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Abstract: Let R be a finite ring. In this paper, we mainly explore the conditions to ensure the graph
BT, defined by a system of equations {f; | i = 2,...,n} to be a Cayley graph or a Hamiltonian
graph. More precisely, we prove that BT, is a Cayley graph with G = (¢, A) a group of dihedral
type if and only if the system F,, = {f; | i = 2,...,n} is Cayley graphic of dihedral type in R . As an
application, the well-known Lovész Conjecture, which states that any finite connected Cayley graph
has a Hamilton cycle, holds for the connected BI'; defined by Cayley graphic system F;, of dihedral
type in the field GF(p¥).
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1. Introduction

The graph BI'y(R; f2,..., fa) defined by a system of equations over a finite ring
R have been extensively studied and used since the 1990s. The construction of graph
BT'w(R; fa,. .., fn) is motivated by the problems from extremal graph theory (see [1,2] for
details), and the concrete construction was originally due to [3]. The construction of the
graphs by systems of equations provides a useful tool to study graph theory, for instance,
constructing the graphs D(k, q) and CD(k, q), to approximate the structure and behavior
of incidence graphs of regular generalized polygons [4], establishing the lower bound of
the Ramsey numbers of graphs associated to generalized Kac-Moody algebras of rank
two [5] and hypergraphs [6], and constructing certain graphs with given properties [1,7,8].
In addition, Lazebnik and Woldar [3] established some important properties including
regularity and bi-regularity, existence of special vertex colorings, and existence of covering
maps of BI',(R; f2, ..., fn). Additional properties of BT, (R; f2, ..., fn) can be found in the
survey [9] and the references therein. Moreover, the girth [8,10-12] and the classification
up to isomorphisms [13] of graph BT, (R; f2,. .., fu) are further considered recently.

It is natural to study other properties of graph BT, (R; f2, .. ., fu). For example, Lazeb-
nik et al. [14] explored the condition to ensure the graphs to be semisymmetric or connected.
They proved that BT, (R; p1l1, ..., p1ili,- .., p1la_1) is semisymmetric if R = GF(p¥) is a
finite field for any n > 3 and p > 3. Moreover, some open problems of BI',(R; f2,. .., fu)
were raised up in [3] including when BT, (R; f2, . .., f) is a Cayley graph or Hamiltonian
graph. Cayley graphs are those graphs whose vertices are identified with elements of
groups and adjacency relations are defined by subsets of the groups.

The present paper aims to study the question of when BT, (R; fa, ..., fn) is a Cayley
graph. To be more precise, we consider a class of function systems and we call them Cayley
graphic function systems of dihedral type, which ensures BI'; to be a Cayley graph. The
main theorem is as follows.
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Theorem 1. The graph BT, is a Cayley graph on some group G = (¢, A) of dihedral type with
¢ : (p) < [p] € Aut(BT},) and A uniform if and only if the function system F, = {f; | i =
2,...,n} is Cayley graphic of dihedral type (see Definition 5) in R.

Cayley graphs are widely studied together with Hamiltonian graphs (see [15,16] for
example), where Hamiltonian graphs are those graphs having a cycle visiting every vertex
exactly once. A variant of the well-known Lovész Conjecture on Hamiltonian paths states
that every finite connected Cayley graph has a Hamilton cycle. Many people focus on
discussing the special case of the above conjecture (see [15,17-20]). We pay attention to
these results and then study the Hamiltonicity of graph BI',(R; f2, ..., fu)-

Furthermore, we consider the Hamiltonicity of this class of graphs and we have two
following theorems; note that Theorem 3 supports the Lovasz Conjecture.

Theorem 2. Let R be a finite ring with |R| an even positive integer, and BT, be a connected graph
detemined by the function system F, = {f; | i = 2,...,n}, which is Cayley graphic of dihedral
type. Then BT, is Hamilton-laceable, i.e., for any vertices u and v from two distinct parts in the
bipartite graph BTy, there is a Hamilton path whose terminal vertices are u and v.

Theorem 3. Let R = GF(p") be a field, for some prime p. If Fy = {f; | i =2,...,n} is Cayley
graphic of dihedral type in R and BI';, connected, then BI'y, has a Hamilton cycle.

The paper is organized as follows: in Section 2, we recall the definition and some
properties of the graph BT, (R; f, ..., fn). We prove our main theorem in Section 3, i.e.,
the function system {f; | i = 2,...,n} is Cayley graphic of dihedral type in R if and only
if BI',, is a Cayley graph with the group G = (¢, A) is of dihedral type with A satisfying
so-called uniform condition (see Definition 4). The last section of this paper mainly study
the Hamiltonicity of graph BT, (R; fa, ..., fx).

2. The Graphs Defined by Systems of Equations

In this section, we will recall the definition of the graph defined by systems of equations.

Throughout this paper, for a graph I', we always denote by V(I') the vertex set and by
E(T) the edge set. The element of E(T') connecting two vertices u,v € V(I') will be written
asu ~ o.

Definition 1. ([3], Section 2.1) Let f; : R%-2 _s Rbean arbitrary function, 2 <i < n. We
define the bipartite graph BT, = BI',(R; f2, ..., fu) as follows. The set of vertices V(BI',,)
is the disjoint union of two copies of R", one denoted by P, and the other by L;. Elements
of P, will be called points and those of L, lines. In order to distinguish points from lines we
introduce the use of parentheses and brackets: if a € R", then (a) € P, and [a] € L,. We
define edges of BI', by declaring point (p) = (p1, p2,.-.,pn) and line [I] = [I3,1,...,1,] to
be adjacent if and only if the following n — 1 relations on their coordinates hold:

p2 -+l = falp1, ),
ps+ 13 = fa(p1, l, p2, 2),

o+ 1n = fulpr, L p2 oo oo Pt ln—1)-

Fora function f; : R¥~2 — R, wedefine f; : R%~2 — Rby therule f;(x1,y1,...,%_1,Yi_1)
= fi(y1,x1,...,Yi_1,%i_1). We call f; symmetric if the functions f; and f; coincide.

Evidently, if the order of R is |R| = r, then the number of vertices of graph BT, is 21",
ie., |V(BT,)| = 2r".
There is another fundamental family of graphs as follows if all functions are symmetric.
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Definition 2. ([3], Section 2.2) Let f; : R%-2 _5 Rbe symmetric for all 2 < i < n. We define
I'v =T(R; fa,..., fu) to be the graph with vertex set V(I';) = R", where distinct vertices
(vectors)a = (ay,ap,...,a,) and b = (by, by, ..., by) are adjacent if and only if the following
n — 1 relations on their coordinates hold:

ay + by = fo(ay,by),
a3 + bz = fz(ay, by, a2,by),

an + by = fu(ay,by,a2,ba,...,8,-1,by-1).

LetT = (V,E) be a graph. We say that I has a loop at vertex v provided that there is
an edge e € E connecting v and itself. The following proposition can be deduced directly
by the definition, see [3,9] for details and more properties of BI';, and I';,.

Proposition 1. ([3], Proposition 2) If charR = 2, T, has a loop at vertex (a) if and only if

filar,a1,...,4i1,8i_1) =0

forall2 <i<n.
Now we recall the definitions related to the automorphism group.

Definition 3. ([21], Section 15) An automorphism of a simple graph I is a bijection o :
V(') = V(T') such that vertex u is adjacent to v is an edge of I' if and only if o'(u) is adjacent
to o(v) is an edge of T.

The group consisting of all automorphisms of I is called the automorphism group of
I', and we denote it by Aut(T').

The following example appears in Section 3.5 of paper [9].
Example 1. Forany x € R, the map 0y, x is an automorphism of BI'y,, where

U”,X((p)) = (plr' cerPn—1,Pn+ x)/

Uﬂ,x(m) = [11,- e x}/
forany (p) € Py, [l] € Ly.

For convenience, we denote by (p)i (resp. [I]x) the k-th coordinate of (p) (resp. [I]),
and by (p(i),1(i)) the sequence of variables (p1,1,...,pi-1,li—1) forany i = 2,3,--- ,n,
where (p) = (p1,..,pn) and [I] = [I1,...,Iy].

Definition 4. An automorphism ¢ € Aut(BT,) is uniform if

(1) o maps points to points and lines to lines, i.e., ((p)) = (p'), o ([I]) = [I'];

2 o((p))k=pr+xando((p)); = p; forall (p) € Py if thereis some k € {1,2,--- ,n}
such that ¢((0)); = 0forall1 < j <k,and ¢((0))y = x € R;

(3) forall (p), [l] and k < i < n, we have

[l (@), 1'(0)) = (p")i = [ = fi(p (i), 1(2)) — (p)i — 1, 1)

where (p') = o((p)), [I'] = o([l])-

Moreover, a subset S C Aut(BI,) is called to be uniform if S consists of uniform
automorphisms.
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Remark 1. In the above definition,

(1)  for the second condition, k and x are not necessary to be unique and we can take the
identity automorphism for example;

(2)  the third condition can be seem as a generalization of automorphism of graph BT,
as any automorphism ¢ of graph BT, satisfies that both the left side and the right
side of Equation (1) equal to 0 for two adjacent points (p) and [I].

Now we introduce Cayley graphic functions of dihedral type.

Definition 5. We call the function system F,, = {f; | i = 2,...,n} to be Cayley graphic of
dihedral type in R, if there is a uniform subset X = {7, | x € R,k =1,...,n} C Aut(BT},)
and ¢ : (p) > [p] lies in Aut(BT},), such that

D) Tou((p))k = pr+xand oo ([ = I — x5

2 w((p))j =pjand 7, ([I]); =l forall 1 <j <k;

@) T—x([p)j = wxp([p])j forallk +1 <j <n.

We have a property for Cayley graphic functions of dihedral type in R.

Proposition 2. Let the function system F, = {f; | i = 2,...,n} be Cayley graphic of dihedral

type in R. Then there is a uniform subset X' = {0y, | x € R,k =1,...,n} C Aut(BT},), such

that

M) o ((p))j = Tox((p))j and o ([1); = T ([1) forall j < k;

2) o —x([p]); = oxx((p))jforallk+1<j<mn

(3)  when j > k, the sum of all odd functions h(x) (i.e. h(x) = —h(—x)) in the additive terms
of 0k ((p)); is 0.

Proof of Proposition 2. Evidently, 7y , Ty , is uniform if 7, and 7 , are uniform (by a
straightforward check). When j > k, if the sum of all odd functions in the additive
terms of 0y ((p)); is h(x), which is nonzero, we replace the automorphism 7, with
Okx = Tj,—n(x) Tk,x- Repeating the replacement finitely many steps, we obtain the automor-
phisms as required. [

In what follows, for Cayley graphic function system of dihedral type, we always take
uniform automorphisms X' = {0}, | x € R,k =1,...,n} C Aut(BT,) in the previous
proposition.

We further explain the definition and introduce the functions b; x and y; x, associated

to{fili=2,...,n}.

Remark 2. By Proposition 1in [3],if {f; | i = 2,...,n} are symmetric then ¢ : (p) < [p]
is an automorphism. Moreover, (p) ~ [I] if and only if 0y ,((p)) ~ 0%+ ([I]) for oy, € X'
Now we set

bik(pr, .- pic1,x) =0k ((p))i — Pis
yi,k(ll, s lisg,x) = (Tk,x([l])i =1

foralli = k+1,...,n. Let (p')m = 0k ((p))m and [I'];y = 0y ([I])m forall 1 < m < n.
Since X' = {0y | x € R,k =1,...,n} is uniform, by Definition 4 (3) follows

bik(pr, - pic1, X) + (- lim, x) = fi(p'(0),1(0) — fi(p(i),1(i))

forall (p) € P, and [I] € Ly,.
For convenience, we write b; x and y; y for short unless stated otherwise. Note that the
existence of functions b; ; and y; x is equivalent to the existence of oy .
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Example 2. Ifn =2, f,(p1,11) = p1 + I, then

b1 +y21 = fo(p1 +x11 —x) — fo(p1, 1) =0.

Set by1 = yp1 = 0. It is straightforward to check that f(p1,11) = p1 + 1y is Cayley graphic
of dihedral type in R.

By Definition 5, Proposition 2, and Remark 2, we obtain the uniqueness of b; ; and y; x
for Cayley graphic functions of dihedral type in R.

Proposition 3. If 7, = {f; | i =2,...,n} is Cayley graphic of dihedral type in R, then (in terms

of the above notations)

(1)  the functions b; ;. and y; ;. are unique;

(2) we have bi,k(Pl/ ey pi—lro) = yi,k(llr e rli—ll 0) = 0,‘

(3)  for the case n = 2, the functions b1 and y, 1 are additive, i.e., if by | and y, | are functions
associated to f} in another function system JF} that is Cayley graphic of dihedral type, then
by + b1 and yy | + yo,1 are functions associated to f, + fo;

(4)  thesystem F; = {f; | i =2,...,j} is Cayley graphic of dihedral type for j < n.

Proof of Proposition 3. (1) Let us assume the opposite and let b; , b}, and y; , v, be the
functions associated to {f; | i = 2,...,n}, respectively. Now we set

bij = b} — bix,
Vik = ]/f,k — Yik
By Remark 2,
b (P10 Pk X) = Tk (PLo -0 PR —X),
by 1k (P -+ PR X) + i (B, - oo I x) =0,

for all (p) € Py and [I] € L,. We have

k1 k(P1s - Pk —%) + Tkrak(l, .o I x) = 0.
Then there is an odd function 4 (x) such that
bivik = Opyyx — brgrp = h(x),
Jrrik = Yisrp — Yerik = B(=%).
By Proposition 2 (3), we have
Vi1 = bevih
]/f<+1,k = Yk+1,k-

Now we prove the uniqueness of b; x and y; x by induction on i. Suppose that it holds
forallk+1 <j<i-—1,ie, bjf,k = bk, y;',k = Yjk it suffice to prove it for the case i.
Similarly, we have

Ei,k(pll ey piflrx) = y_i,k(Pl, e Pi-1s —X),
bik + ik = bix +yix = fi(p' (i), 1'(0)) — fip(i), 1(7)),

where (p') = 0,e((p)), '] = 01<([1])- Then

Ei,k(Plr e Pic1,X) = Fik(p1, -, pic1, —X),
bi,k(plr ---sPi-1, x) + gi,k(ll/ o ,11;1, X) = 0.
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Then, there is an odd function h(x) such that
bix = by — bix = h(x),
Jik = Yix — Yix = h(=x).
By Proposition 2 (3), we have
bip = big,
y;,k = Yik-
(2) Since
biy1k(P1 -+ PR 0) = Yis1k(P1, - -+ Pr 0),
b1 k(P1s -+ Pk 0) + Vi k(ly - 1k, 0) = 0,
we have 2by 1 k(p1,. .., Pr,0) = 0. If by k(p1, - - -, P, 0) # 0, we let
Ve k(PP X) = b1k (p1s -0 Pl X) + b1k (p1, -+, P 0),

thus b1 £(p1, ..., P, 0) = 0 by (1).
We have

bir(p1,---,Pi-1,0) = Y1k (p1,- - -, pi-1,0),
bik(p1,-- Pi-1,0) + ykpax(l, .-, 1i21,0) =0,

then 2b; k(p1,...,pi—1,0) = 0. I bk (p1,. .., pi—1,0) # 0, we let

b (P pic1, %) = big(pr, -, pic1, %) + big(p1, .., pic1,0).

By induction on i and (1), we have b; i (p1,...,pi—1,0) = vix(p1,--.,pi—1,0) = 0.
(3) We have

b1 +y21 = fo(pr +x11 —x) — fo(p1, ),
bé,l +y/2,1 = fz’(Pl +x,11 —x) *fﬁ(Plrll)'

Sum them up, and we have

(by1 +b21) + (51 +y21) = (f5+ ) (p1+x,11 —x) — (f3+ f2) (p1, ]h)-

By (1), then bé,l +by1 and y’z,l + Y1 are functions associated to Cayley graphic of
dihedral type f} + f».

(4) The unique functions b;; and y; are functions associated to Cayley graphic
function system {f; | i =2,...,j} of dihedral type, forj < n. O

3. A Condition for Graphs BT, to be Cayley Graphs

In this section, we provide a condition to ensure a graph BI'; to be a Cayley graph. We
first recall the definition of Cayley graph.

Definition 6. ([16], Section 1) Let G be a group and S be a subset of G. A digraph
I' = Cay(G,S) is a Cayley graph with vertex set G and two vertices u,v € G are adja-
cent if and only if vu~! € S. Moreover, if for any element s € S, the inverse s~ 1 also lies in
S, then the adjacency is symmetric and thus the Cayley graph Cay(G, S) may be viewed as
an undirected graph.

Obviously, the subset S contains the identity of G if and only if the Cayley graph
Cay(G, S) contains a loop at every vertex.
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Definition 7. Let I be a graph and H be a subgroup of Aut(T'). H is regular on V(T) if
(1)  H is transitive on set V(T'),
(2) ifo € H satisfies that 0(v) = v forany v € V(T'), then ¢ is the identity automorphism.

The following properties provides us a criterion to judge whether a graph is a Cayley
graph, and we give a complete proof here for the convenience of readers.

Proposition 4. (([21], Lemma 16.3) ([16], Proposition 1.1)) A graph I’ is a Cayley graph of a
group G if and only if Aut(T) contains a subgroup isomorphic to G that is regular on V(T').

Proof of Proposition 4. Supposed that I' is a Cayley graph Cay(G, S). For any g € G, we
define the assignment
g:urugt, Yue V().

It is clear that § is a is a permutation on V(T'). Note that vg~!(ug~1)~! € S if and only
ifou~! € Sand thus § € Aut(T). Let G = {3 | ¢ € G}, then G < Aut(T') and G = G. For
any two vertices u,v € V(I'), there exists a unique element § = 7~ 'il € G maps u to v, and
thus G acts transitively on V(I'). The uniqueness of § implies that G is a regular subgroup
of Aut(T).

Conversely, we assume that G is a subgroup of Aut(T') and regular on V(T'). We will
show that I is a Cayley graph of G. Let V(I') = {v; | i = 1,...,n}, then G has a unique
element g; such that g;(v1) = v; since G is regular. Set

S = {gj € G | vy is adjacent to v} }.

Now we define a map f : T — Cay(G, S) sending v; to g;. Then v; is adjacent to v
in I' if and only if g;(v1) is adjacent to gx(v1), if and only if v; is adjacent to gj_1 Qk(v1), if
and only if g]fl gk € S, and, finally, if and only if g; = f(v;) is adjacent to gy = f(vy) in
Cay(G,S). So f is an isomorphism. [J

Let IF; be a finite field and g be the power of odd prime numbers. By Definition 4 of
uniform isomorphism in Section 2, it is straightforward to check that BI'» (Fy; p312) without
uniform automorphism (except identity automorphism) but ¢ is an automorphism.

Lemma 1. Let F, be a finite field and q be the power of odd prime numbers. Then BT (Fg; p313) is
not a Cayley graph.

Proof of Lemma 1. For any x € F,, we consider the 3-path in BI»(Fy; p312): (1,0) ~
[x,x?] ~ (—1,0). There are at least  paths between two points (1,0) and (—1,0). Suppose
BT, (Fy; p313) is a Cayley graph, then it is a vertex transitive graph by Proposition 4. Then
there is o € Aut(BT(FFy; p312)) such that ¢((1,0)) = (0,0). We get 3-path: (0,0) ~ [y,0] ~

(p1,p2), where (p1,p2) = 0((—1,0)) and p; # 0. Then y?> = Z—% and the number of

1
3-paths between (0,0) and (p1, p2) is strictly less than g, which contradicts that ¢ is an
automorphism. [J

We recall the definition of group of dihedral type.

Definition 8. ([15], Definition 2.21) A group G is of dihedral type if it has an abelian subgroup
A of index 2, and an element 7t € G \ A of order 2, such that rgm = g~ ! forall g € A.

In this case, we write G = (71, A). Note that if A is the cyclic subgroup of order n, then
G is precisely the dihedral group Dy,,.

Lemma 2. Let |R| = r. If 7, = {f; | i = 2,...,n} is Cayley graphic of dihedral type in R,
then the automorphism group of BT (R; fa, ..., fn) admits a subgroup is of dihedral type with
2r" elements.
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Proof of Lemma 2. For the graph BT, we have the automorphism ¢ : (p) <> [p], and the
following automorphisms
U'k’x : Brn — Brn

(plr"'/pkl'*-rpn) = (Plz-.-rpk+xrpk+1+bk+1,kw-'/Pn‘|‘bn,k)/
[lll"'llkl"'lln]H [l1,...,lk—x,lk+1 +yk+1,k/~--rl71 +yn,k ],

wherex € Randk=1,...,n.

Next, we will prove that A = (0 ,) is an abelian group. We first show the commuta-
tivity of these generators, i.e., 0y y0j , = Oy .0k x for any k < k" and x,z € R.

Let (p) = (p1,.-.,pn) and [I] = [I1, ..., 14]. We denote by i ; + pi, Yixri + Lis bk ki + Pis
Yi' ki I; for the i-th component of O-k,xak’,z((p))/ O'k,xa'k/,z(m), o-k’,zak,x((p)/ Uk’,zak,x([l])
respectively, for 1 <i < n.

It is straightforward to verify that by ; = by r; and Yy ; = Yy x; for i < k. For the
case k' < i < n, suppose that

F=(pv - -t k-1 Pk + 5,1k — x),
G = (Prs1 + bes i kst + Ykrrpr - Pr—1 + b1 w1 + Y —1x),
H = (pry1+biprsr losr + Yippsts - Pict + b ion licn + Y io1),
I'=(pr + b I + Vi Pt + beogi e st +Yicnkr - Piet +bici licn + Yierk)-

By induction on i, we have

b i — Uik + Y ki — Yik = bpi — bik + Yk i — Yiks
= fl(F, G, pr + bk’,k +z, Zk/ + Yk — 2 H) — fi(F/ G, I)

Let the sum of all odd functions in the additive terms of by ; be h(x,z)(h(x,z) =
—h(—x,—z)). If h(x,z) # 0, by Definition 5 and Proposition 2, we have oy ,((p)); =
O'k,_x([p])j forall 1 < j < n. Moreover, set p, = I, forall1 < m < n, and

Op(p1/- -+ Pk + % Prsr + bkgpr- - Pict T bim14,2) = b i — b — h(x,2),
Oy(l, vyl = %, Iyt + Vi - - - lict FYic1 0 2) = Yirgi — Yik + h(x, 2).

We have O, + Oy = by x; — bix + Yi ki — Yik, which contradicts Proposition 3 (1)
where
(F, G, 1)2]'_1 = (F, G, I>2] for all ] = 1,. . .,i —1.

We have h(x,z) = 0. Similarly, let the sum of all odd functions in the additive terms of
by i be H'(x,z), then i’ (x,z) = 0. With a similar discussion as in the proof of Proposition 3,
we have 0y 0y , = 0y .04, for any x,z € R.

By Proposition 3 (1)(2), we have 0y = id and o} xl = 0k _y. By a straightforward
check, we have ¢oy v¢ = 0y, _, and A = (0} ) is an abelian group, and thus G = (¢, A) is
of dihedral type. Moreover, it is clear that |¢| = 2, and forany 1 < k < n, {0}, | x € R}
has r elements. By the commutativity and 0y 10k, = 0,1y, the abelian group A has "
automorphisms and thus G = (¢, A) is a subgroup of Aut(BT,) is of dihedral type with
2r" elements. O

Now we are ready to prove our main theorem.

Theorem 4. The function system F, = {f; | i = 2,...,n} is Cayley graphic of dihedral type in
R if and only if BT, is a Cayley graph Cay(G, S) on some group G = (¢, A) of dihedral type with
¢ : (p) <> [p] lies in Aut(BT,,) and A uniform.
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Proof of Theorem 1. By Lemma 2 and Proposition 4, we can verify that G is regular on
V(BT'y). We have BT, (R; fy, ..., fn) is a Cayley graph Cay(G, S) where G = (¢, A) is of
dihedral type and A is uniform.

If BT, is a Cayley graph Cay(G, S), by Definition 4, then there is 0 , € A, such that
0k ((0))k = x and 03 ,((0)); =0 forall 1 <j<k<mn,
x((P))k = px+x and 0p.((p)); = p; forall (p) € Pu.

Since ¢poj xp = 0 xl, we have
e ([P)k = pr —x and 0ix([p]); = pj forall [p] € Ly.

By Proposition 2 and 3 (1), we have o}~ xl = 0} —y and then the theorem follows. [J

2

By Lemma 1, there is a family of non-Cayley graphs BT'»(F; p217) with q the power of

odd prime number that have no uniform automorphism (except identity automorphism)
but satisfy ¢ € Aut(BI,); therefore the above conditions in Definition 5 are necessary. By
the previous theorem, we have two corollaries as follows.

Corollary 1. The graph BT, (R; fa, ..., fn) is a Cayley graph in the following cases

(1)

(2)
(3)

4)

(5)

(6)

i—1
fi= Y as(ps + ls)bs + ¢, where the constants as, ¢ € R and integers bs;
s=1

n = 2and f, = cpyly with constants ¢,2- 1 € R, where R is a commutative ring;

n = 2and f, = c(pil))*P with constant ¢ € R, where R is a commutative ring of
characteristic p with kp odd and 271 € R;

n=2and f, = ajpih + by(p1 + 1) + c with constants ay, by, c,2~' € R, where Ris a
commutative ring and cy is an integer;

n=2and f, = a;(p111)*F + by (p1 + 1) + c with constants a1, by, c,2~' € R, where R
is a commutative ring of characteristic p with kp odd and c, an integer;

n=1 n—1 J n—1
fn = 21 bs(Psls) + Zl CS(PS + ls) s+ 21 es(Psls)mp ~+ ¢, and
S= S= s=

i—1
fi = ¥ ais(ps +1s)bis +d; fori = 2,---,n— 1, where R is a commutative ring of
s=1

characteristic p with mp odd, the constants a; s, bs, cs, €5, c, d;,27Y € R, and b; s, ds integers.

Proof of Corollary 1. (1) Take b;x = 0, y; x = 0 and the statement follows.

(2) Define
1 1
b1 =c(—p1x— §x2),y2,1 =c(hx — ixz).
Then F; is Cayley graphic of dihedral type, and BI'; is a Cayley graph.

(3) Define

1 1
b1 = c(—(p1x)" — EXka)fyu = c((lix)" — Exzkp)-

Then F; is Cayley graphic of dihedral type, and BI'; is a Cayley graph.
(4) and (5) follow by (1), (2), (3), and Proposition 3 (3).
(6) Set

n-1 1, n—1 1,
by = Z bs(—psx — Ex ) + Z es(—(psx)™"P — Ex Py,
s=1 s=1

n—1 1 n—1 1
Yng = X bo(lox = 52%) + § es((1)" — 5xP"),
s=1 s=1
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and b; = y;x = 0 for k < i < n. Then BT, is a Cayley graph. [

Corollary 2. Let R be a finite ring of characteristic 2 and F, = {f; | i = 2,...,n} be a Cayley
graphic function system of dihedral type in R. If I', ha a loop at each vertex or no-loop at all vertices,
then T'y, is a Cayley graph Cay (A, S) with A an abelian group.

Proof of Corollary 2. By Definition 5 and Proposition 2, b;x = y;; associated to
Fu=A{fi|i=2,...,n}is Cayley graphic of dihedral type in R.
Forany x € Rand k =1, ...,n, we define
Uk,x : l"n — Fn

(al,...,ak,...,an> — <a1,...,ak+x,ak+1 —i—ka,k,...,an +bn,k>'
The proof is similar to Lemma 2 and Theorem 4. O

We conclude this section with two concrete examples.
Example 3. Assume n = 2 and the function system f, = py + I, we set

¢ : (p1,p2) = [p1, p2]
[, ]~ (I, 1)
o2x 1 (p1,p2) = (p1,p2 +x)
[l ] [l —x]
o1yt (p1,p2) = (p1+x,p2)
[l L= [h—x1]

Then forany i,j = 1 or 2 and x € R, we have
Ui,x(rj,y = O—j,yai,xr ¢Ui,x¢ =0j,—x-

Thus BT'»(R; p1 + 11) is a Cayley graph.
If charR = 2, by Proposition 1, T, has loop at all vertices, we have I'»(R; p1 +11) is a
Cayley graph.

Example 4. Let n = 2, f, = pyly and R be a commutative ring with 2=! € R, take

(p1,p2) = [p1, P2l
[l ] — (I, 1)

o2x ¢ (p1,p2) = (p1,p2 + %)
[l ] [l —x]

¢

1
o1t (p1,p2) = (p1+x,p2 — p1x — Exz)

1
[ll/lz]’—> [ll—x/lz—l—hx—ixz]

Foranyi,j=1or2and x € R, we have
(Ti,xoy,y = O—j,yo—i,xr (P(Ti,x(l) =0 —x-
Then BT'»(R; p111) is a Cayley graph.

4. The Hamiltonicity of Graph BI,

Based on the previous section, this section is devoted to considering the Hamiltonicity
of graph BT';,.
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We recall two definitions related to the Hamiltonicity of graphs.

Definition 9. ([22], Section 4.2) A path that contains every vertex of graph I' is called a
Hamilton path of I'; similarly, a Hamilton cycle of T is a cycle that contains every vertex of I.
A graph is a Hamiltonian graph or Hamiltonian if it contains a Hamilton cycle.

Definition 10. ([23,24]) A bipartite graph with parts A and B is Hamilton-laceable if, for all
vertices # € A and v € B, there is a Hamilton path whose terminal vertices are u and v.

The following two lemmas, originally from [17,25], study the group on which the
Cayley graph is Hamiltonian.

Lemma 3. ([17], Corollary 2) If G is a abelian group, then every connected Cayley graph on G
has a Hamilton cycle.

Lemma 4. ([25], Theorem 6.1) If G is p-group, then every connected Cayley graph on G has a
Hamilton cycle.

As a generalization of Lemma 4, the proof of the following lemma can be reduced to
Lemma 4.

Lemma 5. ([19], Corollary 3.3) Let G be a finite group with S a subset of G. If, moreover,
(1) Sis a generating set of G,

(2)  Aisanormal p-subgroup of G, for some prime p, and

3) stle A, foralls,t €S,

then Cay(G, S) has a Hamilton cycle.

The following lemma is useful to our discussion on the Hamiltion-laceablity of
the graph.

Lemma 6. ([23], Theorem 1.7) Let G be a finite group of dihedral type and Cayley graph T on
group G be connected bipartite. If the order of G is divisible by 4 and T of valency at least 3, then T
is Hamilton-laceable.

Based on our discussion in the previous section, we establish two Hamiltonian proper-
ties about graph BI'; as follows.

Theorem 5. Let R be a finite ring with |R| an even positive integer, and BT, be a connected graph
detemined by the function system F,, = {f; | i = 2,...,n}, which is Cayley graphic of dihedral
type. Then BT, is Hamilton-laceable.

Proof of Theorem 2. If r = |R| = 2, the graph BT, is a cycle since BT, is a 2-regular
graph and connected. For other cases of ¥, by Lemma 2 and Theorem 4, the graph BT, is
Cayley graph on group G of dihedral type with order 2r". Since r = |R| > 3 is an even
integer, the order of G can be divided by 4 and the valency of BI'; is at least 3. Thus BI'; is
Hamilton-laceable by Lemma 6. O

Theorem 6. Let R = GF(p) be a field, for some prime p. If Fy = {f; | i = 2,...,n} is Cayley
graphic of dihedral type in R and BT, is connected, then BI'y, has a Hamilton cycle.

Proof of Theorem 3. Note that the graph BI', is Cayley graph on group G of dihedral type
by Theorem 4. To prove the theorem, it suffices to check the conditions in Lemma 5 one
by one.
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(1) Note that S is a generating set of G if and only if Cay(G, S) is connected.

(2) By Lemma 2, we have BI', = Cay(G,S), G = (¢, A) is of dihedral type, and
|A| = " = p*. Hence, A is a normal p-subgroup of G.

(3) By Proposition 4 and BI', = Cay(G,S) is a bipartite graph. According to the
structure of S and G, we have the element in S is s = a¢ or ¢a, where a2 € A. Hence,
st7l e Aforalls,teS. O

A variant of the well-known Lovéasz Conjecture on Hamiltonian paths states that every
finite connected Cayley graph has a Hamilton cycle. Note that both Theorem 6 and the
following two corollaries support this conjecture.

The following example shows that BI';(GF(2); p1l1) is a Hamiltonian graph and
Cayley graph Cay(A, S) where A is an abelian group.

Example 5. Let R = GF(2) be a field. Then BI';(R;p;l1) is a Cayley graph and has a
Hamilton cycle (see Figure 1).

(0,0) « o [0,0]
0,1) :\/: [0,1]

(1,0) [1,0]

(L1) (1,1]
Figure 1. The graph BI'»(R; p111)-

Note that BI';(Zy; p1l1) is precisely a Cayley graph Cay(A, S) with A is a cyclic group
generated by the permutation (12345678) € Sgand S = {(12345678), (12345678)'}.

By Theorem 2.1 (3) in [14], if R = GF(g) is a finite field with g a prime power,
then BI';(R; p1l1) is connected. The following corollary implies that graph BI'»(R; p1l1) is
Hamiltonian where g is an odd prime power, which supports the conjecture that Wenger
graph has pancyclicity in [26].

Corollary 3. Let p be an odd prime and R = GE(p*) be a finite field. Then graphs BT2(R; p11;)
and BTy (GF(2); p1l1) have a Hamilton cycle.

Proof of Corollary 3. The graph BT'»(GF(2); p1l1) has a Hamilton cycle by Figure 1. If p is
an odd prime, by Corollary 1, BT»(R; p111) is a Cayley graph. To prove the connectivity, we
need to find out the connection set S of Cayley graph BI'>(R; p1l;) = Cay(G, S). Indeed,
we have ¢o, 201, € S since (0,0) ~ [x,0] for all x € GF(p¥). Take x = 0 and we have

2
¢ € (S). Therefore 0, ,2 and 0, _ 2 lie in (S), which implies o, 2 € (S) and o, € (S) for
7

all x € GF(p¥). Since the equation x*> + y?> = z has a solution (x,y) for any z in GF(p*),
the automorphism 07 ; can be written as the composition of ¢, ,» and 03 > in (S), thus
0, € (S), which implies G = (S), and then BI';(R; p111) is connected, so BI'2(R; p1l1) has
a Hamilton cycle by Theorem 6. [

For the graph I';;, we have the following corollary.

Corollary 4. Let R be a finite ring of characteristic 2 and Iy, be a connected graph. If F, is Cayley
graphic of dihedral type and T';, has loop or no-loop at all vertices, then I'y, has a Hamilton cycle.

Proof of Corollary 4. It follows directly by Corollary 2 and Lemma 3. [
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5. Conclusions

In Theorem 4 of this paper, under the conditions (see Definition 5) proposed in this
paper, we obtain the necessary and sufficient condition that the graph BI', is Cayley graph
on some group G = (¢, A) of dihedral type with ¢ : (p) <> [p] lies in Aut(BI',) and A
uniform. Moreover in this case, we discuss the Hamiltonicity of BI';,. However, it has not
been completely described when BT';; is a Cayley graph or Hamiltonian graph. It will be
interesting to consider the pancyclicity of a Wenger graph for our future work (see [26]).
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