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Abstract: The author devotes this paper to defining a new class of soft open sets, namely soft Rw-open
sets, and investigating their main features. With the help of examples, we show that the class of soft
Rw-open sets lies strictly between the classes of soft regular open sets and soft open sets. We show
that soft Rw-open subsets of a soft locally countable soft topological space coincide with the soft
open sets. Moreover, we show that soft Rw-open subsets of a soft anti-locally countable coincide
with the soft regular open sets. Moreover, we show that the class of soft Rw-open sets is closed under
finite soft intersection, and as a conclusion, we show that this class forms a soft base for some soft
topology. In addition, we define the soft é,,-closure operator as a new operator in soft topological
spaces. Moreover, via the soft J,,-closure operator, we introduce soft d,,-open sets as a new class of
soft open sets which form a soft topology. Moreover, we study the correspondence between soft
dw-open in soft topological spaces and é.,-open in topological spaces.

Keywords: soft regular-open sets; soft 6-open sets; Rw-open sets; d,,-open sets; soft w-regularity; soft
generated soft topological spaces; soft induced topological spaces

1. Introduction

Some of the problems that confront us in engineering, medicine, sociology, economics
and other fields have their own uncertainties. Therefore, we are unable to deal with these
problems by traditional methods. Several mathematical tools for dealing with uncertainties
were introduced in [1-3] and others. In 1999, Molodtsov [4] introduced soft set theory as a
mathematical tool for dealing with uncertainty.

General topology, as one of the important branches of mathematics, is the basis for
other branches of topology such as geometric topology, algebraic topology, and differential
topology. Soft topology as a new branch of topology that combines soft set theory and
topology is introduced in [5]. Mathematicians then transferred many topological concepts to
include soft topology in [6-23] and others, and substantial contributions can still be made.

Topologists have used closure and interior operators to give rise to several different
new classes of sets. Some are a generalized form of open sets while a few others are the
so-called regular sets. Researchers have discovered applications for these regular sets not
only in mathematics but even in a variety of fields outside of mathematics [24-26].

Soft regular open sets and J-open sets are defined and investigated in [27,28], respectively.

The targets of this work are to scrutinize the behaviors of soft Rw-open sets via soft
topological spaces, to introduce the soft topology of soft é,,-open as a new soft topology,
and to open the door to redefine and investigate some of the soft topological concepts
such as soft compactness, soft correlation, soft class axioms, soft assignments, etc., via soft
Rw-open sets.

The author devotes this paper to defining a new class of soft open sets, namely soft Rw-
open sets, and investigating their main features. With the help of examples, we show that
the class of soft Rw-open sets lies strictly between the classes of soft regular open sets and
soft open sets. We show that soft Rw-open subsets of a soft locally countable soft topological
space coincide with the soft open sets. Moreover, we show that soft Rw-open subsets of a
soft anti-locally countable coincide with the soft regular open sets. Moreover, we show that
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the class of soft Rw-open sets is closed under finite soft intersection, and as a conclusion,
we show that this class forms a soft base for some soft topology. In addition, we define
the soft é,,-closure operator as a new operator in soft topological spaces. Furthermore, we
use the soft d,,-closure operator to introduce soft J,,-open sets as a new class of sets and
we prove that this class of sets forms a soft topology that coincides with the soft topology
generated by soft Rw-open sets as a soft base. Moreover, we study the correspondence
between soft J,,-open in soft topological spaces and J,,-open in topological spaces.

The arrangement of this article is as follows:

In Section 2, we collect the main definitions and results that will be used in this research.

In Section 3, we define and investigate soft Rw-open sets as a class of soft sets which
lies strictly between the classes of soft regular open sets and soft open sets. We introduce
several results regarding soft Rw-open sets. In particular, we show that the class of soft
Rw-open sets forms a soft base for some soft topology. In addition, we study the cor-
respondence between soft Rw-open sets in soft topological spaces and Rw-open sets in
topological spaces.

In Section 4, we define the soft é,,-closure operator and we use it to define soft .-
open sets. We study relationships between soft é,,-open sets and other types of soft open
sets. Moreover, we show that the collection of soft é,-open sets forms a soft topology.
In addition, we study the correspondence between soft é,,-open sets in soft topological
spaces and J,-open sets in topological spaces.

In Section 5, we give some conclusions and possible future work.

2. Preliminaries

In this paper, we follow the notions and terminologies as they appear in [29,30].
Throughout this paper, topological space and soft topological space will be denoted by ST
and STS, respectively. Let (X,&, A) be an STS, (W, u) bea TS, M € SS(Y,B),and T C W.
Throughout this paper, ¢¢ will denote the collection of all soft closed sets of (X,¢, A),
and y¢ will denote the collection of all closed sets of (W, ), with Clz(M), C1,,(T), Intz(M),
Int,(T), and Extz(M) denoting the soft closure of M in (X, ¢, A), the closure of T in (W, ),
the soft interior of M in (X, {, A), the interior of T in (W, u), and the soft exterior of M in
(X, ¢, A), respectively.

The following definitions and results will be used in the sequel:

Definition 1. Lef (Y, ) bea TS and let S C Y. Then

a. Ref. [31] S is called a regular-open set in (Y, ) if Int, (CL,(S)) = S. The family of all
regular-open sets in (Y, u) will be denoted by RO(Y, u).

b. Ref. [31] S is called a regular-closed set in (Y, u) if Y — S € RO(Y, u). The family of all
regular-closed sets in (Y, u) will be denoted by RC(Y, jt).

c. Ref. [32] S is called an Rw-open set in (Y, ) if Int, (Cly,(S)) = S. The family of all
Rw-open sets in (Y, i) will be denoted by RwO(Y, u).

d. Ref. [32] S is called an Rw-closed set in (Y, u) if Y — S € RwO(Y, ). The family of all
Rw-closed sets in (Y, i) will be denoted by RwC(Y, p).

Definition 2. Let (Y, ) bea TS andlet S C Y. Then
a. Ref. [33] The 5-closure of S in (Y, u) is denoted by le; (S) and defined as follows:
y € CI5(S) ifand only if for each S € p withy € S, we have Int, (CL,(S)) NS # @.
b. Ref. [34] The b.,-closure of S in (Y, u) is denoted by Cl?w (S) and defined as follows:
AS le;w (S) if and only if for each S € p withy € S, we have Int, (Cl,,(S)) NS # @.
c. Ref. [33] S is called a 5-closed set in (Y, ) if S = CI§(S).
d. Ref. [34] S is called a .,-closed set in (Y, u) if S = le;w (S).
e. Ref. [33] S is called a 5-open set in (Y, u) if Y — S is d-closed set in (Y, ).
f. Ref. [34] S is called a 6.,-open set in (Y, i) if Y — S is d,-closed set in (Y, ).
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For any TS (Y, u), denote the collection of all 6-open sets (resp. d.,-open sets) in (Y, u)
by ps (resp. ps,,).

Theorem 1 ([34]). Let (Y, u) bea TS. Then (Y, us) and (Y, ps,,) are TSs with ps C ps, C .

Definition 3 ([27]). Let (Y, 0, B) be an STS and let M € SS(Y, B). Then

a. M is called a soft reqular-open set in (Y, o, B) if Int,(Cly(M)) = M. The family of all
soft reqular-open sets in (Y, o, B) will be denoted by RO(Y, o, B).

b. M is called a soft reqular-closed set in (Y,0, B) if 15 — M € RO(Y, o, B). The family of
all soft reqular-closed sets in (Y, 0, B) will be denoted by RC(Y, 0, B).

Definition 4 ([28]). Let (Y, o, B) be an STS and let K € SS(Y, B).
a. The soft o-closure of K in (Y, 0, B) is denoted by CI§ (K) and defined as follows:
by €CIJ (K) if and only if for each S € o with by €S, we have Int,(Cl;(S))NK # 0p.
b. K is called a soft d-closed set in (Y, 7, B) if K = CI§ (K).
c. K is called a soft 5-open set in (Y, 0, B) if 1 — K is a soft -closed set in (Y, o, B).

For any STS (Y, 0, B), denote the collection of all soft 6-open sets in (Y, o, B) by 0;.
Theorem 2 ([28]). Let (Y, 0, B) be an STS. Then (Y, 05, B) is an STS with o5 C 0.

Definition 5 ([35]). An STS (Y, 0, B) is soft w-regular if whenever K € o and b, €K, there exists
F € o such that byEFECl% (F)CK.

3. Soft Rw-Open Sets

In this section, we define soft Rw-open sets as a new class of soft open sets. With the
help of examples, we will show that the class of soft Rw-open sets lies strictly between the
classes of soft regular open sets and soft open sets. We will show that soft Rw-open subsets
of a soft locally countable soft topological space coincide with the soft open sets. Moreover,
we will show that soft Rw-open subsets of a soft anti-locally countable coincide with the
soft regular open sets. Moreover, we will show that the class of soft Rw-open sets is closed
under finite soft intersection, and as a conclusion, we show that this class forms a soft base
for some soft topology.

Definition 6. Let (Y,0,B) bean STS and let M € SS(Y, B). Then

a. M is called a soft Rw-open set in (Y, o, B) if Int,(Cly,(M)) = M. The family of all soft
Rw-open sets in (Y, o, B) will be denoted by RwO(Y, o, B).

b. M is called a soft Rw-closed set in (Y, o, B) if 1 — M € RwO(Y, o, B). The family of all
soft Rw-closed sets in (Y, o, B) will be denoted by RwC(Y,, B).

Theorem 3. Let (Y, 0, B) be an STS. Then RO(Y,0,B) C RwO(Y,0,B) C 0.

Proof. To see that RO(Y,o,B) C RwO(Y,0,B), let M € RO(Y,c0,B). Then M =
Int,(Cly(M)). Since Cly,, (M)CCly (M), then Inty(Cly, (M))CInt,(Cly(M)) = M. On the
other hand, since MECZ%(M) and M € o, then Milntg(Cl% (M)). It follows that
Inty(Cls, (M)) = M. Hence, M € RwO(Y,0,B). The inclusion RwO(Y,c,B) C o
is obvious. [

The following two examples will show that each of the inclusions in Theorem 3 cannot
be replaced by equality, in general:

Example 1. Consider (R,0,N) where 0 = {ON/lN/C[o,l]}- Then Int, (Cl%(C[O,l])) =
I}’ltg(lN) = 1N 7é C[O,l]' T”luS, C[O,l] €0 — R(UO(Y, U,B).
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Example 2. Consider (R, o, N) where 0 = {Oy, 1y, Cz}. Then Int,(Cly,(Cz)) = Inty(Cz) =
Cz and Int;(Cly(Cz)) = Ints(1y) = Iy # Cz. Thus, Cgq) € RwO(Y, 0, B) — RO(Y, 0, B).

Theorem 4. For any STS (Y, 0, B), 0 N (0,)" € RwO(Y, 0, B).

Proof. Let M € 0N (0y,)". Since M € (0,)¢, then Cly, (M) = M, and so Int,(Cly,(M)) =
Inty(M). Since M € o, then Int,;(Cly, (M)) = Inty;(M) = M. Therefore, M €
RwO(Y,0,B). O

Corollary 1. Forany STS (Y,c,B), c N CSS(Y,B) C RwO(Y, o, B).
Proof. This follows from Theorem 4 of this paper and Theorem 2 (d) of [30]. O
Theorem 5. For any soft locally countable STS (Y, o, B), RwO(Y, 0, B) = 0.

Proof. By Theorem 3, RwO(Y,o,B) C o. To see that ¢ C RwO(Y,0,B), let M €
o. Then Int;(M) = M. Since (Y,0,B) is soft locally countable, then by Corollary 5
of [30], Cly, (M) = M. Therefore, Int,(Cls,(M)) = Int,(M) = M. Hence, M €
RwO(Y,0,B). O

Theorem 6. For any soft anti-locally countable STS (Y,0,B), RO(Y, 0, B) = RwO(Y, 0, B).

Proof. By Theorem 3, RO(Y,c, B) C RwO(Y,c, B). Tosee that RwO(Y, o, B) C RO(Y, 0, B),
let M € RwO(Y, 0, B). Then Inty(Cly, (M)) = M. Since (Y, o, B) is soft anti-locally countable,
then by Theorem 14 of [30], Cl,, (M) = Cly(M). Therefore, Int,(Cly(M)) = Int,(Cly, (M)) =
M. Hence, M € RO(Y,c,B). O

Theorem 7. For any STS (Y, 0, B), RwO(Y, 0w, B) = RO(Y, 0w, B)

Proof. By Theorem 3, we have RO(Y, 0y, B) C RwO(Y, 0y, B). To see that RwO(Y, 0, B) C
RO(Y, 0w, B), let M € RwO(Y, 0, B). Then Int,, (Cl(%)w(M)> — M. However, by Theo-
rem 5 of [30], (¢w),, = Ow. Therefore, Inty, (Cly,(M)) = M. Hence, M € RO(Y,0,,B). O

Theorem 8. Let (Y, 0, B) bean STS and let M, N € RwO(Y, ¢, B). Then MON € RwO(Y, 0, B).

Proof. Let M,N € RwO(Y,0,B). Then Ints(Cly,(M)) = M and Inty(Cly,(N)) = N.
Since M, N € o, then MNN € ¢, and so MON = Int,(MNN)ClInty(Clg, (MNN)). Con-
versely, since Cly,, (MNN) C Cly, (M)NClg, (N), then
Inty (Clg, (MAN)) CInts (Cly, (M)1Clg, (N))
= Inty(Cly,(M))NInts(Cly, (N))
MNN.

Therefore, MNN = Int,(Cly,(MNN)), and hence MMIN € RwO(Y,0,B). O

The following example will show that RwO(Y, 7, B) need not be closed under finite
soft unions:

Example 3. Let Y = R, u be the usual topology on R, and B be any set of parameters. Let
M = C(pny and N = C(1p). Then M,N € RwO(Y,0,B), while Ints(Cly,(MUN)) =
Inty(Cp)) = Cio2) # MUN, and hence MUN ¢ RwO(Y, 0, B).

Theorem9. Let (Y, 0, B) bean STS and let M € SS(Y, B). Then Int,(Cly, (M)) € RwO(Y, o, B).



Axioms 2022, 11,177

50f13

Proof. Let K = Int,(Cly,(M)). Since K = Inty(Cl,,, (M))CCly, (M), then Cl,. (K)CCly,
(M) and thus, Int,(Cl,, (K))CInty(Cl,,(M)) = K. Moreover, since K € ¢, then K =
Int,(K)C

Inty(Cly, (K)). Therefore, K = Int,(Cly, (K)). Hence, Inty(Cly,(M)) € RwO(Y,0,B). O

Theorem 10. Let (Y, 0, B) be an STS and let M € SS(Y,B). Then M € RwC(Y, 0, B) if and
only if M = Cl,(Intg, (M)).

Proof. Necessity. Let M € RwC(Y,0,B). Then1p — M € RwO(Y,0,B),andso 15 — M =
Inty(Clg, (1g — M)). Thus,

M = 1B_Intg(clgw(1B—M))

= 1 — Exts(15 — Cly, (15 — M))
15 — (1 — Cly (15 — Clg, (15 — M)))
= Cl,, (15— Cly, (1 — M))
Cly(Exto, (15 — M)
= Cly(Intgs, (M)).

Sufficiency. Suppose that M = Cl,(Int,,(M)). We are going to show that 13 — M =
Intg'(clg'w (1B - M)).
As M = Cl,(Int,,,(M)), then

15—M = 15— Cly(Ints,(M))
Ext,(Inty,(M))

Inty (1 — Intg, (M))
Inty(1p — Exty, (1 — M))
= Inte(Cly, (15 — M)).

O
Theorem 11. For any STS (Y,0,B), c° No, € RwC(Y, 0, B).

Proof. Let M € ¢°Noy,. Since M € 0, then Int,, (M) = M, and so Cl,(Int,,(M)) =
Cly;(M). Since M € 0¢, then Cl;(M) = M. Hence, Cl,(Int;,(M)) = M. Therefore,
by Theorem 10, M € RwC(Y,0,B). O

Definition 7. A STS (Y, 0, B) is called saturated if T(b) # @ forall T € o — {0g} and b € B.

Theorem 12. Let (Y, 0, B) be a saturated STS. Let M € o and K € ¢°. Then for each b € B
we have

(a) Cly, (M(b)) = (Cly(M)) (D).

(b) Intg, (K(b)) = (Inty(K))(b).

(c) (Inty(Cly(M)))(b) = Intg, (Clg, (M(D))).

Proof. (a) By Proposition 7 of [5], Cly, (M(b)) € (Cly(M))(b). To show that (Cl(M))(b) C
Cly, (M(b)),lety € (Clz(G))(b) and let V € 0 such thaty € V. Choose S € ¢ such that
S(b) = V. Then we have b, €Cl,(M)NS, and hence MNS # 0p. Since (Y, 7, B) is saturated,
then (MNS)(b) = M(b) NS(b) = M(b) NV # @. Therefore, y € Cl,, (M(b)).

(b) Since 13 — K € 0, then by (a), Cly, ((1g — K) (b)) = (Cly(1p — K))(b). And so,

Y = Cly, (15 — K)(b)) = Y — (Cly (15 — K))(b)).
=Y

However, Y — Cl,, (15 — K)(b)) = Y — Cly, (Y — K(b)) = Inty, (K(b)),and Y — (Cly (15 — K))
(b)) = (15 — Cly (15 — K))(b) = (Int,(K))(b). Hence, Inty, (K(b)) = (Ints(K))(b).
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(c) Since Cl,(M) € ¢¢, then by (b), (Int,(Cly(M)))(b) = Inty, ((Cly(M))(b)). Since
M € o, then by (a), (Cl,(M))(b) = Cly, (M(b)). Thus,

(Ints(Cle(M)))(b) = Inty,((Cle(M))(b))
= Inty, (Cly, (M(D))).

O

Theorem 13. Let (Y, 0, B) be a saturated STS and let M € 0. Then M € RO(Y, o, B) if and only
if M(b) € RO(Y, 0y,) forall b € B.

Proof. Necessity. Let M € RO(Y,c,B) and let b € B. Since M € RO(Y,0,B), then
M = Int,(Cl;(M)), and so M(b) = (Int,(Cly(M)))(b). However, by Theorem 12(c),
(Inta(ClU(M)))

(b) = Inty, (Cly, (M(b))). Therefore, Inty, (Cly, (M(b))) = M(b), and hence M(b) €
RO(Y, U'b).

Sufficiency. Suppose that M(b) € RO(Y, o) for all b € B. Then for every b € B,
M(b) = Inty, (Cly, (M(b))). However, by Theorem 12(c), (Int,(Cly(M)))(b) = Inty, (Cly, (M(b)))
for all b € B. Therefore, (Int,(Cly(M)))(b) = M(b) for all b € B, and hence M =
Inty(Cly(M)). Thus, M € RO(Y,0,B). O

Corollary 2. Let (Y, 0, B) be saturated and soft anti-locally countable STS. Let M € o. Then
M € RwO(Y, 0, B) if and only if M(b) € RwO(Y, 0y,) forall b € B.

Proof. This follows from Theorems 6 and 13. [

Corollary 3. Let (Y, ) be a TS and B be any set of parameters. Let Z € P(Y) — {@D}. Then
Z € RO(Y, ) ifand only if Cz € RO(Y,C(u), B)

Proof. Itis clear that (Y, C(u), B) is saturated. So, the result follows from Theorem 13. [

Corollary 4. Let (Y, u) be an anti-locally countable TS and B be any set of parameters. Let
Z e P(Y)—{D}. Then Z € RwO(Y, u) if and only if Cz € RwO(Y,C(n), B).

Proof. Itis clear that (Y, C(u), B) is saturated and soft anti-locally countable. So, the result
follows from Corollary 2. O

Theorem 14. Let {(Y, ) : b € B} be a collection of TSs. Then M € RO(Y, ®pepity, B) if and
only if M(b) € RO(Y, uy,) forall b € B.

Proof. Necessity. Let M € RO(Y, ®pcpip, B) and let b € B. Since M € RO(Y, ®pcpip, B),
then M = Inte, pu, (Cle, pu,(M)) and so M(b) = (Inte,_gu, (Cle, gu,(M)))(b). How-
ever, by Lemma 4.9 of [7], (Ints, g, (Cla,cpu, (M))) (b) = Inty,(Cl,, (M(b)). Therefore,
M(b) € RO(Y, ).

Sufficiency. Let M(b) € RO(Y,up) for all b € B. Then for every b € B, M(b) =
(Inty, (Cly, (M(b)))). However, by Lemma 4.9 of [7], Int,, (Cl,,,(M(b))) = (Inte, pu, (Cla, pu,
(M)))(b) forallb € B. Hence, M € RO(Y, ®pepitp, B). O

Corollary 5. Let (Y,u) be a TS and B be any set of parameters. Let M € SS(Y,B). Then
M € RO(Y, t(u), B) ifand only if M(b) € RO(Y, p) for every b € B.

Proof. For each b € B, put yp = p. Then () = @pepyp and the result follows from
Theorem 14. [
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Theorem 15. Let {(Y, jtp) : b € B} be a collection of TSs. Then M € RwO(Y, ®peptp, B) if and
only if M(b) € RwO(Y, p) forall b € B.

Proof. Necessity. Let M € RwO(Y, @pepitp, B) andletb € B. Since M € RwO(Y, ®pepip, B),
then M = Im@bezaﬂb(Cl(éebegyb)w(M))' By Theorem 8 of [30], (®peptn), = ®ven(Mp)y

and so M = Inte,_yp, (Cle, _, ()., (M)). Hence, M(b) = (Int@bewb(Cl@bEB(yb)w(M)D (b).

However, by Lemma 4.7 of [7], (Int@bewb(Cl@beB(M)w(M))) (b) = Inty,(Cly,) (M(D)).
Therefore, M(b) € RwO(Y, uyp).

Sufficiency. Let M(b) € RwO(Y,u;) for all b € B. Then for every b € B,
M(b) = (Intyb(Cl ( (b ))) However, by Lemma 4.7 of [7], Inty, (Cl(,) (M(b)) =

)
(Int@bEByh(Cl@beB (5., ) (Int®heBﬂb(Cl(@bgBMb)w(M)))(b) for all b € B. Hence,
M € RwO(Y, ®pephp, ) O

Corollary 6. Let (Y,u) be a TS and B be any set of parameters. Let M € SS(Y,B). Then
M € RwO(Y, t(p), B) if and only if M(b) € RwO(Y, ) for every b € B.

Proof. For each b € B, put yp, = p. Then T(yu) = @pepyp and the result follows from
Theorem 15. O

4. The Soft Topology of Soft J,,-Open Sets

In this section, we define the soft J,-closure operator and use it to define soft .-
open sets as a new class of soft open sets which form a soft topology. Moreover, we will
study the correspondence between soft J,,-open in soft topological spaces and J.,-open in
topological spaces.

Definition 8. Let (Y, 0, B) be an STS and let K € SS(Y, B). The soft d.,-closure of K'in (Y, 0, B)
is denoted by CIf (K) and defined as follows:

by€CI (K) if and only if for each S € o with by €S, we have Inty(Clg, (S))NK # 0.

Remark 1. Let (Y, 0, B) be an STS and let K € SS(Y, B). Then by€CI§ (K) if and only if for
each M € RwO(Y, 7, B) with by €M, we have MK # 0.

Definition 9. Let (Y, 0, B) be an STS and let K € SS(Y, B). Then K is called
a. a soft 6-closed set in (Y, 0, B) if K = CIf (K).
b. a soft 6.,-open set in (Y, o, B) if 15 — K is a soft d.,-closed set in (Y, o, B).

The family of all soft é,,-open sets in (Y, ¢, B) will be denoted by o5 .

Theorem 16. Let (Y, 0, B) be an STS and let M € SS(Y, B). Then
a. Cly(M)CCI§ (M)CCI§(M).
b. If M is a soft d-closed set in (Y, 0, B), then M is a soft é.,-closed set in (Y,c, B).
c. If M is a soft é-closed set in (Y, 0, B), then M is a soft closed set in (Y, 0, B).

Proof. Point (a) follows from the definitions and Theorem 3.
Points (b) and (c) follow from the definitions and part (a). O

Theorem 17. Let (Y, 0, B) be an STS and let M, N € SS(Y,B). Then
a. If MCN, then CI§ (M)CCIJ (N).
b. CI§ (MON) = CI§ (M)UCI{ (N).
c. CI§ (M) € o*.
d. If M € 0, CIf (M) = Cls(M).
e. If M € o, CIf(M) = CIf (M) = Cls(M).
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Proof. (a) Let b,€CI{ (M) and let S € o such that b,€S. Then Inty(Cly, (S))NM # 0p.
Since MCN, then Int(Cly,, (S))AN # 0p. Thus, by€CIJ (N).

(b) By (a), CI{ (M)CCI§ (MON)and CI§ (N)CCI§ (MUN). Thus, CI{ (M)UCI] (N)
CCI¢ (MON).Toshow that CI§ (MUN)CCI{ (M)TCIS (N),letb, €CI{ (MUN) —CI§ (M).
We are going to show that b,€CI{ (N). Let K € RwO(Y,0,B) such that by€K. Since
by€lp — ClIf (M), then there exists L € RwO(Y, 0, B) such that b,€L and LM = 0.
By Theorem 8, KNL € RwO(Y, ¢, B). Since b, €KNL and by§Cl§w (MON), then (KNL)N
(MUN) # 0p. However,

(KAL) A (MON)

(KALAM)U(KALAN)
050 (KALAN)
CKAN

Therefore, KN # 0p. Hence, by€CI§ (N).

(c) We will show that 15 — CIf (M) € o. Let by € 15 — CI§ (M). Then we find
§ € RwO(Y, 0, B) such that by€S but STM = 0g. Thus, SNCI§ (M) = 0p. Hence, 1p —
Cl (M) € o

(d) Suppose that M € 0,. By Theorem 16 (a), CZU(M)ECI(‘SL (M). To see that
Cl§ (M) CCly(M), suppose to the contrary that there exists b, € (Clgw (M)) N(1p — Cly(M)).
Since wehave by € (1p — Cly(M)) € cand b, €CI{ (M), then Inty(Cly, (15 — Cle(M)))M #
0g, and so Cly,, (13 — Cly(M))NM # 0p. Choose b, €Cly,, (13 — Cly(M))NM. Since M € 0y,
then (15 — Cl,(M))NM # 0 which is a contradiction.

(e) Suppose that M € ¢. By Theorem 16 (a), it is sufficient to show that CI(M)CCl,(M).
Suppose to the contrary that there exists b, & (CI§(M))N(1p — Cl;(M)). Since we have
b,€(1g — Clz(M)) € o and by €CI](M), then Inty(Cl,(1g — Clo(M)))NM # 0, and so
Cly(1g — Cle(M))NM # 0p. Choose b,€Cl;(1g — Clo(M))NM. Since M € o, then
(1 — Cly(M))NM # 0p which is a contradiction. [

Theorem 18. Let (Y, 0, B) bean STS and let A be the family of all soft é,,-closed setsin (Y, o, B). Then
a.0g,1g € A.
b.If M,N € A, then MUN € A.
c. If{My :a €T} C A, then a@rM“ c A

Proof. a. Obvious.

b. Let M,N € A. Then M = CIf (M) and N = CI§ (N). Thus, by Theorem 17 (b),
MUN = CIf (M)UCI§ (N) = CI§ (MUN). Therefore, MOUN € A.

c. Let {My:a€T} C A. Then foreacha € T, M, = Clgw(M,X). It is clear that
a@rM“ iClgw (a@rM“)' On the other hand, by Theorem 17 (a), we have CI_ (“@rM“)EClgw

(Mg) = Mg for all g € T. Hence, CI§ (“@rMa)%@rMa. O

Theorem 19. For any STS (Y, 0, B), (Y,05,,B) isa STS.

Proof. This follows directly from Theorem 18. [

Theorem 20. Let (Y, 0, B) bean STS and let K € SS(Y, B). Then the following are equivalent:
a. K € oy,

b. For any byEK, there exists S € o such that b, € Inty(Cl,, (S))CK.
c. For any b, €K, there exists M € RwO(Y, o, B) such that byéMiK.
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Proof. (a) — (b): Let byéK. Since by (a) K € 05, then Clgw(lg —K) =15 —K, and so
byé(lg —CI§ (1p— K)) Thus, there exists S € ¢ such that b,€S and Inty(Cly, (S))N
(1p — K) = 0p. Hence, b, EInt,(Cly, (S))CK.

(b) — (c): Let byEK. Then by (b), there exists S € ¢ such that b, € Int,(Cly, (S))CK.
Put M = Int,(Cly,(S)). Then by Theorem 9, M € RwO(Y, o, B), which ends the proof.

(c) — (a) Suppose to the contrary that K ¢ 05, . Then Clgw(l g —K) # 15 — K,
and so there exists by€CI§ (1 — K) — (1 — K). Since b, €K, then by (c), there exists
M € RwO(Y,0,B) such that b,é MCK, and thus MN(15 — K) = 0p. Hence, b,Elp —
Cl§ (1p — K) which is a contradiction. [

Corollary 7. For any STS (Y, 0, B), RwO(Y, 0, B) is a soft base for (Y, 05, B).
Theorem 21. For any STS (Y, 0, B), 05 C 05, C 0.

Proof. Since RO(Y,0,B) and RwO(Y,c,B) are soft bases for (Y,05,B) and (Y,0;,,B),
respectively, and RO(Y, o, B) € RwO(Y, 0, B), then g5 C 05, . Moreover, by Theorem 3 and
Corollary 7, we have o5, C 0. [

Theorem 22. For any soft locally countable STS (Y, o, B), 05, = 0.
Proof. This follows from Theorem 5 and Corollary 7. O
Theorem 23. For any soft anti-locally countable STS (Y, o, B), 05 = 05,,.

Proof. This follows from Theorem 6, Corollary 7, and the fact that RO(Y, o, B) is a soft
base for (Y,05,B). O

Theorem 24. If (Y, 0, B) is soft reqular, then 05 = 05, = 0.

Proof. According to Theorem 21, it is sufficient to show that o C 0. Let M € 0 and let byéM .
Since (Y, o, B) is soft regular, then there exists N € ¢ such that by§N§CZg(N)§M and so
byélntU(Cla(N))éM. However, Int,(Cl,(N)) € RO(Y, 0, B). This implies that M € 05. O

Theorem 25. If (Y, 0, B) is soft w-regular, then 05, = 0.

Proof. According to Theorem 21, it is sufficient to show that ¢ C ¢;,_ . Let ]\4 Eo and~let
by€M. Since (Y, 0, B) is soft w-regular, then there exists N € ¢ such that b, NCCl,,,(N)CM,
and so by € Inty(Cly, (N))CM. This implies that M € 0g,. O

The assumption that (Y, o, B) is soft anti-locally countable in Theorem 23 is not super-
fluous, as the following example shows:

Example 4. Let Y be any non-empty set, B be any set of parameters, and b, € SP(Y,B). Let
o ={0g}U{M € SS(Y,B) : b,eM}. Then (Y, 0, B) is soft locally countable. So, by Theorem 22,
0y, = 0. Since ¢ = {13} U {K € SS(Y, B) : b,€1p — K}, then for every M € o — {0g},
Cly(M) = 1p. This shows that 05 = {0p,1p} # 03,,.

The assumption that (Y, o, B) is soft w-regular in Theorem 25 is not superfluous, as the
following example shows:

Example 5. Let Y = Rand B =7Z. Let 0 = {0p,1p,Cr_q}. Then (Y, o, B) is soft anti-locally
countable. So, by Theorem 23, 05, = 05 = {0p,1p} # 0.

Theorem 26. For any STS (Y, 0, B), (0w)s = (0w)s,,-
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w

B), respectively, and by Theorem 7, RO(Y, 0y, B) = RwO(Y, 0y, B), then (0) 5 = (0w); . O

w

Proof. Since RO(Y, 0y, B) and RwO(Y, 0y, B) are soft bases for (Y, (0 )z, B) and (Y, (0w)s

Remark 2. Let (Y, 0, B) be an STS and let K € SS(Y, B). Then CIf (K) = Clg, (K).

Theorem 27. If (Y, 7, B) is soft locally countable, then (05,) = 0y,,.

dw

Proof. By Theorem 22, 05, = o and thus, (05,) =o05,. O

Sw

Theorem 28. If (Y, 0, B) is soft w-regular, then (05,) = 0y,,.

dw

Proof. By Theorem 25, 05, = o and thus, (05,) =05, O

Sw

Corollary 8. If (Y, 0, B) is soft regular, then (05,) = 05

S w’

Theorem 29. Forany STS (Y, 0, B), (05)0_ = 03.

Proof. By Theorem 21, (05), € 05. To show that g5 C (0;),, let M € 0 and let byEM. Then
there exists K € o such that b, EKC Inty(Cly(K))CM. Put S = Ints(Cly(K)). Then S € o;
with b, €SCInty,(Cly,(S)). By Theorem 4.5 (e), Cly, (M) = CIS(M) = Cly(M). Thus, by
Theorem 21, by €SC Intq, (Cly,(S)) CInty (Cly(S)) CM. Tt follows that M € (5) . O

Corollary 9. If (Y, 0, B) is soft anti-locally countable, then (05,) = 05

Sew w”
Proof. It follows form Theorems 23 and 29. O

Theorem 30. Let (Y, 0, B) be a saturated STS. Then (03), = (03)s for all b € B.

Proof. Let b € B. To show that (05), C (03)s let U € (05), and let y € U. Choose
M € 05 such that U = M(b). Then by€M, and so there exists S € RO(Y, 0, B) such
that b,€SCM. Thus, y € S(b) C M(b) = U and by Theorem 3.17, S(b) € RO(Y, 0p).
To show that (03,)5 C (03),, let U € (03)5 and let y € U. Then there exists V € ¢; such
thaty € V C Inty (Cly, (V) € U. Choose M € o such that M(b) = V. Then we have
y € M(b) C Int,,(Cly, (M(b))) € U. However, by Theorem 12 (c), Inty, (Cly, (M(b))) =
(Inty(Cly(M)))(b). Moreover, since M € o, then Int,(Cl,(M)) € os. It follows that
ue (Uts)b. O

Corollary 10. Let (Y, 0, B) be saturated and soft anti-locally countable STS. Then (o5,), =
(0v)g,, forall b € B.

Proof. This follows from Theorems 23 and 29. O

Corollary 11. Let (Y, ) be a TS and B be any set of parameters. Then ((C(p));), = Hs for all
beB.

Proof. Itis clear that (Y, C(u), B) is saturated. So, by Theorem 30, ((C(u))5), = ((C(1))y) s
forall b € B. However, (C(u)), = ps forall b € B. This ends the proof. [

Theorem 31. Let {(Y, ) : b € B} be a collection of TSs. Then (©pephy)s = ®vep(Hp)s-
Proof. To see that (Dpepip); S Ppep(tp)s let M € (®Bpeppp)s- Let b € B. We will

show that M(b) € (pp)s. Lety € M(b). Then by€M € (@peppip)s- So, there exists S €
RO(Y, ®peppp, B) such that byéSEM and hence, y € S(b) C M(b). Now, by Theorem 14,
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S(b) € RO(Y, pp). It follows that M(b) € (pup);. To see that Spep(ps), € (Brepitp)s let
M € ®pep(pp)s and let byeM. Theny € M(b) € (pp)s. So, there exists U € RO(Y, yp)
such thaty € U C M(b). Let T = by. Then b,ETCM. On the other hand, since T(b) =
U € RO(Y,up) and T(a) = @ € RO(Y, u,) for alla € B — {b}. Thus, by Theorem 14,
T € RO(Y, ®pepip, B). It follows that M € (Bpeppp)s. O

Theorem 32. Let {(Y, pp) : b € B} be a collection of TSs. Then ((Dpepiy);s), = (Hp)s for all
b e B.

Proof. Let b € B. To see that ((Dpeppin);s), S (Hp)s, let U € ((Dpephp)s), and lety € U.
Choose M € (®pepip)s such that M(b) = U. By Theorem 31, M € @pep(pp)s and so
M(b) = U € (up);- To see that (pp)s S ((Bpepitn)s)y let U € (up)s. Then by € Bpep(pp),-
So, by Theorem 31, by; € (Dpeppy)s- Hence, (by)(b) = U € ((Dpepiv)s), O

Corollary 12. Let (Y, ) be a TS and B be any set of parameters. Let M € SS(Y, B). Then
((t(#))s)y = ps forall b € B.

Proof. For each b € B, put yp, = p. Then () = @pepyp and the result follows from
Theorem 32. [O

Theorem 33. Let {(Y, ) : b € B} be a collection of TSs. Then (®peppp)s, = Dve(Mp)s,-

Proof. To see that (Dycppin)s, & Prep(Hp)s,, let M € (Dpephiy)s,- Let b € B. We will
show that M(b) € (up)s,- Lety € M(b). Then by€M € (Dpepps)s,- So, there exists
S € RwO(Y, ®pepip, B) such that by€SCM and so, y € S(b) C M(b). Now, by Theorem 15,
S(b) € RwO(Y, up). 1t follows that M(b) € (pp)s, - To see that ©pep(ps, ), S (Doehn)s,,
let M € ©pep(pp)s, and let byeM. Theny € M(b) € (up)s,. So, there exists U €
RwO(Y, pp) such thaty € U C M(b). Let T = by. Then b,ETCM. On the other hand,
since T(b) = U € RwO(Y, up) and T(a) = @ € RwO(Y, j,) for all a € B — {b}. Thus,
by Theorem 15, T € RwO(Y, ©peppiy, B). It follows that M € (@peppp);,- O

Theorem 34. Let {(Y,up) : b € B} be a collection of TSs. Then ((@begyb),;w)h = (up)s,, for
allb € B.

Proof. Let b € B. To see that ((@bGBW)O‘w)h C (up)s,, letU € ((@bEByb)‘sw)b and let
y € U. Choose M € (Dpeptip)s, such that M(b) = U. By Theorem 33, M € @pep(pin)s,,
and so M(b) = U € (my);, To see that ()5, S ((@penin)s, ), let U € (m)s,-
Then by € @pep(pp)s,- So, by Theorem 33, by € (Speppis)s,- Hence, (by)(b) = U €

((@bEB,ub)&w)b' D

Corollary 13. Let (Y, u) be a TS and B be any set of parameters. Then ((T(y)) 5w)h = s, for
allb € B.

Proof. For each b € B, put yp, = p. Then T(y4) = @pepyp and the result follows from
Theorem 34. O

5. Conclusions

The growth of topology has been supported by the continuous supply of topological
space classes, examples, properties, and relationships. As a result, expanding the structure
of soft topological spaces in the same way is important.

The targets of this work are to scrutinize the behaviors of soft Rw-open sets via soft
topological spaces, to introduce the soft topology of soft é,,-open as a new soft topology,
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and to open the door to redefine and investigate some of the soft topological concepts
such as soft compactness, soft correlation, soft class axioms, soft assignments, etc., via soft
Rw-open sets.

In this paper, soft Rw-open sets as a strong form of soft open sets are introduced. We
show that the family of soft Rw-open sets forms a soft basis for some soft topology that
lies between the soft topologies of soft regular-open sets and soft open sets. In addition,
the soft d,,-closure operator as a new operator in soft topological spaces is defined. Via the
soft J.,-closure operator, soft J.,-open sets as a strong form of open sets and a weaker form
of soft Rw-open sets are introduced. Moreover, the correspondence between soft J.,-open
in soft topological spaces and d,,-open in topological spaces is studied.

In the upcoming work, we plan to: (1) Introduce some soft topological concepts using
soft Rw-open sets such as soft continuity and soft sepapration axioms; and (2) investigate
the behavior of soft J,,-open sets under product soft topological spaces.
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