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Abstract: In this paper, we establish the existence of a nontrivial weak solution to Schrodinger-kirchhoff
type equations with the fractional magnetic field without Ambrosetti and Rabinowitz condition using
mountain pass theorem under a suitable assumption of the external force. Furthermore, we prove
the existence of infinitely many large- or small-energy solutions to this problem with Ambrosetti and
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the variational methods, that is, the fountain and the dual fountain theorem with Cerami condition.
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1. Introduction

The Schrodinger equation plays the role of Newton’s laws and conservation of energy
in classical mechanics. The linear Schrodinger equation represents one of the main results of
quantum mechanics which is the evolution of a free non-relativistic quantum particle. The
structure of the nonlinear Schrédinger equation is considerably complicated and requires
more sophisticated analysis; see [1]. This equation has been studied extremely according to
the pure or applied mathematical theory, because it stands out as a prototypical system
that has shown to be crucial to model and understand the characteristics of numerous
areas in nonlinear physics. In particular, the significant development of the Bose-Einstein
condensates revived researches regarding the nonlinear waveforms for the nonlinear
Schrodinger equations with external potentials and the related nonlinear partial differential
equations. For further applications and more details we refer the reader to [2-8]. Indeed,
the mathematical model for the remarkable Bose-Einstein condensate with attractive inter-
particle interactions under a magnetic trap is a class of nonlinear Schrodinger equations
with external potentials, which is sometimes called the Gross-Pitaevskii equation [9,10].
In this regard the present paper is motivated by some works (see [11-21]) concerning the
nonlinear Schrédinger equation

2
p20

o = 5 (VA Y+ WY — fx [y*)y for xeRY, M

where 7 is Planck constant A(x) = (A1(x), Az(x),..., An(x)) : RN — RN is a real vector
(magnetic) potential with magnetic field B = curlA, and W(x) : RN — RY is a scalar
electric potential. Particularly, we are interested in the existence of standing wave solutions,
that is, solutions of type (1) when 7 is sufficiently small, where E is a real number and u(x)
is a complex-value function which satisfies

— (V +iA)2u(x) + AV(x)u(x) = Af(x, [ul*)u, xeRV, )

where A1 = % and V(x) = W(x) — E. The transition from quantum mechanics to
classical mechanics can be done formally with 7 approach 0. Thus the existence of solutions
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0+ JRN\By(x) |x — y|NFps

for i small, semi-classical solutions, has important physical interest. Very recently, authors
in [22] established the Bourgain-Brezis-Mironescu type result which constructs a bridge
between a fractional magnetic operator and the classical theory. Motivated by this paper,
nonlocal fractional problems with magnetic fields has been extensively studied by many
researchers; see [23-29] and the references therein. In this regard, the present paper is
devoted to the existence of solutions for the following Kirchhoff type equation with the
fractional magnetic field

K([ul{ 4)(=8)5 41t + V() |ulP"2u = Af (x, [ul)u  in RY, ®)

where

. xX+y
Po_ |u(x) — VAT D (y) [P
|u|s,A - /]RN /RN ‘x7y|N+ps dxdy'

where 0 <'s <1 < p < +o0 and the fractional magnetic operator (—A)?, is defined as

[p(x) — AT () [P 2 (g (x) — VAT g(y))

dy, xRV,

forall¢ € CF (RN, C). Here, B(x) denotes aball in RN centered at x € RN and radiuse > 0
and A : RN — RN is the magnetic potential. Also, the nonlinear function f : RN xR — R
will be stated later (see Section 2). When p = 2, the fractional Laplacian (—A);/ 4 isa
fractional Laplacian contains the magnetic field. On the other hand, the standard fractional
Laplacian (—A)® has been a classical topic for a long time and it is applied in various
research fields, such as social sciences, fractional quantum mechanics, materials science,
continuum mechanics, phase transition phenomena, image process, game theory, and Lévy
process, fractional Sobolev spaces and their corresponding nonlocal equations, see [30-32]
and the references therein.
Kirchhoff in [33] first introduced a model given by the equation

?u (po E [L ou 0%u
= — |5+ = —ldx)== =0
pat2 (h+2L/o |8x x)axz !
which extends the classical D’ Alembert’s wave equation by taking into account the changes
in the length of the strings during the vibrations. In this direction, the non-local problem of
Kirchhoff type equations have been investigated in [34-37].
Now in order to confirm the existence of solutions to the nonlinear elliptic equations,

the following Ambrosetti and Rabinowitz condition ((AR)-condition) given in [38] has been
widely used;

(AR) There exists { > p such that
0 < CF(x,7) < f(x,T)T%, for x€RN and 7>0,

where F(x,7) = [ f(x,s)sds.

It is well known that (AR)-condition is essential to ensure the compactness condition
of the Euler-Lagrange functional which plays a key role in applying the critical point theory.
However, this condition is too restrictive and gets rid of many nonlinearities. Thus many
researchers have tried to drop the (AR)-condition in the elliptic problem of nonlocal type
(see e.g., [20,39-42]). In this respect, we are to prove the existence of a nontrivial solution
for problem (3) without (AR)-condition using the mountain pass theorem with Cerami
condition under a suitable assumption of the nonlinearity of f. Furthermore, we present
the existence of infinitely many large- or small-energy solutions to our problem without
(AR)-condition. Especially, following in ([43] Remark 1.8), there are many examples which
are not fulfilling the condition on f in a elliptic problem. Thus, inspired by these examples,
we investigate the existence and multiplicity of weak solutions to the fractional p-Laplacian
Equation (3) with the external magnetic potential. The strategy of the proof for these results
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is to approach the problem by applying the variational methods, namely, the fountain
and the dual fountain theorem with Cerami condition. As far as we are aware, none have
reported such multiplicity results for our problem with the external magnetic field.

This present paper is organized as follows. in Section 2, we state some basic results
to deal with this type equation with the fractional magnetic field and review well known
facts for the fractional Sobolev space. And under certain assumptions of f, we establish the
existence of a weak solution of problem (3) using mountain pass theorem.

2. Preliminaries

Let the potential function V € C(RN,R) be continuous and bounded from below.
Assume that

(V) VelLl,
Let L}, (RN) denote the real valued Lebesgue space with V(x)|u|? € L1(RN), equipped

with the norm
Jully = [, V@)l dx.

The fractional Sobolev space 3, (RY) is then defined as for s € (0,1) and p € (1, +o0)

s Ny _ p N )|
(R )—{ueL (R /RN/RN |x—y|N+Ps dxdy<+oo}

The space H3,(RY) is endowed with the norm

p o p p : lu(x) —u)[?
el oy = (Pl + ) with ulf o= [ [ S COR iy

For further details on the fractional Sobolev spaces we refer the reader to [44] and the
references therein. We recall the embedding theorem; see e.g., [45].

(RN), ess inf, cpn V(x) > 0 and lim|y(_,o V(x) = +c0.

Lemma 1. Let (V) hold and s € (0,1), p € (1, +c0) and let p¥ be the fractional critical Sobolev
exponent, that is

N .
ps = NJ;P if sp<N,
’ +oo if sp > N.

Then, the embedding H3,(RN) — L7 (RN) is continuous for any vy € [p, p¥] and moreover, the
embedding Hs,(RN) — LY(RN) is compact for any -y € [p, p%).

Let L}, (RN, C) be the Lebesgue space of functions u : RN — C with V(x)[u|P €
LY(RN). Define #5, |, (RN, C) as the closure of C (RN, C) with respect to the norm

“””sA = pv+|”|f,A)r

where the magnetic Gagliardo seminorm is given by

el AT )y (y) P
wla= [, /RN T dxdy.

In fact, arguing as in ([46] Proposition 2.1), we can easily show that it is a reflexive
and separable Banach space as the similar arguments in ([45,47] Appendix). The following
Lemmas 2 and 3 can be shown by applying as a general exponent p instead of p = 2 the
same argument in ([39] Lemmas 3.4 and 3.5).

Lemma 2. If (V) holds and r € [p, p%], then the embedding

S v(RN,C) = L"(RY,C)
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(T1(2),0) =

is continuous. Furthermore, for any compact subset T C RN and r € [1, p%), then the embedding
;,V(RN,C) — Hy(I,C) — L'(T,C)

is continuous and the latter is compact, where 3, (T, C) is endowed with the following norm:

)P
Hu||sv— /V |u|pdx+/ |x7 |N+ps| dxdy).

Lemma 3. Under the assumption (V), for all bounded sequence {u, } in H, \,(RN, C) the sequence
{|un|} admits a subsequence converging strongly to some u in L' (RN) for all r € [p, p?).

For our problem, we suppose that K : R; — R satisfies the following conditions:

(K1) K € C(Ry) satisfies inf_cg+ K(T) > a > 0, where a > 0 is a constant

(K2) There is a positive constant 6 € [1, Nljps) such that 0K (1) = 6 [ K(17)dn > K(7)7 for
any T > 0.

A typical example for K is given by K(7) = by + by 7" with m > 0,bp > 0, and b; > 0.
Now we assume that for 1 < pf < g < pf and p € (1, +00),

(F1) f:RN x R* — R satisfies the Carathéodory condition.
(F2) fecC (RN x R*,R), and there exist constants c1,c, > 0 such that

1f(x,T)| < 1P 2+ 1172, forall (x,7) € RN xRY, g€ (pb,p?).

E3 x,T) = o(tP~1) as T — 0 for x € RN uniformly.
( Y

(F4) lim;_ e F (’;; ) = oo uniformly for almost all x € RN, where the number 0 is given in

(K2), and F(x,7) = [ f(x, 1)y dy.
(F5) There exist 4 > p and r > 0 such that

f(x, 7)1 — uF(x,7) > —01” — B(x) forall x€RN and T2>7,
where ¢ > 0and g € L}(RN) N L®(RN) with B(x) > 0

The Euler functional corresponding to the problem (3) is J) : H;/V(RN ,C) = R
defined as follows
1
Tatw) = S K (lull ) + Vel ) = A [ FCx )

The functional J), is Fréchet differentiable on H, |, (RN, C),

-2 uix)— u . _ x
o (Kl [, [, 20 Bl 20— Bt o) ~ B o)

|x_ |N+ps
—i—/ x)|u|P” Zuvdx—)x/ flx |u|)uvdx>

for any u,v € ’H;/V(RN, C), where E(x,y) := ¢l ¥)-A(2") and 5 denotes complex con-
jugation of v € C. Hereafter, (-,-) denotes the duality pairing between (#£5, ;,(RY,C))’
and H%,V(RN ,C). Following in [39], we observe that the critical points of 7, are exactly
the weak solutions of (1.1) and the functional 7 is weakly lower semi-continuous in
v (RY,C).
The following result is to show that the energy functional 7 fulfills the geometric
conditions.
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Lemma4. Lets € (0,1), p € (1, +00) and N > ps. Assume that (V), (K1), (K2) and (F1)—(F4)
hold. Then the geometric conditions in the mountain pass theorem hold, i.e.,

(1)  u = 0is a strict local minimum for J,.
(2)  J is unbounded from below on H5, , (RN, C).

Proof. According to (F2) and (F3), for any € > 0, we can choose a positive constant denoted
C(e) such that

|f(x,T)T| <etP 14 C(e)r77t, forall (x,7) € RN x RT. (4)

Assume that |ul|; 4 < 1. Owing to (K1), (K2) and (4), one has

1
Tn(w) = (Kl ) +lulfy) A [ FxJul)d
min{1,a01
> TR gy — 22l e, - (WMWN
min{1,201 ACC(e
> L b pgp, - Ay, - 2y,

. -1
for some constant C. Choose € > 0 so small that 0 < AeC < %’;9}. Then

min{1,a6~1}

TIh(u) > 2

lulf 4 — C(A e)Cllul 4

Since g > p, there is R > 0 small sufficiently and § > 0 such that J)(u) > 6 > 0 when
|ulls 4 = R. Therefore u = 0 is a strict local minimum for 7.
Next we prove the condition (2). By the condition (F4), for any C > 0, we can choose a
constant > 0 such that
F(x,7) > Ct"? (5)

for T > ¢ and for almost all x € RN. Under the assumption (K2), we note that for all & > 1,
K@) < K1) +2%). ©)

Relations (5) and (6) with Lemma 3 imply that for v € ’H;,V(RN ,C)

1

Tulto) = —(K(|toll ) + [0l ) =4 [ Flx,|to])d
p PV
1 0 ~ 0
< = (K@) + |to| to|? —Ac/ tolP’ d
_p(U(HMMHWﬂW) g 1217

1 6 ~ 0
< = (2K #8)0)"0) + 7 |o|? —w@c/ P g
- P( (D lga) ”””W> {|to]>6} oI dx

—W@@unw hlely) =AC [ 1ol )

for t > 0. If C is large sufficiently, then we deduce that 7, (tv) — —oo as t — oo. Hence the
functional 7 is unbounded from below. The proof is completed. O

First of all, we introduce the Cerami condition, which was initially provided by
Cerami [48].

Definition 1. Let the functional ¥ be C' and ¢ € R. If any sequence {uy } satisfying

¥(un) = c and  (1+ [un) ¥ (un)] — 0



Axioms 2022, 11, 38 6 of 14

possesses a convergent subsequence, we say that ¥ fulfils Cerami condition ((C).-condition in short)
at the level c.

Definition 2. A function u € HSA,V(RN ,C) is called weak solution of problem (3) if u satisfies

_2 _ ] —
K(|ul? 4 /RN /RN (x, y)u(y)|P~=(u(x) — E(x,y)u(y)) - [¢(x) E(x,y)q;(y)]dxdy

|x_y’N+ps

+ / )l udx) = R(A [ flxu(x)updx)
forall ¢ € ’HZ,V(RN, C).

The following lemma plays a crucial role in establishing the existence of a nontrivial
weak solution to the given problem.

Lemma5. Lets € (0,1), p € (1, +0c0) and N > ps. Assume that (V), (K1), (K2), (F1)—~(F2), and
(F4)—(F5) hold. Then the functional J) satisfies the (C)-condition for any A > 0.

Proof. For c € R, let {u, } be a (C).-sequence in ’H;’V(RN, C), that is,
Ta(un) = c and [ T3(un)|, o (14 Junls,a) +0  as n— oo,

which means

c=T(un)+0(1) and (T (un),un) =o(1), 7)

where 0(1) — 0as n — oo. If {u,} is bounded in H;,V(RN,(C), it follows from the
analogous argument as in the proof of Lemma 4.2 in [39] that sequence {u, } converges
strongly to 1 in ’HZV(RN ,C). Hence, it suffices to ensure that the sequence {1, } is bounded

in ’HZ,V(RN ,C). We argue by contradiction. Assume that the sequence {u, } is unbounded
in H;,V(RN ,C). So then we may assume that

|ttn]|s,a — 00, as n — oo.

Due to the condition (7), we have that
1
¢ = Ja(un) +0(1) = ;(’C(Iunlf,A) + unlly, ) /\/ X, [unl)dx +o(1). (8

Since ||uylls 4 — o0 as n — oo, we assert by (8) that

1 p p c ol
/RN F(x, ) dx 2 ﬁ(K(|u"|S,A) + Hu””p,V) 2 + e
> pl/\min{l,ae1}||un||§A—)CL+O(/\1)+oo as n — 0. )

Define a sequence {wy } by wy = uy /||ty s 4. Thenitis immediate that {w;, } C H;,V(RN, C)
and |wy|s 4 = 1. Hence, up to a subsequence, still denoted by {w, }, we obtain w, — w in
’HSA’V(RN, C) asn — oo, we have

wp(x) = w(x) forae. x € RN and |wy| = |w|in L'(RN) as n — o (10)

forp <r < p:. Set™ = {x € RN : w(x) # 0}. By the convergence (10), we know that

[un| = |wy|||unlls; 4 — 00 as n— oo
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for all x € X. Then it follows from (K2) and (F3) that for all x € %,

I CA L) F(x, )
1= Kl )+ lnllyy ™~ 2% Q)+ a2 + Junl?

SETRS A1)
% 2K (1) | + 5

> lim P, ) -
" (2K(1) + 1) unllg

i Flelu)
n=00 (21C(1) + 1) |up|?

wn|p9

where the inequality K(17) < K(1)(1 + %) is used for all 7 € R} becauseif 0 < < 1,
then K(n) = [/ K(s)ds < K(1), and if 7 > 1, then K(57) < K(1)5°. Thus we obtain
that |[Z| = 0, where | - | is the Lebesgue measure in RN. Indeed, assume that |Z| # 0.
Taking account into (F4) we can choose Ty > 1 such that F(x, ) > 779 for all x € RN and
Tp < T. By means of (F1) and (F2), we derive that there is M > 0 such that |F(x, 7)| < M
for all (x,7) € RN x (0,19]. Hence there is a My € R such that F(x,T) > Mj for all
(x,7) € RN x R*, and thus

F(x/p‘unn — M()p Z 0/ (12)
K(lunlg, ) + N,y

for all x € RN and for all n € N. In accordance with (9), (11), (12) and the Fatou lemma, we
infer that

— = liminf fRN % |un]) dx
n—oo )\fRN |un|)dx—|—c—o(1)
> lim inf 21;(96,|Mn|) 5
n—oo JRN K(|u”|s,A) + ”u””p,V
:liminf 2F(x, Jun]) 5— dx — limsup pZMO 7
n=eo S K(|unlf 0) + [unll) oo S K(|unlg 0) + llunlly,y
= lim inf 2(F(x, |un|) Mo)
n=vee S K (funl] 0) + lunll
lim inf 2(E(x, [un) — Mo)
2 S K([ual” ) + el
L. 2F(x, |unl) 2My
= [ liminf 5 / lim sup 5 ,
% noyeo ’C(Iunls,A)Hlunllp,v neor K([unll o) + lunll) v

which is a contradiction. This means w(x) = 0 for almost all x € RV,
Notice that V(x) — 400 as |x| — oo, then

LI T p 7
(35— o)l = Cs [ (unl” 4 funl)

1,1 1 P
= §<ﬁ - ﬁ) ||”n||p,v — Mo,
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where M is a positive constant. Combining this with (F2) and (F5), one has

1
c+12> Ty(un) — ﬁ<~7)((”n)f”ﬂ>

1 1 p p 1 1
> 00 ualf g) = S (K ualf )l g+ (5 = )

A /( o il B, i) )
1

1 p p 1 p
> SOl ) = () 2+ (5= ) Il
1
[ (bl = G fual) = Co [ (lanl? + )
[un|>r \ Y [un|<r
1 P p _1 p p 1,1 _1 p
= g (Kl el = Kol ) a5 (S5 = )l

=2 (bl + B) dx - Mo

1 . 1 Ao A
> (g =5 ) minda 5 Hunlt = Sl g, = 518l ~ Mo

which implies

Ao .
1< lim sup HwnHZp
. ! (RN)
G ) meled]
Ao

(13)

—_

- F(# - ﬁ) min{a, %} ||w||ZP(RN)~

Hence, it follows from (13) that w # 0. Thus, we can conclude a contradiction. Therefore,
{u} is bounded in H;,V(RN ,C). This complete the proof. [

Using Lemma 5, we prove the existence of a nontrivial weak solution to our problem.

Theorem 1. Under the same assumptions of Lemma 5, the problem (3) has a nontrivial weak
solution for all A > 0.

Proof. Note that J,(0) = 0. By Lemma 4, the mountain pass geometric conditions are
satisfied. From Lemma 5, J, fulfils the (C).-condition for any A > 0. Subsequently,
problem (3) admits a nontrivial weak solution for any A > 0 by Lemmas 4 and 5. O

Next, applying the fountain theorem in ([49] Theorem 3.6), we indicate infinitely many
weak solutions for problem (3). To do this, we refer to the following lemma.

Lemma 6 ([49]). Let E be a reflexive and separable Banach space. Then there exist {e, } C E and
{fu} C E* such that

E=span{en :n=1,2,---}, E* =span{fi :n=1,2,---},

and

Coy 1=

Let us denote &, = span{e, }, Yy = @ﬁzl En,and Zp = @ Eu. In order to obtain
the existence result, we use the following Fountain theorem.
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Lemma 7 ([49,50]). Let E be a real Banach space, T € C'(E,R) satisfies the (C).-condition for
any ¢ > 0and 1 is even. If for each sufficiently large k € N, there exist o > o0 > 0 such that the
following conditions hold:

(1) Bx:=inf{Z(u):z € Zy,||ul|g = 0k} = 00 as k — oo;

(2) o :=max{Z(u):u € YV, |lul|g =0k} <O0.

Then the functional 1 has an unbounded sequence of critical values, i.e., there exists a sequence
{uyn} C E such that T'(u,) = 0 and Z(u,) — +ooasn — +oo.

Theorem 2. Lets € (0,1), p € (1,+00) and N > ps. Assume that (V), (K1), (K2) and (F1)—(F4)
hold. Then for any A > 0, problem (3) has an unbounded sequence of nontrivial weak solutions
{uy} in H%IV(RN,C) such that Jy(uy) — coasn — co.

Proof. The proof follows the lines of that of Lemma 3.2 in [51]. To apply Lemma 7, let us
denote E := (RN C) and 7 := J,. Plainly, J, is an even functional and ensures the
(C)c-condition. It suffices to show that there exist gx > 0} > 0 with the conditions (1) and
(2) in Lemma 7. Let us denote

Sk = sup ”ZHM(RN)'
l[ulls,a=1,2€ 2

Then, it is obvious to verify that ¢x — 0 as k — co. For any z € Z, assume that [ju]; 4 > 1.
Choose € > 0so small that 0 < AeC < min{1,a6"1} . Then it follows from (4) that

2p
1
Tal) = 00ul 4) + ) A/ ol
min{l,a6~
> mintl.e0) Ltz -2 [
min{1, a6
> g””“f —*” HM(RN) ( )” ”M RY)
p
min{1,a6~!
N {2p}||u|f,A — AC(e)eull? ,
min{1,a0~! -
= (T el s (9

Choose 0} = {%gk] P .Since p < g, p € (1,400) and ¢x — 0 as k — oo, we infer

0 — o0 as k — oo. Hence, if u € Zj and |u|; 4 = 0y, then we deduce that

min{1,a6~

1
Ta(u) > 2 }Ulf%oo as k — oo,

which implies (1).

Now we prove condition (2). To do this, we claim that J) (1) — —oo as |[u]s 4 — o
for all u € Y. Let us assume that this is false for some k. Then we can choose a sequence
{uy} in H;,V(RN, C) such that

ltns,a — c0asn — oo and Ty (un) > —M.

Let wy = ty/|unls,a. Then it is obvious that |w,|s 4 = 1. Since dim )} < oo, there is
w € Vi \ {0} such that up to a subsequence,

|wn —wlsa =0 and wy(x) = w(x)
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for almost all x € RN as n — o0. Thus we have (14) that,

1, M 1 T (tn)
P Kunll p) +luall)y — P Kl 0) + luull)
:A/ F(x, [un|)
RN K (Junlf 4) + lunll}

F(x, |un|)
> )\/ v po
{wn(0)£0} (2K (1) +1) [lun |,

(15)

If we follow the analogous argument as in the proof of Lemma 5, we derive by (12), (15),
(F4) and Fatou’s lemma that

— > liminf F(x unl) 5 —limsup/ Mo o dx
pA T o Jan(x)£0} (2KC(1) + 1) |Juy ||§A n—eo JH{wn(x)#0} (2IC(1) + 1) |un ||§A
— limiinf ECx funl) = Mo z/{ ooy DS E(, lun]) = Mo
wy(x

1= Han(x)£0) (2K (1) + 1) un %, A0) 1% (20C(1) + 1) |2
11 F(x/|uﬂ|) 3 _/ hmsup MO 5 dx
{wn(x) 20} 172 (2K (1) + 1) | {wn(@#0} noeo (2KC(1) + 1) ]2,

1 .. F(x, |un|) 0
Z KA +1 minf | — 2|, |P _
—2K(1) +1 /{wn(x);éo} hnegolf< 0y |wn | dx = oo,

where My was given in the proof of Lemma 5. This is impossible. Thus, J) (#) — —oo as
[u]ls, 4 — oo for all u € Yg. Choose o > oy > 0 large sufficiently and let ||u[; 4 = 0r, we
finally obtain

ap = max{Jy(u) : u € Yy, |ulls, 4 = 0k} <0.

This completes the proof. [

Definition 3. Let E be a real separable and reflexive Banach space. We say that 7 satisfies
the (C)j-condition (with respect to ),) if any sequence {u; },cn C E for which u, € Yy,
forany n € N,

Z(up) ¢ and [(Z]y,) (un) e (14 [un]£) — Oas n — oo,
contains a subsequence converging to a critical point of E.

Lemma 8 (Dual Fountain Theorem ([52] Theorem 3.11)). Assume that E is a real Banach
space, T € C(E,R) is an even functional. If there is kg > O so that, for each k > ko, there are
Ok > 0y > 0 such that

(A1) inf{Z(u):u € Z,|ullg = ox} > 0.

(A2) By :=max{Z(u):u e Yy |ul|g =0} <O.

(A3) v :=inf{Z(u) :u € Z, ||u||g < ok} — 0ask — co.

(A4) I satisfies the (C)Z-condition for every c € [dy,,0).

Then I has a sequence of negative critical values c,, < 0 satisfying ¢, — 0asn — oo.

Lemma9. Lets € (0,1), p € (1, +0c0) and N > ps. Assume that (V), (K1), (K2) and (F1)—(F5)
hold. Then the functional [J), satisfies the (C)Z-condition.

Proof. The proof is carried out by the analogous argument as in [51]. [

With the help of Lemmas 8 and 9 we are ready to demonstrate our second assertion.
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Theorem 3. Lets € (0,1), p € (1,+00) and N > ps. Assume that (V), (K1), (K2) and (F1)—~(F5)
hold. Then the problem (3) has a sequence of nontrivial weak solutions {u, } in ’H;’V(RN ,C) such
that J)(un) — 0as n — oo for any A > 0.

Proof. Invoking Lemma 9, we get that J) is even and satisfies the (C)?-condition for all
¢ € R. Now it remains to show that conditions (A1), (A2) and (A3) of Lemma 8 are satisfied.
(A1): Let us denote

Org= sup  |ulpmy)y, Ox= sup  |ullpgn.
[ulls, a=1ue 2 Julls,a=1,u€ Z;

Then, it is immediate to verify that 6, y — 0and 6,y — 0ask — co. Set O = max{6x, O}
Then it follows that

1
Talu) = 5 (0l )+ [ull) =4 [ F,
min{1,20~1 Ac )&cz
> Ty - 2 ey~ 2l
p q
> —Be” o 2200 up,
q
min{1,a0~1 c
> By A (24 )19”| ",
p p q

for sufficiently large k and |u|s 4 > 1. Choose

_ 2pA c1 p] 7
k= [min{l,a@‘l} < q >19 '

Letu € Z; with |us 4 = o > 1 for k large enough. Then, there exists kg € N such that

min{1,a0°'} <cl Cz> P2
— L ulf A=+ =) |u| ]
% ” ”s,A % q k s,A

min{1,40'} ,
sl Sel A GIRND BN L
2p 0 20

for all k € N with k > kg, because

T (u)

- -1
i P00
k—o0 2p

Therefore,
inf{J\(u) : u € Z,|

(A2): Observe that || - || pgny, | - HLpB(RN) and | - |s 4 are equivalent on Y. Then there
exist positive constants ¢ x and ¢, ; such that

”u”LP(RN) > )

forany u € Y. From (F2)—-(F4), for any M > 0 there are positive constants C;(,M ) such that

F(x,7) > Mggirpe — Cy(M)TF
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for almost all (x,7) € RN x R*. Since K (1) < K(1)(1 4 %) for all # € RS, it follows that

(K1) + Dl = AMul, +AC (MG ul?

1
Tr(w) = (Kl ) +lulfy) A [P lul)d

1 0

< (R i) + lulfy) ~ A /RN Wi + A (M) [ | lulPds
1 po po p

< ?(ZK( Wl + 1l ) = AMeEy [ wx+ACH (M) [ Juldx
1
P

for any u € Y, with [luf|s 4 > 1. Let f(7) = L (2K(1) + 1)7P? — AMP? + /'\C7(/\/l)g’17krp.
If M is large thoroughly, then lim;_, f(T) = —o0, and thus there is 7y € (1, o) such that
f(r) < 0forall T € [19,00). Hence J,(u) < 0 for all u € Yy with |u[l; 4 = Tp. Choosing
0 = 1y for all k € N, one has

p

Bi :=max{J(u) : u € Yy, |

If necessary, we can change kj to a large value, so that g > 0 > 0 for all k > k.
(A3): Because Yy N 2y # ¢ and 0 < 0y < gk, we have vy, < By < 0 for all k > ky. For
any u € Z; with uls4 =1and 0 < T < g, one has

min{1,a6~! /\cz
Taen) 2 P e, - 2 o - T2 el
/\Cl /\Cz
> = ”u”Lp (RN) - q Tq“ ”Lq (RN)
> ——=0; 0, — —0,0
p k7 k q k”k
for large enough k. Hence, it follows from the definition of gy that
7>~ hofof — S 2of6]
p q
Ay 2pA a + o p%qﬂ% Acy 2pA a + o ﬁﬁ%
p |min{1,a0-1} q k g |min{1,a0-1} q I

Lpo(x —2/

Because p < g and 9 — 0 as k — oo, we derive that limy_,, v = 0.

Hence all conditions of Lemma 8 are required. Consequently, we assert that problem (3)
has a sequence of nontrivial weak solutions {u, } in 5, (R, C) such that J) (1) — 0 as
n—ooforany A >0. O '

3. Conclusions

In this paper, we investigate the existence and multiplicity of weak solutions to the
fractional p-Laplacian Equation (3) with the external magnetic potential. The strategy of the
proof for these results is to approach the problem variationally by applying the variational
methods, namely, the fountain and the dual fountain theorem with Cerami condition.
As far as we are aware, the present paper is the first attempt to study the multiplicity
of nontrivial weak solutions to Schrodinger-Kirchhoff-type problems with the external
magnetic potential in these circumstances. We point out that with a similar analysis, our
main consequences continue to hold when (—A);I 4?0 in (3) is changed into any non-local
integro-differential operator £, defined as follows;

x=y)- (Ty)v(y)\pfz(v(x) - ei("*y)'A(xzﬂ)U(y))M(x —y)dy forallx € RN, (16)
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where M : RN \ {0} — (0, +0) is a kernel function satisfying properties that
M1) mM € LY(RN), where m(x) = min{|x|,1};

(M2) there exists 6 > 0, such that M(x) > 8]x|~(N*P%) for all x € RN \ {0};
(K3) M(x) = M(—x) forall x € RN\ {0}.
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