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1. Introduction

In the past two decades, fractional differential equations are widely used in the mathe-
matical modeling of real-world phenomena. These applications have motivated many re-
searchers in the field of differential equations to investigate fractional differential equations
with different fractional derivatives, see the monographs [1-4] and the recent references.

The main motivation of studying fractional evolution equation comes from two as-
pects. Firstly, many mathematical models in physics and fluid mechanics are characterized
by fractional partial differential equations. Secondly, many types of fractional partial dif-
ferential equations, such as fractional diffusion equations, wave equations, Navier-Stokes
equations, Rayleigh-Stokes equations, Fokker-Planck equations, Schrodinger equations,
and so on, can be abstracted as fractional evolution equations, for example, see [5-7].
Therefore, the study of fractional evolution equations is very valuable in both theory and
application. Indeed, the well-posedness of fractional evolution equations has become an
important research topic of evolution equations (see [8-18]).

In this paper, we consider the Cauchy problem of fractional evolution equations with
an almost sectorial operator

HpJvy(t) = Ay(t) +g(ty(t), te(0,T], o
15V y(0) = o,

where HDé‘f is the Hilfer fractional derivative of order 0 < A < land type0 <v <1,

I(gi_)‘)(l_v) is Riemann-Liouville fractional integral of order (1 — A)(1 —v), A is an almost
sectorial operator in Banach space X, g : [0, T] x X — X is a function to be defined later,
Yo € X, Te (0,00).

The Hilfer fractional derivative is a natural generalization of Riemann-Liouville
derivative and Caputo derivative, see [1]. It is obvious that fractional differential equations
with Hilfer derivatives include fractional differential equations with Riemann-Liouville
derivative or Caputo derivative as special cases. In the past few years, fractional differential
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equations with Hilfer fractional derivative received great attention from many researchers
(see [8-18]).

In this paper, we will prove new existence theorems of mild solutions for (1) in the
cases that the semigroup associated with the almost sectorial operator is compact as well
as noncompact. In particular, our results obtained in this paper essentially improve and
extend the known results in [4,9,10]. The rest of this paper is organized as follows: in
Section 2, we will introduce almost sectorial operators, fractional calculus and the measure
of noncompactness which will be used in this paper. In Section 3, we will give some useful
lemmas before proving the main results. In Section 4, we will show some new existence
results of mild solutions for Cauchy problem (1). In Section 5, we will point out that the
definitions of the operators in [10,16-18] are inappropriate.

2. Preliminaries

We first introduce some notations and definitions about almost sectorial operators, frac-
tional calculus and the Kuratowski’s measure of noncompactness. For more details, we refer
to [1,2,19,20].

Assume that X is a Banach space with the norm | - |. Let R = (—o0,00), RT = (0, 00)
and ] be a finite interval of R. By C(J, X) we denote the Banach space of all continuous
functions from ] to X with the norm ||u[| = sup,; [u(t)| < co. We denote by L(X) the
space of all bounded linear operators from X to X with the usual operator norm || - || £ x)-

Let A be a linear operator from X to itself. Denote by D(A) the domain of A, by
o(A) its spectrum, while p(A) := C — c(A) is the resolvent set of A. Let 52 ={z €
C\{0} : |argz| < u} be the open sector for 0 < u < 7, and S, be its closure, i.e.,

Su={z € C\{0} : |argz| < u} U{0}.

Definition 1. Let 0 < k < 1and 0 < w < 5. We denote O,¥(X) as a family of all closed linear
operators A : D(A) C X — X such that

(i) o(A) CSy={z€C\{0}:]|argz| <w}U{0}and
(i) forany p € (w, ), there exists C,, such that
IR(z A)lgx) < C},|z\*k, forallz€ C\ S,

where R(z; A) = (zI — A)~1,z € p(A) is the resolvent operator of A. The linear operator A will
be called an almost sectorial operator on X if A € @ F(X).

Define the power of A as

1
B — BR(z: _
A 7ori /I“,, zPR(z; A)dz, B>1—k,

where I, = {RT¢} J{RTe "} is an appropriate path oriented counterclockwise and
w < p < p. Then, the linear power space X := D(AP) can be defined and Xp is a Banach
space with the graph norm ||yl = |APy|, y € D(AP).

Next, let us introduce the semigroup associated with A. We denote the semigroup
associated with A by {Q(t)}+>o. For t € S% Cw
- 2

1

Q(t) =e#(A) = i /Tp e "R(z; A)dz,

where the integral contour I', = {R*e#} |J{R"e *} is oriented counter-clockwise and
w < p < p < F —|argt|, forms an analytic semigroup of growth order 1 — k.

Lemma 1 (see [19]). Assume that0 <k < 1and 0 < w < . Set A € O¥(X). Then
(i) Q(s+1t)=Q(s)Q(t), foranys,t € S%,w;
(ii) there exists a constant Co > 0 such that |Q(t) | z(x) < Cott=1, for any t > 0;
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(iii) The range R(Q(t)) of Q(t), t € 50%7(0 is contained in D(A%). Particularly, R(Q(t)) C
D(AP) forall B € C with Re(B) > 0,

1
B - Be—t2R(z:
APQ(t)y 7ori /Fe zPe "*R(z; A)ydz, forally € X,
and hence there exists a constant C' = C'(vy, B) > 0 such that
IAPQ(H)[|p(x) < C't777RBITD forall t > 0;

(iv) IfB>1—k then D(AP) C £q = {y € X: lim0+ Q(t)y =y},
(v) R(A,A) = [57 e MQ(t)dt, for every A € C with Re(A) > 0.

Definition 2 (Riemann-Liouville fractional integral, see [2]). The fractional integral of order A
for a function y : [0,00) — R is defined as

1 t _
16‘+y(t) = W/O (t—s)*ty(s)ds, A >0,t>0,

provided the right side is point-wise defined on [0, 00), where T'(-) is the gamma function.

Definition 3 (Hilfer fractional derivative, see [1]). Let 0 < A < 1and 0 <v < 1. The Hilfer
fractional derivative of order A and type v for a function y : [0,00) — R is defined as

v “nd 1-1a-—
Dyt = LM S T (),

In particular, whenv = 0,0 < A < 1, then
d A
A, — .
HDOfy(t) = EI(LAy(t) =: "Dy y(t),

where LD()\ . is Riemann-Liouville derivative.
Ifv=1,0< A <1,then

2 d
Doty(t) = Io gpu(®) = D y(e),

where CDS\ . is Caputo derivative.
Let D be a nonempty subset of X. The Kuratowski’s measure of noncompactness « is
defined as follows:

n
a(D) = inf {d >0: D c M; and diam(M;) < d},
j=1

where the diameter of M, is given by diam(M;) = sup{|x —y[: x,y € M;},j=1,...,n.

Lemma 2 ([21]). Let X be a Banach space, and let {u,(t)}5_, : [0,T] — X be a continuous
function family. If there exists ¢ € L[0, T] such that

lun (D] < &(F), te[0,T), n=12,....

Then a({u,(t)}5 ) is integrable on [0, T|, and

({ [ un<s>ds}:°_l) <2 [ el {n(s) 0.
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Definition 4 ([22]). Define the wright function M, (0) by

= (ot
My(8) =) (DT~ An)’ 0<A<1,0€eC,
n=1 :
with the following property
o I'(149)
s _ >
/0 O'M (6)d0 = Fer i, ford 20

Lemma 3 ([9]). The problem (1) is equivalent to the integral equation

y(t) :WF(H)(H)
| (2)
+r(1A)/o (t—5)*""[Ay(s) + 8(s,y(s))lds, t€ (0,T].

Lemma 4. Assume that y(t) satisfies integral Equation (2). Then

t
¥ = Su O+ [ Kalt=9)g(s,y()ds, te (0,T)
where
_ v(1-A) A1 _ [~ A
Sap(t) =Ly KAL), Ka(t) =t Q)(t), and Q) (t) = A AOM, (0)Q(t"0)do.
Proof. This proof is similar to [9], so we omitit. O
In view of Lemma 4, we have the following definition.

Definition 5. Ify € C((0, T], X) satisfies

ot
y(t) = Suu Oy + [ Kalt=9)g(s,y(s))ds, te (0,T)
then y(t) is called a mild solution of the Cauchy problem (1).

Lemma 5 ([10]). If {Q(t)}¢0 is a compact operator, then {S ,,(t) } =0 and { Q(t) }+~0 are also
compact operators.

Lemma 6 ([4]). Let B > 1 —k. Forally € D(AP), we have lim;_,oy Q) (t)y = %

Lemma 7. Assume that {Q(t) }+~¢ is a compact operator. Then {Q(t) }1~¢ is equicontinuous.

Lemma 8 (See also [10]). For any fixed t > 0, Q) (t), KCx(t) and S, ,,(t) are linear operators,
and forany y € X,

|Qa (Bl < Lt D yl, [Ka(t)y] < Lit™yl, and [Syy (B)y] < Lot~ 4y,

where
L= Col'(k) L — Col'(k)
YTk 2T Tw(@ = A) + k)
Proof. By
o0 I(1+96)
1)
= —— >
/O O°M (0)d0 = For g ford >0,
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we have
Qutl = [ 20w @) o)y
<AC /000 M, (0)6F =1y |46
<L *&Vly|, fort € (0,T) and y € X.
Moreover, for t € (0, T] and y € X,
Ca(tyl = 11" Qa D)yl < Lit* Tyl

and

_v(d=4A) _ 1 b v(1-A)—1
Su 0] = 158 Ka 0] =| gy 0= 970 (s

CoT'(K) )1k
“FORTWa =) = s

<L2t—1+v—/\v+)\k‘y|.

This completes the proof. [

Lemma 9 ([10]). Assume that {Q(t)}s~0 is equicontinuous. Then { Q, (t) }1=0, {ICr(t) }1>0 and
{Srv(t) }i=0 are strongly continuous, that is, forany y € X and t"" > ' > 0,

|QA(t )y — Qa(t" )yl = 0, [Ka(t)y — KA (t")y] = 0,
ISau()y —Sau(t )y =0, ast” —t.

3. Some Lemmas
7T

Throughout this paper, we assume that A € ©;%(X),0 < k < land0 < w < %.
Furthermore, we suppose that o € D(AP) with g > 1 — k.
We introduce the following hypotheses:

(H1) Q(t) is continuous in the uniform operator topology for t > 0, i.e., {Q(t)}+>0 is
equicontinuous.

(H2) the map t — g(t,y) is measurable for all y € X and the map y — g(#,y) is continuous
fora.e. t € [0, T].

(H3) there exists a function m € L((0, T|,R") satisfying

Ipkm € C((0,T),RY), Jim. v A=Kk (1) = 0

and |g(t,y)| < m(t), forae. t € (0,T] and any y € X.
(H4) there exists a constant r > 0 such that

t
L2|y0| +Li sup {tl—v+/\v—/\k/0 (t_s)/\k—lm(s)ds} <r,

te[0,T]
where
L= Col'(k) L — Col'(k)
YTk 2 T =M+ Ak)
Let

Cr((0,T],X) = {y € C((0,T], X) : tliré}r 1V A=Ky (1)| exists and is finite},
—
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with the norm

lylla = sup {#'=+ 2= y(8)[}.
te(0,T]

Then (C,((0,T], X), | - ||») is a Banach space (see Lemma 3.2 of [23]).
For any y € C,((0, T], X), define an operator 7 as follows

(Ty) () = (Tiy) () + (T2y) (8),
where
t
(Tiy) (1) = Sav(t)yo,  (Tay)(t) = /0 Ka(t=s)g(s,y(s))ds, fort e (0,T].
Clearly, the problem (1) has a mild solution y* € C,((0, T], X) if and only if 7 has a

fixed point y* € C,((0, T], X).
It is easy to show that

tg%’}k tl_v+/\v_/\k8/\,1/(t)y0 =0. (3)
In fact,
tl—v+)w—)\k8)\,v(t)y0 = m /Ot(t B s)v(1_,\)_1szx—1 0, (s)yods
= 1"(1/(11_/\)) /01(1 _ =N | (2) yodz.

By lemma 6, lim; o, t*(1=% Q, (tz)yo = 0 and fol(l — z)V(1=M=122-147 exists, so (3)
holds.
In addition, from Lemma 8 and (H3), we have

‘tl—v-&-/\v—/\k '/(;t Ko (= s)g(s,y(s))ds‘ <L oAk ./ot(t — )M (s)ds “
—0, ast—0.
For any u € C([0, T], X), set
y(t) =t~ V=20 e (0, T).
Clearly, y € C,((0, T], X). Define an operator F as follows

(Fu)(t) = (Fru)(t) + (Fau)(t),

where
1—v+Av—Ak
(Fru)(t) = {t (Tiy)(t), forte (0,T],
0, fort =0,
1—v+Av—Ak
(Fou)(t) = {t (T2y)(t), forte (0,T],
0, fort = 0.
Let
Q,={uecC(0,T],X): |lul| <r}.
and

Q= {y e Cu(0,T,X) : [lylr <7}
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Clearly, ), and Q, are nonempty, convex and closed subsets of C([0,T], X) and
Cr((0, T], X), respectively.
Before giving the main results, we first prove the following lemmas.

Lemma 10. Assume that (H1)~(H4) hold. Then, the set { Fu : u € Q,} is equicontinuous.

Proof. Step I. We first prove that { Fju : u € (), } is equicontinuous.
Fort; =0, t; € (0, T], by (3), we obtain

‘(}—1”)(1‘ ) — (Fiu)(0 ‘ <‘t LviAv=2kg, (k) yo —O‘ —0, as tp — 0.
For any t1,t, € (0,T] and t; < t,, we have

’(]:1”)(’52) - (flu)(tl)‘ S‘le_V+AV_/\kSA,v(t2)yo — v EEARS, L (H)yo

<V (S L (B2) Yo — Saw(H) ol
+ [V TR S (k) o

—0, as tp — t4.

Hence, { Fiu : u € Q,} is equicontinuous.

Step II. We prove that { Fou : u € ()} is equicontinuous.
Let y(t) = t~(-vHAv=AK)y(t), forany u € O, t € (0, T]. Theny € Q.
Fort; =0,0 < tp < T, by (4), we have

(Fau)(t2) — (Fau) (0)] =[e21 =74 [k, (0~ (s, (5))ds

—0, as tp — 0.
For0 <t; <ty <T,weget
|(Fau)(t2) — (Fau)(tr)]
et [P, - VlQWrﬂM@ﬂmﬁ‘
‘t 1—v-+Av—Ak /Otl ((tr —s)*1 = (1 — ) 1) Qu(ta _S)g(s,y(s))dS‘
thMMA“tﬂAlgmrw Qa1 —5))g(s,y(s))ds
X ‘tzlfwr/\vf)\k _ t117v+/\v7/\kH /Otz(tZ —)M1Q, (- s)g(s,y(s))ds‘
<Sh+h+L+1
where
L :thllfl’H"’*)‘k‘ /Otz(tz — )Ml (s)ds — /Otl(tl — )Ml (s)ds

t
b :2L1t117v+)\v72\k/01 ((h - SV (1 — S)/\—l)(tz _ s))‘(kfl)m(s)ds,

7

Iy =t [ (=9 Qa2 — ) — Qalh — ) g5, y(s)ds,

ty
I :’tzl—v-&-)\v—)\k _ tll—l/-i-)w—)\k‘ ‘Ll /O (tz _ s)’\k_lm(s)ds‘.
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One can deduce that limy, ¢, I; = 0, since Ié‘im € C((0, T],R™). Noting that
(=) = (=)} D (ta = )" Dim(s) < (1 —s)* m(s), fors e [0,t),
then by Lebesgue dominated convergence theorem, we have
t
/ ' (=) = (2 = )" V) (b — )M Vim(s)ds — 0, asty —
0

which implies I, — 0 as tp — t1.
By (H3), for ¢ > 0, we have

t—e
I3 Sfllﬂ/MV*Ak/o 1 (=" [ Qata —s) — Qu(tr — )| £(x)18(s:y(s)) |ds
t
+ tllf”HV*Ak‘ /t 1_8(1‘1 =) (Qu(t —5) — Qa(tr — S))g(S/y(S))dS‘

51
Sfllﬂ/HV*Ak/O (1 — )" m(s)ds [SUP ] [Qa(ta =) — Qa(t1 —s)ll£(x)
se O,tl—S

fy
+ Zthll—v—i—Av—/\k /

t17€

(t1 — ) m(s)ds
<I3 + I3p + I33,

where

fy
Igy =t 1V HAv—Ak / (1 —)* 'm(s)ds sup [|Qr(ta—s) — Qu(ts —5)lz(x)
J0 se€l0,t;—¢]

t tl—S
I :2L1t11’1’+)‘”*)‘k‘ / 1(t1 — )M Vi (s)ds — / (t1 — e — s)™Lm(s)ds
0 0

tl —¢&

I3 =2L1151171'+M7Ak/0 ((h—e— )M = (8 =)™ V)m(s)ds.

7

By (H1) and Lemma 9, it is easy to see that I3y — 0 as tp — t1. Similar to the proof that
I1, I tend to zero, we get I3 — 0 and Iz3 — 0 as ¢ — 0. Thus, I3 tends to zero as t; — t1.
Clearly, I4 — O as tp — t1.

Therefore, {Fou : u € ,} is equicontinuous. Furthermore, {Fu : u € Q,} is
equicontinuous. [J
Lemma 11. Assume that (H2)-(H4) hold. Then FQ, C Q,.
Proof. Lety(t) =t~ (1=vFAv=2)y(t) for u € O, t € (0,T]. Theny € Q.

From Lemmas 10, we know that FQ, C C([0,T|,X). Fort > 0 and any u € (),
by (H4), we have

() ()] <[, (o] + [P [ (6= 9)gls,y(s))ds
<La|yo| 4 Lyt vHAv=2k /Ot(t — )™ i (s)ds < r.
For t = 0, we have |(Fu)(0)| = 0 < r. Therefore, FQ), C Q. O
Lemma 12. Assume that (H2)—(H4) hold. Then F is continuous.

Proof. Let {u,}? ; be a sequence in (), which is convergent to u € (),. Consequently,

lim w0, (t) = u(t), and Ji_r)r;ot_(l_”“_“)un(t) = ¢~ (vt A=Ay () for t € (0,T].
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Let y(t) =t~ AvAv=20)y(t), y, (t) = £~ A-v+Av=2K)y, (1), + € (0, T]. Then y,y, € Q.
In view of (H2), we have

Tim g(tyn (1)) = lim g(t, =MW (1) = (1AM (1)) = g1,y (1)),

Foreacht € (0,T], (t—s)™1|g(s,yn(s)) — g(s,y(s))| < 2(t —s)**Lm(s). By Lebesgue
dominated convergence theorem, we obtain

[ =97 g, 3a(9) — 5l y($)lds 50, as > o
Thus, for t € [0, T],
|(Fua)(t) = (Fu) (1)
<A1 (5= ) 505,y (5)) — 805, y(9) s

t
§L1t1*“+)"’*)‘k/ (t— )MV g(s,yn(s)) — g(s,y(s))|ds — 0, as n — co.
0

Therefore, ||Fu, — Fu| — 0asn — oo. Hence, F is continuous. The proof is
completed. O

4. Main Results

Theorem 1. Assume that Q(t)(t > 0) is compact. Furthermore suppose that (H2)~(H4) hold.
Then the Cauchy problem (1) has at least one mild solution in C),.

Proof. Clearly, the problem (1) exists a mild solution y € (), if and only if the operator F
has a fixed point u € Q,, where u(t) = t'=V*A=Ay(t). Hence, we only need to prove that
the operator F has a fixed point in (},. From Lemmas 11 and 12, we know that FQ), C Q,
and F is continuous. In view of Lemma 10, the set {]—" u: ue Q,} is equicontinuous.
It remains to prove that for t € [0,T], {(Fu)(t) : u € €} is relatively compact in X.
Clearly, {(Fu)(0) : u € Q,} is relatively compact in X. We only consider the case t > 0.
Forany ¢ € (0,t) and § > 0, define F, 5 on (), as follows

(Fesu)(t) =tV ) (1)
= lmvHAv=Ak (SM(t)yo + /0 o /5 ” AB(t — ) 1M, (6)
x Q((f—S)AG)g(S,y(S))deS)
Thus,

(Fegu)(£) =t A28 (sA,m)yo +Q) [ [T et -9 o)

X Q((t—s)*0 — e@)g(s,y(s))d@ds) .

By Lemma 5, we know that S, , (t) is compact because Q(t) is compact for t > 0.
Furthermore, Q(&'6) is compact, then the set {(F, ;u)(t), u € Q,} is relatively compact in
X for any € € (0,t) and for any 6 > 0. Moreover, for every u € (), we find
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[(Fu)(t) = (Fesu) (1))
<o | t | "0t = sY T IMA(O)Q((t — 5)0)g(s, y(s)dods|

A /tt /:’ AB(E = $)" M, (0)QU(t — 5)"0)8 (s, y(s) )dods|
<ACyHl VA=A /0 (£ = 5)M g (s, y(s))ds /0 "0 M, (0)d6

t o
4 ACH VYA / (t — )M g(s, y(s))|ds /0 6% M, (8)d6

t—e

</\CO tl—l/-‘r/\v—/\k /

Ot(t — )5 ds /0 " 0k, (0)d6

t [eS)
+Ac0t1—V+M—M</ (t—s)”‘—lm(s)ds/ 6% M, (6)d0
0

t—e

—0, ase—0,6—0.

Therefore, {(Fu)(t) : u € Q,} is also a relatively compact set in X for t € [0, T]. Thus,
{Fu: u e O} is relatively compact by Ascoli-Arzela Theorem. Hence, F is a completely
continuous operator. Schauder’s fixed point theorem shows that F has at least a fixed point
u* € Q. Let y*(t) = ¢t~ (1I=v+A=A) () Thus,

V() = S+ [ Kl —9g(s v ()ds, £ O.T],

which implies that y* is a mild solution of (1) in Q. The proof is completed. []

In the case that Q(f) is noncompact for t > 0, we give an assumption as follows:
(H5) there exists a constant K > 0 such that for any bounded D C X,

a(g(t, D)) < Ke'=v+W=Aky (D), forae.t € [0,T],
where « is the Kuratowski’s measure of noncompactness.

Theorem 2. Assume that (H1)—(H5) hold. Then the Cauchy problem (1) has at least one mild
solution in Q).

Proof. Let ug(t) = =AW =AkS, (t)yo forall t € [0,T] and uy 11 = Fuy, n=0,1,2,---.
By Lemma 11, Fu, € Q,, for u, € .. Consider set V = {fun) D up € )5, and we
will prove set V is relatively compact. In view of Lemmas 10, the set V is equicontinuous.
We only need to prove V(t) = {(Fuu)(t), up € Qr}, is relatively compact in X for
te0,T].

By the properties of measure of noncompactness, for any ¢ € [0, T] we have

({0}, ) =a({wo}o {uv), ) =e({m}, ) =) 6

Let y, (t) = t~1Hv=2+rky (), t € (0,T], n = 0,1,2,- - -. By the condition (H5) and
Lemma 2, we have
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=
~—~
<
—~
~
=
=
Il

o

({ (Fun)( }n 0>

({t1 VEWSARS) (E)y + VA A’f/ KAt —5)g(s,yn(s ))ds}zozo)
Za({t17U+AV7Ak/() ]CA(t_S>g(s,yn(s))dS}n:0)

oLy /ot(f =) a(gls, {571 M () }52o) ) ds

<2L1KT171/+)H/7/U< /t
o 0

<DL KTV HAv=Ak /Ot(t — )My ({un(s)}j:())ds.

In view of (5), we obtain

(t— S)Akflslfvjt)waklx ({Sflﬂ/fAer/\kun(s)};lw:O)ds

w(V(t)) < 2Ly KTIvHAv=Ak /Ot(t — )M 1a(V(s))ds

Therefore, by the inequality in ([24], p.188), we obtain that a(V(t)) = 0, then V()
is relatively compact. Consequently, it follows from Ascoli-Arzela Theorem that set V
is relatively compact, i.e., there exists a convergent subsequence of {u,}5_,. With no
confusion, let limy,, ,c u;, = u* € Q).

Thus, by continuity of the operator F, we have

= Jim o = fim, Fieior = F(fim 1) = Fu

n—o0

Let y*(t) = t~1+v=Av+Aky* (), Thus, y* is a mild solution of (1) in ),. The proof is
completed. O

In the following, we prove the existence and uniqueness of a mild solution of the
Cauchy problem (1).

(H6) There exists a function L € C([0, T],R") such that I}¥L € C([0, T],RT),

1g(ty1(t)) — g(ty2(t)| < L(t)|ly1 — y2lla, forany y1,y2 € Oy,

and

t
sup {L1T1”+)"’Ak/ (t— s)M‘lL(s)ds} <lp<1l
te[0,T] 0

Theorem 3. Assume that the conditions (H2)-(H4) and (H6) hold. Then the Cauchy problem (1)
has a unique mild solution in ().

Proof. From Lemmas 11, we know that FQ), C Q). For any uq,up € Qy, t € [0, T], we have
|(Fun) (1) = (Fua) (1)
ST () 506,10 (5)) — 8(5,2(5))) s
LT[ g5, (5)) — g5 v2() s

t
SLlTlvar/\vf)\k/O (f o S)AkilL(S)Hyl o yZH/\dS

<lpljug — uz||.
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Thus
[ (Fur) = (Fua)| < lollug — ual],

which implies that F is a contraction mapping. In view of the contraction mapping
principle, 7 has the unique fixed point u* € Q,. Let y*(t) = ¢~ (A=vHAv=Ak)y % (¢), Thus, y*
is a unique mild solution of (1) in €3,. The proof is completed. [

5. Remarks

In recent paper [10], the authors studied the problem (1) and obtained the following
result by Schauder’s fixed point theorem.

Theorem 4 (see Theorem 3 in [10]). Let0 < k < 1,0 < w < F and A € O K(X). If we
assume, Q(t)(t > 0) is compact and the following hypotheses hold:

(hy) foreachfixedt € (0,T], g(t,-) : X — X is continuous function and for each y € C((0, T], X),
g(~y) : (0, T] — X is strongly measurable.

(hy) there exists a function | € L((0, T), R") satisfying

I3%1 € C((0, T],RT), tli%l+t<14’<><1*’f>13$l(t) =0

and |g(t,u)| < 1(t) forall u € BY ((0,T]) and almost all t € [0, T).
(h3)

t
sup (17015, (1o + 1700 [ (¢ 51 (5)ds) <,
te[0,T] 0

for a constant r > 0 and yg € D(A?),0 > 1 —k, where S ,,(t) = Igfrl*A)tA”Q;k(t).

Then there exist a mild solution of the Cauchy problem (1) in BY (0, T]) for every yo € D(AP)
with p>1—k.

Remark 1. In [10], the authors claimed that lim; oy t0-0=VS, (Hyy = 0 (see, (12)
in [10]). Howeuver, this claim is incorrect.

In fact, when v = 1 and yy # 0, from Lemma 6, we know that lim;_,o1 9, (t)yo = yo/T(A).
Furthermore, we have

. _ 1 : ! —AA—1
tg%1+5A,1(f)yo—mtEf(§l+ | (E=5) 77" Qa(s)yods

1

1
_ : AL
B tlir& A (1—2)""2" 7 Q) (t2)yodz

=yo 7 0.

Therefore, the definition of the operator £ in (14) of [10] is incorrect. Because there is the same
shortcoming in the papers [16—18], the definitions of the operator P in [16], the operator ® in the
proof of Theorem 3.1 in [17] and the operator § in the proof of Theorem 3 in [18] are inappropriate.

Remark 2. The condition (h3) contains the abstract operator S ,,(t). It is difficult to verify whether
the condition (h3) is satisfied for one fractional evolution equation.

Remark 3. The results obtained in this paper essentially improve and correct Theorem 3 in [10], and
extend Theorem 2.1 in [4] and the known results in [9]. It is worth mentioning that all conditions of
our theorems do not contain the abstract operator Sy ,,(t).
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