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Abstract: In this paper, we study the applications of conformable backward stochastic differential
equations driven by Brownian motion and compensated random measure in nonlinear expectation.
From the comparison theorem, we introduce the concept of g-expectation and give related properties
of g-expectation. In addition, we find that the properties of conformable backward stochastic
differential equations can be deduced from the properties of the generator g. Finally, we extend the
nonlinear Doob-Meyer decomposition theorem to more general cases.
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1. Introduction

The initial research motivation of nonlinear expectations came from risk measurement
and option pricing in financial applications. The Allais paradox, Ellsberg paradox and
Simon’s “bounded rationality” theory, and so forth, all show that decision-making in
reality is contrary to the hypothesis of expected utility theory. Economists have found
that the linearity of classical mathematical expectation (that is, the additivity of probability
measures) is the main reason for this kind of problem so researchers wanted to find a
new tool which can not only retain some properties of classical mathematical expectations,
but also solve financial problems with highly dynamic and complex characteristics.

In the 1950s, Choquet [1] extended the Lebesgue integral to non-additive measure
and obtained the Choquet expectation. However, this nonlinear expectation does not have
dynamic compatibility and is not suitable for solving practical financial problems. In 1997,
Peng [2] introduced a new nonlinear expectation, namely the g-expectation, based on the
backward stochastic differential equation driven by Brownian motion. The g-expectation
retains all the basic properties of the classical expectation except linearity [3], and it can be
applied to the dynamic risk measurement of actuarial and financial valuation. Subsequently,
Royer [4] studied the backward stochastic differential equation driven by Brownian motion
and Poisson random measure, and introduced the corresponding g-expectation and a
large number of studies show that this g-expectation can be applied to financial problems
(see [5-9]). Recently, Long et al. [10] proposed a multi-step scheme on time-space grids
for solving backward stochastic differential equations, and Chen and Ye [11] investigated
solutions of backward stochastic differential equations in the framework of Riemannian
manifold. From the paper [12], we could get the averaging principle for backward stochastic
differential equations and the solutions can be approximated by the solutions to averaged
stochastic systems in the sense of mean square under some appropriate assumptions.
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In addition, coupled forward backward stochastic differential equations driven by the
G-Brownian motion were studied in [13], while [14] investigated the solvability of fully
coupled forward—-backward stochastic differential equations with irregular coefficients.

The above papers concern research on integer order derivative, while the works of
conformable type derivative are very few ([15-20]). The conformable derivative not only
has some properties of fractional derivative, but also some properties of integer order
derivatives. We discussed the necessity of studying conformable backward stochastic
differential equations in [21]. In the present paper, we study g-expectation for conformable
backward stochastic differential equations.

This paper is mainly divided into four parts. In the second section, we give some
definitions and theorems. In the third section, we study the relationship between g-
expectation and the filtered consensus expectation, and we give some properties of g-
expectation. We find that the g—expectation can be considered as a nonlinear extension of
the Girsanov transformation. In the final section, we prove the Doob—-Meyer decomposition
theorem under mild assumptions.

2. Preliminaries

Let B(-) be a standard Brownian motion defined on the complete probability space
(Q), F,P) with the filtration {F;}o<;<T satisfying the usual hypotheses of completeness
and right continuity. B(R) denotes the Borel sets of R and E denotes the expected value. A
stochastic process V(w, t) is a real function defined on Q) x [0, T] such that w — V(w, t) is
F-measurable for any t € [0, T]. A stochastic process V is called Fi-adapted if w — V(w, t)
is Fy-measurable for any t € [0, T]. The natural filtration is completed with sets of measure
zero. By P we denote the -field. A process V : Q) x [0, T| — R is called F-predictable if
it is F-adapted and P-measurable. A process is called cadlag if its trajectories are right-
continuous and have left limits. The term a.s. means almost surely with respect to the
probability measure. Inspired by [22], we define some spaces that we will use:

LZQ(R) = {measurable function ¢ : R — R; /R |9(s)|?Q(ds) < 00; Qisa — finite measure},

L2(Q, Fr,P) = {Fr — measurable random variable & : Q0 — Fr; E[|{|?] < o},

T
H2(R) = {predictable process Y : QO x [a,T] = R; E[/ |Y(t)2dt] < o0},
a

T
H3,(R) = {predictable process Z : QO x [a,T] x R — R; E{/ /R |Z(t,8)[*Q(t, ds)y(t)dt| < oo},

S?(R) = {adapted, cadlag process X : Q1 x [a,T] — R; E[ sup |X(t)|?] < oo},

tela,T]

L2(Q, Fi,P) = {F; — measurable random variable & : O — Fy; E[|E[*] < oo]}.

Furthermore, for any constant o, we introduce the norms of spaces H?, H3; and S? as:

T
i =] [ eviopal,

a

21 ~=[ [ [ ez orat ],

IX[13& = E[ sup e”|X(t)[?).
te(a,T)

Definition 1. (see [2] (Definition 3.1)) A functional £ : Lz(Q, Fr,P) — Ris called a nonlinear
expectation if it satisfies the following properties:
(i) Strict monotonicity: if X1 > Xp a.s., £[Xq] > E[Xp|, and if X1 > Xpas., E[X1] = E[Xo] &
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X1 = Xpas.
(ii) preserving of constants: £[c| = c, for any constant c.

Definition 2. (see [2] (Definition 3.2)) A nonlinear expectation & is a filtration consistent expecta-
tion (F-consistent expectation) if for any { € L2(Q, Fr,P) and a < t < T, there exists a random
variable & € L2(Q), Ft,P) such that E[{14] = E[¢14], VA € F, where £ is uniquely defined. We
denote ¢ = E[C|F|, which is called the conditional expectation of { with respect to F. Therefore,
we can write it as E[¢1 4] = E[E[{|Fi]1a], VA € Fr.

Lemma 1. (see [4](Lemma A.1)) Let A(-) be an increasing predictable process. We consider its
decomposition as a sum of a continuous and a purely discontinuous process: A(t) = Al (t) + A%(¢t).
We also consider a cadlag martingale W(-), bounded in 1.2.

(i) For any stopping time T such thata < 7 < T,

EMTAW(s)dAl(s)] — 0.

(ii) For any predictable stopping time T such thata < v < T,

]E[/aTAW(s)dAz(s)] :E[ Y AW(S)AAZ(S)].

a<s<t

Lemma 2. (see [21] (Theorem 3.5)) Suppose U(-) = U(X(:),-) € C*(R x R4, R). Then,
foranya <t < T, we have

ail
dJx

Dgu(t)d(t_pa)P _ (Z”t‘ (t— )P =Lg(t, X(8), Y (1), Z(t, -))

(= a2y )gxu>dt+ (t—a)P v (¢ )a:‘dB(t)

+(t—a)p’lg—Z/RZ(t,s)N(dt,ds)
+1(t— )2<Pl>82“/22(t )N(dt,ds), 0< p <1
2 a 2 Ju ,S ,ds), o<1

Lemma 3. (see [22] (Theorem 2.5.1)) Let B be a (P, F)-Brownian motion, N be a (P, F)-random
measure with compensator 9(dt,ds) = Q(t,ds)n(7t)dt. Assume an equivalent probability mea-
sure Q ~ P with a positive F-martingale:

dM(t) _
M(t)

where ¢(-) and x(-, -) are the F-predictable processes satisfying

£)dB(t +/ x(t,s)N(dt,ds), M(a) = 1,

/|4> |2dt<oo//yxts|Qtds n(t)dt < oo,

t,s)>—-1,a<t<T,seR

BC(1) :B(t)—/t¢( Yit, a<t<T,
NQ(t, A) / / (1+4+x(t,s))Q(t, ds)y(t)dt, a<t<T, AecB(R),

are (Q, F)-Brownian motion and a (Q, F)-random measure.
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X"(t)

Lemma 4. (see [22] (p. 42)) Let -y > 0 and x1,x, € R. Then,
1
2|x1x| < §|xl|2 + 7l 1

Lemma 5. Consider the following family of conformable backward stochastic differential equation
parameterized byn = 1,2, - -

T T
C+ [ = g X (0, Y (@), 2 (@) [ (=) (X () = X(x)

— /tT(T —a)P~Y"(1)dB(1) — /tT(T —a)P! /RZ”(T,S)N(dT,ds), telfaT],0<p<1,

where { € L2(Q, Fr,P), X is an adapted process, Y and Z are given control processes, g :
Qxa,T] xR xRx Lé(R) — R is predictable, B(-) is a given Brownian motion and N is a
compensated random measure. For anyn = 1,2, - - -, we have X (t) > X" (t).

Proof. Following [23] (Lemma 3.4), we assume that X(#) < X"(t). Then there exists @ > 0
such that the measure of {(w, t) : X" () — X(t) — @ > 0} C Q x [a, T] non-zero. Define the
following two stopping times:

0 = min[T,inf{t : X"(t) > X(t) + @}],
T=inf{t >0: X"(t) < X(t)}.

Then we get ¢ < T < T. Since X(t) — X" (t) is right continuous, we have:

X*(1) < X(1). @

Suppose X(t) is the solution with the terminal value X(T) = X"(7) on [a, T]. From (2)
and the comparison theorem, we get X" (7)) < X(7). This is a contradiction. Thus, X(t) >
X"(t). O

3. The Main Results of g-Expectations
Consider the following conformable backward stochastic differential equation

T T
X(H) = ¢+ /t (7 — a)?g(t, X(1), Y (1), Z(7,5))dT — /t (T — a)?1Y(7)dB(7)

T
—/ (T—a)Pfl/ Z(t,s)N(dt,ds), 0<p<1,a<t<T, 3)
t R

where ¢ € L2(Q, Fr,P), X is an adapted process, Y and Z are given control processes,
g:Ox[a T xRxRx Lé(R) — R s predictable, B(-) is a given Brownian motion and
N is a compensated random measure.

Assumption 1. (i) The generator g : Q) X [a, T] x R x R x R — R is predictable and Lipschitz
in x and y

gt x,y,2) —g(t,x,y,2)| < K(|x = x|+ |y —']), Vx, X'y, ) €R,

where K is a positive constant.
(it) For any z, z' € R, there exist constants —1 < C; < 0 and Cp > 0 such that

gt x,y,2) =gt x,y,2) < /R(Z(tfs) = 2/(t,5))5% (t,5)Q(t, ds)y (t),
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where 5Y#7 (t,5) : Q4 x [a, T] x R — R is predictable and satisfies C; (1 A |s|) < 5%#% (t,5) <
Cz(l A |S|)
(iii) For any x € R, ¢(t,x,0,0) = 0.

Notice that the comparison theorems in [21] follow from Definition 1. Hence a nonlin-
ear expectation can be defined by conformable backward stochastic differential equations.

Definition 3. A nonlinear expectation Eq[-] : L2(Q, Fr,P) — R is called a g-expectation if the
generator g of Equation (3) satisfies Assumption 1 and we define the g-expectation as £¢[(] = X(a),
where a triple (X, Y, Z) is a unique solution of Equation (3) and X(a) denotes the initial value of
the solution.

Definition 4. A nonlinear expectation Eg[-|F¢] : L*(Q, Fr,P) — L?(Q), Ft, P) is called a condi-
tional g-expectation if for any a < t < T, the generator g of Equation (3) satisfies Assumption 1
and we define the conditional g-expectation as E¢[C|Ft] = X(t), where a triple (X,Y, Z) is a unique
solution of Equation (3) and { € 1L2(Q), Fr,P) denotes the terminal value of the solution.
Proposition 1. We have the following results:

(i) Fora <t <T, A€ Frand { € L2(Q, Fr,P), &[{1a| Ft] = &[] Fi]1a.

(ii) Forany a < s <t < Tand { € L?(Q), Fr,P), E[Eg[T] Ft]|Fs] = EglT] Fs)-

Proof. Case (i). Let A € F;. Foranya <t < Tand 0 < p <1, consider Equation (3) and
T
i) = T+ [ (=0 Tgln X0, (), Zi()de
T T
- / (T — a) 1Y, (1)dB(7) — / (t— )P / Z:(t,5)N(dt,ds), (&)
t t R

where € L2(Q, Fr,P) and the generator g satisfies Assumption 1. Multiplying by 14 on
both sides of (3) we get

X1y = a1+ '/t.T(T - a)p_llAg(T,X(T),Y(T),Z(T))dT

- /t "t — @)1y ()1 4dB(7) /t N gy /R Z(7,s)14N(d, ds),

wherea < t < Tand 0 < p < 1. Notice that g(t, X(t),Y(t), Z(t))1a = g(t,14X(t),14Y (1),
14Z(t)), and then,

X1y = ClA-|—/tT(T—a)p_lg(’r,X(T)lA,Y(T)lA,Z(T)lA)dT
- /t.T(Tfa)p_lY(T)lAdB(T)f /t‘T(T—a)P_l /R 7(7,5)1,N(dz, ds). (5)

Let (X(#),Y(t),Z(t)) = (X(t)14,Y(t)14,Z(t)14), and (8) can be written as:
() = Qat [ (-0 g(n X(), VD), 2
- /t "t )P 1Y (2)dB(7) — /t Nr— gyt /R Z(%,s)N(dr, ds).
By the uniqueness of the conformable backward stochastic differential equation, we

get X (t) = X(t) = X(t)14, a < t < T. From Definition 4, we have & [(14|F;]Xy(t) =
X(t)1a = &[C|F]1a.
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Case (ii). Forany A € Fsanda <s <t < T, we have A € F;. From the result of (i),
one has:

Eg[gg[gg[a}—t”-rs}lﬂ = gg[‘gg[‘gg[a]:t]lﬂfs}]
= &El&l&[C1alF4]| F5]]
= &l&[C1al 7]
= 5g[5g[€|f5]1A],

where { € L2(Q, Fr,P). Let {1 = &[&[C|F]|Fs] and o = &[C|Fs]. If we choose
A = {01 > 0o} € Fi, from Definition 1, {114 > {214 and &[0114] = E[0214], we get
0114 = (o14. Hence {1 < {p. If weset A = {01 < (o} € Fi, we get {1 > (p in the same
way. Hence, we conclude that {y = {y, thatis, £ [E[C|Ft]| Fs] = &[C|Fs]. O

Theorem 1. The g-expectation is F-consistent expectation.
Proof. Let A € F;. Foranya <t < Tand 0 < p <1, consider the following equations:
T -1
Xi(t) = {la +/t (r—a)fg(z, Xi(7), Y1(7), Z: (7))dT

_ /t.T(Tfa)p_lYl(T)dB(T)f /t Nr— gyt /R 7, (t,s)N(dz,ds),  (6)

Xalt) = Xila+ [ (0-a) gl Xe(), Ya(0), Za(0)ie
T T
- /t (T — a)P 1Yo (7)dB(7) — /t (t—a)f! /R Z,(t,s)N(dz,ds),  (7)

where { € L2(Q, Fr,P), X1(1) = &[{14|F:] and the generator g satisfies Assumption 1.
Multiplying by 14 on both sides of (7) we get:

Xz(t)lA = gg[glALFt]lA + /tT(T — a)pillAg(T,Xz(T),Yz(T),ZQ(T))dT

- /t N (T = )P 1Yy (1)1 4dB(7) — /t Nr— gyt /R Z5(1,)1 4N (d, ds)

wherea < t < Tand 0 < p < 1. Notice that g(t, X(t),Y(t), Z(t))1a = g(t,14X(t), 1Y (1),

14Z(t)), and then,
X2(i’)1A = 5g[€1A|ft]1A—|-./t.T(T—a)p_lg(T,Xz(T)lA,Yz(T)lA,Zz(T)lA)dT
- /t " (= 0)P 1 (1)1 4dB (1) /t Nr— oyt /R Z5(7,s)1 AN (d, ds). @®)

Let (X3(t), Y3(t),Z3(t)) = (Xa(#)14,Ya(t)14,Z2(t)14), and (8) can be written as:
T
X3(t) = &lClalF]la+ /t (t—a)P'g(t, X3(1), Y3(T), Z3(7) )dT
T T
- / (T — a)P~1Y3(1)dB(7) — / (t—a)f~1 /R Z3(t,5)N(d, ds).
t t
By the uniqueness of the conformable backward stochastic differential equation, we

get Xi(t) = X3(t) = &[¢1a|Fi]1a, a < t < T. From Definition 3 and Proposition 1,
we have:

5g[€1A] = Xi(a) = X3(a) = Eg[gg[glA‘ft]lA] = 5g[5g[§|]:t]1A]-
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Hence, there exists § = £¢[C|.F¢] such that E¢[(14] = E[¢14].

Next, we prove the uniqueness of §. Assume that there exists another random variable
&’ such that £[14] = &[d'14] and & # ¢'. Choose ¢ > ¢'. According to the compari-
son theorem in [21] and Definition 3, we have £¢[d14] > £¢[¢'14], which is contrary to
Eq[C14] = &g[¢'14]. On the other hand, if we choose ¢ < &', the result £¢[¢14] = &[¢'14]
still does not hold. Hence & = ¢'.

Combining the existence and uniqueness of ¢, we conclude that the g-expectation is
JF-consistent expectation. The proof is complete. [J

Next, we give two kinds of g-expectation with the special generators g; and g».

Proposition 2. Let ¢(-) and «(-) be F-predictable processes. Forany yy € R and —1 < C; <0,
we define the following generators:

g1(txy,2) =yl + Co [ (LALsD)[=(t5)1Q(E ds)n ),
&2(tx,y,2) = —mlyl =G /R(l Als])|z(t,s)|Q(t ds)y(t).
Then Eq,[Z|Fi] = infgep EQ[Z|Ft) and Eq, (| Fi] = supgep EQ[Z| Fi], where

AM(t)
M(t)

p—{o~r 2 lm =m0, G e + [ w008,

M(a) =1, Ip(t) < i, —1<x(t;s) < CLLAJs]), a <t < T}.

Proof. Here we consider the case of g1(t,x,y,2) = p1ly| +C1 [g (1 A|s|)|z(t,s)|Q(t, ds)n(t).
The proof of g>(t, x,y,2) = —p1ly| — C1 [x (1 A[s|)|z(t,s)|Q(t, ds)n(t) is similar. Consider
the following equation

T
C+ [ (=) (X (0), Y(3), Z(7) e
—/tT(T—a)P*W(T)dB(r)—/tT(r—a)Pfl/RZ(T,S)N(dT,ds)
Ct [ (- ap @+ [ (- [ Cnl)IZ(ns) QG ds)r (R
—/tT(T—a)F’_lY(T)dB(T)—./t‘T(T—a)P_l/RZ(T,S)N(dT,ds),
wherea <t <T,0<p<1,u; € Rt and —1 < C; < 0. Define
lf;%‘]:t = M(t), M(ll) = 1,

dM(t) S
(1) :(p(t)dB(t)—i—/RK(t,s)N(dt,ds),
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where |¢(t)] < p1 and —1 < x(t,s) < C1(1A|s|). Let D = {Q ~ P, le‘}—f = M(t)},
and from Lemma 3, we can get

X() = o+ [ (- ap alY ()] - ple)Y (e
+ [t [0 BN = w55 2(0s)Qw ds)n ()
—/tT(T—a)P_lY(T)dBQ(T)—/tT(T—a)P 1/ 7(z,5)NQ(dr, ds)
> g—/tT(T—a)P_lY(T)dBQ(T) / T—a)f / 7(t,5)NQ(dr, ds),

wherea < t < Tand 0 < p < 1; note that ¢(7)Y(7) = u1Y(7) > 0 and x(7,5)Z(7,s) =
Ci(IA|s|)Z(t,s) > 0, we have

X(t) =~ [ (= ap Y @ap(x) - [ (r-ap [ 2(n,5)Nar,ds).

Taking the conditional expectation under the probability measure (Q, we obtain
X(t) = infgep EQ[Z| F;]. Notice that Assumption 1 is satisfied for the generator g1 (t, x, v, z).
From Definition 4, we get X(t) = &, [¢|F], that is, &, [¢|F:] = infgep EQ[Z] F].

The proof is complete. [J

Proposition 3. Let &, be a g-expectation and , {1, (> € L?(Q), Fr, P).
(i) Translation invariance: for any constant c € Rand a <t < T, we have

&G + el Fi] = &I Fi] + ¢,

where the generator g is independent of X(-).
(ii) Homogeneity: for any constant c > 0and a <t < T, we have

Sg[caft] = ngm]:t]/

where the generator g is positively homogenous.
(iii) Convexity: for any c € (0,1) and a <t < T, the g-expectation Eg is convex

Egleli + (1 — ) 02| Ft] < c&lCi| Fi] + (1 —c)&ga| F],

if the generator g is convex, namely:

gt,exy+ (1 —c)xg,cyr + (1 —c)ya,cz1 + (1 —¢)zp)
S Cg(t/ xl/ylrzl) + (1 - C)g(t/ x2/]/2/22)/ v(xllyllzl)/ (xZIyZIZZ) S (R/R/ LZQ)

(iv) Sub-linearity and sub-additivity: the g-expectation Eq is sub-linear, sub-additive and
positively homogenous

ElC1 + ol Fi] < E[T1]Fi] + &[22l Fi],
if the generator g is positively homogenous and satisfies:

g(t, x1 +x2,y1 +y2,21 + 22)
S g(t/xlrylizl) +g(t/x2ry2r22)/ V(X1,y1/21), (xZ/yZ/ZZ) S (R/R/ LZQ)



Axioms 2022,11,75 9 of 15

Proof. Case (i). Consider the following conformable backward stochastic differen-
tial equations:

X() = ¢+ [ (r-af g(e X(0,Y(0), 2(x))dT

- /t "t = a)e 1y (2)dB(7) /t Nr— gyt /R Z(z,5)N(dt, ds),

T
X'(f) = C+c—|—/ (T — a)lg(r, X'(1),Y' (1), Z'(x))dT
t
T
—/ (t—a)~ 1Y (1)dB(1) — / T—a)f~ 1/ Z'(t,8)N(dt,ds),
t
where { € ]Lz(Q,}"T,IP’),C eRa<t<Tand0<p <1 Let

d%‘}} — M(t), M(a) =1

AM(1)
M)

&(H)dB(t +/ﬁ N(dt,ds), a<t<T, ©)

where &(-) and j(-) are the predictable processes. If we choose a generator g(t, X(t), Y(t),
Z(t)) = a(t)Y(t) + [ B(t)Z(t,s)Q(t,ds)y(t) which does not depend on X(-), using
Lemma 3, one has:

X(t) = — /tT(T—u)P*W(T)dB@(T) - /tT(T—a)"Fl /RZ(T,S)NQ(dT,ds),
X'(H)=(+c— /tT(T—a)Pfly’mdB@(r) - /tT(r—a)H /RZ’(T,S)NQ(dT,ds),
where { € L2(Q, Fr,P),c € R,a <t < Tand 0 < p < 1. Hence, we get X(t) = ]EQ[§|ft]

and X' (t) = EQ[Z + c| Fi] = EQ[Z|F] + c under the probability measure Q, that is, X' (t) =
X(t)+c¢, Y()=Y'(t)and Z(t,s) = Z'(t,s).

On the other hand, since the generator g(t,X(t),Y(t),Z(t)) = &(t)Y(t)+
Jz B( s)Q(t,ds)y(t) satisfies Assumption 1, we have X(t) = &[¢|F] and X'(t) =
&lC + c|]-"t] Hence, we conclude that £ [ + c|F;| = X/(t) = X(t) 4+ ¢ = &[] Fi] +c.

Case (ii). Let ¢ > 0, and using the same method as in case (i), consider the follow-
ing equation:

X"(t) = CC—F/;T(T—a)p_lg(T,XH(T),Y”(T),Z"(T))d”f

- /t "t )Py (1)dB(7) — / '

-y /R 7" (z,5)N(dv, ds),

where 7 € L>(Q), Fr,P),a <t < Tand 0 < p < 1. Choose

(6, X" (1), Y"(1), 2" (1)) = &()Y"(t) + /Rﬁ(t)z“(t,S)Q(t, ds)i (t),

which is positively homogenous. With the framework of (12), we have

X"(f) = ¢f — /t T(T—a)P_lY”(T)dBQ(T)—./t Nr— gyt /R 7" (7,5)NQ(dt, ds),
Tand 0 < p < 1. Then we get X"(t) = cEQ[Z|F].

where { € ]Lz(Q,]-'T,]P’), a<t< |
= EQ[¢|F] = &[¢|Fi], we have & cl|F] = X'(t) =

From Definition 4 and X(t)
cEO[Z|Fi] = c& 21 7).
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Case (iii). Let 0 < ¢ < 1, and consider the following conformable backward stochastic
differential equations

R0 = i+ -0t [ (- gl X0, ¥(0), 2(0)de

- /t "t = a)P ¥ (2)dB(7) / Nr— gyt /R Z(t,5)N(dt,ds), (10)

t

Xi(t) = gi+/tT(T_a)p_lg(T/Xi(T)rYi(T)/Zi(T))dT

- /t "t = )1y (1)dB (1) / e gyt /R 7:(t,5)N(dv, ds),

t

wherei=1,2,; € L2(Q, Fr,P),0<c<1l,a<t<Tand0<p < 1.
Notice that:

g(t, CX1 + (1 - C)Xz, CY] + (1 - C)Yz, CZ1 + (1 - C)Z2)
< gt X0, Y1, Z1) + (1 —c)g(t, Xa, Yo, Z2),

and we see that:

gt,cXi+(1—c)Xo,cY1+ (1—0)Ya,¢Z1 + (1 —¢)Zy) + f(t)
= cg(t, X1, 1,Z1) + (1 —c)g(t, X2, Y, Z3),

where the nonnegative function f(t) depends on X;, Y; and Z; and i = 1,2. Let X3(t) =
X1 () + (1 =) Xa(t), Y3(t) = cYa(t) + (1 = ¢)Ya(t) and Z3(t) = cZy(t) + (1 =) Zx(t),
and we have
T
%(t) = i+ (1-0h+ [ (T—a)feg(r Xa(0), 1 (1), 21(7))
+(1 = 0)g(t, Xa(1), Ya(1), Z2(7))]dT

- [ - en (@) + (1 - oma(olas()

—/T(T—a)pfl / [cZ1(7,8) + (1 — ¢)Za(7,s)|N(dT,ds)
] R 1L 200, 7
T
= D+ (1-9ht [ (r- gl Xa(1), Ya(x), Za(0))
X0, %), Zi(O)dT ~ [ (- vs(0)aB(o)
—/t.T(T—a)p_l/RZQ,(T,S)N(dT,dS), (11)

wherei=1,2,0<c< 1, € L*(Q,Fr,P),a<t<Tand0<p < 1. Using the compari-
son theorem to the Equations (10) and (11), we see that X(#) < X3(¢). From Definition 4,
one has

Eleli + (1 =)ol Fi] = X(t) < X3(t) = cXq(t) + (1 — ) Xa(t) < c&[01|Fi] + (1 — ) &[] ),

wherei =1,2,0<c<1,; € L>(Q, Fr,P)anda <t < T.
Case (iv). Similar to the proof process in case (iii), we get the result in case (iv).
The proof is complete. [

Theorem 2. Suppose g(t, X(t),Y(t), Z(t)) = &()Y(t) + [z (1) Z(t,5)Q(t,ds)n(t),a < t <
T. Then the g-expectation is equivalent to the expectation under a probability measure Q.
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Proof. Consider the following conformable backward stochastic differential equation

X(t) = §+/tT(T—a)Pflg(T,X(T),Y(T),Z(T))dr
—/T(T—a)P*W(T)dB(T) - /T(T—a)Pfl/ 7(t,5)N(dt, ds)
t t R ’ ’ !

where € L2(Q, Fr,P),a <t <Tand0<p < 1.

Itis clear that the generator g(t, X(t), Y(t), Z(t)) = &(t)Y(t) + [ B(t)Z(t,5)Q(t,ds)n (t)
satisfies Assumption 1. From Definition 4, we have X(t) = £¢[C|F].

Let

d
ﬁ‘]—} = M(t), M(a) =1

AM(t)
M(1)

&(H)dB(t) +/RB(t)N(dt,ds), a<t<T, (12)

where &(-) and f(-) are the predictable processes. Using Lemma 3, one has:

X() = — /t "t = a)P 1y ()dBO(1) — / Nr— gyt / 7(7,s)NQ(dx, ds),

t JR

where { € 1L.2(Q, Fr,P),a <t < Tand 0 < p < 1. Hence, we get X(t) = EQ[7|F]
under the probability measure Q. From the uniqueness of the solution, we conclude that
&C|1 7] = X(t) = EQ[Z| 7). The proof is complete. [

4. Doob-Meyer Decomposition Theorem
We first give some definitions.
Definition 5. The process X(-) is called a g-martingale if for any a < s < t < T, we have
E[|X(t)|?] < co and
Eg[X(t)|Fs] = X(s).
Definition 6. The process X(-) is called a g-supermartingale if for any a < s < t < T, we have
E[|X(t)|?] < co and
E[X (1) Fs] < X(s).
Theorem 3. Assume that the generator g satisfies Assumption 1. If the process X(-) € S*(R) is

a g-supermartingale on [a, T|, then there exists a unique triple (Y, Z) € H*(R) x HZ, (R) and a
continuous increasing process A(-) such that:

X(t) = ¢+ /tT(T —a)’g(t,X(1),Y(7), Z(7))dT + A(T) — A(t)
- /t "t = )Py (1)dB(7) /t N gy /R Z(%,s)N(dr, ds),
where { € L2(Q, Fr,P),a <t <T,0<p<1,A(a) =0and E[|A(T)|?] < co.
Proof. Consider the following conformable backward stochastic differential equation:
X"(t) = ¢+ /tT(T —a)P~ " (7, X" (1), Y" (1), Z"(7))dT
- /t "t = @)1y (1)dB(7) — / N gyt /]R 77 (z,s)N(d,ds), (13)

Jt

where € L?>(Q, Fr,P),a<t<T,0<p<landn =123,
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Assume that " (t,x,y,z) = g(t,x,y,z) + n(X(t) — x), so Equation (13) can be writ-
ten as:

X't = ¢+ /tT(T —a)flg(T, X"(7), Y (1), Z"(1))dT + A"(T) — A"(1)
T T .
- /t (T — a)P~1Y"(7)dB(7) — /t (t—a)f! /R 77 (z,s)N(d,ds), (14)
where A" (t) = f; n(t —a)?P~1(X(t) — X"(1))dt. From Lemma 5 and a comparison the-

orem, we get that the sequence (X" (t)), cn+ is increasing and monotonically converges.
Hence the sequence (A" (t)),,en+ is continuous and increasing. From Equation (14), we have

X'(a) =g~ [ (v~ @) gl X0 (2), Y (), 2" (1) o
+/T(T—LZ)P_1Y"(T)dB(T)-I—/T(T—Ll)p_l/RZn(T,S)N(dT,dS)
X @]+ Ig] 4k [ (- ap X+ Y]+ [ 1270 ds) (e

+/’1T(T—a)P_1|Y”(T)|dB(T)—l—/ﬂT(T—a)P_l/R|Z”(T,s)\N(dT,ds),

where k depends on K and 527 (1,5). Then,

E[AYT)]] < E[X"(a)]*) +E[Z?] + kiE[ sup_ | X" (1))

+k2E{/uT(T—a)2(p1)<|Y"(T)|2+/RZ"(T,s)|2Q(T,ds)17(T)>dT},

for a k1 depending on T, p and 4, and k; is a constant. Hence, there exists a constant /; such
that:

T
a

BIADE < hekE| [ a0 (op [ 120 Permasn() )], (15

wherea <t<T,0<p<landn=1,23, - Apply Lemma 2 to |X”(t)|2, and we have:
T
XUOF = @42 [ (r-a X )ls(n X (), Y (), 2 ()
t
T T
—I-Z/ | X" (T)|dA™ (T) —2/ (T —a)P~ Y| X"(1)|Y"(7)dB(7)
t Ji

_2./t "t a1 xn (o) /]R 7" (t,s)N(dt, ds) — /t axn o),

wherea <t <T,0<p<landn=1,2,3,- . According to Lemma 4, Assumption 1 and
Lemma 1, one has:
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T
BIX'(OF] < B2)+28] [ (r-ap X (0lg(n X" (), Y (), 2" (2))dr]
+2E[/tT|X”(T)|dA”(T)} E[/tT(Ta)2<P—1>Y"(r)|2dT}
2| [ [ ape iz oPat dsm(eie]
< E[¢?] +2KE|:/;T(Tg)P—1|XH(T)|2dT:| +2K]E[/tT(Ta)P—1|Xn(T)|yn(T)dT]
+2kE{/tT/R(T—a)P1|X”(T)|Z”(T,5)Q(T,ds)17(r)d1’} +2]E[/tT X”(T)|dA”(T)}
—E[/t'T(r—a)%P—l)m |2dT:| . [/ / a)20=D |2 (1, 5) PQ(t, ds)n (t )dT:|
< E[§2]+2KIE_/tT(T—a)p X" (7) |2dT] ('yK—l)IE[/tT(T—a) o=D|yn (¢ |2dT]
rly(K+k+1)E[/tT|X”(T)|2dT} 4 E[AY(T) ]
k= DE| [ [ (e a2 (w500 depn o],
namely,
B [ (- (P + [ 129 Pt dsha(e) )
< bt gElAN(T)P) (16)

where [, is a constant and ¢ < % Combining Equations (15) and (16), we conclude that
there exists a constant C, independent of 7, such that E[|A"(T)|?] < C and

{/a (T —a)2e-D|y" (¢ Zdr] +E[/ / 2=z (1, 5) PQ(, ds)y (T )d‘c] <C

wherea <t <T,0<p<landn =123, . Inaddition, we also get

E[ /T(T B a)Z(P—l)g(T, X"(T),Y"(T),Z”(T))dr} <C

In other words, these sequences (X" ()),en+, (Y"(#))en+ and (Z"(t,-)),en+ weakly
converge in their spaces, and then for all stopping time ¢, we have

lim [ (t—a)P 1 X" (t)dr = / “(r—a) 1 X(1)dT,

n—oo J, a

tim [*(x— )Y (1)dB(r) = / “(t—a) 1Y (1)dB(1),
and

lim g(1.'—51)47*1/ Z”(T,S)N(dr,ds):/g(r—a)f’*l/RZ( s)N(dt,ds),

n—oo a R a
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and hence we have:
X() = §+/tT(T—a)P’lg(T,X(T),Y(T),Z(T))dr+A(T) —A(t)
T T
—/t (T—a)p71Y(T)dB(T)—/t (T—a)pfl/RZ(T,s)N(dT,ds),

where a continuous increasing process A(-) satisfies A(a) = 0 and E[|A(T)[?] < co. O
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