@ axioms

Article

Multi-Point Boundary

Value Problems for (k, ¢ )-Hilfer

Fractional Differential Equations and Inclusions

Jessada Tariboon V**(, Ayub Samadi >**

check for
updates

Citation: Tariboon, J.; Samadi, A.;
Ntouyas, S.K. Multi-Point Boundary
Value Problems for (k, ¢)-Hilfer
Fractional Differential Equations and
Inclusions. Axioms 2022, 11, 110.
https://doi.org/10.3390/
axioms11030110

Academic Editors: Anténio M. Lopes,
Alireza Alfi, Liping Chen and
Sergio A. David

Received: 8 February 2022
Accepted: 28 February 2022
Published: 2 March 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Sotiris K. Ntouyas 3%

Intelligent and Nonlinear Dynamic Innovations, Department of Mathematics, Faculty of Applied Science,
King Mongkut’s University of Technology North Bangkok, Bangkok 10800, Thailand

Department of Mathematics, Miyaneh Branch, Islamic Azad University, Miyaneh, Iran

Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece; sntouyas@uoi.gr
Correspondence: jessada.t@sci.kmutnb.ac.th (J.T.); ayubtorajl366@gmail.com (A.S.)

t These authors contributed equally to this work.

Abstract: In this paper we initiate the study of boundary value problems for fractional differential
equations and inclusions involving (k, ¢)-Hilfer fractional derivative of order in (1,2]. In the single-
valued case the existence and uniqueness results are established by using classical fixed-point theorems,
such as Banach, Krasnoselskii and Leray-Schauder. In the multivalued case we consider both cases,
when the right-hand side has convex or non-convex values. In the first case, we apply the Leray—
Schauder nonlinear alternative for multivalued maps, and in the second, the Covit-Nadler fixed-point
theorem for multivalued contractions. All results are well illustrated by numerical examples.
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1. Introduction and Preliminaries

Fractional calculus and fractional differential equations have cashed substantial con-
sideration owing to the broad applications of fractional derivative operators in the mathe-
matical modelling, describing many real world processes more accurately than the classical-
order differential equations. For a systematic development of the topic, see the mono-
graphs [1-9]. Fractional derivative operators are usually defined via fractional integral
operators. In the literature, many fractional derivative operators have been proposed, such
as Riemann-Liouville, Caputo, Hadamard, Erdélyi-Kober and Hilfer fractional operators,
to name a few. The Riemann-Liouville fractional integral operator of order « > 0 is one of
the most used and studied operators, defined by

" f(w) = [ Y (w0 — (), w > a 1)

I'(a
The Riemann-Liouvile and Caputo fractional derivative operators of order a« > 0 are
defined in light of the above definition by

1 ar

(w) = I'(n—a) dw”

Rlpe f(w) = D"30 " /aw(w — )" Y(u)du, w>a, (2)

and

CoB, f(w) = TD(w) = = ) / Y- ) (w)du, w0, ()

I'n—uw
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respectively, where n —1 < « < n and n € N. In [10], the Riemann-Liouville fractional
integral operator was extended to k-Riemann-Liouville fractional integral of order « > 0

(x € R) as
1

kjg+b(w) = m /aw(wf u)%—lh(u)du, 4)

where b € L!([a,b],R), k > 0 and T} is the k-Gamma function for w € C with R®(w) > 0
and k € R, k > 0 which is defined in [11] by

Ty (w) :/o s le” F ds.

The following relations are well known.
re) = I{m} I'v(0), Tk(0) = kzll“<z> and T'y (0 + k) = 6T ().
—

In [12] the k-Riemann-Liouville fractional derivative was introduced as

ERLDA (1) — (k%)nkjﬁ_“h(w)r "= m (5)

where h € L'([a,b],R), k,a € RT and [%W is the ceiling function of £.
On the other hand in [2] the ¢-Riemann-Liouville fractional integral of the function
h € L'([a,b],R) and an increasing function ¢ : [a,b] — R with ¢'(w) # 0 for all w € [a, b],

was given by , »
) = i 9 0@ - gw)

Letn—1<a <n ¢ € C"([a,b,R), ¢(w) # 0,w € [a,b],and b € C([a,]],R).
Then the ¢-Riemann-Liouville fractional derivative of the function f of order & was defined
in [2] by

“h(u)du. 6)

& 1 dN\" nuz
RL T _ n—p
D) = (S aw) Yo (@), ™
and the ¢-Caputo fractional derivative of the function h of order « was defined in [13] by
ConTi _ AT 1 d\n»
% h(w) = Jay (4)’(@0) dw) hw), ®

respectively. In [14] the ¢-Hilfer fractional derivative of the function h € C([a,b],R) of
order& € (n—1,n] and type B € [0,1] and ¢ € C"([a,]],R), ¢'(w) # O,w € [a,b], was
defined by

@B; ~B(n—a); 1 d\"_(1-p)(n—a);

In [15] was defined the (k, ¢)-Riemann-Liouville fractional integral of order @ > 0
(« € R) of the function b € Ll([u, b],R),k >0, as

A~ 1 w x_
E0) = gy 9 @) = () F () (10)
Recently, in [16] introduced (k, ¢)-Hilfer fractional derivative of the function ) €

C"(|a,b],R) of ordera > 0,k > O and type B € [0,1], ¢ € C"([a,b],R), ¢'(w) # 0, w € [a,b]
as

kH it _ kBl (kA \" g (1-p) (k)i _[x
DV (w) = KL (4>'<w) ) kg ow), n=[7]

Note that:
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1. For B =0, (11) reduces to (k, ¢)-Riemann-Liouville fractional derivative operator

T k d\n _ —q);

k,RL oy T;¢p _ 4\ ky(1=p)(nk—a);¢

(@) = (S gm) T b(c). (12)
If we take in (12), ¢(w) = w, then we obtain k-Riemann-Liouville fractional derivative
operator defined in [12];

2. For g =1, (11) reduces to (k, ¢)-Caputo fractional derivative operator [16]

kC oy _kpk—mg [k d\"
D% (w) = *3k (¢’(w) ) h(w). (13)
If we take ¢(w) = w in (13), then we obtain k-Caputo fractional derivative opera-
tor [16]
e N _ k~ntk—wep i "
Dh(w) = T4 (k=) hw). (14)

3. If ¢(w) = wr, then (11) reduces to k-Hilfer-Katugampola fractional derivative operator:
(a) If p(w) = wP, B = 0, then (11) reduces to k-Katugampola fractional derivative
operator [17];
(b) If p(w) = w’, B = 1, then (11) reduces to k-Caputo-Katugampola fractional
derivative operator [17];
4. If ¢(w) = logw, then (11) reduces to k-Hilfer-Hadamard fractional derivative operator:

(a) If p(w) = logw, B = 0, then (11) reduces to k-Hadamard fractional derivative
operator [16];

(b) If¢p(w) =logw, B =1, then (11) reduces to k-Caputo-Hadamard fractional
derivative operator [16].

Remark 1. If 6 = a + B(nk — &), then B(nk — &) = 0 —wand (1 — B)(nk — &) = nk — 6 and
hence the (k, )-Hilfer fractional derivative has been defined in the form of (k, ¢)-Riemann-Liouville
fractional derivative as follows

k,Heya, B¢ R k i M ank—0i;¢
o) = M) )

_ ka;;—ﬁ;(/’ (k,RL@Gk;zpb) (ZU)
Note for p € [0,1] and n —1 < § < n, we haven —1 < %" <n.

For some results on k-Riemann-Liouville fractional derivatives, we refer to [18-23]
and the therein-cited references.

In [16] the authors proved several properties of (k, ¢)-Hilfer fractional derivative
operator. Moreover they studied the following nonlinear initial value problem involving
(k, ¢)-Hilfer fractional derivative of the form
KHYYPP 9 (w) = §(w, 8(w)), w e (a,b], 0 <T@ <k 0<B<1, a5)
k3k=0it9(a) = x, € R, O = a + Bk — ),

where #HD¥F? denotes the (k, ¢)-Hilfer fractional derivative operator of order &, 0 < & < 1
and parameter 8,0 < B < 1,and f : [a,b] x R — R is a continuous function. By apply-
ing Banach’s fixed point theorem they proved the existence of a unique solution for the
problem (15).

In the present work, motivated by the paper [16], we study boundary value problems
involving (k, ¢)-Hilfer fractional derivative operator of order @ and parameter , where 1 <
& <2and 0 < B < 1. To be more precisely, we consider in this paper the following (k, ¢)-
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Hilfer fractional boundary value problem with nonlocal multipoint boundary conditions of

the form -
k/Hi)“'ﬁ?‘Pﬂ(w) = f(w,%(w)), w € (a,b],

m
8a) =0, 8(b) = ). AB(&) 1o
i=1
where #HDYF9 denotes the (k, ¢)-Hilfer fractional derivative operator of order @, 1 < @ < 2
and parameter 5,0 < B <1,k >0,f: [4,b] x R — Ris a continuous function, A; € R, and
a<¢g <bi=1,2,...,m Ouraim in this paper is to establish results concerning existence
and uniqueness, by using Banach’s and Krasnoselskii’s fixed point theorems, as well as a
Leray-Schauder nonlinear alternative.
Next, we also study the multivalued problem

KHOTB9 (1) € g(w 8 (w )), w € (a,b)],

d(a) =0, O(b Zw 17

in which § : [2,b] x R — P(R) is a multivalued map and the other parameters are as in
problem (16). Here, P(RR) denotes the family of all nonempty subsets of R. We will study
both cases, when the right-hand side is convex or nonconvex valued, and we will establish
existence results by using Leray-Schauder nonlinear alternative for multivalued maps and
the Covitz—Nadler fixed-point theorem for multivalued contractions, respectively.

Numerical examples are constructed illustrating the applicability of our obtained
theoretical results.

The rest of our paper is organized as follows. In Section 2, we prove an ancillary result
toward a linear variant of the (k, ¢)-Hilfer fractional nonlocal boundary value problem (16).
This lemma is important to transform the nonlinear boundary value problem (16) into
an equivalent fixed-point problem. The main results for the single valued (k, ¢)-Hilfer
fractional nonlocal boundary value problem (16) are included in Section 3, while the results
for the multivalued (k, ¢)-Hilfer fractional nonlocal boundary value problem (17) are
presented in Section 4. Finally, Section 5 is dedicated to illustrative examples.

2. An Auxiliary Result

In this section an auxiliary result is proved, which is the basic tool in transforming the
nonlinear problem (16) into a fixed-point problem, and dealing with a linear variant of the
problem (16). First we recall two useful lemmas.

Lemma 1 ([16]). Let i,k € RT = (0,00) and n = [ﬂ . Assume that ) € C"([a,b],R) and
381 € C((a, b, R). Then

F-i

= (¢p(w) — ¢(a))
ijlfP(kRL@H‘Pb( ) ]; (T

k d nj k~nk—p;¢
(Feas) “(w)l

Lemma 2 ([16]). Let o,k € RT = (0,00) witha < k, B € [0,1] and 6y = a + B(k — ). Then

zZ=a

9t (MDA ) () = K3 (MO ) (w), € C"([a,b], ).

Lemma3. Leta<b,k>0,1<w<2,B€0,1],6 =a+p(2k—w),g < C*(a,b],R)and

Him [w(b) g E - Y 9@ — pla)E- ] £0. ()
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Then the function & € C([a, b], R) is a solution of the boundary value problem

), w € (ab],
AiB(Ei),

S

KA ) = o

8(a) =0, 8(b) = (19)

Ms

Il
—_

if and only if

_ a 97’(71 m _ _
9(w) = F79g(w) + (4’(@”3(9:)) [Z A F3%(2) — kﬁ”"‘”g(b)] )
i=1

Proof. Assume that @ is a solution of the boundary value problem (19). Operating fractional
integral ¥3%¢ on both sides of equation in (19) and using Lemmas 1 and 2, we obtain

k@i (k,H/DE,ﬁ;q)ﬂ) (w) = kB (k RLg0hi¢p z9>
_ (p(w) — fP(ﬂ)) ko d N gok—o,
= ot0)- TR (larie) o o)
(P(w) = () 2 g,
T T8k [P bw)]|
Consequently
kg (pw) @)t | (9(w) = p(a)t
(w) = *3g(w) + co T8 + 01 Lok (21)
where P
o= | (grry ) 0@ e = [kak*ek@ﬂ(w)}w:a
From the boundary condition #(a) = 0 we get cy = 0,since % —2 < 0 by Remark 1.

From the second boundary condition #(b) = Y ; A;9(¢;) we found
_1 . AKFEP S (F) — k%P g (b
o= 77| Y, A Tg(E;) — 3%0g(b) |
HiZ

Replacing the values of ¢y and c; in (21), we get the solution (20). We can prove easily
the converse by direct computation. The proof is finished. [

3. The Single Valued Problem

Let C([a, b], R) be the Banach space of all continuous functions from [a, b] to R endowed
with the sup-norm ||¢|| = SUP e 6] |¢(w)|. In view of Lemma 3, we define an operator

A:C([a,b],R) = C([a,b],R) by

w) — ¢(a F1pm = -
(anw) = PETIEIT[§ 0,91, 0(6)) 910, 0(6)

+k5%5(w, 9(w)), w € [a,b). (22)

It should be noticed that the solutions of the nonlocal (k, ¢)-Hilfer fractional boundary
value problem (16) will be fixed points of A.
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For convenience we put:

Qﬁ:

+

(9(0) — ¢(@)E _ (9(b) — pla) ¥ ! 3" 11, 9@ — 9(@)
Iy (x+ k) |H [Tk (6k) O Ti(@+

i bl

(¢(b) — ¢(a))

Te(a+ k) @3

+

3.1. Existence of a Unique Solution

In our first result we will prove the existence of a unique solution of the problem (16).
The basic tool is the Banach’s contraction mapping principle [24].

Theorem 1. Assume that:
(Hy) [f(w,8) —f(w,y)| < L]0 —yl|, £ > 0foreachw € [a,b] and ¥,y € R.
Then the (k, ¢)-Hilfer nonlocal multi-point fractional boundary value problem (16) has a

unique solution on [a, b], provided that
o <1, (24)

where & is defined by (23).

Proof. We transform the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value prob-
lem (16) into a fixed-point problem, with the help of the operator A defined in (22). Then,
we shall show that the operator .4 has a unique fixed point.

We let sup,¢(, 5 |f(w, 0)| = M < o0, and choose

MS

> .
"1 g

(25)

Let B, = {¢ € C([a,b],R) : ||8]| < r}. In the first step we will show that AB, C B,.
We have, for & € B,, using (H; ), that

|f(w, d(w))| [f(w, d(w)) — f(w,0)| + [f(w,0)]
Llo(w)| +M < &[|9] + M < Lr + M.

IA A

For any & € B, we have

(AO@) < sup {((|?H| E(,B [ N6 06|+ 90,000 |

we(a,b)
+K3%9 |(w, 9(w }
< K390 ([f(w, 8(w)) — f(w,0)| + |§(w,0)|)
+<"’<b|>H‘|1§’;<(”;k))k (i_fl|m|’<3“?¢|f<ci,ﬂ<ci>> §(,0)1 + 17(:,0))
I (56, 8(0)) (b, 0)| + [f(b,0)]))
(6(b) = p(@))F (o) —9(a) T [ (p(E) — p(a))F
= { rk(ﬁé+k) + |7—[|1"k(9k) [;|A1| rk(ﬂé+k)
i i }<s|19||+sm>
< (Lr+me <r.
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Consequently ||.A¢|| < r and thus AB, C B,.
Now we will show that A is a contraction. For w € [a,b] and ¢,y € C([a,b],R),
we have

< Fj(w, 8(w)) — (@, y(w))
(0() = p@) g g e e
i v el O MR IR AT

LRI (1§(b, B(5)) — f(b,y<b>>|)
(9() —p@)E  (p(0) —p(a) F [ (p() — p(a))}
S{ LE+h) T L) L_Zﬂl' L@+ K)
(¢(b) — ¢(a))F
A N }snx—m
= oo)x—yll.

Hence || Ax — Ay|| < £&]|x — y|| which implies that A is a contraction, since £& < 1.
By the Banach’s contraction-mapping principle, the operator A has a unique fixed point,
which is the unique solution of (k, ¢)-Hilfer nonlocal multipoint fractional boundary value
problem (16). The proof is finished. [

3.2. Existence Results

In the forthcoming theorems we will prove existence results for the (k, ¢)-Hilfer
nonlocal multipoint fractional boundary value problem (16), utilizing Krasnoselskii’s fixed
point theorem [25] and nonlinear alternative of Leray—Schauder type [26].

Theorem 2. Let § : [a,b] x R — R be a continuous function satisfying (Hy ). In addition we
assume that:
(Ha) [f(w,9)] < @(w), Y(w,?) € [a,b] xR, and @ € C([a,b],RT).

Then the (k, ¢)-Hilfer nonlocal multi-point fractional boundary value problem (16) has at least
one solution on [a,b], if 1L < 1, where

@) —p@)E (@) — gt (p(b) — pla))E
o= mnen | BN e T naen | @

Proof. Setsup,c(, @(w) = ||@|| and B, = {# € C([a,b],R) : [|8]| < p}, with p > @] &.
We define on B, two operators Aj, Az by

A8 (w) = kjﬁ;‘l’f(w,l‘}(w)), w € [a,b],

and

w) — ¢(a 97]{*1 n . .
Aup(w) = 0TI [ Ak5745(2, 0(2)) — 954100, 00)], w e fat]

For any ¢,y € B,, we have
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|(A18)(w) + (Azy) (w)|
(p(w) — p(a)F 1 r e
< wi‘ffm{ I {;Mi\% ?13(& (@) + 3936,y (0)]
+ 3 | (w, 9(w))|
(¢(0) —Ppla))F  (p(b) —p(a)F [ & (9(&) — ¢p(a))F
S{ Tk T [HIT@) L_Zlm @+ K)

= ool <p.

Therefore || (A19) + (Azy)|| < p, which shows that A8 + Ay € B,. Next we show
that A; is a contraction mapping. We omit the details since it is easy by using (26).

The operator A; is continuous, since f is continuous. Moreover, A is uniformly
bounded on B, as

(¢(b) — ¢(a))
419 < WH‘D”

To prove the compactness of the operator .4;, we consider wy, w; € [a,b] with w; < w,.
Then we have

|(A19)(w2) — (A19)(w1)]

[ PO — psDET = (o) - 95 s, 005))ds

Iy (a)

IA

wy

+ [ ¢ () (@lwa) — @(s)) FH(s, 9(s))ds

==|
==|
==|

W[Z(Qb(wﬁ — @(w1))* + [(p(w2) — ¢p(a)) & — (p(wr) — p(a))¥|],

which tends to zero as wy — wy — 0, independently of ¢. Thus, A; is equicontinuous. By
the Arzela—Ascoli theorem, A; is completely continuous. By Krasnoselskii’s fixed-point
theorem the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value problem (16) has

at least one solution on [a, b]. The proof is finished. O

Theorem 3. Let f: [a,b] x R — R be a continuous function. Assume that:

(Hs) there exist x : [0,00) — (0, 00) which is continuous, nondecreasing function and a continuous
positive function o such that

If(w,u)| < o(w)x(|u|) foreach (w,u) € [a,b] xR;
(Hy) there exists a constant & > 0 such that

R

———= > L
x(R)ell®

Then the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value problem (16) has at least
one solution on [a, b).
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Proof. In the first step we will show that the operator A maps bounded sets into bounded
set in C([a,b],R), where A is defined by (22). For r > 0, let B, = {¢ € C([a,b],R) :
9] < r}. Then for w € [a,b] we have

|(A8)(w)]
() = p@) F [ o
= winb]{ ETIVACH) [;\M"ﬁ 1§23, 06| + 3156, 8(0))
k~1x¢‘fw19 |
(p(b) —p(a)F  (p(b) — p(a) ! p(a))t
= { (a4 k) + |H|T% (6) [Z| l|oc—+k)

R

(¢(b) — @(a))F

RSV )

} ol x 191D,
and consequently,
[Ax[] < x(r)||o]|®.

Now we will show that .A maps bounded sets into equicontinuous sets of C([4, b], R).
Let wy, w; € [a,b] with wy < wp and ¢ € B,. Then we have

|(A®)(w2) — (AG)(w1)]

< | POt — o) E — (o) - ple)E s, o(e) s
+ 9@ (ptaen) — 9l (s, B(s))es
NUCOE ¢<a>>9ﬁ%1’rk(<i§wl> o 100) 5 b ite. o)
+k95(b, 8(b))| |

< m’ﬁ’%w(wz) = @) E + |((w2) — ¢(a)F — (9(wr) = p(a))* ],
L (0wa) ¢<a>>gé|‘H1|r;(<94>§wl> ~ (@)t [ § 0180 — ¢t
OO IDL 1),

As wy — wy — 0 the right-hand side of the above inequality tends to zero inde-
pendently of & € B,. Hence, the operator A : C([a,b],R) — C([a,b],R) is completely
continuous, by the Arzeld-Ascoli theorem.

Finally we will show the boundedness of the set of all solutions to equations ¢ = AAY
for A € (0,1).

Let ¢ be a solution. Then, for w € [a,b], and working as in the first step, we have

[9(w) < x(lI8)llole,

or

Il
e < 1L
x(8) el
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In view of (Hy), there exists £ such that ||9]| # K. Let us set
U= {8eC(ab],R): |9 <K}

We see that the operator A : U — C([a, b], R) is continuous and completely continuous.
There is no ¢ € oU such that ¢ = A.A9 for some A € (0,1), from the choice of U. By the
nonlinear alternative of Leray—Schauder type, we deduce that .4 has a fixed point ¢ € U,
which is a solution of the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value
problem (16). This completes the proof. [

4. The Multivalued Problem

For a normed space (%, || - ||), we define:

Pa(X) = {® € P(X) : Risclosed}, Pep(X) = {R € P(X) : Ris compact}, and
Pep,e(X) = {R € P(X) : Ris compact and convex}.

For details of multivalued analysis we refer the reader to [27,28]. See also [7].

The set of selections of §, for each & € C([a, b],R), is defined by

Szo:={ve Ll([a, b],R) : v(w) € F(w,8(w)) on [a,b]}.

Definition 1. A function & € C([a, b],R) is said to be a solution of the (k, $)-Hilfer nonlocal
multipoint fractional boundary value problem (17) if there exists a function v € L([a, b], R) with
v(w) € §(w, ) for a.e. w € [a,b] such that O satisfies the differential equation *HDPPd(w) =
v(w) on [a,b] and the boundary conditions ®(a) = 0, ¢(b) = L[" 1 A (C;).

In the first existence result, which concern the case when § has convex values, we
apply nonlinear alternative of Leray-Schauder type [26] with the assumption that § is
Ll—Carathéodory, that is, (i) w — §(w, u) is measurable for each u € R; (ii) u — F(w, u)
is upper semicontinuous for almost all w € [a,b] and (iii) for each r > 0, there exists a
function m, € L'([a,b],R") such that

13w, u)|| = sup{|v| : v € F(w,u)} < my(w),

for each u € R with |u| < r and for almost every w € [a, b].

Theorem 4. Assume that:

(G1)§ : [a,b] x R = Py c(R) is L1-Carathéodory;
(Gy) there exists z : [0,00) — (0,00) a continuous nondecreasing function and a continuous
positive function q such that

13 (w, 8)[lp := sup{lo] : v € F(w, 9)} < q(w)z(||8]]) for each (w,9) € [a,b] X R;

(G3) there exists a constant £ > 0 such that

L >1
lqllz(8)e ~

Then the (k, ¢ )-Hilfer nonlocal multi-point fractional boundary value problem (17) has at least
one solution on [a, b).

Proof. We define an operator F : C([a,b],R) — P(C([a, b],R)) by
h e C([a,b],R) :
F(9) = (¢p(w) —p(a))* ! {i/\ikj&;zpv(gi,) _ kjwl’v(b)}
i=1

h(w) = HT (k)
+53%0y(w), w € [a, b
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and v € Sgg. It is obvious that the solutions of the (k, ¢)-Hilfer nonlocal multipoint
fractional boundary value problem (17) are the fixed points of F.
We will give the proof in several steps.

Step 1. For each ¢ € C([a,b],R), the operator F(0) is convex.

We omit the proof, because it is obvious, since § has convex values and thus Sr 4
is convex.

Step 2. F maps the bounded sets into bounded sets in C([a, b], R).

Let B, = {¢ € C([a,b],R) : ||8]| < r},r > 0. Then, for each h € F(9),0 € B,, there
exists v € Sg y such that

_ %1 om _ _
h(w) = ((P(w;_[rig;))) [1:21 A TH0(E;,) — kj‘%v(b)} kg (w).

Then, for w € [a,b], we have

h(w)| < sx;ph]{wwgrfggg [ 3 ™10t + 45100
+5559 o (w)| }

Ok

(@) @)t @B —9p@)E1[ & @) — o)
{ I @) L;'Al' T+ k)

==

IN

T (@ + k)

(¢(b) — ¢p(a))

TR @tk

}|l7||z(||19|),

and consequently,
11l = z(r)lq]|®-

Step 3. F maps bounded sets into equicontinuous sets of C([a, b], R).
Let wq, wy € [a,b] with wy < wy and ¢ € B,. Then, for each h € F (1), we obtain

|h(w2) — h(wy)]

< | PO~ o) T~ (9wn) — ple)Eo(s)ds
+ [0 G ptw) ~ 9l o(s)as
L (9w - ¢<a>>gé|‘7;1lr—k(<i§w1> 0L 5 Inle)
+k3@'¢|v(b)|}

< BED. () ~ gl + [igta) — @) ~ (p(an) - pla)F
L (@w2) - ¢<a>>ﬁ%1’rk(<;z§wl> — (@) * l i Al w
+W] lall=().



Axioms 2022,11,110 12 of 17

Hence, independently of ¢ € B, we have |h(w;) — h(wq)| — 0 as wp, —wy — 0. By the
Arzeld—Ascoli theorem that F : C([a,b],R) — P(C([a, b],R)) is completely continuous.

By virtue of the Proposition 1.2 of [24], it is enough to prove that the F has a closed
graph, which will imply that F is upper semicontinuous multivalued mapping.

Step 4. F has a closed graph.

Let 9, — 9., h, € F(9,) and h, — h,. Then we need to show that h, € F(8,).
Associated with I, € F(9,), there exists v, € Sy, such that for each w € [a,b],

o a 97"—1 m _ _ _
hn(w) = ((P(w)mi(gk))) [;Aikff“"”vn(é“ir) - kﬁ”‘f‘l’vn(b)} + k350, (w).

Thus it suffices to show that there exists v, € Sg y, such that for each w € [a, b],

w) — ¢(a ngfl n . . .
o (w) — (9 ;Lr,i(ek))) [;Aikj"‘"/’v*((ji)—kj“"/’v*(b)}—i—kj""‘i’v*(w).

Let us consider the linear operator ® : L!([a,b],R) — C([a, ], R) given by

v 0O(v)(w) ((P(w?;{_r,ﬁ(ei)))k_l [i)‘ikﬁ“””v(éi) - kjW2</>v(b)] + kT (),

Observe that ||h, — h|| — 0, as n — oo. Therefore, it follows by a Lazota—Opial
result [29], that ® o S; is a closed-graph operator. Further, we have h,(w) € ©(Szy, ).
Since ¢,, — 3., we have

@@~ @) FT e e -
hefw) = S5 [;A 90, (&) — k7 %*(b)} + k300, (w),
for some vy € Sz, .

Step 5. There exists an open set U C C([a, b], R) with ¢ ¢ vF(9) forany v € (0,1) and all
¢ col.

Letv € (0,1) and ¢ € vF (). Then there exists v € L!([a,b],R) with v € Sg » such
that, for w € [a,b], we have

w) — ¢(a 97]‘71 1 . . .
d(w) =v (o ;{rz(ek))) [; AFT0(E) — kﬁ“"Pv(b)} + v 3% (w).

Working as in second step, we have
[8(w)| < [lpllw((i])e.
Consequently
181l < lIpllw(lBl)e,

or
18]

—— e < 1.
lallz(lI8])e ~
In view of (Hj), there exists & such that ||#|| # K. Let us set

U={9cC(ab,R): 8] <&}.
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The operator F : U — P(C([a,b],R)) is a compact multivalued map, upper semi-
continuous with convex closed values. There is no ¢ € ol such that ¢ € vF(8) for some
€ (0,1), from the choice of U.
By the nonlinear alternative of Leray-Schauder type F has a fixed point ¢ € U which
is a solution of the (k, ¢)-Hilfer nonlocal multi-point fractional boundary value problem
(17). This ends the proof. [

In our second result, the existence of solutions for the (k, ¢)-Hilfer nonlocal multipoint
fractional boundary value problem (17) is showed when F is not necessarily nonconvex
valued by using a fixed-point theorem for multivalued contractive maps due to Covitz and
Nadler [30].

Theorem 5. Assume that the following conditions hold:
(A1) T : [a,b] x R — Pep(R) is such that §(-,9) : [a,b] = Pcp(R) is measurable for each ¢ € R.
(A2) Hy (S (w,9),F(w,8)) < m(w)|d — 8| for almost all w € [a,b] and 9,9 € R with m €
C([a,b],R") and d(0,§(w,0)) < m(w) for almost all w € [a, b].
Then the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value problem (17) has at least

one solution on [a, b if
J:=6|ml| < 1. (27)

Proof. By the assumption (A7), the set Sz 4 is nonempty for each ¢ € C([a,b], R). Hence §
has a measurable selection (see Theorem IIL6 [31]). We show that F(8) € P, (C([a,b],R))
for each ¢ € C([a,b],R). Let {uy },>0 € F(¥) be such that u, — u (n — o0) in C([a, b], R).
Then u € C([a, b],R) and there exists v, € Sz y, such that, for each w € [a,]],

bk

w) —¢a))x L . . .
) = (LTI [ 5 A3, 2) 5900, )] + 3500, w).

As § has compact values, we pass onto a subsequence (if necessary) to obtain that v,
converges to v in L!([a, b], R). Thus, v € Sz 3 and for each w € [a,b], we have

un(w) = u(w) = ((P(W)Hr,ﬁéi)))k_l [iAikjw;¢vn(§i) _ kjﬁzpvn(b)} k3T, (w).

Hence, u € F(9).
Next we show that

Hy(F(9),F(®) <8 —8|, 6 <1, foreach 8,8 € C*>([a,b],R).

Let 9,8 € C%([a,b],R) and h; € F(x). Then there exists v1(w) € §(w, %(w)) such that,
for each w € [a,b],

hy(w) = ((P(w;[r:b((ei)))kl [i/\ikj“;%l(ffz‘) - kjﬁ;sf?m(b)} + k3890, (w).

By (Az), we have
Hy(§(w, 9),§(w, 9)) < m(w)[8(w) — d(w)|.
So, there exists w € f(w, ¥(w)) such that

|01(w) — w| < m(w)|d(w) —8(w)|, w e [a,b].
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Define U : [a,b] — P(R) by
U(w) = {w € R: [o1(w) — w| < m(w)[d(w) - B(w)|}.

Since the multivalued operator U(w) N §(w, #(w)) is measurable (Proposition I11.4 [31]),
there exists a function v, (w) which is a measurable selection for U. So vy (w) € §(w, %(w))
and for each w € [a,b], we have |01 (w) — va(w)| < m(w)|d(w) — F(w).

For each w € [a, 1], let us define

_ 1 m _ _
hz(w) = (‘P(w;{rf((;:))) {ZAikﬁ]“ﬂPvz(‘:i) - kj"‘@vz(b)} + kj“?thz(ZU).
i=1

Thus,

|71 (w) — ha(w)]

—¢(a o1 m - .
< o [ LA (m1(9) ~ (@) @)+ 5 (on(5) ~ 2 () )]
T (|01 (5) — 02(5)]) (w)
(9(0) — p(a)t  (p(0) —p(@)F 1 [ & (p(&) — pla))F
5{ L@tk T (AT L;'Al' L@+ )
(¢(0) — p(a)k -
+W1}||m||||19—19||
= &|m||]|8 3.
Hence

1l = ha| < &||m|[[[& —B].
Analogously, interchanging the roles of x and %, we obtain
Hy(F(9), F(9)) < &|jm]|# —2].

So F is a contraction and by Covitz and Nadler theorem F has a fixed point ¢ which
is a solution of the (k, ¢)-Hilfer nonlocal multipoint fractional boundary value problem (17).
This completes the proof. [

5. Examples
Now, we present some examples to show the applicability of our results.

Example 1. Consider the following multipoint boundary value problems for (k, ¢)-Hilfer fractional
derivative of the form

1
5
8 1 /2 3 (3
)-o o(5)-w(5)+z(5) @
5 (4 7 (6 9 (7
Here & = 3/2, B = 4/5, p(w) = w’e ®*, k = 1/6,a = 1/5,b = 8/5, m = 5,
A =1/11, 3 =3/22, A3 =5/33, Ay = 7/44, A5 = 9/55,& = 2/5,& = 3/5, & = 4/5,

¢4 = 6/5, (5 = 7/5. By direct computation, we get 9% =17/30, 1”% (9%) ~ 0.04044166691,
H ~ 29.03126784, & =~ 128.5303681, &1 ~ 66.09288339.
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(i) Let a nonlinear unbounded f(w, ¢) be given by

e (G- r2 8\ 11
1w 8) = BEwre ( 1+ 8] > T3ty @9

Then we can show that,

[f(w, 91) — f(w, 02)] 01 — B2,

< il
140

forw € [1/5,8/5]and ¢1, 9, € R. Therefore, for £ = 1/140, wehave £& ~ 0.9180740579 < 1.
Thus by Theorem 1 the multipoint boundary value problem for (k, ¢)-Hilfer fractional derivative
(28) with (29) has a unique solution on the interval [1/5,8/5].

(ii) Let a nonlinear bounded f(w, ¢) be defined as

67(51071)2 |l9| 1
Hw ®) = HGw+e) (1 n |19|) tawdt

1
5 (30)

Now, we observe that

o< 01

—— W+ = =@
F(w ) < fo50 e t39 T2 = @)
which is bounded by the known function @ (w), w € [1/5,8/5]. In addition, f satisfies the
Lipschitz condition (H7) with Lipschitz constant £ = 1/70. But we can not conclude the
uniqueness result, because Theorem 1 can not be applied since £& ~ 1.836148116 > 1.
However, since £&; ~ 0.9441840484 < 1, we deduce that the boundary value problem (28),
with § given by (30), has at least one solution on [1/5,8/5] by Theorem 2.

(iii) Let now a nonlinear f(w, ¢) be presented by

1 19182 1
Hw 8) = Smw 7 (15(1 om0yt 18)' B1)

Note that the nonlinear function can be bounded by quadratic term as

1 1, 1
Fw ) < S5w 7y <151('l + 18)'

By setting o(w) = 1/(2(5w +7)) and x(u) = (1/15)u? + (1/18), we have ||c|| = 1/16
and, then, there exists & € (0.7378396700, 1.129423324) satisfying condition (Hy) in The-
orem 3. By application of Theorem 3, we conclude that the multipoint boundary value
problem via (k, ¢)-Hilfer fractional calculus (28), with f given by (30), has at least one
solution on [1/5,8/5].

(iv) Let the first equation of (28) be replaced by

¥ (w) € F(w, 8 (w)), % <w< g, (32)

where

_ 1 i -
F(w,9) = [0, 305w + 12) <1+ 9] +s1n19+1)].

Now, we see that §(w, 9) is a measurable set. In addition, we have

Ha(5(00,0),5(0,9) < {57771~

9.
We set m(w) = 1/(10(5w + 12)). Therefore, we can check that d(0,F(w,0)) <
1/(20(5w + 12)) < 1/(10(5w + 12)) = m(w) for almost all w € [1/5,8/5]. As é =
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&||m|| ~ 0.9886951392 < 1, we get that (k, ¢)-Hilfer fractional inclusion (32) with boundary
conditions given in (28), has at least one solution on [1/5,8/5].

6. Conclusions

In the present research, we have investigated fractional boundary value problems
consisting of (k, ¢)-Hilfer fractional differential equations and inclusions, supplemented
by nonlocal multipoint boundary conditions. First we considered the single valued case.
After transforming the given problem into a fixed-point problem, we applied the Ba-
nach contraction-mapping principle, the Krasnoselskii fixed-point theorem and the Leray-
Schauder nonlinear alternative and established existence and uniqueness results. Af-
ter that, we studied the multivalued case. We considered both cases, convex-valued and
nonconvex-valued multivalued maps. In the first case, we established an existence result
via a Leray-Schauder nonlinear alternative for multivalued maps, while in the second
case the Covitz-Nadler fixed-point theorem for contractive multivalued maps was applied.
Numerical examples illustrating the theoretical results are also presented. The used meth-
ods are standard, but their configuration in (k, ¢)-Hilfer nonlocal multipoint fractional
boundary value problems is new. To the best of our knowledge, our results in this paper are
the only concerning boundary value problems involving (k, ¢)-Hilfer fractional differential
equations and inclusions of order in (1, 2]. Hence our results will enrich the literature on
this new research area.
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