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Abstract: In this paper, we introduce two new concepts, generalized a-77-F Z-contraction and mod-
ified a-77-F Z-contraction, which unify several types of contractions in the context of fuzzy metric
spaces. We discuss the existence and uniqueness results of such mappings in the setting of a com-
plete fuzzy metric space in the sense of George and Veeramani and present several significant
consequences of our obtained results by using variant examples for F Z-simulation functions and
admissible mappings. Some examples are provided to illustrate the usability of our main results.
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1. Introduction

Fixed point theory is one of the most influential theories in nonlinear functional analy-
sis. Several disciplines, including computer sciences (see [1,2]), economics, game theory [3],
and many more, used fixed point techniques to find solutions of nonlinear equations. The
pioneering Banach Contraction Principle is a major progress in the theoretical development
of metric fixed point theory. This result has been developed, extended, generalized, and
improved in several generalized abstract spaces (see [4-15]).

In 2015, Khojasteh et al. [9] provided a novel approach to prove the existence of
fixed point by exploring the concept of simulation functions, which exhibit a significant
unifying power. Accordingly, many researchers extended and enriched this notion in
various distinct metric spaces (see [11,14,16-18]). In 2018, inspired by the aforementioned
approach, Melliani and Moussaoui [8,19] proposed a new type of fuzzy contractions, called
JF Z-contraction in the context of fuzzy metric spaces and showed that this new form of
contractions can also yield a unique point of view for various well-known concepts such
as fuzzy contractions [5], fuzzy ¢-contractions [6], and fuzzy H-contractions [7]. Other
remarkable results were presented in [10] where the concept of admissible mappings was
initiated to include numerous and diverse contractions. For more details, see [10,20].

In this study, we define two new concepts of contractions named generalized a-77-
F Z-contraction and modified a-y-F Z-contraction, and prove some fixed point results
which ensure the existence of unique fixed point for these new contractions in complete
fuzzy metric spaces in the sense of George and Veeramani. Furthermore, we derive several
distinct fixed point results by properly defining the admissible mapping and/or the F Z-
simulation function in our main theorems. The presented results enrich, generalize, extend,
and unify various previously released results in the literature.
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2. Preliminaries

For reasons of comprehensiveness, we will discuss in brevity some essential notions.

Definition 1 ([21]). A continuous t-norm is a binary operator % : [0,1] x [0,1] — [0,1]
satisfying the following four conditions:

CT1) *is commutative and associative,
CT2)

CT3) ¢x1=cgforallg €[0,1],

CT4) ¢xv <0 mwheneverg < candv <, forall g,v,0,7 € [0,1].

* IS continuous,

(
(
(
(

Example 1. The following ones are classical examples of continuous t-norm:

(1) gxv=g-v,
(2) ¢*v=max{0,g+v—1},
(3) ¢*v =min{g,v}.

Definition 2 (George and Veeramani [22]). A fuzzy metric space (FMS) is an ordered 3-triple
(S, L, %) where S is an arbitrary nonempty set, * is a continuous t-norm, and L is fuzzy set on

8?2 x (0, 00) satisfying the following conditions, for all 6,9,5 € S and ¢,s > 0,
(GV1) L£(6,9,¢) >0,

(GV2) L(6,9,¢) =1ifand only if 6 = 9,

(GV3) L(6,8,6) = L(8,6,¢),

(GV4) L(6,09,¢) « L(V,0,s) < L(0,5,6+5),

(GV5) L(6,0,) : (0,400) — [0,1] is continuous.

If we replace (GV4) by
(GV4) - L(6,9,¢) % L(8,6,5) < L(6,5,max{c,s})

forall§,9,6 € S and g,s > 0, then the ordered triple (S, £, *) is called a non-Archimedean
FMS, as (GV4)' = (GV4), every non-Archimedean FMS is a FMS. Furthermore, (S, £, %) is
called a strong FMS if (GV4) is changed by (GV4)" : £(6,0,¢) * L(8,5,¢) < £(6,6,¢) for
allg,8,6 € Sand ¢ > 0.

According to [22], every fuzzy metric £ on a set S yields a Hausdorff first countable
topology 7, on S, with bases as the family of open balls {B.(6,7,6) : 6 € S,r € (0,1),¢ >
0}, where B, (6,7,¢) = {0 € S:L(6,9,5) >1—r}. For more details, see [5,22].

Lemma 1 ([4]). £(6,9,-) is nondecreasing on (0,+o0) forall 6,9 in S.

Definition 3 ([22]). Let (S, L, *) be a FMS.

1. Asequence {6,} C S is said to be convergent to 6 € S if limy_y00 L(6,0,¢) = 1 for all
¢>0

2. Asequence {0,} C S is said to be a Cauchy sequence if and only if for all ¢ € (0,1) and
¢ > 0, there exists ny € N such that L£(0y,0m,6) > 1 —¢foralln,m> ng;

3. A FMS in which every Cauchy sequence is convergent is said to be complete.

Definition 4 ([5]). Let (S, L, x) bea FMS. A mapping G : S — S is said to be a fuzzy contractive
mapping if

1 1
E(g(%gﬂ,g)_ng(ﬁ(G,ﬁrG) _1>'



Axioms 2022, 11, 87

30f17

forall 6,9 € S,¢ > 0and some x € (0,1).

Let ¥ be the set of functions ¢ : [0,1] — [0, 1] such that ¢ is non-decreasing, continuous,
and (i) > h, forall i € (0,1).

Definition 5 ([6]). Let (S, L,*) be a FMS. A mapping G : S — S is said to be a fuzzy Y-
contractive mapping if

L£(G6,G9,6) > p(L(6,9,6)) forall 6,8 € S,c >0,p € ¥.

Let H denote the class of strictly decreasing functions # : (0,1] — [0, +-00) such that 5
transforms (0, 1] onto [0, +c0).

Definition 6 (Wardowski [7]). Let (S, L, ) be a FMS. A mapping G : S — S is said to be a
fuzzy H-contractive with respect to yj € H if there exists xk € (0,1) such that

n(L(G0,G0,¢6)) <xn(L(6,9,6)) forall 6,9 € S,c > 0.

On the other hand, we are interested to recall the notion of F Z-contraction, recently
introduced by Melliani and Moussaoui ([8,19]). Precisely, this concept is a new type of
fuzzy contraction defined by using a specific control function, stated as follows.

Definition 7 ([8,19]). A mapping ¢ : (0,1] x (0, 1] — R is said to be an F Z-simulation function
if it satisfies the following conditions:

(¢1) ¢(1,1) =0
(02) {(w,@) < 5 =L forall w,@ € (0,1);
(¢3) if {wn}, {@n} are sequences in (0,1] such that nl_i)l;r:oown = nl_i)l}rloown < 1 then

nLIT sup {(wn, @n) < 0.

The collection of all F Z-simulation functions is denoted by F Z.
Next, we give some examples of the F Z-simulation function.

Example 2 ([8,19]). Let ; : (0,1] x (0,1] — R, I = 1,2,3 be defined as:
1. {(w,w) —K(%— )—lJrlforallchE(O 1], where x € (0,1);
2. H(we)= 1) Lforallw,@ € (0,1 and € ¥;
3. ww) = ﬁ — Lforallw,@ € (0,1], where n € H.

Then, {; (1 =1,2,3) are F Z-simulation functions.

Definition 8 ([8,19]). Let (S,L,*) bea FMSand { € FZ. Amapping G : S — S is said to be
an F Z-contraction with respect to {, if the following condition is satisfied

¢(L£(G8,G9,6),L(6,0,6)) > 0forall 6,8 € S,¢ > 0. 1)

Definition 9 ([23]). Let (S, L, *) bea FMS and let a,17 : S X S x (0, +00) — [0, +00) be two
functions. We say that G : S — S is a-admissible with respect to y if, forall 6, % € S

«(0,9,6) >1n(6,9,6) = a(G0,G0,¢) > n(GH,G9Y,¢) forall ¢ > 0.

if we take a(0,9,¢) = 1 forall 0,9 € S and ¢ > 0, then we say that G is an y-subadmissible
mapping.

In line with [24], we use the concepts of a-orbital and triangular a-orbital admissibility
in the following form.
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Definition 10 ([24]). Let (S, L, ) bea FMS and let a,17 : S x S x (0,4+00) — [0, +00) be two
functions. We say that G : S — S is a-orbital admissible with respect to 1 if

x(0,G0,6) > 1(6,G6,¢) = a(G0,G%0,¢) > 1(G6,G0,¢).

Moreover, G is said to be triangular a-orbital admissible with respect to y if it satisfies the
following conditions:

(T1) G is a-orbital admissible with respect to y;
(T2) a(6,9,6) = 1(6,9,¢) and a(8,G9,¢) = 1(8,G98,¢) = «(6,G8,5) > 1(0,G9,¢).

Remark 1. Note that if we take 1(0,9,¢) = 1, then this definition reduces to the definition of
a-orbital and triangular a-orbital admissible mappings.

In 2016, Mishra et al. [23] initiated the idea of a modified a-¢-fuzzy contractive
mappings as follows:

Definition 11 ([23]). Let (S, L, *) be a FMS and a,51 : S x S x (0,00) — [0,00) be two
functions. We say that G : S — S is a modified a-¢-fuzzy contractive mapping if there exists a
function ¢ € @ such that forall 6,9 € S and all ¢ > 0, we have

1 1
@2 21009~ (zgagre ) < (v@ag
where N'(0,9,¢) = min{L(6,9,¢),L(6,G0,¢), L(9,GV,¢)}.

Here we mention that @ is the set of right continuous functions ¢ : [0, +-c0) — [0, 4+-c0)
such that ¢(h) < hforallh > 0.

Remark 2. If 7(0,9,¢) = 1 and N (0,9,¢) = L(0,9,¢), then this definition reduces to the
concept of a-¢-fuzzy contractive mapping given by Gopal et al. [25].

3. Main Results

Definition 12. Let (S, L, *) be a FMS and let a, 17 : S x S x (0, 400) — [0, +00) be two given
functions. A mapping G : S — S is called a generalized a-n-F Z-contraction with respect to
e FZifforall0,0 € S, ¢ >0, we have

a(0,8,6) > 1(0,9,¢) = £(L£(90,G8,6), N(6,8,6)) 2 0 2
where N'(0,9,¢) = min{L(6,9,¢), L(6,G0,¢), L(8,G0,¢)}.

Remark 3. (i) Ifa(0,9,¢) =1(6,9,6) =1forall0,0 € S,¢ > 0and N'(6,9,¢) = L(6,9,¢),

then Definition 12 yields the concept of F Z-contraction ([8,19]), even the definition of the fuzzy
contractive mapping introduced in [5] by taking {(w, @) = K(% - 1) —Ll41,xe(01).
(ii) If ¢ € @ and define {(w, @) = qb(% - 1) — L1 forall w,@ € (0,1], then this definition

yields the definition of modified a-¢-fuzzy contractive mapping introduced by Mishra, Vetro, and
Kumam in [23].

Definition 13. Let (S, L, *) bea FMS and let a,17 : S x S x (0, 4+00) — [0, +-00) be two given
functions. A mapping G : S — S is called a modified a-n-F Z-contraction with respect to { € F 2
ifforall 0,9 € S, ¢ > 0, we have

w(6,G6,6)a(9,G9,¢) > n(6,G60,6)n(9,G9,¢)
= (L£(G6,G9,6), K(6,8,6)) >0 ©)

where K(0,9,¢) = min{L(6,9,¢), max{L(6,3G0,5), L(8,G9,5)}}.
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Remark 4. If y € ¥ and we define ¢ : (0,1] x (0,1] — R by {(w, @) = lp(— — L for all

w, @ € (0,1], then this definition leads to the notion of modified a-n-y-fuzzy contractive mapping
stated as Definition 4.1 in [12].

Now, we give our first main result.

Theorem 1. Let (S, L, ) be a complete FMS and let a, 17 : S X S x (0, +00) — [0, +00) be two
given functions and G : S — S be a generalized a-1-F Z-contraction with respect to { € FZ
such that

(i) G is triangular a-orbital admissible with respect to 1;
(ii) there exists 6y € S such that a(6y, G0y, ) > 1(60, Gbo,c);
(iii) G is continuous.

Then, there exists 0* € S such that G6* = 6*.

Proof. Using condition (if), there exists 6y € S with a(6y, G0y, ¢) > 1(6, G, ¢). Define a
sequence {60, } in S by

Opt1 =GOy, forallnm € N.

If 0,41 = GOy for some m € N, then G has a fixed point. Thus, we suppose that
0n+1 # On foralln € N. As G is an a-orbital admissible mapping with respect to 77, we have

0((90, 91/ g) = “(90/ geO/ g) Z 77(90/ ge()/ Q) = 77(90/ 91/ €) lmplleS that
0‘(911 92/ €) = “(QQOI gel/ Q) 2 ﬂ(gGO/ g91, Q) - 77(91/ 92/ G)

Recursively, we get that
a(0y,0,11,6) = 17(64,0411,¢), foralln € N. 4)

Keeping in mind that G is a generalized a-7-F Z-contraction and taking 6 = 6, and
0 =0,_11in (2), we get

< C(L£(G0n, GOp—1,6), N (On,0n-1,6))
€(£< n+1/ nsG )rN(enrgnflrg»

1 B 1
N(Gn/ 97171/ Q) 'C(GnJrlr 971/ Q)‘

A

Hence

1 1
< ,
E(Qn—i—l;en/ Q) N(Qn/ 971—1/ Q)

which is equivalent to
N(Gnren—l/ ) < 'C( 'rl+l/ /G)/ (5)
where

N(eﬂ/ 9}’[—1/ Q) - mln{ﬁ(en/ 91’[—1/ Q)/ C(Gn/ gen/ G)/ c(el’l—ll ge}’l—l/ G)}
- min{[:(enr 9}’1—1/ g)/ (9711 9n+1r Q)/ ‘C(Qn—l/ 911/ Q)}
= min{ﬁ(@n,GnH, g)/ (97171/ On, G)} (6)

Now if min{L(60y,60,11,6), L(04-1,0n,6)} = L(0n,0,11,¢), then

R

E(Gn,6n+l/ ) < ﬁ( 7l+1/ /g)’
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which leads to a contradiction. Then
min{L(0n, 0n+1,6), L(0n—1,0n,6)} = L(01-1,0n,6).
Moreover, by (5), we obtain that
L(0y-1,6n,6) < L(0y,0,41,6) foralln € N.

As aresult, {£(0,,0,+1,6)} is a nondecreasing sequence of positive real numbers in
[0,1]. Thus, there exists I(¢) < 1 such that lim,_e0 £(64,60,-1,¢) = I(g) < 1forall¢ > 0.
We claim that

lim £(6,,6,-1,6) =1. (7)

n—-+oo

Assume on the contrary that/(gp) < 1for some gy > 0. Now, taking 7, = £(60,, 60,41, 60)
and 6, = L(60,_1,6n, o), together with condition ({3), we obtain that

0 S lim sup g(['(en/9n+1/€0)/£(9n—1/9n;€0)) < 0/

n—r—+00

which leads a contraction and yields 111}_1 L(6,,0,41,¢) =1forallg > 0.
n——+00

Next, we reason by contradiction to show that {6, } is a Cauchy sequence in S. As-
sume that {60, } is not a Cauchy sequence. Thus, there exist ¢ € (0,1), go > 0 and two
subsequences {6y, } and {60, } of {6, } with m; > ny > k for all k € N such that

L(On,,0m.,60) <1—e. (8)
By Lemma 1, we derive that

‘C(enkzemkz %) S 1-e (9)

By choosing my as the smallest index satisfying (9), we obtain

Go

L (O, Omy—1, ?) >1—e. (10)

On account of (8) and (10), and the triangular inequality, we obtain

1 — € Z E(an/emk/ go)

Z ﬁ(gnkremkfll gzi()) * ﬁ(gmkflrgmk/ %)

> (1= €)% L{Om1,0m 3)-

Taking the limits in the above inequality as k — +oco, making use of (7), we con-
clude that

lim L(6y,,6m,,60) =1—€. (11)

k—+o0

Furthermore, since G is triangular a-orbital admissible with respect to #, we obtain

&0 —1,0m,—1,60) = 17(0n,—1,0m,-1,Go0)- (12)



Axioms 2022, 11, 87 7 of 17

Since G is a generalized a-y-F Z-contraction with respect to { € F Z, we obtain that

0 S C(‘C(genk—l/ gemk—ll gO)lN<6nk—119mk—1/ QO))
= g(ﬁ(eflkremk/ gO)rN(Gnk—ll Gmk—lr QO))
1 1

< - 7
N‘(GnkilzgmkferO) 5(9nk19mkr€0)

which implies that
N(enkfl/ Gmkfll QO) < E(Gnk; Gmk/ go)/ (13)
where

N(Bnkfl/ emkfl/ gO) = min{ﬁ(enkfll 6mkflr GO>/ ﬁ(enkfll ggnkfl/ GO)/ £(6mk71, ggmkfl/ GO)}
= min{ﬁ(enkfll Gmkfll go)/ £(97Zk71/ Gnk/ go)’ *C(emkflr emk/ QO) }

Now, if N'(6,,—1,0m,—1,60) = L(Bm,—1,0my, Go), then it follows from (13) that
E(Gmk—lr emk! QO) < E(an, emkr QO)
Taking the limits as k — oo and employing (7), we obtain

1< kET L (X, Xmyr G0),

consequently . lim L£(xpn,, Xm,,Go) = 1, which contradicts (8). Applying the same reasoning
—r 00

to the case N (0, —1,0m,—1,60) = L(0n,—1,0n,,60), we have the same conclusion. As a
result, we must have N (6, _1, 6, —1,60) = L(61,—-1,0m,—1,60) and by (13) we derive that

‘C(enk—llGTHk—ll QO) < ‘C(Gnk/ Gmk/ QO) (14)
From (8), (10), and (14), it follows that
1 — € > E gnklgmkIGO)

(
(Gnk 1,0 m— 1,90)
L(
L(

an 1/9'rlk/ %) * ‘C(anremk—l/ %)

o
Gﬂk 1, Ngr ?) * (1 — 6).
Letting k — oo in the above inequality and applying (7), we get

lim E(Gnk—lr ka_l,go) =1—-€= ’}Lrglo E(Gnk, ka,go). (15)

k—o0
Taking the sequences @y = L (0, —1,6m,—1,60) and wy = L0, O, Go) and applying
(23), we deduce that

0 < lim sup Z(L(Omy, Onr 60), L(On,—1,0m,-1,60)) <O,

k—o0

a contradiction. Hence, {6, } is a Cauchy sequence. As (S, £, *) is a complete FMS, there
exists 8" € S such that

Tim £(6,,6%,¢) =1. (16)
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As @G is continuous, we conclude that
lim £(6,,41,G0%,¢) = lim £(G6,, G6%,¢) =1 (17)

We deduce from the uniqueness of the limit that 8* is fixed point of G, that is that
gor =0*. O

Theorem 2. Let (S, L, ) be a complete FMS and let a, 17 : S X S x (0, +00) — [0, +00) be two

given functions and G : S — S be a generalized a-n-F Z-contraction with respect to { € FZ

satisfying the following conditions:

(i) G is triangular a-orbital admissible with respect to 1;

(ii) there exists 0y € S such that «(8y, Gy, c) > (60, Gbo,¢);

(iii) if {On} is a sequence in S such that a(6y,0,11,6) > 17(0n,0,41,6) foralln € N, g > 0
and 6, — 0 € S, then there exists a subsequence {6, } of {0} such that a(6,,x),0,6) >
1(0n(k), 0,6) forallk € Nand ¢ > 0.

Then, there exists 0* € S such that G6* = 6*.

Proof. Regarding the proof of Theorem 1, we obtain that the sequence {6,} given by
0,41 = GO, for all n > 0is a Cauchy in S. As (S, £, #) is a complete FMS, there exists
6* € S such that 6, — 6* as n — co. By the condition (iii), there exists a subsequence
{6(k) } of {6n} such that a(6,,(x), 0%, ¢) > 1(6,1), 07, ¢) forallk € N, ¢ > 0. Applying (2),
we have

0

IN

(‘C(gen(k)r QQ*, g)rN(Gn(k)r 9*/ Q))
(L(On(k)+1,90",6), N (0n1),07,6)),

4
4
where

N (01,07, 6) = min{L(6,,(4),0%,6), L(6(x), GOn(x), 6), L(67,G0%,6)}
= min{L(0,,x),0,6), L(Onx), Oni)+1,6), L(07,G6%,6)} (18)
Taking k — co in NV (6,,1), 0%, ), we get

klim N (0,),0",¢) = min{1,1, L(8%,G6",¢)}
— 00
= L(6%,G6%,¢).
Suppose that GO* # 6*. Then L(6%,G0*,c) < 1. Now by choosing the sequences

T = L(0yx)41,G0%,6) and 0 = N(0,,1), 0%, ¢), we have kETooTk = kETka <1.

Applying the condition ({3), it follows that
0 < lim sup £(L (k) 11, 98", ¢), N (Bu(r), 67, €)) <0, (19)
which is a contradiction. Then £(6*,G0*,¢) = 1, thatis G8* = 6*. O
Example 3. Let S = [0, 0) equipped with the fuzzy metric L : S x S x (0,00) — [0,1)

defined by L(0,0,¢) = forall 6,9 € S, ¢ > 0and x is the product t-norm. We define
G:S—Sby

G
G+|0—0

2 ifeeo1],
Go =

otherwise,

NI
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and a1 : S x S x (0,00) — [0, 00) by
(2460 ife,0¢0,1],
a(6,9,¢) = { 0 otherwise,

[ 1+69 ife,0€01],
1(6,9,6) = { 6 otherwise,

Let (0,9) € S x S, from the definition of « and 1, we have that «(6,9,¢) > (6,9, ¢) for all
¢ > Oifand only if 6,9 € [0,1]. Suppose that «(6,G6,¢) > 1(60,G8, ) therefore 6,G6 € [0,1],
which implies that «(G6, G%0,¢) > 1(Go, G%0,¢). Thus, G is an a-orbital admissible with respect
to 7.

Suppose that «(6,9,¢) > 1(6,9,¢) and «(8,G0,6) > n(8,G9,¢) for all ¢ > 0, then
6,9,G9 € [0,1], which implies that «(0,G9,¢) > n(08,G9,¢). Hence G is a triangular a-orbital
admissible with respect to 1.

Clearly, for any 6y € [0, 1] we have a(6y, GOy, c) > 11(6, Gy, ) forall ¢ > 0.

Next, let {6, } be a sequence such that «(0,,60,:1,¢) > 17(0n,0,41,6) forall n € N and
0, — 6 € Sasn — oo. Hence {6, } C [0,1] and then 6 € [0, 1], which implies that a(6y,6,¢) >
77(971/ 9/ g)

Now, we have to show that (2) is satisfied. Define { : (0,1] x (0,1] — R by {(w,®) =
A -1 141 and (6,0) € S xS with a(6,8,5) > 1(6,8,¢) for all ¢ > 0, that is,
6,9 € [0,1], then we have

1 _1:g+\99—g19\_1
£(96,G9,¢) ¢
_ |92—l92‘
= 76g
_ 109
= 3¢

1
< 3 max{|6 — 8/, |6 — G6l,|¢ — GO}

1 1
“3 VeV

It follows that {(L(GO,G9,¢), N (6,9,6)) > 0.

Thus, G satisfies all the hypothesis of Theorem 2 and 6§ =0, 6 = % are fixed points
of G.

Note that, G is not a fuzzy contractive mapping [5]. By choosing § = 1 and ¢ = %,
there is no x € (0,1) satisfying

1 L _lgo—gel _ s

£(Go,Gd%¢) ¢ 6
K 1
<% " "z@ag -

= 1).

To secure the uniqueness of the fixed point for generalized w-77-F Z-contraction map-
ping with respect to { € F Z, the following criterion will be considered.

(C) For all 0, 9 € Fix(G), we have (6, 9,¢) > (6,9, ¢), where Fix(G) represents the
collection of fixed points of G.

Theorem 3. Adding hypothesis (C) to the assumptions of Theorem 1 (resp. Theorem 2), we get the
uniqueness of the fixed point of G.
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Proof. We argue by contradiction, assume that 6*,%* € S are two distinct fixed points.
Thus, £(0*,9*,¢) < 1 forall ¢ > 0. From assumption (C), we have

a(0%,0%,¢) > n(0%,9%,¢).

From (2) and ({2), we get

0 < (L£(G8%,G0%,c), N(67,8%,))
= {(L£(g0",G8", ¢), min{L(6%,8%,¢), L(07,G0",¢), L(8",G8,c)})
= C(E(G*/ﬁ*r g),min{ﬁ(e*,ﬁ*, g),l,l})
= ¢(L(6%,8%6), L(6%,8",¢))
< 1 B 1 _o,

L(6%,0%,¢6)  L(6%,0%¢)
a contradiction. Then, the fixed point of G is unique. O

Now, we derive several corollaries which can be inferred easily from our main results.

Corollary 1. Let (S, L, ) be a complete FMS and G : S — S be a mapping such that for all
0,0€S,¢>0andl e FZ

¢(£(G6,G9,6), N (6,9,6)) = 0.
Then G has a unique fixed point.

Proof. The conclusion can be drawn from Theorem 3 by taking «(6,9,¢) = n(6,9,¢) =1
foralld, 0 € Sand¢ > 0. O

Corollary 2 ([26]). Let (S, L, x) be a complete FMS and G : S — S be a mapping such that for
all 6,9 € S,¢ > 0and for some k € (0,1)

1 1
agaga@“"(mm 1)'

Then, G has a unique fixed point.

Proof. The conclusion can be drawn from Corollary 1 by taking {(w, ®) = K( % - 1) -
% +1forallw,w € (0,1]. O

Corollary 3. Let (S, L, *) be a complete FMS and let a,17 : S X S x (0,00) — [0, 00) be two
functions, p € Y and G : S — S be a self-mapping such that for all 6,9 € S and ¢ > 0,

«(0,9,6) > n(0,9,¢) = L(G0,G9,6) > p(N(8,9,¢)).

Suppose also that:

(i) G isatriangular a-orbital admissible with respect to 1,

(ii) there exists 0y € S such that a8y, G0y, c) > (60, Gbo, ),

(iii) either G is continuous mapping or if {6,} is a sequence in S such that a(0y,0,11,6) >
7(0n,0n11,6) foralln € N, ¢ > 0and 6, — 0 € Sasn — oo, then there exists a
subsequence {0, } of {0y } such that a(6,,4),0,6) = 1(6yx),0,6) forallk € N, g >0,

(v) forall 8,9 € Fix(G) and ¢ > 0, we have a(6,9,¢) > 1(6,9,¢).

Then, G has a unique fixed point.
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Proof. Defining € FZ by

b
y(@)

Then, the desired results follows from Theorem 3. [

C(w/w) =

1
— —forallw,® € (0,1].
w

Corollary 4. Let (S, L, *) be a complete FMS, a : S x § x (0,00) — [0,00) and G: S — S.
Assume that there exists ¢ € D such that forall§,9 € S, ¢ > 0,

1 1
“(0.8,6) 21 = (.c(ge,gﬂ,g) ‘1) < 4’<N(9,ﬂ,g> ‘1>’

where N'(0,9,¢) = min{L(6,9,¢5),L(6,G0,¢), L(8,GV,¢)}, and suppose that:

(i) G isatriangular a-orbital admissible;

(ii) there exists 0y € S such that «(6y, GOy, ¢) > 1;

(iii) G is a continuous mapping or, if {6, } is a sequence in S such that a(6,,0,,41,6) > 1 for all
neN,¢>0and0, — 60 € Sasn — oo, then there exists a subsequence {0, } of {0}
such that a(0,,),0,¢) > 1 forallk € N, ¢ > 0.
Then G has a fixed point. Furthermore, if for all 6,9 € Fix(G) and all ¢ > 0, we have

«(0,9,6) > 1, then G has a unique fixed point.

Proof. The conclusion can be drawn from Theorem 3 by defining #(6,9,¢) = 1 for all
0,9 Sandg > 0,and {(w, @) = ¢(L —1)— L +1forallw,@ € (0,1]. O

Theorem 4. Let (S, L, ) be a complete FMS and let a,17 : S x S x (0, +00) — [0, 400) be two
given functions and G : S — S be a modified a-n-F Z-contraction with respect to { € FZ
satisfying the following conditions:

(i) G isatriangular a-orbital admissible with respect to 1;

(ii) there exists 6y € S such that a8y, G0y, ) > (60, Gbo,c);

(iii) if {04} is a sequence in S such that a(6y,0,11,6) > 17(0n,0,41,¢) foralln € N, ¢ > 0
and 0, — 6 € S asn — oo, then there exists a subsequence {0,y } of {0} such that
(O k), 0,6) = 101y, 0,6) and a(0,G0,6) > 1(0,G0,¢) forall k € Nand ¢ > 0.

Then G has a fixed point.

Proof. Let 6y € S such that a(6y, G0y, ) > (60, G0y, g). Define a sequence {6,,} in S by
0,41 = GOy, foralln € N. If 0,11 = G0, for some m € N, then G has a fixed point. Suppose
that 0,11 # 0, for all n € N. As G is a-admissible with respect to 7 and «a(6y, Gby,¢) >
17(60, Gbo, ), we have

a(61,602,6) = a(G6y, GO1,6) > 11(G6y, GO1,6) = 11(61,62,6)

By carrying forward with this process, we obtain «(60,,G0,,¢) > 1(68,, G0y, 6). So,
we obtain

D((Gn—lr gen—ll Q)lx(en/ genr G) 2 77(9n—1r gen—ll Q)ﬂ(en/ genr G)

forallm e N, ¢ > 0.
As G is a modified a-1-F Z-contraction, taking 8 = 6,, and ¢ = 6,,_; in (3), we get

0< C(ﬁ(gen; gen—ll Q)/K(inen—lz Q))
= 0(L(On+1,0n,6), K (O, 04-1,6))
1 1

< — .
K(Bnr 97171/ g) £(8n+1,9n, g)
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Hence

,C(Qn, 971—1/ ) < ‘C( n+1/ /g)/ (20)

where

K(Qn/en—lzg) :min{ﬁ(gn;9n—1/g)/max{£(9nrg9n/€); ( n— 1/g9n 1,6 )}}
:min{ﬁ(en/Qn—lrG),max{£(9n19n+lrg)/E( n— 1/9}1/ )}}

If max{L(0y,0,+1,6), L(0-1,01,6)}} = L(64,0,+1,6) then from above inequality,
we have

K(0n,0n-1,6) = min{L(6n, 0n-1,6), L(6n, 0n41,6)} = L(On,0n-1,¢)
On the other hand, if max{ L (6, 60,:1,6), L(0,-1,0n,6)}} = L(6,_1,0y,¢) then, we have
K(6hn,0n-1,6) = min{L(0n, 01—1,¢), L(On,0n—1,6)} = L(0n,01-1,6)
In both cases, we have
K(0n,01-1,6) = L(6n,0n-1,6)
By (20), we get
L(0,-1,00,6) < L(6y,0,41,¢), foralln € N.

Then, we deduce that {£(6,,0,+1,¢)} is a nondecreasing sequence in [0,1]. Thus,
there exists s(¢) < 1 such that 1_13_1 L(6n,0,-1,¢) =s(¢) <1forall ¢ > 0. We claim that
n e}

lim £(6,,60, 1,¢6) = 1. (21)

n——+oo

On the contrary, assume that s(gp) < 1 for some gy > 0. Now, consider 7, =
L(60n,0,+1,60) and 6, = L(0,_1,04, o), together with condition ({3), we get

0< nlgl;lo sup g(’c(enl 9n+1r QO)/'C(anl/GH/ QO)) <0,

which leads to a contradiction and yields Llrﬂ L(6n,0,:1,6) =1forallg > 0.
n [}

Next, we have to show that {6, } is a Cauchy sequence in (S, £, x). By contradiction,
assume that {6, } is not Cauchy. Hence, there exists € € (0,1), o > 0 and two subsequences
{0, } and {0y, } of {6, } where my > ny > k for all k € N such that

L(On,,0m,,G0) <1—e. (22)
By Lemma 1, we derive that
LBy, O, ) < 1. (23)

Taking my as the smallest index satisfying (23), we get

Go

L (s Oy -1, 7) >1—e. (24)
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On account of (22), (24), and (GV4), we have

1 — € 2 ﬁ(el’lklem;(/ QO)

Z ‘c(gnk/gmkfl/ %) * ‘C(emkfl/ Gmk/ 9?0)
> (1= €) % L (O 1,0 5)-

Taking the limits in the above inequality as k — oo and using (21), we derive that
’1121;0 E(Gnk, Gmk, g(]) — 1 — €.
From the definition of modified a-#-F Z-contraction, we have

lx(enkfl/ genkfll gO)lx(emkfll gemkfll QO) > U(Gnkfll genkfll gO)’?(Omkfll ggmkfll gO)/

we obtain that

0 < Z(L(G0n,-1,G0m,-1,60), K(On—1,0m,—1,60))
= C(E(an,ka, QO)rIC(Gnkflf 9mk71,';0))
1 1
K0, 1,0m1,60)  L(Ong, O, G0)’

<

which implies that
’C(gnkfl/ Gmkfll 90) < ‘C< Nycr Wlk/ QO) (25)
where

K(Gﬂkfll Gmkfll QO) = min{E(Gnk,l, Gmkfll gO): max{E(Gnk,l, ggnkflr gO)/ E(Gmkfll ggmkflr GO)}}
= min{‘C(Gnkflr Gmkfll QO)I max{‘c(enkfll Gﬂk/ QO)/ ‘C(Gmkflr Gmkr QO) }}

If K(04,—1,0m,—1,60) = max{ﬁ(@nk,l,Gnk,go),£(9mk,1,9mk,g0)}, then (25) yields
max{ L (6, —1,01,,60), L(Om—1,0m, 60) } < L(Ony, Omys Go)-
Taking the limits in the above inequality as k — oo and using (21), we obtain
max{1,1} =1< kETOOE(an/ka/GO),
consequently kgrfooﬁ((?nk, Oy, ¢o) = 1, which contradicts (22). Therefore, we must have
K04, ~1,0m,-1,60) = L(0y,~1,0m,-1,60) and by (25) we obtain
L0, 1,0m,-1,60) < L(Ony, Omy, Go)- (26)
From (22), (24), and (26), it follows that
1-e> ﬁ( s Omyr G0)
L0, -1,0m,-1,60)
L0, —1,0n,, %0) * L(Onyes Oy —1, %0)
LB 1,0n ) % (1= €).

Letting k — 400 and applying (21), we get
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lim £(9nk_1,9mk_1,g0) =1—¢e= lim L(0n,0m., o) (27)

k—o0 k—ro0

Taking sx = E(Gl’lk—ll Gmk_l, Go)and t; = E(ka,enk, Go), thenlimy_, o, S = limy_yoo £ =
1 — e. Applying condition ({3), we get

0< klgrolosup C(ﬁ(emk,é)nk, gO)/L(Gnk—l/emk—lr QO)) <0,

a contradiction. As a result, {6, } is a Cauchy sequence. Since (S, £, x) is a complete FMS,
there exists 6* € S such that

HETME(Gn,G ,6)=1.

From condition (iii), {6, } is a sequence in S such that a(6,,, 0,11, 6) > 7(6y, 0,41, ) for
alln €N, ¢ > 0and 0, — 0" € S. Hence, there exists a subsequence {0, } of {6, } such
that a(6,,(1), 0%, 6) > 17(0,1), 0", ¢) and (0%, G0%, ¢) > 17(0%,G0",¢) forallk € N, g > 0.
Hence, we have

& (0(k), GOnr), 6) (0%, G0, 6) = 17(0, 1), GOury, €)1 (87, GO, ©).
From the definition of modified a-77-F Z-contraction with respect to { € F Z, we have
0 < C(L(G0,(k), GO, 6), K(Bx), 07, 6))
= g(ﬁ(@n(k)+1, go-, Q), K(en(k)/ 0%, Q))
1 1

< - 7
}C(en(k),e*’g) £(9”(k)+l/g9*,g)

which yields

KOy, 0, 6) < L(Bn(x)1+1,90",6), (28)
where
K(Gn(k)IG*r Q) = min{ﬁ(@n(k),e*, g)rmax{[’(en(k)/ gen(k)r Q)IE(Q*/ go+, g)}}
= min{L(0,,(x), 0", ¢), max{L(6,x), Onx)+1,6), L(67, G607, ¢) } }
Letting k — oo in (28), we get

lim K(0,,x),0",¢) =1 < L(8",G6%,¢)
k—o00

Therefore, L(6%,G6*,¢) = 1, thus GO* = 6*. This completes the proof. [

By defining a (0, 9,g) = 1forall 6,9 € S and all ¢ > 0, we conclude the following re-
sult:

Corollary 5. Let (S, L, *) be a complete FMS, G : S — S be a y-subadmissible mapping
satisfying the following conditions:

1>n(0,G0,6)n(0,G9,6) = C(L(G0,G0,5),K(6,8,6)) >0

where K(6,9,¢) = min{L(6,9,¢), max{L(6,3G6,¢), L(9,G9,¢)}}.
(i)  there exists 0y € S such that 1 > 1(6y, Gy, ¢);
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(ii) if {6n} is a sequence in S with 1 > 1 (0y,0,41,¢) foralln € N,g > 0and 6, — 0 € S
as n — oo, then there exists a subsequence {0, } of {0} such that 1 > 1(0,x),0,¢) and
1>#5(60,G8,¢) forallk € N, g > 0.

Then G has a fixed point.

Example 4. Let S = [0, 00) endowed with the fuzzy metric L : S x S x (0,00) — [0, 1) given by
|69
L(0,0,¢) =e < forall0,0 € S, ¢ > 0and  be a product t-norm. We define G : S — S by

{ e if6,9 € [0,1],

362 +1 otherwise,

go =

and o, 17 : S x 8 x (0,00) —> [0,00) by a(6,8,¢) =1,

1 .
_J 1 i0,9€01]
1(6,9,¢) { 1 otherwise.

We define ¢ : (0,1] x (0,1] — Rby {(w,®) = ﬁ — L Let (6,0) € S x S, from the
definition of a and 17, we have that 1 > 1 (60,9, ) for all ¢ > 0 if and only if 6, ¢ € [0,1]. Suppose
that 1 > 1(6,9,¢), then 6,9, € [0, 1], since we have for all 6 € [0,1], and GO € [0,1] it follows
that 1 > (G0, GV, ¢). Hence G is n-subadmissible.

Clearly, for any 6y € [0, 1] we have 1 > (69, G0y, c) forall ¢ > 0.

Now, let {6, } be a sequence such that 1 > 1(6y,0,,41,¢6) foralln € Nand 6,, — 6 € S as
n — oo, it follows that {6, } C [0,1] and then 6 € [0, 1], which implies that 1 > 1(6,,6,¢) for all
n € Nand g > 0.

Next, we have to prove that (3) is satisfied and (0, 9) € S x S suchthat1 > 5(6,G6,¢)n(9,G0,¢)
for all ¢ > 0. From the definition of & and 1, we have 0, ¢ € [0, 1]. On the other hand, since

1 1

£(G0,G0,c) g
_ 1
_102-82]
e %
1

= _ o8|
e %

< L
L£(6,9,¢)

Hence {(L£(G6,GY,¢),K(6,08,¢)) > 0. As all conditions of Corollary (5) are fulfilled, then G
has a fixed point, 8 = 0 is a fixed point to G.

Corollary 6. Let (S, L, *) beacompleteFMS, G : S — Sanda,17: S x S x (0,00) — [0, c0)
are mappings. Assume that there exists a function € Y such that forall 8,9 € S, ¢ > 0,

«(0,G0,6)a(0,G9,6) > 1= L(G0,G0,6) > p(K(0,9,¢)),

along with the following conditions:

(i) G is triangular a-orbital admissible;

(ii) there exists 0y € S such that a(8y, G0y, c) > (60, G6o,6);

(iii) if {On} is a sequence in S such that «(0y,0,41,6) > 1(0n,04+1,6) foralln € N, g > 0
and 0, — 0 € S, then there exists a subsequence {0, } of {0a} such that a(0,,x),0,6) >
10y, 0,6) forallk € N, g > 0.

Then G has a fixed point.
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Proof. The conclusion can be drawn from Theorem 4 by defining #(6,9,5) = 1 and
7:(0,1] x (0,1] — Rby {(w, @) = @ —Lforallw,@ € (0,1]. O

4. Conclusions

In this study, we use the F Z-simulation function technique to the study of certain fixed
point results in FMS. By introducing the notions of a-77-F Z-contractions, we unify, extend,
and enrich various classical types of fuzzy contractions provided in [5,6,23,25]. We must
emphasize that by appropriately defining the F Z-simulation function { and the admissible
mappings « and 77, we can particularize and deduce a variety of different consequences of
our main results. On the other hand, further work is required in this direction of research
because it appears reasonable to investigate the existence and uniqueness of a coincidence
point or common fixed point of two self-mappings in a more general framework, for
instance, partially ordered fuzzy metric spaces and so on.
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