jα
)(

Γα
nα − Fα

nα

)
+

1
(N + 1)2 δi

n
(
Γα

jα − Fα
jα
)(

Γα
mα − Fα

mα

)
,

(39)

Wgi
jmn = Rgi

jmn +
1

N + 1
δi

jF
α
[mα|gn] +

1
N − 1

δi
[mRg

jn]

+ δi
[mS

g
jn] − Fi

jm|gn + Fi
jn|gm + Fα

jmFi
αn − Fα

jnFi
αm

+
1

N + 1

[
Fi

jm
(
Γα

nα − Fα
nα

)
− Fi

jn
(
Γα

mα − Fα
mα

)]
,

(40)

for

Γα
iα|g j =

1
2
(
|g|−1|g|,ij − |g|−2|g|,i|g|,j

)
− 1

2
Γα

ij|g|−1|g|,α, (41)

S g
ij = −

1
N − 1

(
Fα

ij|gα − Fα
iα|g j + Fα

ij F
β
αβ + Fα

iβFβ
αj
)

+
1

N2 − 1

[
Fβ

ij
(
Γα

αβ − Fα
αβ

)
− Fβ

iβ
(
Γα

jα − Fα
jα
)
− Fα

[iα|g j]

]
,

(42)

where |g denotes the covariant derivative in RN .
By denoting

Qg
ij = −

1
N + 1

[
Γα

iα|g j − Fα
iα|g j + Fα

ij
(
Γβ

αβ − Fβ
αβ

)]
− 1

(N + 1)2

(
Γα

iα − Fα
iα
)(

Γβ
jβ − Fβ

jβ
)
, (43)
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we can represent (39) in the form

W gi
jmn = Rgi

jmn − Fi
jm|gn + Fi

jn|gm + Fα
jmFi

αn − Fα
jnFi

αm

+
1

N + 1

[
Fi

jm
(
Γα

nα − Fα
nα

)
− Fi

jn
(
Γα

mα − Fα
mα

)]
+

1
N + 1

δi
jF

α
[mα|gn]

+ δi
mQg

jn − δi
nQg

jm.

(44)

The next theorem holds.

Theorem 2. Let f : RN → RN be a mapping determined by deformation tensor Pgi
jk = ψjδ

i
k +

ψkδi
j + Fi

jk − Fi
jk for the one-form ψj and the tensors Fi

jk, Fi
jk of the type (1,2) symmetric by

covariant indices.
The geometrical object T g given by (38) is the associated basic invariant of the Thomas type

for the mapping f .
The geometrical objectW g equivalently given by Equations (39) and (44) is the associated

basic invariant of the Weyl type for the mapping f .
The geometrical object Wg given by (40) is the derived associative invariant of the Weyl type

for the mapping f .
Because the forms of invariants T g,W g, Wg coincide with the forms of their images, T g,W g,

Wg, these invariants are total.

3. Invariants for Third-Type almost-Geodesic Mappings

In an attempt to generalize the concept of geodesic lines, Sinyukov started the research
about almost-geodesic lines.

Definition 2 (see [3,21]). A curve
0
` on manifoldMN , equipped with the affine connections

0
∇

and
0
∇ whose coefficients are Li

jk and Li
jk = Li

jk +
0
Pi

jk, is the almost-geodesic line with respect to

the affine connection
0
∇ if the next equation holds:

( 0
Pi

βγ|δ +
0
Pα

γδ

0
Pi

αβ

)d
0
`β

dt
d

0
`γ

dt
d

0
`δ

dt
=

0
b

0
Pi

αβ

d
0
`α

dt
d

0
`β

dt
+

0
a

d
0
`i

dt
, (45)

where
0
a and

0
b are scalar functions.

A mapping f : AN → AN , which any geodesic line of the space AN transforms to an
almost geodesic line of the space AN , is the almost-geodesic mapping of symmetric affine
connection space AN .

Sinyukov recognized three types of almost-geodesic mappings [2,3] π1, π2, π3. The
almost-geodesic mapping f : AN → AN of a type πk, k = 1, 2, 3, has the property of
reciprocity if its inverse mapping is the almost-geodesic mapping of the type πk.

In the literature, different authors obtained invariants for almost-geodesic mappings,
which have the property of reciprocity.

The basic equations of almost-geodesic mapping f : AN → AN are [2,3] Li
jk = Li

jk +
0
ψjδ

i
k +

0
ψkδi

j +
0
σjk

0
ϕi

0
ϕi
|j =

0
νδi

j +
0
µj ϕ

i,
(46)

for the scalar function
0
ν, 1-forms

0
ψ,

0
µ, and symmetric tensor

0
σij of the type (0, 2).

Let us prove the following proposition.
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Proposition 1. The tensor
0
µi and the vector

0
ϕi from the basic Equation (46) satisfy the following

equation:
0
µα|i

0
ϕα =

0
ϕα
|αi − N

0
νi −

0
ν

0
µi −

0
µi

0
µα

0
ϕα, (47)

for
0
νi =

0
ν|i.

Proof. After contracting the second of basic Equation (46), we obtain the equation

0
ϕα
|α = N

0
ν +

0
µα

0
ϕα. (48)

The covariant derivatives of the left and right sides of Equation (48) in the direction of
xi are equal to

0
ϕα
|αi = N

0
νi +

0
µα|i

0
ϕα +

0
µα

(0
νδα

i +
0
µi

0
ϕα
)
,

which completes the proof for this proposition.

Let us combine Sinyukov’s methodology for obtaining invariants for almost-geodesic
mappings of the third type and the corresponding formulas from [1], in this paper listed in
Equations (27), (28), and (29), to obtain invariants for almost-geodesic mapping f : AN →
AN of the type π3.

We know that almost-geodesic mappings of the type π3 have the property of reci-

procity [3]. Sinyukov involved the covariant vector
0
qi such that (see [3], p. 193)

0
qα

0
ϕα = e (e = ±1). (49)

Because the almost-geodesic mapping f has the property of reciprocity, we may

involve the corresponding geometrical objects
0
ϕi and

0
qi such that

0
ϕα

0
qα = e (e = ±1). (50)

After some computation, Sinyukov obtained the invariant T
3

i
jk (with respect to transfor-

mation of affine connection coefficients Li
jk) for the almost-geodesic mapping f : AN → AN .

The form of invariant T
3

i
jk is

T
3

i
jk = Li

jk + e
0
ϕi 0

qj|k

− 1
N
(
δi

j − e
0
ϕi 0

qj
)[

Lα
kα + e

0
ϕα 0

qα|k +
1

N − 1
qk
(
e

0
ϕβLα

βα +
0
ϕα 0

ϕβ 0
qα|β

)]
− 1

N
(
δi

k − e
0
ϕi 0

qk
)[

Lα
jα + e

0
ϕα 0

qα|j +
1

N − 1
0
qj
(
e

0
ϕβLα

βα +
0
ϕα 0

ϕβ 0
qα|β

)]
.

(51)

Let

0
ζ i = e

0
ϕα 0

qα|i +
1

N − 1
0
qi
(
e

0
ϕβLα

βα +
0
ϕα 0

ϕβ 0
qα|β

)
, (52)

0
ζ i = e

0
ϕα

0
qα‖i +

1
N − 1

0
qi
(
e

0
ϕβLα

βα +
0
ϕα

0
ϕβ

0
qα‖β

)
. (53)

In this case, the invariant T
3

i
jk given by (51) takes the form

T
3

i
jk = Li

jk + e
0
ϕi 0

qj|k −
1
N
(
δi

j − e
0
ϕi 0

qj
)(

Lα
kα +

0
ζk
)
− 1

N
(
δi

k − e
0
ϕi 0

qk
)(

Lα
jα +

0
ζ j
)
. (54)
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After comparing Equations (54) and (21), we obtain

ωi
jk = −e

0
ϕi 0

qj|k +
1
N
(
δi

j − e
0
ϕi 0

qj
)(

Lα
kα +

0
ζk
)
+

1
N
(
δi

k − e
0
ϕi 0

qk
)(

Lα
jα +

0
ζ j
)
, (55)

i.e.,

ωi
jk =

1
N
(

Lα
jα +

0
ζ j
)
δi

k +
1
N
(

Lα
kα +

0
ζk
)
δi

j

− e
0
ϕi 0

qj|k −
1
N

e
0
ϕi 0

qj
(

Lα
kα +

0
ζk
)
− 1

N
e

0
ϕi 0

qk
(

Lα
jα +

0
ζ j
)
.

(56)

After some computing and with respect to the Ricci identity (3), one obtains that the
geometrical object

0
W
3

i
jmn =

0
Ri

jmn +
1
N

δi
j
( 0

R[mn] −
0
ζ [m|n]

)
+

1
N

e
0
ϕi 0

qj
( 0

R[mn] − 2
0
ζ [m|n]

)
+ e

0
ϕi 0

qα

0
Rα

jmn

− δi
m
(
ξ j|n −

0
ϕαξα

0
qj|n + ξ jξn + (e

0
ν +

0
ϕαξα)(

0
qjξn +

0
qnξ j)

)
+ δi

n
(
ξ j|m −

0
ϕαξα

0
qj|m + ξ jξm + (e

0
ν +

0
ϕαξα)(

0
qjξm +

0
qmξ j)

)
+ e
(0
qj|m

0
µn −

0
qj|[mξn] −

0
qj|n

0
µm +

0
q[mξ j|n]

) 0
ϕi

+ e
0
µn

0
ϕi(0

qjξm +
0
qmξ j

)
− e

0
µm

0
ϕ

i(0
qjξn +

0
qnξ j

)
,

(57)

for ξi =
1
N
(

Lα
iα +

0
ζ i
)
, is the basic invariant of the Thomas type for the almost-geodesic

mapping f . This invariant is total.
After taking the image T

3
i
jk of the invariant T

3
i
jk given by (56), we obtain

ωi
jk = ξ jδ

i
k + ξkδi

j − e
0
ϕi 0

qj|k − e
0
ϕi 0

qjξk − e
0
ϕi 0

qkξ j,

ωi
jk = ξ jδ

i
k + ξkδi

j − e
0
ϕi 0

qj‖k − e
0
ϕi 0

qjξk − e
0
ϕi 0

qkξ j,
(58)

for ξ i =
1
N
(

Lα
iα +

0
ζ i, the image

0
ϕi of vector

0
ϕi from the first of basic Equation (46), and the

corresponding
0
qi such that

0
ϕα

0
qα = e, e = ±1.

Because
( 0

ϕi 0
qj
)
|k =

0
ϕi
|k

0
qj +

0
ϕi 0

qj|k, and with respect to the second of the basic Equa-

tion (46), the next equalities hold 0 =
( 0

ϕα 0
qα

)
|k =

(0
νδα

k +
0
µk

0
ϕα
)0
qα +

0
ϕα 0

qα|k, i.e.,
0
ϕα 0

qα|k = −
0
ν

0
qk − e

0
µk,

0
ϕα

0
qα‖k = −

0
ν

0
qk − e

0
µk.

(59)

The next equation also holds.

0
Pi

jk =
0
ωi

jk −
0
ωi

jk

=
(
ξ j − ξ j

)
δi

k +
(
ξk − ξk

)
δi

j − e
0
ϕi(0

qj‖k +
0
qj ξk +

0
qk ξ j

)
+ e

0
ϕi(0

qj|k +
0
qj ξk +

0
qk ξ j

)
.

(60)

With respect to Equation (20) and after comparing this equation with Equation (23),
we obtain

ψi = ξ i − ξi, Fi
jk = −e

0
ϕi(0

qj‖k +
0
qj ξk +

0
qk ξ j

)
, Fi

jk = −e
0
ϕi(0

qj|k +
0
qj ξk +

0
qk ξ j

)
. (61)
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For the reason of Fi
jk = Fi

kj, we obtain that qj|k = qk|j.

To present the corresponding invariants, we need the next expressions.

0
ϕα 0

ϕβ 0
qα|βi = −e

0
ϕα
|αi + (N − 1)e

0
νi + 2

(0
ν
)2 0

qi + 4e
0
ν

0
µi + 2e

0
µi

0
ϕα 0

µα (62)

0
ζ [m|n] = −e

0
µ[m

0
ϕα 0

qα|n] − eϕα 0
qβ

0
Rβ

αmn +
1

N − 1
e
(0
ν

0
q[mLα

n]α +
0
ϕα 0

q[mLβ

αβ|n]
)

+
1

N − 1
qm
(
e(

0
µn

0
ϕβ)Lα

βα + 2
0
ν

0
ϕβ 0

qβ|n + 2
0
µn

0
ϕα 0

ϕβ 0
qα|β + ϕα ϕβ 0

qα|βn
)

= −e
0
ϕα 0

qβ

0
Rβ

αmn +
0
ζ̃mn,

(63)

ξ[m|n] = −
1
N

0
R[mn] +

1
N

0
ζ [m|n]

= − 1
N

0
R[mn] −

1
N

e
0
ϕα 0

qβ

0
Rβ

αmn +
1
N

0
ζ̃mn,

(64)

Fα
iα =

0
µi + e

0
ν

0
qi −

1
N
(

Lα
iα +

0
ζ i
)
− 1

N
e

0
qi

0
ϕα
(

Lβ
αβ +

0
ζα

)
=

0
F̃ i, (65)

Fα
ij|α = −e

(
N

0
ν +

0
µβ

0
ϕβ
)(0

qi|j +
1
N

0
qi
(

Lα
jα +

0
ζ j
)
+

1
N

0
qj
(

Lα
iα +

0
ζ i
))

+
1
N
(
e

0
ν

0
qi +

0
µi
)
+

1
N
(
e

0
ν

0
qj +

0
µj
)(

Lβ
iβ +

0
ζ i
)

− 1
N

e
0
ϕα 0

qi
(

Lβ

jβ|α +
0
ζ j|α
)
− 1

N
e

0
ϕα 0

qj
(

Lβ

iβ|α +
0
ζ i|α
)
=

0
F̃ ij,

(66)

Fα
[iα|j] =

0
µ[i|j] − e

0
ν[i

0
qj] +

1
N

0
R[ij] −

1
N

0
ζ [i|j] −

1
N

e
0
q[i|j]

[ 0
ϕα
(

Lβ
αβ +

0
ζα

)
− N

0
ν
]

− 1
N

0
ν
(0
q[iL

β

j]β +
0
q[i

0
ζ j]
)
− 1

N
e

0
q[i

0
µj]

0
ϕα
(

Lβ
αβ +

0
ζα

)
− 1

N
e

0
q[i

0
ϕα
(

Lβ
αβ +

0
ζα

)
|j]

=
1
N

0
R[ij] +

1
N

e
0
ϕα 0

qβ

0
Rβ

αij −
1
N

0
ζ̃ ij +

0
G̃ ij,

(67)

−Fi
jm|n + Fi

jn|m = −e
0
νδi

m
(0
qj|n +

1
N

0
qj(Lα

nα +
0
ζn) +

1
N

0
qm(Lα

jα +
0
ζ j)
)

+ e
0
νδi

n
(0
qj|m +

1
N

0
qj(Lα

mα +
0
ζm) +

1
N

0
qm(Lα

jα +
0
ζ j)
)

− eϕi 0
µ[m

0
qj|n] −

1
N

eϕi( 0
µ[m

0
qjLα

n]α +
0
µ[m

0
qn]L

α
jα +

0
qj|[mLα

n]α −
0
q[mLα

jα|n]
)

+
1
N

e
0
ϕi(0

q[m
0
ζ j|n] −

0
µ[m

0
qj

0
ζn] −

0
µ[m

0
qn]

0
ζ j −

0
qj|[m

0
ζn]
)

− eϕi 0
qα

0
Rα

jmn −
1
N

e
0
ϕi 0

qj
0
R[mn] +

1
N

e
0
ϕi 0

qj
0
ζ [m|n]

= −e
0
ϕi 0

qα

0
Rα

jmn −
1
N

e
0
ϕi 0

qj
0
R[mn] −

1
N

0
ϕi 0

qje
0
ϕα 0

qβ

0
Rβ

αmn

+
1
N

e
0
ϕi 0

qj

0
ζ̃mn +

0
H̃i

jmn

(68)

Fα
jmFi

αn − Fα
jnFi

αm = −eδα
[mδ

β

n]ϕ
i(0

ν
0
qα + e

0
µα

)(0
qj|β +

0
qjξβ +

0
qβξ j

)
− eϕα ϕi(0

qj|[m
0
qαξn] +

0
qj|[m

0
qn]ξα −

0
qj

0
q[mξαξn] +

0
qα

0
q[mξ jξn]

)
=

0
K̃i

jmn,

(69)

for the corresponding geometrical objects
0
ζ̃ ij,

0
F̃ i,

0
F̃ ij,

0
G̃ij,

0
H̃i

jmn, and
0
K̃i

jmn uniquely deter-
mined by Equations (63) and (65)–(69).
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After substituting the expression (65) in (21), we obtain the associated basic invariant
for the almost-geodesic mapping f , whose components are

0
T̃ i

jk = Li
jk + e

0
ϕi
(0

qj|k +
1
N

0
qj
(

Lα
kα +

0
ζk
)
+

1
N

0
qk
(

Lα
jα +

0
ζ j
))

− 1
N + 1

(
δi

k
(

Lα
jα −

0
F̃ j
)
+ δi

j
(

Lα
kα −

0
F̃ k
))

,

(70)

for
0
ζ i given by (52) and

0
F̃ i expressed with Equation (65).

If substituting the expressions (64) and (65), (67)–(69) in Equation (22), one obtains the
basic invariant for the almost-geodesic mapping f , whose components are

0

W̃ i
jmn =

0
Ri

jmn +
1

N + 1
δi

j
( 0

R[mn] +
1
N

0
R[mn] +

1
N

e
0
ϕα 0

qβ

0
Rβ

αmn −
1
N

0
ζ̃mn +

0
G̃mn

)
− 1

(N + 1)2 δi
m

(
(N + 1)

(
Lα

jα|n −
0
F̃ j|n

)
+
(

Lα
jα −

0
F̃ j
)(

Lβ
nβ −

0
F̃n
))

+
1

(N + 1)2 δi
n

(
(N + 1)

(
Lα

jα|m −
0
F̃ j|m

)
+
(

Lα
jα −

0
F̃ j
)(

Lβ
mβ −

0
F̃m
))

− e
0
ϕi 0

qα

0
Rα

jmn −
1
N

e
0
ϕi 0

qj
0
R[mn] −

1
N

e
0
ϕi 0

ϕα 0
qj

0
qβ

0
Rβ

αmn +
1
N

e
0
ϕi 0

qj

0
ζ̃mn

− 1
N + 1

e
0
ϕi
(0

qj|m +
1
N

0
qj
(

Lα
mα +

0
ζm
)
+

1
N

0
qm
(

Lα
jα +

0
ζ j
))(

Lα
nα −

0
F̃n
)

+
1

N + 1
e

0
ϕi
(0

qj|n +
1
N

0
qj
(

Lα
nα +

0
ζn
)
+

1
N

0
qn
(

Lα
jα +

0
ζ j
))(

Lα
mα −

0
F̃m
)

+
0
H̃i

jmn +
0
K̃i

jmn

(71)

Analogously as above, with respect to Equation (37) and the expressions (36), (65),
(66), (68), and (69), we obtain the derived invariant of the Weyl type for mapping f whose
components are

0
W̃i

jmn =
0
Ri

jmn +
1

N + 1
δi

j
( 0

R[mn] +
1
N

0
R[mn] +

1
N

e
0
ϕα 0

qβ

0
Rβ

αmn −
1
N

0
ζ̃mn +

0
G̃mn

)
+

N
N2 − 1

δi
[m

0
Rjn] +

1
N2 − 1

δi
[m

0
Rn]j + δi

[m

0
S̃ jn] − e

0
ϕi 0

qα

0
Rα

jmn −
1
N

e
0
ϕi 0

qj
0
R[mn]

− 1
N

e
0
ϕi 0

ϕα 0
qj

0
qβ

0
Rβ

αmn +
1
N

e
0
ϕi 0

qj

0
ζ̃mn +

0
H̃i

jmn +
0
K̃i

jmn

− 1
N + 1

e
0
ϕi(0

qj|m +
1
N

0
qj(Lα

mα +
0
ζm) +

0
qm(Lα

jα +
0
ζ j)
)(

Lα
nα −

0
F̃n
)

+
1

N + 1
e

0
ϕi(0

qj|n +
1
N

0
qj(Lα

nα +
0
ζn) +

0
qn(Lα

jα +
0
ζ j)
)(

Lα
mα −

0
F̃m
)
,

(72)

for
0
S̃ ij = −

1
N(N2 − 1)

( 0
R[ij] + e

0
ϕα 0

qβ

0
Rβ

αij −
0
ζ̃ ij
)
− 1

N2 − 1

0
G̃ ij

− 1
N − 1

( 0
F̃ α

ij|α −
0
F̃ i|j −

0
K̃α

ijα
)
− 1

N2 − 1

0
F̃ i
(

Lα
jα −

0
F̃ j
)

− 1
N2 − 1

e
0
ϕβ
(0

qj|m +
1
N

0
qj
(

Lα
mα +

0
ζm
)
+

0
qm
(

Lα
jα +

0
ζ j
))(

Lα
βα −

0
F̃ β

)
.

(73)

In this way, the following theorem was proven.
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Theorem 3. Let f : AN → AN be an almost geodesic mapping of the type π3.

The geometrical object
0
T̃ i

jk given by (70) is the associated basic invariant of the Thomas type
for the mapping f .

The geometrical object
0

W̃ i
jmn given by (71) is the associated basic invariant of the Weyl type

for the mapping f .

The geometrical object
0

Wi
jmn given by (72) is the associated derived invariant of the Weyl type

for the mapping f .
The invariants (70)–(72) for mapping f are total.

4. Discussion

In this paper, we continued the idea presented in [1] about obtaining invariants for
geometric mappings in a universal way. In most of the previous research, the authors

obtained just one invariant with respect to the transformation of curvature tensor
0
Ri

jmn.
After the research in [1] was published, it became clear that at least one invariant for the
studied mappings of symmetric affine connection space has been lost. In this paper, we
obtained general formulas of invariants for mappings whose deformation tensors are sums
of the object ψkδi

j + ψjδ
i
k and some other symmetric tensor of the type (1, 2). We proved

that there are two invariants for the studied mappings of a symmetric affine connection
space with respect to the transformation of its curvature tensor. The findings of this paper
motivate us to answer the following questions: (i) Are the two invariants obtained in this
paper the only invariants for mappings of symmetric affine connection spaces with respect
to the transformations of curvature tensors? (ii) What is the tensor character of the two
mappings obtained in this paper? (iii) How many families of invariants for mappings of
non-symmetric affine connection spaces may be obtained?
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