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Abstract

:

In this paper, we define a soft generalized  ω -closed set, which is a generalization of both the soft  ω -closed set and the soft generalized closed set. We show that the classes of generalized closed sets and generalized  ω -closed sets coincide in soft anti-locally countable soft topological spaces. Additionally, in soft locally countable soft topological spaces, we show that every soft set is a soft generalized  ω -closed set. Furthermore, we prove that the classes of soft generalized closed sets and soft generalized  ω -closed sets coincide in the soft topological space   ( X ,  τ ω  , A )  . In addition to these, we determine the behavior of soft generalized  ω -closed sets relative to soft unions, soft intersections, soft subspaces, and generated soft topologies. Furthermore, we investigate soft images and soft inverse images of soft generalized closed sets and soft generalized  ω -closed sets under soft continuous, soft closed soft transformations. Finally, we continue the study of soft   T  1 / 2    spaces, in which we obtain two characterizations of these soft spaces, and investigate their behavior with respect to soft subspaces, soft transformations, and generated soft topologies.
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1. Introduction and Preliminaries


In this paper, we follow the notions and terminologies that appeared in [1,2]. Throughout this paper, topological space and soft topological space will be denoted by TS and STS, respectively. Soft set theory was first introduced by Molodtsov in 1999 [3] as a general mathematical tool for dealing with problems that contain uncertainties. In 2011, the concept of soft topology was defined by Shabir and Naz [4]. Many classical TS concepts were then incorporated into STSs in [1,2,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21] and other works.



The generalizations of soft open and soft closed sets play an effective role in the structure of soft topology by using them to redefine and investigate some soft topological concepts such as soft continuity, soft compactness, or soft separation axioms. The author in [22] defined the class of soft g-closed sets, which strictly contains the class of soft closed sets. Then, several authors continued the study of soft g-closed sets.



In this paper, we define a soft generalized  ω -closed set, which is a generalization of both the soft  ω -closed set and the soft generalized closed set. We show that the classes of generalized closed sets and generalized  ω -closed sets coincide in soft anti-locally countable soft topological spaces. In addition, in soft locally countable soft topological spaces, we show that every soft set is a soft generalized  ω -closed set. Furthermore, we prove that the classes of soft generalized closed sets and soft generalized  ω -closed sets coincide in the soft topological space   ( X ,  τ ω  , A )  . In addition to these, we determine the behavior of soft generalized  ω -closed sets relative to soft unions, soft intersections, soft subspaces, and generated soft topologies. Furthermore, we investigate soft images and soft inverse images of soft generalized closed sets and soft generalized  ω -closed sets under soft continuous, soft closed soft transformations. Finally, we continue the study of soft   T  1 / 2    spaces, in which we obtain two characterizations of these soft spaces and investigate their behavior with respect to soft subspaces, soft transformations, and generated soft topologies.



The authors in [23,24] proved that soft sets are a class of special information systems. This is a strong motivation to study the structures of soft sets for information systems. Thus, this paper not only constitutes a theoretical basis for further applications of soft topology but also leads to the development of information systems.



Let X be an initial universe and A be a set of parameters. In this paper, the family of all soft sets over X relative to A will be denoted by   S S ( X , A )  . Let   ( X , τ , A )   be an STS,   X , ℑ   be a TS,   H ∈ S S ( X , A )  , and   D ⊆ X  . Throughout this paper,   ℑ c   will denote the collection of all closed subsets of   X , ℑ  , and   τ c   will denote the collection of all soft closed sets in   ( X , τ , A )  , with   C  l τ   ( H )    and   C  l ℑ   ( D )    denoting the soft closure of H in   ( X , τ , A )   and the closure of D in   X , ℑ  , respectively.



By the end of this section, we recall some concepts that will be used in the sequel.



Definition 1

([25]).Let   ( X , ℑ )   be a TS, and let   S ⊆ X  . Then, S is said to be a generalized closed (briefly: g-closed) set in   ( X , ℑ )   if   C  l ℑ   ( S )   ⊆ ˜  U   whenever   U ∈ ℑ   and   S  ⊆ ˜  U  . The collection of all g-closed sets in   ( X , ℑ )   will be denoted by   G C ( X , ℑ )  .





Definition 2

([25]).A TS   ( X , ℑ )   is said to be   T  1 / 2    if   G C  ( X , ℑ )  ⊆  ℑ c   .





Definition 3

([26]).Let   ( X , ℑ )   be a TS, and let   S ⊆ X  . Then, S is said to be a generalized ω-closed (briefly:   g ω  -closed) set in   ( X , ℑ )   if   C  l  ℑ ω    ( S )   ⊆ ˜  U   whenever   U ∈ ℑ   and   S  ⊆ ˜  U  . The collection of all   g ω  -closed sets in   ( X , ℑ )   will be denoted by   G ω C ( X , ℑ )  .





Definition 4

([22]).Let   ( X , τ , A )   be an STS, and let F∈  S S ( X , A )  . Then, F is said to be a soft generalized closed (briefly: soft g-closed) set in   ( X , τ , A )   if   C  l τ   ( F )   ⊆ ˜  G   whenever   G ∈ τ   and   F  ⊆ ˜  G  . The collection of all soft g-closed sets in   ( X , τ , A )   will be denoted by   G C ( X , τ , A )  .





Definition 5

([22]).An STS   ( X , τ , A )   is said to be soft   T  1 / 2    if   G C  ( X , τ , A )  ⊆  τ c   .





Definition 6

([21]).An STS   ( X , τ , A )   is said to be soft door space if   M ∈ τ ∪  τ c    for each   M ∈ S S ( X , A )  .






2. Soft Generalized  ω -Closed Sets


In this section, we introduce the notion of soft generalized  ω -closed and illustrate its relationships with each of the soft generalized closed sets and soft  ω -closed sets as two famous classes of soft sets. Additionally, we determine the behavior of soft generalized  ω -closed sets relative to soft unions, soft intersections, soft subspaces, and generated soft topologies, and we explore soft images and soft inverse images of soft generalized closed sets and soft generalized  ω -closed sets under soft continuous, soft closed soft transformations.



The following definition is the main concept of this section:



Definition 7

([21]).Let   ( X , τ , A )   be an STS, and let F∈  S S ( X , A )  . Then, F is said to be a soft generalized ω-closed (briefly: soft   g ω  -closed) set in   ( X , τ , A )   if   C  l  τ ω    ( F )   ⊆ ˜  G   whenever   G ∈ τ   and   F  ⊆ ˜  G  . The collection of all soft   g ω  -closed sets in   ( X , τ , A )   will be denoted by   G ω C ( X , τ , A )  .





In Theorems 1 and 2 and Example 1, we discuss the relationships between the classes of soft   g ω  -closed sets and soft g-closed sets:



Theorem 1.

For any STS  ( X , τ , A )  ,   G C ( X , τ , A ) ⊆ G ω C ( X , τ , A )  .





Proof. 

Let   F ∈ G C ( X , τ , A )  , and let   G ∈ τ   such that   F  ⊆ ˜  G  . Then,   C  l τ   ( F )   ⊆ ˜  G  , and so   C  l  τ ω    ( F )   ⊆ ˜  C  l τ   ( F )   ⊆ ˜  G  . Thus,   F ∈ G ω C ( X , τ , A )  . □





The following example will show that the inclusion in Theorem 1 cannot be replaced by equality in general:



Example 1.

Let   X = Q  ,   A = R  , and   τ = { M ∈ S S ( X , A ) :  for  each  a ∈ A ,  either  M ( a ) = ∅     or  X − M  a    is  finite }   . Let   F =  C  Q −  1     . Then,   F ∈ τ  ,   C  l τ   ( F )  =  1 A   , and   C  l  τ ω    ( F )  = F  . To see that   F ∈ G ω C ( X , τ , A )  , let   G ∈ τ   such that   F  ⊆ ˜  G  . Then,   C  l  τ ω    ( F )  = F  ⊆ ˜  G  , and since   F ∈ τ   and   F  ⊆ ˜  F  , while   C  l τ   ( F )  =  1 A   , which is not a soft subset of F, then   F ∉ G C ( X , τ , A )  .





Theorem 2.

If  ( X , τ , A )   is a soft anti-locally countable STS, then   G C ( X , τ , A ) = G ω C ( X , τ , A )  .





Proof. 

Suppose that   ( X , τ , A )   is soft anti-locally countable. Then, by Theorem 1,   G C ( X , τ , A ) ⊆    G ω C ( X , τ , A )  . To see that   G ω C ( X , τ , A ) ⊆ G C ( X , τ , A )  , let   F ∈ G ω C ( X , τ , A )  , and let   G ∈ τ   such that   F  ⊆ ˜  G  . Then,   C  l  τ ω    ( F )   ⊆ ˜  G  . By Theorem 14 of [2],   C  l  τ ω    ( F )  = C  l τ   ( F )   , and so   C  l τ   ( F )   ⊆ ˜  G  . Therefore,   F ∈ G C ( X , τ , A )  . □





In Theorem 3 and Example 2, we discuss the relationships between the classes of the soft   g ω  -closed sets and soft  ω -closed sets:



Theorem 3.

For any STS  ( X , τ , A )  ,      τ ω   c  ⊆ G ω C  ( X , τ , A )   .





Proof. 

Let   F ∈    τ ω   c   , and let   G ∈ τ   such that   F  ⊆ ˜  G  . Since   F ∈    τ ω   c   , then   C  l  τ ω    ( F )  = F  ⊆ ˜  G  . Hence,   F ∈ G ω C ( X , τ , A )  . □





The following example will show that the inclusion in Theorem 3 cannot be replaced by an equality in general:



Example 2.

Let   X = R  ,   A =  0 , 1   , ℑ be the usual topology on  R , and   τ = { M ∈ S S ( X , A ) :  M ( a ) ∈ ℑ     for  all  a ∈ A }  . Then,    C  [ 0 , ∞ )   ∈ G ω C  ( X , τ , A )  −    τ ω   c   .





In the next theorem, we classify the class of soft   g ω  -closed sets in soft locally countable STSs:



Theorem 4.

If  ( X , τ , A )   is a soft locally countable STS, then   G ω C ( X , τ , A )   is a discrete STS.





Proof. 

Let   F ∈ S S ( X , A )  , and let   G ∈ τ   such that   F  ⊆ ˜  G  . Since   ( X , τ , A )   is soft locally countable, then by Corollary 5 of [2],   C  l  τ ω    ( F )  = F  . Therefore,   C  l  τ ω    ( F )   ⊆ ˜  G  . Hence,   F ∈ G ω C ( X , τ , A )  . □





In Theorem 5 and Corollary 1, we show that the classes of soft   g ω  -closed sets, soft  ω -closed sets, and soft  ω -closed sets coincide in soft  ω -topological spaces:



Theorem 5.

For any STS  ( X , τ , A )  ,   G ω C  ( X ,  τ ω  , A )  ⊆    τ ω   c   .





Proof. 

Let   F ∈ G ω C ( X ,  τ ω  , A )  . We are going to show that   C  l  τ ω    ( F )   ⊆ ˜  F  . Suppose to the contrary that there exists    a x   ∈ ˜  C  l  τ ω    ( F )  − F  . Since   F  ⊆ ˜   1 A  −  a x  ∈  τ ω   , and   F ∈ G ω C ( X ,  τ ω  , A )  , then   C  l    τ ω   ω    ( F )   ⊆ ˜   1 A  −  a x   . On the other hand, by Theorem 5 of [2],   C  l    τ ω   ω    ( F )  = C  l  τ ω    ( F )   . Thus,    a x   ∈ ˜   1 A  − C  l  τ ω    ( F )   , which is a contradiction. □





Corollary 1.

For any STS  ( X , τ , A )  ,      τ ω   c  = G C  ( X ,  τ ω  , A )  = G ω C  ( X ,  τ ω  , A )   .





Proof. 

Clearly,      τ ω   c  ⊆ G C  ( X ,  τ ω  , A )   . Additionally, by Theorems 1 and 5,   G C  ( X ,  τ ω  , A )  ⊆ G ω C  ( X ,  τ ω  , A )  ⊆    τ ω   c   . Therefore,      τ ω   c  = G C  ( X ,  τ ω  , A )  = G ω C  ( X ,  τ ω  , A )   . □





It is natural to inquire about the relationships between the classes   G ω C ( X , τ , A )   and   G C ( X ,  τ ω  , A )   of a given STS   ( X , τ , A )  . In Theorem 6 and Example 3, we provide answers to this inquiry:



Theorem 6.

For any STS  ( X , τ , A )  ,   G C  ( X ,  τ ω  , A )  ⊆ G ω C  ( X , τ , A )   .





Proof. 

Let   F ∈ G C ( X ,  τ ω  , A )  , and let   G ∈ τ ⊆  τ ω    such that   F  ⊆ ˜  G  . Then,   C  l  τ ω    ( F )   ⊆ ˜  G  . Therefore,   F ∈ G ω C ( X , τ , A )  . □





The following example will show that the inclusion in Theorem 6 cannot be replaced by an equality in general:



Example 3.

Let   X = R  ,   A =  a , b    and   τ = { M ∈ S S  ( X , A )  : M  ( c )  ∈  ∅ , X ,  2       for  all  c ∈ A }  . Let   F =  C  R − N    . If   G ∈ τ   such that   F  ⊆ ˜  G  , then   G =  1 A   , and so   C  l  τ ω    ( F )   ⊆ ˜  G  . Hence,   F ∈ G ω C ( X , τ , A )  .





Claim 1.

   a 0   ∈ ˜   1 A  − C  l  τ ω    ( F )   .





Proof of Claim. 

Suppose to the contrary that    a 0   ∈ ˜  C  l  τ ω    ( F )   . Then, there exists   G ∈ τ   such that    a 0   ∈ ˜  G   and   G  ∩ ˜  F =  0 A   . Since   0 ∈ G  a  ∈  ∅ , X ,  2    , then   G  a  = X  , and so


      G  ∩ ˜  F   a     =    G ( a ) ∩ F ( a )       =    R ∩  R − N        =    R − N       ≠    ∅ .     











This is a contradiction.



By the above claim, we have   C  l  τ ω    ( F )  ≠ F  . Since   F ∈  τ ω    and   F  ⊆ ˜  F  , but   C  l  τ ω    ( F )    is not a soft subset of F, then   F ∉ G C ( X ,  τ ω  , A )  . □





The following question is natural:



Question 1.

Let   ( X , τ , A )   be an STS. Is it true that   G C  ( X ,  τ ω  , A )  ⊆ G C  ( X , τ , A )   ?





The following example gives a negative answer for Question 1:



Example 4.

Let   X = R  ,   A =  0 , 1   , ℑ be the usual topology on  R , and   τ = { M ∈ S S ( X , A ) : M ( a ) ∈ ℑ     for  all  a ∈ A }  . Let   F =  C  Q ∩ ( 1 , ∞ )    . Since   F ∈ C S S ( X , A )  , then by Theorem 2 (d) of [2],   F ∈    τ ω   c   , and so   C  l  τ ω    ( F )  = F  . Thus, for every   G ∈  τ ω    such that   F  ⊆ ˜  G  , we have   C  l  τ ω    ( F )  = F  ⊆ ˜  G  . Hence,   F ∈ G C ( X ,  τ ω  , A )  . On the other hand, since   F  ⊆ ˜   C  ( 1 , ∞ )   ∈ τ   while   C  l τ   ( F )  =  C  [ 1 , ∞ )    , which is not a soft subset of F, then   F ∉ G C ( X , τ , A )  .





In the next theorem, we introduce an important property of   g ω  -closed sets:



Theorem 7.

Let  ( X , τ , A )   be an STS. If   F ∈ G ω C ( X , τ , A )  , then the only soft closed set in   ( X , τ , A )   which is soft contained in   C  l  τ ω    ( F )  − F   is   0 A  .





Proof. 

Let   F ∈ G ω C ( X , τ , A )   and   M ∈  τ c    such that   M  ⊆ ˜  C  l  τ ω    ( F )  − F  . Then,   M  ⊆ ˜  C  l  τ ω    ( F )    and   F  ⊆ ˜   1 A  − M ∈ τ  . Since   F ∈ G ω C ( X , τ , A )   and   F  ⊆ ˜   1 A  − M ∈ τ  , then   C  l  τ ω    ( F )   ⊆ ˜   1 A  − M  , and so   C  l  τ ω    ( F )   ∩ ˜  M =  0 A   . On the other hand, since   M  ⊆ ˜  C  l  τ ω    ( F )   , then   C  l  τ ω    ( F )   ∩ ˜  M = M  . Therefore,   M =  0 A   . □





We leave the question about the converse of Theorem 7 open:



Question 2. 

Let   ( X , τ , A )   be an STS, and let   F ∈ S S ( X , A )   such that the only soft closed set in   ( X , τ , A )   which is soft contained in   C  l  τ ω    ( F )  − F   is   0 A  . Is it true that   F ∈ G ω C ( X , τ , A )  ?





In the next theorem, we introduce a sufficient condition for a soft set to be soft   g ω  -closed:



Theorem 8.

Let  ( X , τ , A )   be an STS, and let   F ∈ S S ( X , A )   such that the only soft ω-closed set in   ( X , τ , A )   which is soft contained in   C  l  τ ω    ( F )  − F   is   0 A  . Then,   F ∈ G ω C ( X , τ , A )  .





Proof. 

Let   F ∈ S S ( X , A )   such that the only soft  ω -closed set in   ( X , τ , A )   which is soft contained in   C  l  τ ω    ( F )  − F   is   0 A  . Suppose to the contrary that   F ∉ G ω C ( X , τ , A )  . Then, there exists   G ∈ τ   such that   F  ⊆ ˜  G  , but   C  l  τ ω    ( F )    is not a soft subset of G. Therefore, we have   C  l  τ ω    ( F )  − G ∈    τ ω   c  −   0 A     with   C  l  τ ω    ( F )  − G  ⊆ ˜  C  l  τ ω    ( F )  − F  , which is a contradiction. □





We leave the question about the converse of Theorem 8 open:



Question 3. 

Let   ( X , τ , A )   be an STS, and let   F ∈ G ω C ( X , τ , A )  . Is it true that the only soft  ω -closed set which is soft contained in   C  l  τ ω    ( F )  − F   is   0 A  ?





Now, we are going to discuss soft operations on   g ω  -closed sets in Theorems 9–14, and Examples 5–7:



Theorem 9.

Let  ( X , τ , A )   be an STS. If   F ∈ G ω C ( X , τ , A )   and   K ∈ S S ( X , A )   such that   F  ⊆ ˜  K  ⊆ ˜  C  l  τ ω    ( F )   , then   K ∈ G ω C ( X , τ , A )  .





Proof. 

Let   F ∈ G ω C ( X , τ , A )   and   K ∈ S S ( X , A )   such that   F  ⊆ ˜  K  ⊆ ˜  C  l  τ ω    ( F )   . Let   G ∈ τ   such that   K  ⊆ ˜  G  . Since   F  ⊆ ˜  K  , then   F  ⊆ ˜  G  . Since   F ∈ G ω C ( X , τ , A )  , then   C  l  τ ω    ( F )   ⊆ ˜  G  . Since   F  ⊆ ˜  K  ⊆ ˜  C  l  τ ω    ( F )   , then   C  l  τ ω    ( F )   ⊆ ˜  C  l  τ ω    ( K )   ⊆ ˜  C  l  τ ω    C  l  τ ω    ( F )   = C  l  τ ω    ( F )   , and so   C  l  τ ω    ( F )  = C  l  τ ω    ( K )   . Thus,   C  l  τ ω    ( K )   ⊆ ˜  G  , and hence,   K ∈ G ω C ( X , τ , A )  . □





Theorem 10.

For any STS  ( X , τ , A )  , the family   G ω C ( X , τ , A )   is closed under a finite soft union.





Proof. 

It is sufficient to show that the soft union of two elements of   G ω C ( X , τ , A )   is an element of   G ω C ( X , τ , A )  . Let   F , M ∈ G ω C ( X , τ , A )  . Let   G ∈ τ   such that   F  ∪ ˜  M  ⊆ ˜  G  . Then,   F  ⊆ ˜  G   and   M  ⊆ ˜  G  . Therefore,   C  l  τ ω    ( F )   ⊆ ˜  G   and   C  l  τ ω    ( M )   ⊆ ˜  G  . Thus,   C  l  τ ω    ( F  ∪ ˜  M )  = C  l  τ ω    ( F )   ∪ ˜  C  l  τ ω    ( M )   ⊆ ˜  G  , and therefore,   F  ∪ ˜  M ∈ G ω C  ( X , τ , A )   . □





The following example shows that the family   G ω C ( X , τ , A )   need not be closed under a countable soft union:



Example 5.

Let   X = R  ,   A = Z  , ℑ be the usual topology on  R  and   τ = { M ∈ S S ( X , A ) : M ( a ) ∈ ℑ     for  all  a ∈ A }  . For each   n ∈ N  , let    F n  =  C  [  1  n + 1   , 1 ]    . Then,     F n  : n ∈ N  ⊆ G ω C  ( X , τ , A )    and    ∪ ˜    F n  : n ∈ N  =    C  ( 0 , 1 ]   . Since    C  ( 0 , 2 )   ∈ τ   with    C  ( 0 , 1 ]    ⊆ ˜   C  ( 0 , 2 )     while   C  l  τ ω    (  C  ( 0 , 1 ]   )     =  C  [ 0 , 1 ]     is not a soft subset of   C  ( 0 , 1 ]   , then    C  ( 0 , 1 ]   ∉ G ω C  ( X , τ , A )   .





Theorem 11.

Let  ( X , τ , A )   be an STS, and let     F α  : α ∈ Δ  ⊆ G ω C  ( X , τ , A )   . If    F α  : α ∈ Δ   is soft locally finite in   ( X , τ , A )  , then    ∪ ˜    F α  : α ∈ Δ  ∈ G ω C  ( X , τ , A )   .





Proof. 

Let   G ∈ τ   such that    ∪ ˜    F α  : α ∈ Δ   ⊆ ˜  G  . For each   α ∈ Δ  ,    F α  ∈ G ω C  ( X , τ , A )    with    F α   ⊆ ˜  G ∈ τ  ,   C  l  τ ω    (  F α  )   ⊆ ˜  G  . Since    F α  : α ∈ Δ   is soft locally finite in   ( X , τ , A )  , then by Lemma 3.5 of [10],   C  l  τ ω     ∪ ˜    F α  : α ∈ Δ   =  ∪ ˜   C  l  τ ω    (  F α  )  : α ∈ Δ   ⊆ ˜  G  . Hence,    ∪ ˜    F α  : α ∈ Δ  ∈ G ω C  ( X , τ , A )   . □





The following example shows that the finite soft intersection of soft   g ω  -closed sets of an STS   ( X , τ , A )   need not be soft   g ω  -closed in   ( X , τ , A )  :



Example 6.

Let   X = R  ,   A =  a , b    and   τ =   0 A  ,  1 A  ,  C  [ 3 , ∞ )     . Let   F =  C   1  ∪  [ 3 , ∞ )      and   M =  C   2  ∪  [ 3 , ∞ )     . Then   F , M ∈ G ω C ( X , τ , A )  , while   F  ∩ ˜  M =  C  [ 3 , ∞ )   ∉ G ω C  ( X , τ , A )   .





Theorem 12.

Let  ( X , τ , A )   be an STS. If   F ∈ G ω C ( X , τ , A )   and   M ∈  τ c   , then   F  ∩ ˜  M ∈ G ω C  ( X , τ , A )   .





Proof. 

Suppose that   F ∈ G ω C ( X , τ , A )   and   M ∈  τ c   . Let   G ∈ τ   such that   F  ∩ ˜  M  ⊆ ˜  G  . Put   N =  1 A  − M  . Then,   G  ∪ ˜  N ∈ τ   and   F  ⊆ ˜  G  ∪ ˜  N  . Since   F ∈ G ω C ( X , τ , A )  , then   C  l  τ ω    ( F )   ⊆ ˜  G  ∪ ˜  N  , and thus


     C  l  τ ω    ( F  ∩ ˜  M )      ⊆ ˜     C  l  τ ω    ( F )   ∩ ˜  C  l  τ ω    ( M )           ⊆ ˜     C  l  τ ω    ( F )   ∩ ˜  C  l τ   ( M )           ⊆ ˜      G  ∪ ˜  N   ∩ ˜  M         =     G  ∪ ˜    1 A  − M    ∩ ˜  M         =    G  ∩ ˜  M          ⊆ ˜     G .     











Therefore,   F  ∩ ˜  M ∈ G ω C  ( X , τ , A )   . □





Theorem 13.

Let  ( X , τ , A )   be an STS, and let Y be a non-empty subset of X. Let   F ∈ S S ( Y , A )  . If   F ∈ G ω C ( X , τ , A )  , then   F ∈ G ω C ( Y ,  τ Y  , A )  .





Proof. 

Let   F ∈ G ω C ( X , τ , A )  , and let   K ∈  τ Y    such that   F  ⊆ ˜  K  . Choose   G ∈ τ   such that   K = G  ∩ ˜   C Y   . Since   F ∈ G ω C ( X , τ , A )   and   F  ⊆ ˜  G ∈ τ  , then   C  l  τ ω    ( F )   ⊆ ˜  G  , and thus   C  l    τ ω   Y    ( F )  = C  l  τ ω    ( F )   ∩ ˜   C Y   ⊆ ˜  G  ∩ ˜   C Y  = K  . On the other hand, by Theorem 15 of [2],   C  l    τ ω   Y    ( F )  = C  l    τ Y   ω    ( F )   , and thus   C  l    τ Y   ω    ( F )   ⊆ ˜  K  . Therefore,   F ∈ G ω C ( Y ,  τ Y  , A )  . □





Theorem 14.

Let  ( X , τ , A )   be an STS, and let Y be a non-empty subset of X such that    C Y  ∈    τ ω   c   . Let   F ∈ S S ( Y , A )  . If   F ∈ G ω C ( Y ,  τ Y  , A )  , then   F ∈ G ω C ( X , τ , A )  .





Proof. 

Let   F ∈ G ω C ( Y ,  τ Y  , A )  , and let   G ∈ τ   such that   F  ⊆ ˜  G  . Then,   F  ⊆ ˜  G  ∩ ˜   C Y  ∈  τ Y   . Since   F ∈ G ω C ( Y ,  τ Y  , A )  , then   C  l    τ Y   ω    ( F )   ⊆ ˜  G  ∩ ˜   C Y   . Since by Theorem 15 of [2] we have   C  l    τ ω   Y    ( F )  = C  l    τ Y   ω    ( F )   , then   C  l    τ ω   Y    ( F )  = C  l  τ ω    ( F )   ∩ ˜   C Y   ⊆ ˜  G  ∩ ˜   C Y   , and finally


  C  l  τ ω    ( F )  = C  l  τ ω    ( F  ∩ ˜   C Y  )   ⊆ ˜  C  l  τ ω    ( F )   ∩ ˜  C  l  τ ω    (  C Y  )  = C  l  τ ω    ( F )   ∩ ˜   C Y   ⊆ ˜  G  ∩ ˜   C Y   ⊆ ˜  G .  











Thus,   F ∈ G ω C ( X , τ , A )  . □





The condition “   C Y  ∈    τ ω   c   ” cannot be dropped in Theorem 14, as demonstrated by the following example:



Example 7.

Let   ( X , τ , A )   be as in Example 6, and let   Y = [ 3 , ∞ )  . Then,    C Y  ∈ G ω C  ( Y ,  τ Y  , A )  − G ω C  ( X , τ , A )   .





At this stage, we believe that the following two questions are natural:



Question 4. 

Let   ( X , τ , A )   be an STS, and let   F ∈ G C ( X , τ , A )  . Is it true that   F  ( a )  ∈ G C  ( X ,  τ a  )    for all   a ∈ A  ?





Question 5. 

Let   ( X , τ , A )   be an STS, and let   F ∈ G ω C ( X , τ , A )  . Is it true that   F  ( a )  ∈ G ω C  ( X ,  τ a  )    for all   a ∈ A  ?





The following example provides negative responses to Questions 4 and 5:



Example 8.

Let   X = R   and   A =  a , b   . Let   F , M ∈ S S ( X , A )   be defined by   F ( a ) = R  ,   F ( b ) = ( − ∞ , 0 )  ,   M  a  =  [ 1 , ∞ )   , and   M  ( b )  =  − ∞ , 1   . Let   τ =   0 A  ,  1 A  , M   . To see that   F ∈ G C ( X , τ , A )  , let   G ∈ τ   such that   F  ⊆ ˜  G  . Then,   F ( a ) = R ⊆ G ( b )  , and so   G ( b ) = R  . Therefore,   G =  1 A   . Hence,   F ∈ G C ( X , τ , A ) ⊆ G ω C ( X , τ , A )   (see Theorem 1). On the other hand, since   F  ( b )  =  ( − ∞ , 0 )  ⊆  − ∞ , 1  ∈  τ b    while   C  l  τ b    (  ( − ∞ , 0 )  )  = R    [image: Axioms 11 00194 i001]    ( − ∞ , 1 )   , then   F  ( b )  ∉ G C  ( X ,  τ b  )   . Moreover, since   ( X ,  τ b  )   is anti-locally countable, then by Proposition 2.2 of [26],   F  ( b )  ∉ G ω C  ( X ,  τ b  )   .





If the STS   ( X , τ , A )   is an extended STS, then we can easily apply Theorem 3 of [3] to obtain positive answers to Questions 4 and 5.



In the next four theorems, we investigate the correspondence between g-closed sets (resp.   g ω  -closed) and soft g-closed sets (resp. soft   g ω  -closed) of a family of TSs and their generated STSs:



Theorem 15.

Let   X ,  ℑ a   : a ∈ A   be an indexed family of TSs. Let   F ∈ S S  X , A   . Then,   F ∈ G C ( X ,  ⊕  a ∈ A    ℑ a  , A )   if and only if   F  a  ∈ G C  ( X ,  ℑ a  )    for all   a ∈ A  .





Proof. 

Necessity. Suppose that   F ∈ G C ( X ,  ⊕  a ∈ A    ℑ a  , A )  , and let   b ∈ A  . Let   U ∈  ℑ b    such that   F  b  ⊆ U  . Let   G ∈ S S ( X , A )   be defined by   G ( b ) = U   and   G ( e ) = X   if   e ≠ b  . Then,   G ∈  ⊕  a ∈ A    ℑ a    and   F  ⊆ ˜  G  . Since   F ∈ G C ( X ,  ⊕  a ∈ A    ℑ a  , A )  , then   C  l   ⊕  a ∈ A    ℑ a     ( F )   ⊆ ˜  G  , and so    C  l   ⊕  a ∈ A    ℑ a     ( F )    ( b )   ⊆ ˜  G  ( b )  = U  . On the other hand, by Lemma 4.9 of [5],   C  l  ℑ b    ( F  ( b )  )  =  C  l   ⊕  a ∈ A    ℑ a     ( F )    ( b )   . This ends the proof.



Sufficiency. Suppose that   F  a  ∈ G C  ( X ,  τ a  )    for all   a ∈ A  , and let   G ∈  ⊕  a ∈ A    ℑ a    such that   F  ⊆ ˜  G  . Then, for each   a ∈ A  ,   F  ( a )  ⊆ G  ( a )  ∈  ℑ a   , and so   C  l  ℑ a    ( F  ( a )  )  ⊆ G  ( a )   . Thus, by Lemma 4.9 of [5],    C  l   ⊕  a ∈ A    ℑ a     ( F )    a  ⊆ G  ( a )    for all   a ∈ A .   Hence,   C  l   ⊕  a ∈ A    ℑ a     ( F )   ⊆ ˜  G  . It follows that   F ∈ G C ( X ,  ⊕  a ∈ A    ℑ a  , A )  . □





Theorem 16.

Let   X , ℑ   be a TS and A be any set of parameters. Let   F ∈ S S ( X , A )  . Then,   F ∈ G C ( X , τ  ℑ  , A )   if and only if   F  a  ∈ G C  ( X , ℑ )    for all   a ∈ A  .





Proof. 

For each   a ∈ A  , put    ℑ a  = ℑ  . Then,   τ  ℑ  =  ⊕  a ∈ A    ℑ a   , and by Theorem 15, we obtain the result. □





Theorem 17.

Let   X ,  ℑ a   : a ∈ A   be an indexed family of TSs. Let   F ∈ S S  X , A   . Then,   F ∈ G ω C ( X ,  ⊕  a ∈ A    ℑ a  , A )   if and only if   F  a  ∈ G ω C  ( X ,  ℑ a  )    for all   a ∈ A  .





Proof. 

Necessity. Suppose that   F ∈ G ω C ( X ,  ⊕  a ∈ A    ℑ a  , A )  , and let   b ∈ A  . Let   U ∈  ℑ b    such that   F  b  ⊆ U  . Let   G ∈ S S ( X , A )   be defined by   G ( b ) = U   and   G ( e ) = X   if   e ≠ b  . Then,   G ∈  ⊕  a ∈ A    ℑ a    and   F  ⊆ ˜  G  . Since   F ∈ G ω C ( X ,  ⊕  a ∈ A    ℑ a  , A )  , then   C  l    ⊕  a ∈ A    ℑ a   ω    ( F )   ⊆ ˜  G  , and so    C  l    ⊕  a ∈ A    ℑ a   ω    ( F )    ( b )   ⊆ ˜  G  ( b )  = U  . On the other hand, according to Lemma 4.7 of [5],   C  l    ℑ b   ω    ( F  ( b )  )  =  C  l    ⊕  a ∈ A    ℑ a   ω    ( F )    ( b )   . This ends the proof.



Sufficiency. Suppose that   F  a  ∈ G ω C  ( X ,  τ a  )    for all   a ∈ A  , and let   G ∈  ⊕  a ∈ A    ℑ a    such that   F  ⊆ ˜  G  . Then, for each   a ∈ A  ,   F  ( a )  ⊆ G  ( a )  ∈  ℑ a   , and so   C  l    ℑ a   ω    ( F  ( a )  )  ⊆ G  ( a )   . Thus, following Lemma 4.7 of [5],    C  l    ⊕  a ∈ A    ℑ a   ω    ( F )    a  ⊆ G  ( a )    for all   a ∈ A .   Hence,   C  l    ⊕  a ∈ A    ℑ a   ω    ( F )   ⊆ ˜  G  . It follows that   F ∈ G ω C ( X ,  ⊕  a ∈ A    ℑ a  , A )  . □





Theorem 18.

Let   X , ℑ   be a TS and A be any set of parameters. Let   F ∈ S S ( X , A )  . Then,   F ∈ G ω C ( X , τ  ℑ  , A )   if and only if   F  a  ∈ G ω C  ( X , ℑ )    for all   a ∈ A  .





Proof. 

For each   a ∈ A  , put    ℑ a  = ℑ  . Then,   τ  ℑ  =  ⊕  a ∈ A    ℑ a   , and through Theorem 17, we obtain the result. □





In the rest of this section, we study the behavior of soft g-closed sets (soft   g ω  -closed sets) under soft mappings:



Theorem 19.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be soft continuous and soft closed. Then, for every   H ∈ G C ( X , τ , A )  ,   f  p u    ( H )  ∈ G C  ( Y , σ , B )   .





Proof. 

Suppose that    f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    is soft continuous and soft closed. Let   H ∈ G C ( X , τ , A )  , and let   M ∈ σ   such that    f  p u    ( H )   ⊆ ˜  M  . Since   f  p u    is soft continuous, then    f  p u   − 1    ( M )  ∈ τ  . Since   H ∈ G C ( X , τ , A )   and   H  ⊆ ˜   f  p u   − 1    M  ∈ τ  , then   C  l τ   ( H )   ⊆ ˜   f  p u   − 1    M   , and so    f  p u    C  l τ   ( H )    ⊆ ˜   f  p u     f  p u   − 1    M    ⊆ ˜  M  . Since   f  p u    is soft closed, and   C  l τ   ( H )  ∈  τ c   , then    f  p u    C  l τ   ( H )   ∈  σ c   . Since    f  p u    H   ⊆ ˜   f  p u    C  l τ   ( H )   ∈  σ c   , then   C  l σ     f  p u    H     ⊆ ˜   f  p u    C  l τ   ( H )    ⊆ ˜  M  . Hence,    f  p u    ( H )  ∈ G C  ( Y , σ , B )   . □





Theorem 20.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be soft continuous and soft closed. Then, for every   K ∈ G C ( Y , σ , B )  ,    f  p u   − 1    ( K )  ∈ G C  ( X , τ , A )   .





Proof. 

Suppose that    f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    is soft continuous and soft closed. Let   K ∈ G C ( Y , σ , B )  , and let   N ∈ τ   such that    f  p u   − 1    ( K )   ⊆ ˜  N  . We are going to show that   C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  =  0 A   . Since   f  p u    is soft closed, and   C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  ∈  τ c   , then    f  p u    ( C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  ∈  σ c   . Since   f  p u    is soft continuous, then    f  p u    ( C   l τ    f  p u   − 1    ( K )    ⊆ ˜  C  l σ    f  p u     f  p u   − 1    ( K )     ⊆ ˜  C  l σ   K   . Since    f  p u   − 1    ( K )   ⊆ ˜  N  , then    1 A  − N  ⊆ ˜   1 A  −  f  p u   − 1    ( K )  =  f  p u   − 1    (  1 B  − K )   ,    f  p u     1 A  − N   ⊆ ˜   f  p u     f  p u   − 1    (  1 B  − K )    ⊆ ˜   1 B  − K  , and thus


      f  p u    ( C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )      ⊆ ˜      f  p u    ( C  l τ    f  p u   − 1    ( K )   )   ∩ ˜   f  p u    (  1 A  − N )           ⊆ ˜     C  l σ   K   ∩ ˜    1 B  − K          =    C  l σ   K  − K .     











This is true since   K ∈ G C ( Y , σ , B )   and    f  p u    ( C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  ∈  σ c   . Hence, by Theorem 3.6 of [22],    f  p u    ( C  l τ    f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  =  0 B   . Therefore,    f  p u   − 1    ( K )  ∈ G C    ( X , τ , A )  . □





Theorem 21.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be a soft continuous function such that    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft closed. Then, for every   H ∈ G ω C ( X , τ , A )  ,   f  p u    ( H )  ∈ G ω C  ( Y , σ , B )   .





Proof. 

Suppose that    f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    is a soft continuous soft function such that    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft closed. Let   H ∈ G ω C ( X , τ , A )  , and let   M ∈ σ   such that    f  p u    ( H )   ⊆ ˜  M  . Since    f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    is soft continuous, then    f  p u   − 1    ( M )  ∈ τ  . Since   H ∈ G ω C ( X , τ , A )   and   H  ⊆ ˜   f  p u   − 1    M  ∈ τ  , then   C  l  τ ω    ( H )   ⊆ ˜   f  p u   − 1    M   , and so    f  p u    C  l  τ ω    ( H )    ⊆ ˜   f  p u     f  p u   − 1    M    ⊆ ˜  M  . Since    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft closed, and   C  l  τ ω    ( H )  ∈    τ ω   c   , then    f  p u    C  l  τ ω    ( H )   ∈    σ ω   c   . Since    f  p u    H   ⊆ ˜   f  p u    C  l τ   ( H )   ∈    σ ω   c   , then   C  l  σ ω      f  p u    H     ⊆ ˜   f  p u    C  l τ   ( H )    ⊆ ˜  M  . Hence,    f  p u    ( H )  ∈ G ω C  ( Y , σ , B )   . □





Theorem 22.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be a soft function such that    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft continuous and    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y , σ , B )    is soft closed. Then, for every   K ∈ G ω C ( Y , σ , B )  ,   f  p u   − 1    ( K )  ∈ G ω C  ( X , τ , A )   .





Proof. 

Suppose that    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft continuous and    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y , σ , B )    is soft closed. Let   K ∈ G ω C ( Y , σ , B )  , and let   N ∈ τ   such that    f  p u   − 1    ( K )   ⊆ ˜  N  . We are going to show that   C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  =  0 A   . Since    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y , σ , B )    is soft closed, and   C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  ∈    τ ω   c   , then    f  p u    ( C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  ∈  σ c   . Since    f  p u   :  ( X ,  τ ω  , A )  ⟶  ( Y ,  σ ω  , B )    is soft continuous, then    f  p u    ( C   l  τ ω     f  p u   − 1    ( K )    ⊆ ˜  C  l  σ ω     f  p u     f  p u   − 1    ( K )     ⊆ ˜  C  l  σ ω    K   . Since    f  p u   − 1    ( K )   ⊆ ˜  N  , then    1 A  − N  ⊆ ˜   1 A  −  f  p u   − 1    ( K )  =  f  p u   − 1    (  1 B  − K )   ,    f  p u     1 A  − N   ⊆ ˜   f  p u     f  p u   − 1    (  1 B  − K )    ⊆ ˜   1 B  − K  , and therefore


      f  p u    ( C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )      ⊆ ˜      f  p u    ( C  l  τ ω     f  p u   − 1    ( K )   )   ∩ ˜   f  p u    (  1 A  − N )           ⊆ ˜     C  l  σ ω    K   ∩ ˜    1 B  − K          =    C  l  σ ω    K  − K .     











Since   K ∈ G ω C ( Y , σ , B )   and    f  p u    ( C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  ∈  σ c   , then by Theorem 7,    f  p u    ( C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  )  =  0 B   . Therefore,   C  l  τ ω     f  p u   − 1    ( K )    ∩ ˜    1 A  − N  =  0 A   . □






3. Separation Axioms


In this section, we continue the study of soft   T  1 / 2    spaces, in which we obtain two characterizations of these soft spaces and investigate their behavior with respect to soft subspaces, soft transformations, and generated soft topologies.



We start this section by characterizing soft   T  1 / 2    spaces via soft points:



Theorem 23.

An STS  ( X , τ , A )   is soft   T  1 / 2    if and only if for each    a x  ∈ S P  ( X , A )   ,    a x  ∈ τ    ∪  τ c   .





Proof. 

Necessity. Suppose that   ( X , τ , A )   is soft   T  1 / 2   . Let    a x  ∈ S P  ( X , A )   . Suppose that    a x  ∉  τ c   . Then,    1 A  −  a x  ∉ τ  . We are going to show that    1 A  −  a x  ∈ G C  ( X , τ , A )   . Let   G ∈ τ   such that    1 A  −  a x   ⊆ ˜  G  . Since    1 A  −  a x  ∉ τ  , then   G =  1 A   , and so   C  l τ    1 A  −  a x    ⊆ ˜  G =  1 A   . Thus,    1 A  −  a x  ∈ G C  ( X , τ , A )   . Since   ( X , τ , A )   is soft   T  1 / 2   , then    1 A  −  a x  ∈  τ c   . Therefore,    a x  ∈ τ  .



Sufficiency. Suppose that for each    a x  ∈ S P  ( X , A )   ,    a x  ∈ τ    ∪  τ c   . Let   F ∈ G C ( X , τ , A )  . We are going to show that   C  l τ   F   ⊆ ˜  F  . Let    a x   ∈ ˜  C  l τ   F   . By assumption,    a x  ∈ τ     ∪  τ c   . If    a x  ∈ τ  , then    a x   ∩ ˜  F ≠  0 A   , and so    a x   ∈ ˜  F  . If    a x  ∈  τ c   , then through Theorem 3.6 of [22], we have    a x   ∉ ˜  C  l τ   F  − F   with    a x   ∈ ˜  C  l τ   F   , and hence    a x   ∈ ˜  F  .



The next result is a consequence of Theorem 23: □





Corollary 2.

Every soft door space is soft   T  1 / 2   .





The following example will show that the converse of Corollary 2 need not be true in general:



Example 9.

Let   X =  a , b , c , d   ,   A = Z  , and   ℑ =  ∅ , X ,  a  ,  b  ,  a , b  ,  a , b , c  ,  a , b , d    . Then,    X , τ ( ℑ   , A )    is a soft   T  1 / 2    but not a soft door space.





Another characterization of soft   T  1 / 2    spaces is stated in the next theorem:



Theorem 24.

An STS  ( X , τ , A )   is soft   T  1 / 2    if and only if for every   H ∈ S S ( X , A )  


   H =  ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M  .   













Proof. 

Necessity. Suppose that   ( X , τ , A )   is soft   T  1 / 2   . Suppose to the contrary that there exists   H ∈ S S ( X , A )   such that   H ≠  ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M   . Since it is clear that   H  ⊆ ˜   ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M   , then there exists    a x   ∈ ˜    ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M  − H   . Since   ( X , τ , A )   is soft   T  1 / 2   , then by Theorem 23,    a x  ∈ τ  ∪  τ c  , and so    1 A  −  a x  ∈ τ  ∪  τ c  . Since    a x   ∈ ˜    1 A  − H  , then   H  ⊆ ˜   1 A  −  a x  ∈ τ  ∪  τ c  , and so    ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M   ⊆ ˜   1 A  −  a x   . Therefore,    a x   ∈ ˜   1 A  −  ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M   , a contradiction.



Sufficiency. Suppose that for every   H ∈ S S ( X , A )  ,   H =  ∩ ˜   M ∈ τ ∪  τ c  : H  ⊆ ˜  M   . Let   F ∈ G C ( X , τ , A )  . By assumption, we have   F =  ∩ ˜   M ∈ τ ∪  τ c  : F  ⊆ ˜  M   . To see that   C  l τ   ( F )  ⊆ F  , it is sufficient to show that   C  l τ   ( F )  ⊆ M   for all   M ∈ τ ∪  τ c    with   F  ⊆ ˜  M  . Let   M ∈ τ ∪  τ c    such that   F  ⊆ ˜  M  . If   M ∈ τ  , then   C  l τ   ( F )   ⊆ ˜  M   because   F ∈ G C ( X , τ , A )  . If   M ∈  τ c   , then   C  l τ   ( F )  = F  ⊆ ˜  M  . □





In the next three theorems, we discuss the behavior of soft   T  1 / 2    spaces with respect to induced TSs and generated STSs:



Theorem 25.

If  ( X , τ , A )   is a soft   T  1 / 2    STS, then   X ,  τ a    is   T  1 / 2    for all   a ∈ A  .





Proof. 

Suppose that   ( X , τ , A )   is soft   T  1 / 2   , and let   a ∈ A  . Let   x ∈ X  . Since   ( X , τ , A )   is soft   T  1 / 2   , then by Theorem 23,    a x  ∈ τ ∪  τ c   , and thus    x  ∈  τ a  ∪    τ a   c   . Hence, by Theorem 2.5 of [27],   X ,  τ a    is   T  1 / 2   . □





The following example will show that the converse of Theorem 25 is not true in general:



Example 10.

Let   X =  1 , 2   ,   A =  a , b   , and   τ =   0 A  ,  1 A  ,  a 1  ,  b 1  ,  a 1   ∪ ˜   b 1    . Since    τ a  =  τ b  =  ∅ , X ,  1    , then   ( X ,  τ a  )   and   ( X ,  τ b  )   are both   T  1 / 2   . On the other hand, since    a 2  ∉ τ ∪  τ c   , then according to Theorem 23,   ( X , τ , A )   is not soft   T  1 / 2   .





Theorem 26.

Let   X ,  ℑ a   : a ∈ A   be an indexed family of TSs. Then,   ( X ,  ⊕  a ∈ A    ℑ a  , A )   is soft   T  1 / 2    if and only if   ( X ,  ℑ a  )   is   T  1 / 2    for all   a ∈ A  .





Proof. 

Necessity. Suppose that   ( X ,  ⊕  a ∈ A    ℑ a  , A )   is soft   T  1 / 2   , and let   b ∈ A  . Then, under Theorem 25,   ( X ,    ⊕  a ∈ A    ℑ a   b  )   is   T  1 / 2   . On the other hand, according to Theorem 3.7 of [1],      ⊕  a ∈ A    ℑ a   b  =  ℑ b   . Hence,   ( X ,  ℑ b  )   is   T  1 / 2   .



Sufficiency. Suppose that   ( X ,  ℑ a  )   is   T  1 / 2    for all   a ∈ A  . Let    b x  ∈ S P  ( X , A )   . Since   ( X ,  ℑ b  )   is   T  1 / 2   , then by Theorem 2.5 of [27],    x  ∈  ℑ b  ∪    ℑ b   c   . Therefore,    b x  ∈   ⊕  a ∈ A    ℑ a   ∪    ⊕  a ∈ A    ℑ a   c   . Hence, by Theorem 23,   ( X ,  ⊕  a ∈ A    ℑ a  , A )   is soft   T  1 / 2   . □





Theorem 27.

Let   X , ℑ   be a TS and A be any set of parameters. Then,   ( X , τ  ℑ  , A )   is soft   T  1 / 2    if and only if   ( X , ℑ )   is   T  1 / 2   .





Proof. 

For each   a ∈ A  , put    ℑ a  = ℑ  . Then,   τ  ℑ  =  ⊕  a ∈ A    ℑ a   , and through Theorem 4, we obtain the result. □





Theorem 28.

If   ( X , τ , A )   is soft   T  1 / 2   , then   G ω C  ( X , τ , A )  ⊆    τ ω   c   .





Proof. 

Suppose that   ( X , τ , A )   is soft   T  1 / 2   . Suppose to the contrary that there exists   F ∈ G ω C  ( X , τ , A )  −    τ ω   c   . Since   F ∉    τ ω   c   , then there exists    a x   ∈ ˜     C  l  τ ω    ( F )  − F  . Since   F ∈ G ω C ( X , τ , A )  , then by Theorem 7,    a x  ∉  τ c   . Since   ( X , τ , A )   is soft   T  1 / 2   , then by Theorem 23,    a x  ∈ τ  . Since    a x   ∈ ˜      C  l  τ ω    ( F )   , and    a x  ∈ τ ⊆  τ ω   , then    a x   ∩ ˜  F ≠  0 A   . Hence,    a x   ∈ ˜  F  , a contradiction. □





The following example will show that the converse of Theorem 28 need not be true in general:



Example 11.

Let   X =  1 , 2 , 3    and   ℑ =  ∅ , X ,  1  ,  1 , 2    . Consider   ( X , τ  ℑ  , N )  . Then,   G ω C  ( X , τ  ℑ  , N )  ⊆     τ  ℑ   ω   c   , while   ( X , τ  ℑ  , N )   is not soft   T  1 / 2   .





We shall now establish an interesting characterization of soft   T 1   STSs, which are soft anti-locally countable in terms of soft   g ω  -closed sets:



Theorem 29.

Let   ( X , τ , A )   be a soft anti-locally countable STS. Then,   ( X , τ , A )   is soft   T 1   if and only if   G ω C  ( X , τ , A )  ⊆    τ ω   c   .





Proof. 

Necessity. Suppose that   ( X , τ , A )   is soft   T 1  . Then, by Theorem 5.3 of [22],   ( X , τ , A )   is soft   T  1 / 2   . Thus, by Theorem 28,   G ω C  ( X , τ , A )  ⊆    τ ω   c   .



Sufficiency. Suppose that   G ω C  ( X , τ , A )  ⊆    τ ω   c   . Suppose to the contrary that   ( X , τ , A )   is not soft   T 1  . Then, there exists    a x  ∈ S P  ( X , A )  −  τ c   , and so    1 A  −  a x  ∉ τ  . If   G ∈ τ   such that    1 A  −  a x   ⊆ ˜  G  , then   G =  1 A   , and hence   C  l  τ ω    (  1 A  −  a x  )   ⊆ ˜  G  . Therefore,    1 A  −  a x  ∈ G ω C  ( X , τ , A )  ⊆    τ ω   c   . Hence,    a x  ∈  τ ω   . Thus, there exists   M ∈ τ   and   H ∈ C S S ( X , A )   such that    a x   ∈ ˜  M   and   M − H  ⊆ ˜   a x   . Therefore,   M ∈  τ −   0 A    ∩ C S S  ( X , A )   . Hence,   ( X , τ , A )   is not soft anti-locally countable, a contradiction. □





In the next theorem, we discuss the behavior of soft   T  1 / 2    spaces with respect to soft subspaces:



Theorem 30.

Let   ( X , τ , A )   be an STS, and let Y be a non-empty subset of X. If   ( X , τ , A )   is soft   T  1 / 2   , then   ( Y ,  τ Y  , A )   is soft   T  1 / 2   .





Proof. 

Suppose that   ( X , τ , A )   is soft   T  1 / 2   . Let    a y  ∈ S P  ( Y , A )   . Then,    a y  ∈ S P  ( X , A )   . Since   ( X , τ , A )   is soft   T  1 / 2   , then    a y  ∈ τ ∪  τ c   . Thus,    a y  ∈  τ Y  ∪    τ Y   c   . Hence, under Theorem 23,   ( Y ,  τ Y  , A )   is soft   T  1 / 2   . □





In Theorems 31 and 32, we study the behavior of the class of soft   T  1 / 2    spaces under soft mappings:



Theorem 31.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be soft continuous, soft closed, and onto. If   ( X , τ , A )   is soft   T  1 / 2   , then   ( Y , σ , B )   is soft   T  1 / 2   .





Proof. 

Let   K ∈ G C ( Y , σ , B )  . Then, under Theorem 20,    f  p u   − 1    ( K )  ∈ G C  ( X , τ , A )   . Since   ( X , τ , A )   is soft   T  1 / 2   , then    f  p u   − 1    ( K )  ∈  τ c   . Since    f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    is soft closed, then    f  p u     f  p u   − 1    ( K )   ∈  σ c   . Since   f  p u    is onto, then    f  p u     f  p u   − 1    ( K )   = K  . Thus,   K ∈  σ c   . Hence,   ( Y , σ , B )   is soft   T  1 / 2   . □





In Theorem 31, the condition “soft closed” cannot be replaced by the condition “soft open”, as the following example shows:



Example 12.

Let   X = N  ,   Y =  a , b , c   ,   A = B =  0 , 1   ,   ℑ =  ∅ ,  1   ∪    { V ⊆ X : 1 ∈ V  and  X − V  is  finite }  , and   ℵ =  ∅ ,  a  , Y   . Let   p : X ⟶ Y   and   u : A ⟶ B  , defined by


   p  x  =     a    if  x = 1      b    if  x  is  even      c    if  x  is  odd  and  x ≠ 1      ,    










   u ( a ) = a  for  all  a ∈ A .   











Then,    f  p u   :  ( X , τ  ( ℑ )  , A )  ⟶  ( Y , τ  ( ℵ )  , B )    is soft continuous, soft open, and onto. However, according to Theorem 23,   ( X , τ ( ℑ ) , A )   is soft,   T  1 / 2    while   ( Y , τ ( ℵ ) , B )   is not.





Theorem 32.

Let   f  p u   :  ( X , τ , A )  ⟶  ( Y , σ , B )    be soft open and onto such that for each    b y  ∈ S P  ( Y , B )   ,    a x  ∈ S P  ( X , A )  :  f  p u    (  a x  )  =  y b    is a finite set. If   ( X , τ , A )   is soft   T  1 / 2   , then   ( Y , σ , B )   is soft   T  1 / 2   .





Proof. 

We shall use Theorem 23. Let    b y  ∈ S P  ( Y , B )   , and let   H =   a x  ∈ S P  ( X , A )  :  f  p u    (  a x  )  =  y b    . By assumption,  H  is a non-empty finite set. If there exists    a x  ∈ τ ∩ H  , then    b y  =  f  p u    (  a x  )  ∈ σ  , since   f  p u    is soft open. Otherwise,    1 A  −  a x  ∈ τ   for all    a x  ∈ H  , and thus    1 B  −  b y  =  f  p u    (  ∩ ˜  H )  ∈ σ  . It follows that   ( Y , σ , B )   is soft   T  1 / 2   . □






4. Conclusions


We defined soft generalized  ω -closed sets as a new class of soft sets. We proved that this class of sets contains strictly the classes of soft  ω -closed and soft generalized closed sets. In addition, we determined the behavior of soft generalized  ω -closed sets relative to soft unions, soft intersections, and soft subspaces as well as generated soft topologies. Moreover, we explored soft images and soft inverse images of soft generalized closed and soft generalized  ω -closed sets under soft continuous, soft closed soft transformations. In addition to these, we continued the study of soft   T  1 / 2    spaces, in which we obtained two characterizations of these soft spaces and investigated their behavior with respect to soft subspaces, soft transformations, and generated soft topologies. Future research could focus on the following topics: (1) defining soft generalized  ω -open sets and investigating related concepts such as soft continuity, (2) investigating the behavior of soft generalized  ω -closed sets under product STSs, or (3) solving the two open questions raised in this paper.







Funding


This research has been supported by the deanship of research at Jordan University of Science and Technology.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Al Ghour, S.; Bin-Saadon, A. On some generated soft topological spaces and soft homogeneity. Heliyon 2019, 5, e02061. [Google Scholar] [CrossRef] [PubMed]

	



Al Ghour, S.; Hamed, W. On two classes of soft sets in soft topological spaces. Symmetry 2020, 12, 265. [Google Scholar] [CrossRef]

	



Molodtsov, D. Soft set theory—First results. Comput. Math. Appl. 1999, 37, 19–31. [Google Scholar] [CrossRef]

	



Shabir, M.; Naz, M. On soft topological spaces. Comput. Math. Appl. 2011, 61, 1786–1799. [Google Scholar] [CrossRef]

	



Al Ghour, S. Strong form of soft semiopen sets in soft topological spaces. Int. J. Fuzzy Log. Intell. Syst. 2021, 21, 159–168. [Google Scholar] [CrossRef]

	



Al Ghour, S. Soft ωp-open sets and soft ωp-continuity in soft topological spaces. Mathematics 2021, 9, 2632. [Google Scholar] [CrossRef]

	



Al Ghour, S. Soft ω*-paracompactness in soft topological spaces. Int. J. Fuzzy Log. Intell. Syst. 2021, 21, 57–65. [Google Scholar] [CrossRef]

	



Oztunc, S.; Aslan, S.; Dutta, H. Categorical structures of soft groups. Soft Comput. 2021, 25, 3059–3064. [Google Scholar] [CrossRef]

	



Al-Shami, T.M. Defining and investigating new soft ordered maps by using soft semi open sets. Acta Univ. Sapientiae Math. 2021, 13, 145–163. [Google Scholar] [CrossRef]

	



Al-shami, T.M. Bipolar soft sets: Relations between them and ordinary points and their applications. Complexity 2021, 2021, 6621854. [Google Scholar] [CrossRef]

	



Al-shami, T.M. On Soft Separation Axioms and Their Applications on Decision-Making Problem. Math. Probl. Eng. 2021, 2021, 8876978. [Google Scholar] [CrossRef]

	



Al-shami, T.M. Compactness on Soft Topological Ordered Spaces and Its Application on the Information System. J. Math. 2021, 2021, 6699092. [Google Scholar] [CrossRef]

	



Al-shami, T.M.; Alshammari, I.; Asaad, B.A. Soft maps via soft somewhere dense sets. Filomat 2020, 34, 3429–3440. [Google Scholar] [CrossRef]

	



Oguz, G. Soft topological transformation groups. Mathematics 2020, 8, 1545. [Google Scholar] [CrossRef]

	



Min, W.K. On soft generalized closed sets in a soft topological space with a soft weak structure. Int. J. Fuzzy Logic Intell. Syst. 2020, 20, 119–123. [Google Scholar] [CrossRef]

	



Çetkin, V.; Güner, E.; Aygün, H. On 2S-metric spaces. Soft Comput. 2020, 24, 12731–12742. [Google Scholar] [CrossRef]

	



El-Shafei, M.E.; Al-shami, T.M. Applications of partial belong and total non-belong relations on soft separation axioms and decision-making problem. Comput. Appl. Math. 2020, 39, 138. [Google Scholar] [CrossRef]

	



Alcantud, J.C.R. Soft open bases and a novel construction of soft topologies from bases for topologies. Mathematics 2020, 8, 672. [Google Scholar] [CrossRef]

	



Bahredar, A.A.; Kouhestani, N. On ε-soft topological semigroups. Soft Comput. 2020, 24, 7035–7046. [Google Scholar] [CrossRef]

	



Al-shami, T.M.; El-Shafei, M.E. Partial belong relation on soft separation axioms and decision-making problem, two birds with one stone. Soft Comput. 2020, 24, 5377–5387. [Google Scholar] [CrossRef]

	



Al-shami, T.M.; Kocinac, L.D. The equivalence between the enriched and extended soft topologies. Appl. Comput. Math. 2019, 18, 149–162. [Google Scholar]

	



Kannan, K. Soft generalized closed sets in soft topological spaces. J. Theor. Appl. Inf. Technol. 2012, 37, 17–21. [Google Scholar]

	



Xiao, Z.; Chen, L.; Zhong, B.; Ye, S. Recognition for soft information based on the theory of soft sets. In Proceedings of the International Conference on Services Systems and Services Management, Chongquing, China, 13–15 June 2005; pp. 1104–1106. [Google Scholar]

	



Pei, D.; Miao, D. From soft sets to information systems. In Proceedings of the IEEE International Conference on Granular Computing, Beijing, China, 25–27 July 2005; pp. 617–621. [Google Scholar]

	



Levine, N. Generalized closed sets in topology. Rend. Circ. Mat. Palermo 1970, 19, 89–96. [Google Scholar] [CrossRef]

	



Al-Zoubi, K. On generalized ω-closed sets. Int. J. Math. Math. Sci. 2005, 13, 2011–2021. [Google Scholar] [CrossRef]

	



Dunham, W. T1/2-spaces. Kyungpook Math. J. 1977, 17, 161–196. [Google Scholar]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  axioms-11-00194


  
    		
      axioms-11-00194
    


  




  





media/file0.png





