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Abstract: The paper deals with an application of the direct scheme method, consisting of immediately
substituting a postulated asymptotic solution into a problem condition and determining a series of
control problems for finding asymptotics terms, for asymptotics construction of a solution of a weakly
nonlinearly perturbed linear-quadratic optimal control problem with three-tempo state variables. For
the first time, explicit formulas for linear-quadratic optimal control problems, from which all terms of
the asymptotic expansion are found, are justified, and the estimates of the proximity between the
asymptotic and exact solutions are proved for the control, state trajectory, and minimized functional.
Non-increasing of the minimized functional, if a next approximation to the optimal control is used,
following from the proposed algorithm of the asymptotics construction, is also established.

Keywords: optimal control problems; weak nonlinear perturbations; three-tempo variables; asymptotic
solutions; the direct scheme method; estimates of asymptotic solution
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1. Introduction

Systems with two-tempo variables are the main object in the study of singularly
perturbed control problems (see, for instance, the reviews [1-3]). However, many practical
problems contain multi-tempo fast variables. For instance, such variables arise in models
of chain chemical reactions [4], fuel cells with a proton membrane [5], electrical chains [6],
electromechanical processes in a synchronous machine [7], power systems [8], nuclear
reactors [9], aircraft [10], ocean currents [11], rolling mills [12], two-wheeled carriages [13],
forest pests [14], and epidemics [15].

Various asymptotic and numerical (see, for instance, [16]) methods are used for study-
ing singularly perturbed systems with many small parameters standing before derivatives.
Basic methods of asymptotic analysis are boundary functions method [17] and integral
manifolds method ([18], ch. 7-10), which reduce the considered problem to a problem
of simpler structure. The limit passage of an initial problem solution of a system with
many small parameters at derivatives, when these parameters tend to zero, was studied for
the first time by A.N. Tikhonov [19] and 1.S. Gradstein [20]. Asymptotic solution of such
problems was first constructed by A.B. Vasil’eva [21].

There are two approaches to constructing asymptotic solutions of optimal control
problems. The traditional one is based on an asymptotic solution of a system following
from control optimality conditions. Another approach, called the direct scheme method,
consists of immediately substituting a postulated asymptotic expansion of a solution into
the problem condition and receiving a series of problems for finding asymptotic terms.
For two-tempo systems, it is presented, for example, in [22,23]. This method allows for
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establishing non-increasing of values of the minimized functional if a next optimal control
approximation is used. Moreover, standard programs for solving optimal control problems
can be applied for finding asymptotics terms. The direct scheme method has been, for
instance, used in [24] to obtain any order asymptotic solution of a linear-quadratic optimal
control problem with cheap controls of different costs.

The present paper deals with an asymptotic solution construction for the problem P;
with weak nonlinear perturbations in a quadratic performance index and in a linear state
equation. Namely, the following functional

T
Je(u) = / (1/2(w(t, &) W(t)w(t, &) +u(t,e)'R(t)u(t,e)) + eF(w(t,e),u(te),te))dt (1)
0
is minimized on trajectories of three-tempo singularly perturbed system

E(e) dw;i's) = A(t)w(t,€) + B(t)u(t,e) +ef (w(t ), ult ), t,e), t€[0,T], (2

with the initial condition
w(0,¢) = w?. 3)

Here, ¢ is a non-negative small parameter, T > 0 is fixed, the prime means transpo-
sition; w(t,e) = (x(t,e),y(te),z(te)), x(t,e) € R™, y(t,e) € R™, z(t,e) € R™,
u(t,e) € R"™ E(e) = diag(Iy,,ely,, 821n3), Iy, is the identity matrix of order n;,
1) (2) G) (i) 1) 2 6 o
f=,f.f), f e R B=(B,B,B),B:R" - R", i=1,3; all functions in
(1), (2) are sufficiently smooth with respect to their arguments; for all ¢ € [0, T] matrices
W(t), R(t) are symmetric, moreover, W(t), R(t) and S(t) = B(t)R(t)"'B(t)’ are positive
definite.

It is assumed that the stability of the matrices A3z and Ay — A23A;31 Azp takes place.
Here, and further Aij, i,j = 1,3, mean matrices from a block representation of a matrix A
with number of rows and columns ny, ny, ns.

In contrast to [25], where optimal control problems for finding some zero order asymp-
totics terms for a solution of a nonlinear singularly perturbed problem with three-tempo
state variables were formulated, here, explicit expressions of problems for receiving all
asymptotic terms are obtained. Note that explicit formulas are very useful for research
applying asymptotic methods for solving practical problems.

It should be noted that some results concerning the algorithm of asymptotic solving
problem (1)—(3) have been presented in [26], but rigorous proofs and estimates are absent
there. Note that [26] deal with matrices in (1), (2) depending on . However, expanding
these matrices with respect to non-negative integer powers of ¢ and including terms
depending on ¢ into the small nonlinearities, we obtain the problem P, in our statement.

It is well known that, if a linear-quadratic problem is nonsingular, then its solving is
reduced to solving a system of linear differential equations resolved with respect to derivatives.
Under studying nonlinear singularly perturbed optimal control problems, it is ordinarily
assumed that the control problem is nonsingular, i.e., an optimal control is presented as an
explicit function with respect to state and costate variables. See e.g., [27], where, apparently
for the first time, singular perturbations methods were used for optimal control problems. In
the present paper, unlike these cases, we do not assume the non-singularity of the considered
problem for all e and, for obtaining asymptotic estimates, we analyze a nonlinear singularly
perturbed differential-algebraic system.

The essential new results obtained in this paper for problem (1)—(3) are the following:

1. The rigorous justification of explicit forms of linear-quadratic optimal control prob-
lems, solutions of which are used under constructing an asymptotic solution of
nonlinear problem (1)—(3);
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2. The proof of estimates of the proximity between the exact solution and asymptotic
one obtained by the direct scheme method for the control, state trajectory of system
(2), (3), and functional (1);

3. The proof of non-increasing values of functional (1) under using new asymptotic
approximations to the optimal control and constructing minimized sequences.

Throughout the paper, the coefficient with ¢ in an expansion of a function w = w/(e)
in a series in powers of ¢ will be denoted by w; or [w];. The k-th partial sum of a series
will be denoted by upper wave and the low index k or by braces with the low index k, i.e.,
W ={w} = Z;‘(:o e w;. The functions with negative indices will be considered equal to
zero. Positive constants in estimates will be denoted as ¢ and ze.

The paper is organized as follows: in Section 2, we present a formalism of asymp-
totics construction. Optimal control problems for finding asymptotic terms are given in
Section 3. Section 4 is devoted to justification of such a choice of control problems. Namely,
transformations of coefficients of expansion of minimized functional with respect to powers
of ¢ with even and odd indices are considered. Asymptotic estimates of the proximity
between the asymptotic and exact solutions are proved in Section 5. Non-increasing of the
minimized functional, if a next optimal control approximation is used, is also discussed in
this section. The last Section 6 contains conclusions.

2. Formalism of Asymptotics Construction

Following the boundary function method by A.B. Vasil’eva (see, for instance, [28]), we
will seek a solution of problem (1)-(3) in the form

1

O(t,e) = 0(t,e) + Y (IL9(T, €) + Qi (07, €)). (4)
i=0

Here, 8(t,¢) = (w(t,e), u(t,e)"), 8(t €) = Lj=o &8;(t), TLid (T, €) = L= &11;;8(7), Qid (e,
€) = Lj>0 dQii8(0i), 1y = t/e*1, 0y = (t—T) /e, i = 0,1, §(t) are regular functions,
I1;;8(7;) and Q;8(0;) are boundary functions of exponential type in neighborhoods ¢ = 0
and t = T, respectively, i.e.,

[TL;;0(%) || < cexp (), T =20, ||Q;8(07)|| < cexp (ae0;), 07 <O,

where ¢ and e are positive constants independent of the arguments of functions under study.
For any sufficiently smooth function G(w(t, ), u(t, €), t, €), we will use the notation
G(9(t,€),t,€) and the asymptotic representation

1
G(8,t,e) = G(t,e) + ) _(TLG(T;, €) + Q;G(0y €)), ®)
i=0

G(t,e) = G(B(t, ), t,€) = Ljn0 € Gj(t), oG (w0, €) = G(B(e, €) + [od (10, €), €70, €)

— G(8(e, €), €70, €) = L0 &/T10;G (1), I G(T1, €) = G(B(e2T, €) + TTpd(eTy, €)
+110(1y,€), €211, 8) — G(B(e?Ty, €) + TTod(eTy, ), €211, €) = Ly €/114,G (1),

QoG(00,€) = G(H(T + ey, €) + Qo (00, ), T + e0p, €) — G(O(T + evp, €), T + €0y, €)

= Y08 QojG(00), Q1G(o1,€) = G((T + €201, €) + Qod(e0, €) + Q18(01,¢), T + €201, ¢)

— G(O(T + %01, ) + Qod(ecn,e), T+ %01, €) = Lo € Q1;G(01).

Substitute (4) in (1) and present the integrand in the form of sum (4). Passing in
the integrals from the expressions depending on 1, 0;, i = 0,1, to integrals over the
corresponding intervals [0, +o0) and (—o0,0], we obtain the following expansion of the
functional (1)

Je(u) =Y &J;. 6)

j>0
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Substituting expansion (4) into system (2) and initial value (3), using (5), then equating
terms of the same powers of ¢, separately depending on regular and different boundary
functions, we obtain relations for defining asymptotics terms.

Introducing the notation E; = diag(I,,,0,0), E; = diag(0, I,,0), E3 = diag(0,0, I,),
and ¢(0,t,e) = A(t)w(t,e) + B(t)u(t,e) +ef (w(t,e),u(t, e),t,€), we obtain the following
equations:

dw;(t dw;_ (¢ dw;_,(t _
E ét( ) +E ]dtl( ) 1 E ]dtz( ) _ [¢(t,€)]j/ 7)

dllpjw(T) L E dlly(;—1yw(70)

(E1 + Ep) i 3 it = E1[TTo¢p(0,€)]j-1 @®)
+(E2 + E3) [Ho¢ (0, €)],
dQy; dQyi_ %
(Ey + Ey) Qo;lz:o(ao) LE O(]d(lf)ow( 0) _ E1[Qo¢(e0,€)]j 1 o
+(E2 + E3)[Qo¢p (00, €) ]},
dlly;
tﬁm)=&mwwmm4+&mwwmm4+&m@mﬁm (10)
d .
Ql{];:l(o'l) - E1[Q1(P(0'1, S)]]‘,z + EZ[Q1¢(0'1,€)]];1 + E3[Q1¢(0’1,8)]]’. (11)

From Equations (8)—(11) at j = 0, (10) and (11) at j = 1, we found the corresponding
boundary functions

EiTlgow(70) = 0, Eallow(m) = Eallnnw(m) = 0, E1Qoow(0p) = 0, 12)

E1Quow(o1) = E1Qnw(e1) = 0, ExITyow(ty) = 0, E2Qqow(o1) = 0.

In view of the last equalities, from (3), we obtain relations for initial values
E1wo(0) = Eyw®, Eq(w1(0) + Igw(0)) =0, (13)
Ex (@)(0) + Tojw(0) + Iyw(0)) = 0, j > 2, (14)
Eo (@ (0) + TToow(0)) = Exw?”, (15)
_ Esu®, j =0,

Es()(0) + ojw(0) + Thjw(0)) = {03]. 2 17

Remark 1. If boundary functions Ijjw, Qjjw, i =0,1,j = 0,n—1 have been found, then,
from Equations (8)—(11), it follows the corollary that functions Eq11;,w(7;), E1Qpw(0;), i = 0,1,
ExIlyyw(t), E2Quutw(01), and Ex1ly(, qyw(T1), E1Qq(ny1)w(01) are known.

3. Optimal Control Problems for Finding Asymptotics Terms

In this section, forms of control problems for finding asymptotics terms will be given.
In contrast to [26], the justification of these relations will be presented.
With the help of the notations,

(0,9, t,e) = W(tw(t,e) — A(t) P(t, &) + e(Fu(8,t,€) — fu(8,t,€)(t,e)),
xX(0,9,t,e) = R(t)u(t,e) — B(t)'w(t, &) +e(Fu(8,t,€) — fu(d,t,€)¥(t,e)),

five optimal control problems ﬁ]-, HijP, Qi]-P, i = 0,1, for determining asymptotics terms in
expansion (4) will be written. Costate variables in these problems will be denoted as @(t),

IT;i9(7;), Qijp(07), i = 0,1, respectively.
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Furthermore, the hat and the low index k in a function notation will mean that the
function is calculated with the functional argument equal to the k-th partial sum of the
corresponding expansion, e.g., ?k(t, e) = f(O(t )t e).

In the following expressions with p and ) in the performance indices of the formulated

optimal control problems, we take ¢(t,¢) = 2o 8f($j(t) + (eEy + E2 + E3) (Ioj1p(70) +

Qoj(e0)) + (€2E1 + eEx + E3) (19 (11) + Q19 (01)))- B
Regular functions 8;(t), t € [0, T}, are determined as solutions of problems P;, which
consist of minimizing the functional

T
Ji(#@;) = @;(T) E1(Qo(j—1)¥(0) + Qi (j—2)$(0)) + /(Wj(f)/(%w(f)@j(t)
0
N dw. . (t dy. (t N
+pj_1(t€)lj — E2 lp]dtl( ) —E lp]d:( )) +ﬁj(f)/(%R(f)ﬁj(f) + [Xj-1(t,€)];)) dt

on trajectories of system (7) with initial conditions from (13) or (14) in dependence on ;.
The boundary functions Ily;8(1), T € [0, +-00) are determined from optimal control
problems Ily; P consisting of minimizing the functional

_ T ;1 - dllyi—1)¥(T0)
oy ([o) = [ (o) (;W(O) oo (o) + [Flog1yp(ro, )] — B3 — 10220
0
o)’ (3 RO)oe(r0) + [Flgy-1)x(0,€)}) do

on trajectories of system (8) with the conditions Tlp;x(+oc0) = 0 and (15) or (16) in depen-
dence on j.

The boundary functions Qo;8(0), 0o € (—0o0,0], are determined from optimal control
problems Qo;P consisting of minimizing the functional

Qoj/ (Qojut) = Qojw(0)'E2(;(T) + Qyj-1)%(0))
dQqo(j—1)%(00)

d(TO

0
+ /(Qij(Uo)/(%W(T)Qij(Uo) + [Q\O(jfl)p(0—0/€)}j —E3

—00

)

+Quju(en) (GR(T)Qujuon) + [Qo1)x v, €)})) dey

on trajectories of system (9) with the condition (E; + Ez)Qojw(—00) = 0.
The boundary functions IT;;8(11), 71 € [0, +0), are determined from optimal control
problems I1;; P consisting of minimizing the functional

—+o00
Tyl (M) = [ (Mhjwo(m) GWO) () + [Ty ye(m,e)))
0
+H1jM(T1)/(%R(0)H1jM(T1) + [y x (T, 0)])) dn

on trajectories of system (10) with the conditions (E; + E2)TTjjw(+c0) = 0 and (17).
The boundary functions Q;;8(c1), 01 € (—09,0], are determined from optimal control
problems Qq;P consisting of minimizing the functional

0
Quil(Quj) = Quj(0) Ex(@(T) + Qu(0)) + [ (Qujwo(en) (W(T)Quyo(en)
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011l €)]) + Quen) (3 RTYQue(er) + [Guy-1yx(en,€))) dor

on trajectories of system (11) with the condition Q; jw( —o0) = 0.

Remark 2. Though the original problem (1)—(3) is nonlinear, the considered optimal control
problems Pj, Hi]-P, Qi]-P, i = 0,1, are linear-quadratic.

Solutions of the formulated optimal control problems can be found from the control
optimality conditions in the Pontryagin maximum principle form. Namely, a solution of
the problem FJ- can be found from (7), (13), or (14) in dependence on j, and the relations

B(t)'p;(t) — R(t)u;(t) — Xi-1(te)]; =0, (18)

dy. N dy._ dy.
Eq ‘Zt(t) = W(t)w;(t) — A(t)"¢;(t) + [p;_1(t,€)]; — Ex lp]dtl(t) —E3 1p]dt2(t), (19)
E1p;(T) = —E1(Qo(i—1)¥(0) + Q1j—2)¥(0)). (20)

A solution of the problem o P with E; Hojw(+oo) = 0 can be found from (8), (12)
and (15) or (16) in dependence on j, and the relations

B(0)'(Ez + E3)TTgjp — R(0)TTgjue — [Ty(j_1)x(T0,€)]; = 0, (21)
dl1y;
(E1 + Ey) d:(])l'b = W(0)ITpjw — A(0)'(E2 + E3)TIoj9p

+[o(j-1)p(10,€)]; — E3

7

dT()
(E1 + E2)TIgjip(+00) = 0.
A solution of the problem Qo;P with (E; + E2)Qpjw(—0c0) = 0 can be found from (9),

(12) and the relations

B(T)"(Ez + E3)Qojtp — R(T)Qoju — [Q\O(jfl)X(O'Ol e)]j =0,

d .
(E1+ Ey) (dggélp = W(T)Qojw — A(T)"(E2 + E3) Qo
~ dQqi_
+[Qo(j—1)p (00, €)]; — Esw,
E1Qojp(—00) =0, E2Qoj1p(0) = —Ex(9;(T) + Qq(j-1)(0)). (23)

A solution of the problem Iy;P with (E; + Ez)I1jjw(+00) = 0 can be found from (10),
(12), (17) in dependence on j, and the relations

B(O)/E3H1jtp — R(O)Hlju — [ﬁl(jfl)X(TlrS)]j =0, (24)
dlly; R
d?[] = W(0)ITyjw — A(0)'EslTyjip + [[1yj_1)p(T1,€)];, (25)
ITjp(400) = 0.

A solution of the problem Qy;P with Qy;w(—o0) = 0 can be found from (11), (12) in
dependence on j, and the relations

B(T)'EsQij — R(T)Qujut — [Quj-1)x(01,€)]; =0,

dQip _

d(71

W(T)Qujw — A(T) EsQujtp + [Quj-1)p(01,€)];,
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(Er + E2)Qujp(—o0) = 0, E3Qu9p(0) = —E3(;(T) + Qoj9(0)). (26)

In view of the control optimality condition in the Pontryagin maximum principle, a
solution of the problem (1)—(3) satisfies (2), (3) and the following relations, including the
costate variable ¢(t,€) = ({(t, €)', n(t,e),0(t,€)),

B(t)'¢p — R(t)u —e(Fu(8,t,¢) — fu(9,t,€)'p) =0, (27)
£(6)52 = W(tyw — AW p+ £(Ful®, 1) — ful8,t,6)g), @)
(T, e) =0. (29)

An asymptotic solution of problems (2), (3), (27)—(29) can be constructed in the form (4),
i.e., in addition, we set

1

p(t,e) =(te) + ) (Iip(T,€) + Qigp(0ie)), (30)
i=0

where all terms have the properties of the corresponding terms in (4).

Substitute asymptotic expansions (4), (30) into (27)—(29) and use presentation (5).
Introducing the notation g(9, ¢, t, &) = p(9, ¢, t,€), h(9, ¢, t,€) = x(9, ¢, t,¢) and equating
terms of the same power of ¢ separately depending on ¢, 7;, 0;, i = 0,1, we obtain the
relations

~

BT~ RO, — 1 (1,0, =0,

da d@q dafz R
] ] ] o — — ~ '
Evgp + B T Bs—g = = W(Hw; — A()'9; + [8j1 (£, €)]j,

B(O)’Hl](p — R(O)HIJM — [ﬁi(]‘_l)h<Ti/ S)}] =0,

dll;@ Al all; iy @
ij (=1 iG=2)% _ o
Eq it + Ep iz + E3 pr = W(O)HZ(]_Z_l)w 1)
—A(0) Ty(j—i—1y 9 + [i(j—i—2)8(Ti,€)]j—i-1,
B(T)'Qij — R(T)Qiju — [Qi(j—1)h(0,€)]; = 0,
dQii¢ dQj(j—1)9 dQi(j-2)9
E do, +Ex i +Es i W(T)Qj(j—i—1yw (32)
—~A(T)' Qj(j-i—1)¢ + [Qij-i-2)8(1,8)]j—i-1,
9;(T) + Qoje(0) + Q19(0) = 0. (33)

It follows from (31), (32) with j = 0 and i = j = 1 that

EIlgo¢(10) = 0, E1ITip¢(71) = E1Il119(T1) = 0, E1Qoo¢(00) = 0
E1Qio¢(01) = E1Qu¢(01) =0, ExITiop(1) = 0, E2Qi0¢(01) = 0.

7

4. Justification of Formalism of Asymptotics Construction

This section deals with the establishment of a relation between the forms of coefficients
in the expansion (6) of the minimized functional with respect to powers of ¢ and the
expressions of the performance indices in optimal control problems formulated in the
previous section. The following theorem, which was given in [26] without any rigorous
proof, will be further justified.

Theorem 1. The sum 7]- + 11y -1y ] + Qu(j—1)] of the performance indices in problems P;, ;1P
Qq(j—1)P is obtained by transforming the coefficient J5; in expansion (6) and dropping terms, which
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are known after solving problems Py, TIoe P, QuP, k = 0,7 — 1, IT1yP, Qi P, k = 0,k — 2. The
sum ;] + Qo;] of the performance indices in problems I1y;P, Qo;P is obtained by transforming
the coefficient J»j, 1 in expansion (6) and dropping terms, which are known after solving problems
P, k=0,j, 1P, QyP,i=0,1,k=0,j — 1

Proof. Denote the integrand in (1) by means F(9, t, ). In view of (5), we can present Ji in
the form

T +o00
IkZ/O Fe(t) dt+/0 yi—1)F(10) d1o o

0 +oo 0
+/700Qo(1<—1)IF(0'o)dtfoJr/0 H1(k—2)F(Tl)d71+LwQ1(k—z)F(Ul)dUl-

It is clear that the last expression contains the asymptotics terms with numbers more

than it is necessary in this theorem, for instance, Fy, (t) = [F(02,(t,€),t,€)]2,. In order to
prove the theorem, we will use control optimality conditions for formulated previously
control problems.

It is evident that the coefficient Jj in (6) is the performance index in problem Py.

We will analyze the coefficient J;. In view of (34) with k = 1, we have

T_ +oo 0
I :/O Fl(t) dt+/ HO()IF(T()) dT0+/—oo QOOIF(UO) doy

~ / @ (£)/ W (o (£) + 121 (£) R (DT (1) + [Fo (t,€)]1) dt
+/ Hoow (70)'W(0)Igow(0) + Igou(T0)' R(0)ITooue(0))
+Hoow(To) W (0)@o(0) + Igou () R(0)70(0)) do
+/ =(Qoow(eo)' W(T)Qoow(co) + Qoott(c0)'R(T)Qoou(cp))
+Qoow(ffo) W(T)@o(T) 4+ Qoou(co) R(T)tio(T)) doy.

Transforming the following expression from J; with the help of control optimality
conditions for the problem Py (see (18)—(20) with j = 0), the integration by parts, and
also (12), (7) with j =1, (8), (9) with j = 0 and j = 1, and (15), we have

| (@1 (0 W(Emo () + 0 (1) R (10 (1)) dt + | ety w(oym(0)
+TToou(10)'R(0)0(0)) d1o +/0 (Qoow (o) W(T)wo(T) + Qoott(co)'R(T)wg(T)) doy
= [" @@ L ayg,0) +me B0 T @
/ (Toow (1)’ (Ey 0 1”0 (0) + A(0)'F, (0)) + Tloou (10)' B(0)'F, (0)) o
+ [ (Quolen) (B ;’?m+A<T>’%<T>>+Qoou<ao>'B<T>'%<T>>doo

dw1

=D EFoOIF + [ Folt) (~Er o (1) + A1) + BT (1)

+ - @0 0 /(A(O)Ho()w(l'o) + B(O)Hoou(’[o)) dTo

+/ Po(T T)Qoow(00) + B(T)Qoou(00)) dog

dw

= Horw(0)' 1, (0) + /O Fo(t) (B2 52 (1) = ol €)1



Axioms 2022, 11, 647 9 of 31

too dIl dIl
+ ¥0(0)' (Eq O;Z;(TO) +E 022;(70))5170
dQ w( oy dQuow (o
+/ (T 0100( 0) L E 0200( 0))d¢70
dwo

= Moy(0)' Exp(0) + /O Folt) (E2“22(8) — ot ) dt

—1(0) (E1IT1w(0) + ExITpow(0)) + 1P (T)"E2Qoow(0)
dwy

= FolT) ExQuo(0) + [ Fo(t) (B2 2 (1)~ ot )]1) dt — Fo(0)' Ex(a” — wo(0)).

Taking into account this relation and the previous expression for J;, and also drop-
ping terms, which are known after solving the problem Pj, we see that the transformed

expression for J; is the sum Ilgo] + Qoo]-
Assuming that the problems Py, ITopg P, Qoo P have been solved, we transform by similar
way the coefficient [, in (6). According to (34), J> has the form:

T_ 400 0
/()Fz(f)df+/() H01F(T0)dTo+[ Qo1F(00) dog

+c0 0
+ A H10F(Tl)dT1+L Q1o (01) doy.

Write down the unknown terms in 5 (¢)

W (1) W(t)wo(t) + a2 (t) R(#)Tig (t) + Wi (1)’ (1/2W( JW1(t) + Fuy (1))
+11 (1) (1/2R(1)a1 () + Fuy ()').

Transforming fOT (whWw, + wyRiip) dt with the help of optimality conditions (18),
(19) at j = 0, integrating by parts, (7) at j = 2, (20) at ] =0, and dropping known terms,
we obtain —,(0)’ (E1@2(0) + E1(0)) + 1o (T) Extoq (T fo Ezdﬁo/dt + E(,) (wawl +
fuoﬁl)) dt'
The unknown expression in Iy F(19) is
Ty w (1) W(0)(@o(0) + IMoow (7)) + Toow(T0) W (0)7w1 (0)
+1To11(70)"R(0) (70 (0) + [Mo1u(0)) + oot () R(0)71 (0).
The integral of this expression will be transformed using control optimality conditions
for problems Py and Iy P, Equations (7) at j = 1, (8) at j = 1,2, the formula of integration
by parts and Remark 1. Dropping known terms, we have —ITypy(0)'((E; 4+ Ep)w1(0) +

E2H01w(0) ) — @0 (O)/(Eznmw(O) + Elnozw(O) ) .
Similarly, we transform the third integral in J,, depending on an unknown expression

/_OOO(QOW(UO)/W(T) (@Wo(T) + Qoow(09)) + Qoow(cp) W(T)w: (T)

+Qo11(00)'R(T) (7o (T) + Qoott(00)) + Qoott(00)' Ro(T)w1(T)) dog
= Qooy(0)'((E1 + E2)@1(T) + E2Qo1w(0)) + $(T)' E2Qu1w(0).

The unknown expression in ITjoF (1) is

Ipw(t1)'W(0)(@o(0) + Ioow(0)) + ITyou (1) R(0) (7o (0) + Ioou(0))
+1/2(Tow(ty)' W (0)ITgw (71 ) + Iygu(ty) R(0)ITou(Ty)).
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Transform the integral

/O+W(H10w(T1)/W(0)(wo(0) + oow(0)) + IMyou(t1)'R(0) (7o (0) 4 ITgou(0))) d7y

with the help of optimality conditions for problems Py, TP, (10) at j=20,1,2,(12) and
integration by parts. Dropping known terms, we have —,(0)’(E1ITj,w(0) + ExITj3w(0) +
E3ITiow(0)) — Tooyp(0) (EoIT11w(0) + EsITiow(0)).

Transforming in a similar way the fifth integral in J,, depending on unknown terms,
we obtain

/' (Qulon W(T)@o(T) + Que(0)) + Quoter)R(T) (o(T) + Qoou(0))

+1/2(Qiow(01) W(T)Qiow(0) + Quou(or) R(T)Qiou(1))) doy
= o (T)' (E2Q11w(0) + E3Q10w(0)) + Qoo (0)' (E2Q11w(0) + E3Q1ow(0))

+1/2 /7000(Q1ow(01)'W(T)Q10w(Ul) + Qiou(01)'R(T)Qqou(ey)) doy.

Substituting the transformed relations into J, taking into account the second equality
in (13), (14) atj =2, (16) atj = 1, (17) and (23) at j = 0, and also Remark 1, and finally
dropping known terms, we obtain the theorem statement for the coefficient J5.

Introduce the notation

1
8(te) — 9j_1(te) = Ad(te) + Z(:J(A]-Hil‘)(ri,s) + A;Qi8(0;,€)), (35)
=
where A;B(t,e) = 0O(te) — :j,l(t,s) = sjgj(t) +a(gth), AT (T, e) = TLO(T,e) —
I 1)19(Tz, e) = ¢ i0(w) + a(dt), AjQ;B(0y,€) = Qid (T, ) — Qi(j-1)8(0i,€) = €Q;;8
(0;) +a(elt1), i =0,1, a(e/1) is a sum of the expansion terms of order &1 and higher.
Assuming that the problems ?j, Iy P, QOjP and Hl(]-,l)P, Ql(]-,l)P,j = 0,7 — 1 have

been solved, we will transform each term in the coefficient J»,, having the presentation (34)
with k = 2n.

Using the notation (35), we can see that the unknown terms in [y, (t) are the following:

D (1) (1/2W (T (1) + [Fo(u_1)(6) ]u-1)

it (1) (1/2R(8) (1) + [Foyn 1y (£€) 1)
+[Aua@(t ) (W(E)Wy-1(t, €) +{5Fw(n—1)(tr€) Fne1)]2n
Bt &) (R(E)iEn—1 (£ €) + {€Fyu_1) () 1)z

Multiplying the Equations (18), (19) by &, j = 0,k, and summing up the obtained
equations, we obtain the following relations

{R(t)u(t e) + €?u(k71)(t/ &)}k = {B(1) Pt e) + S?u(k—l)(t/ &) Py (te) bk,
IWB(10) + By (66 e = (600 B0y, )

1)
AW Ti(t€) + e iy (1) Trr (L6 i
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Substituting 9(t, ¢) from (35) with j = n + 1 into (2) and equating terms depending on
t, we obtain the equation

£ (e)(e) | D),y (1) G (,6) + ()

FB(E) (Tin(t €) + ApeaTi(t ) + ef (Bult,€) + Apsrd(t ), 1, €).

(37)

We will use the next easily proved formula from [29], which is valid for any sufficiently
smooth vector functions a(t, €), b(t, ¢) and a matrix D(t, ) of the corresponding size,

k= [{b(t, &) }D(t €)a(t, o)

~[{blt, )} Dt ) {alt, ) byl kL € N, k> L )

Using (36) with k = n — 1, (37), (38) with | = n — 1, k = 2n, we can rewrite

/OT( [An-&-lw(t/ 8)/(W(t)%n—l (t/ 8) + {E?w(nfl) (t, e)l}n—l)]Zn
+[Ausa8i(t€) (R(E)Tn1(t,€) + {F 1) (£,€) Fu1)]an) dt

in the following way

/OT([AnJrlw(t/E)/{g(S)W}n1]211 + @1 () (A() Ay 1 (1 €)

+B(t)Api1(t, €)]on + [An+1w(t/f)/{f?w(nq)(ffﬁ)linfl(ffe)}n—ﬂzn

AT () L 1) (1) By (€)oo

= [N nrey 6@ PNy 1 (e (o) (PP
+dwnd7(:f£>) — AT (t,2) — B()Tin(t,€) — ef Bu(t, €) + Dys1B(t,€), t,€))]an

P 1(6 ) (Fan1) (b b nt D@L €) + {F 1) (£€) bt s 01, €) o) .

Integrating by parts in the first term of the last expression, taking into account the
equality A, 19(t,€) = ApO(t,€) — €"8,(t), decomposing f (0 (t,€) + A, 10(t €),t,€) in the

neighborhood of 9,_1(t,€),and omitting known terms, we obtain

(A1t €) E @),y (8)]ould + (B (8) ExBu(t) + o (1) EsTon(t))[]
d i ~ = _
+/ (@ ( ’Pn L —E dllzlt_Z — {1t &) ef o)t ) In ("0 + AyiaB(t,€))|on
+, 1 (1) ({wa(nq) (t &)t n18n1@(t,€) + {Sf%u(nm (t,€) tn—18n417(t,€))]2n) dt

_ 1 ~
= [Anw(t15>/<gEl +Ex+eE3) i,y (1 €)|2n1lg

T dﬁ dﬁ = ~
— [ @y B B R e B ()

() (€f 1) (1) B (1))

Taking into account the last relation, omitting known terms, we obtain the following
expression for the first term of J,,:

T_ 1 ~ _
/O FZH(t) dt = [Aﬂw(t/ 8)/(EE1 +E+ 8E3)lpn71(t/ 8)}211—1 |g + T
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~Wn(T)"E1(Qo(n—-1)¥(0) + Q1 (n—2)%(0))-

The next step is the transformation of the unknown parts of Ho(zn_l)IF(To), which,
after substituting (35) and some transformations, is given below

[AnTTow(To, €)' ({W (e10)n—1(£70,€) b1 + {eF wiu_1)(€70,) F-1)]20-1
+[BuTTou(to, €)' ({R(e10)n—1(€70,€) b1 + {Fun_1) (€70, €)' b1 ) 201
+(Aww (e, €) + AuTTow(To, €)' ({W (e10) gy —1)w(T0,€) } 1
+{€ﬁ0(n71)Fw(T0r8),}71—1)]211—1 + [(Anu(eo, €)
+ATTou(1o,€)) ({R(e70)TTo(,—1)24(T0, €) 1 + {elp(—1) Fu(T0,€) }n—1)]2n—1-

Substituting 9(t,¢) from (35) into (2) and considering terms depending on 1), we
obtain the equation

dﬁO(nfl)w(TO/s) dAnH()w(TQ, S)
+ )
dTO dTO
= A(en) (g (y—1yw0 (70, €) + AulTow(10, €)) + B(eto) (TTo(s—1)4(T0, €) (39)

1
(EEl + E, + 8E3)(

+AuTgu(to,€)) + €(f (Bu—1(eT0, €) + Ty 1)8(T0, €)

+A,0(eT0,€) + Anllpd(10,€), €T0,€) — f(On—1(€T0,€) + AuB(eT0, €),€T0, €))-

Using (36) with k = n — 1, (39) and (38), we transform the following expression:

/Om([AnHow(Tof &) ({W(em0)@u1(70,€) }n1 + {eF(n-1) (€70, €)' J—1)an—1
+[AnTTou (o, €)' ({R (€70 in—1 (670, €) 1 + {€Fu(n_1) (670,€) Y1) ]2n—1) dTo.

Omitting known terms, we have

te / d@nfl s
| (Ballow(mo,e) ({E(6) = (670,€) b + {AeT0) B, (670, €) o

+{€?w(n71)(81—0/ 5)@7171(”0/8)})1—1)]2;1—1 + [AnHOM(To/€)/({B(€T0)/$n71(STO/E)}n—1

= ~ +oo dy
+{€fu(n71)(ETO/g)/lpnfl(STOIS)}H—l)]Zn—l)dTO:/O (Ippw'E4 1/21[1 (0)

1 dyp,
+[AnH0w(T0, S)/{(gEl + E, + £E3) lpdnt 2 (8’1’0, 8)},1_2}2”_2

dAnH()w
dTo

+[$n71(£1—0/€)/(%E1 + E + ¢E3) (70,€)]on—1
[P (€70, ) (Lo 1) fo (T0,€)AnB (e, €) + efo (B -1 (7o, )
+1o(1)8(T0, ), €70, €) AnTTB(To, €))|2n—1 + [, (€70, 8)/(8?10(;1—1) (e10, €) AnTTow (o, €)
+£?u(n_1) (€10, ) AnIlou(To,€))]20—1) d70-

From here, applying the formula of integrating by parts and Remark 1, omitting
known terms, we obtain

1 ~
- [Annow(OIS)I(EEl + Ey + sE3)¢n—1(015)]2n71

- /()Jroo(@nq(ETO/5)'(€ﬁo(nf1)fﬁ(An§(€T0/ &) + Aullo®(T0, €))]2n-1) dT0-
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Multiplying the Equations (21), (22) by ¢/, j = 0,k, and summing up the obtained
equations, we obtain the equalities

{R(eto) Mokt by + {ellg—1) Fu (0, €) J
= {B(emo)'(eE1 + Ez + E3)Tloxp b + {elloqe_1) fu (70, €) Py (eT0,€) b

+{efu(Bra (et €) + o_1)8(10,€), €70,€)' (eE1 + E2 + E3)o_1)¥ s

1 0 [1 (40)
{W (eto)okwi + {ello1)Fo(0,€) i = {(E1 + E2 + £E3)d2170k¢}

+{A(e10) (¢E1 + Ez + E3)Tlopyp b + {elTo_1) foo (70, €) Pp_1 (70, €) i
+{€fw (5,(_1(&0, €) + ﬁO(kfl)ﬁ(TOI €), €Ty, 8)/(€E1 + Ey + E3)ﬁ0(k71)7~/}}k-

We transform

/()+OO([(A@(€TO,€)+AnH0w(Tof ) ({W(e0)TTo(—1)w(T0,€) }n1
+{elly (1) Fo(10,€) Fn—1)]2n—1 + [(AnTi(eTo, €)
+ 0T Tou (10, €)' ({R(e70) oy 1)4(70, ) Y1 + {elTg(u—1) Fu(T0,€) 1) ]2n—1) dT0-

Using (40) and (38), as a result, we obtain

[ e, 0) + Ao, ) (B + Bz 4 c83) Ty
+[ﬁ0(n,1)l[1’(sE1 + Ey + E3) (A(ety) Ay (eTo, €) + B(ety) Anti(eTp, €))]2n—1
—I—[ﬁo(n,l)lp’(e& + Ey + E3) (A(et) AuITgw (10, €) + B(etp) AnITou(To,€))]2n-1
+[P_q(eT0, e)' ({eTTp(u—1) fuo (T0,€) bn-1 (AnT0(eT0, €) + AnTTow(To, €))
+{eTl, (n—1)fu(T0,€) }n—1(Bnti(eT0, €) + ApIlou(T0, €)))]2n-1
+ o) ¥’ (eEr + Ea + E3) ({efu (Bu—1(eT0,€) + Mo(u—1)8, €70, €) }n1 (BnT0(eT0, )
+AuTTgw(10, €)) + {efu(Bn1(eT0, ) + [o(n—1)9,€70,€) }n—1(DaTi (€T, €)
+AnlTou(0,€)))]2n-1) dT0-

In view of (37) and (39), we obtain from the last expression, omitting known terms,
the following:

dTo(,—1) (10, €)

dTO }1’!—1]21’!—1

A+w([(Anw(eT0,e) + ApTgw(To,€)) {(E1 + Ep + €E3)

dw,_1 (eT9, €)

+[Mg(u—1)¥ (10, €)' (€E1 + Ep + E3) ((Ey + eEa + €2 E3)( i

W) - A(sro)%n,l(sro, €) — B(ero)ﬁn,l(ero,s)

~{F o) (€70, €) b1 AnB(eT0, €)1

_ 1 ATy, w(to,€)  dATTyw (T, €
+[H0(n,1)1p(To,e)’(eE1 +Ey + ES)((EEl + Ex + eE3)( o ;7)70 +— 21'0( v

—Aet0) g1y w (10, €) — B(eT0) o(—1)4(70,€) — {elTg(—1) fo(T0,€) 1840 (€70, )
—{efo(0n-1(e70,€) + o (1) B(T0,€), €70, €) - 18uTT0B (10, €)) |20 1
+[,_1(e10,8) ({elTo(1) fuo (10, €) 1 (DT (eT0, €) + AuTTow (10, €))

)
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+{elTo(u—1) fu(10,€) n—1(Dnii(eT0, €) + ATTou(T0, €))) 201
+ o1y ¥ (10, €)' (¢E1 + Ez + E3) ({efu (51 (70, €)
+ﬁ0(n—1)l9(T0r5)157015)}7171(AWW(STOHC')+AHHOw(TOrS))+{Sfu( n—1(€T0,€)
+1:I0(n,1)19(ro,8),8'(0,8)},1_1 (Ayui(ep, €) + AnlTgu(To,€)))]2n-1) dT0-

Integrating by parts in the last expression and dropping known terms, we obtain

—[(8x(0,€) + AaTTow(0, €)' (Ey + Ex + €E3)TTo,_1) (0, €)]2n—1

+oo~

+ [, _1 (e70, €)' {elTg(_1) fo (10, €) Yu1(AnB(eT0, €) + AuTIo8(T0, €))|20—1 dT0-

Summing up the results, obtained from the transformed terms of the integral
f0+°° Iy(2n—1)F d1o, after dropping known terms, we have

— [Annow(or‘g)/(%El +Er + SEs)Enq(OrS)]znq
—[(Ax@(0,€) + AaTTow(0, €)' (E1 + Ey + €E3) g (1) (0, €)]2n—1.

Performing similar transformations for | Em Qo(2n—1)F dop, we obtain the following
result:

80 Quu0(0,6) (LEx + Ea - ¢E5), (T, )01
+[(An(T, €) + AuQow(0,))' (Ey + Ez + €E3)Qo(n—1)¥(0,€)]2n—1.

Furthermore, we apply the analogous transformations for the forth term of J,,. The
integral over the interval [0, +o0) of unknown terms of Il (5, »)F(11) is presented as the
sum

4 E) - ~
Z +/ (T (y—1yw() ((W(E71) W1 (71, ) ]n-1 + [Fap(n2) (€71, ) Tn—2)

I oyt (71) (R 1 (71, €)1 + [Pz (€71,8) ] 2)) i
+ /()Jroo(nl(n—nw(ﬁ)/([W(Ezfl)ﬁom—nw(sﬁlS)LH + Mooy Fo(e11,€) 10 -2)
1Ty () ([R(211) g1y (eTy, €)|n—1 + [To(u—2) FuleTt, €)' ]a—2)) dTy
+ /0+oo(Hl(n—l)w(Tl)/(1/2W(0>H1(n—1)w<T1) + [W(&t)TT (o) w(11,€) |51

Ty -2y Fo(T1,€) Tn—2) + Ty (_1yu(t1)' (1/2R (0) Ty gy (1)
+HR(ET)TT ()1 (11, ) |n—1 + [Ty (-2 Fu(11,8) |n—2)) dT1,

(41)

where the expressions for s;, i = 1,4, will be written later when they will be transformed.
Substituting 9(t,€) from (35) into (2) and considering terms depending on 7, we
obtain the equation

dﬁl(nfl)w('rlre) dAnH1W(T1,S)
+ )
dTl dTl
= A(&11) (I ,_pyw(Ty,€) + AuThw(ty, €) + B(e21y) (T 1y (11, €)
+8aTThu(ty,€)) + e(f (91 (€ ¢ ) + To(u—1)8(eT1,€) + Ty 1) B(T1, )
+A,0(211, €) + ApTTp8(eTy, €) + AuI110(1q, €), €271, €)

—f(Bp1(1y,€) + ﬁo(n,l)ﬁ(sﬁ, £) + And(e2Ty, €) 4+ AuTTgd(eTy, €), 211, €)).

1 1
(;El + gEz + E3)(

(42)
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Using (36) with k = n — 2 and t = ¢27 in the expression

+oo ~ =
51 = /0 ([AnTTyw(Ty, &) (W (1) -2(*11,€) 2 + {eFu(n2) (€2T1,8) Fn2)lon—2
+AaTT1u(tr, €)' ({R(ET)Tn—2(211,€) bu-2 + {eFy(u_2) (€271, €) buo2)|an—2) dT1,

we obtain

[ (o, o) (B + B2+ 26 =2 (@0, )
+[Annlw(Tlr8),({A(SZTl)/in72(S2rlrS)}H—Z+{8?10(1172)(8271/ )lpn 2(8 7, € )}‘rl 2”271 2
+[Annlu(ﬁr5)/({3(82"[1)/%1472(521—1/5)}11—2+{E?u(n72)(€2ﬁr &) $u_2(E271,) }n-2)]20-2) d7a.

Then, applying (38) with k = 2n — 2,1 = n — 2, and (42), we have

(8 T,¢ )]27172

Feo / 2 lpn 2
/0 (AT (1) (Er + By + @ E5) 0

[E (211, 8) (A(21) AT Tyw(Ty, €) + B(e*Ty) AnTTiu(Ty, €))|2n—2
) 2

w)n 2(8 7€ (efzu (n—2) (8 T, E)AnH1W(T1,€) + Efu( (8 7,¢€ )Annlu( ))]27172) dTl
e ! 2 an 2
:/0 ([AnanU(Tl,S) (El +€E2 + &°E ) at (S T1,€ )]271—2
= 2 il 1 dﬁ1(n—1)w(T1, €) dA,JIlw(Tl, €)
+[¢n72(8 Tl,S) ((82 Ey + SEZ + E3)( an a7 )

—A(E ) _yw(ty,e) — B(e )y _1yu(t,e) — e(f(Op-1(e*T1, €) + Ty O(eTa €)
+F~Il(n,1)19(71,8) + A B(e211, €) + ApTTgB (e, €) + AT 0(1q, €), €211, €)

—f(Bn—1(1,8) + Tlg(_1)8(eT1, ) + AnB (711, €) + AnlloB(eTy, €), €211, €))) | 20—2
+[¢n—2(€2~(113)l€]719(n—2) (€11, €)Ml 119 (11, €)|20-2) dr.

Integrating by parts in the last relation, using Remark 1, dropping known terms, we
obtain

1 1 ~
—[Anl'llw(O, 8)/(87E1 + EEZ + E3)lpn_2(0, €)]2n_2

too o 1 1 A1, ,_pyw(T,€)
+/ ([lpn_z(Sle,S)/(;Zﬁ+EE2+E3) LU 021 lon—2

{1}
+[, (2T, )Sfﬁn 2) (€71,€) Anl 119 (71, €) )20 2
[T, ¢) (el o) fo(T1,€) (AnB(T1, ) + AuTloB(em )
+8(?19(n72)(8 T, € )+H0 (n—2)fo (€T, €) +TT; (o) fo(T1,€))e" Ty, _1)8(T1) (43)
{1} {2}
tefo(Oua(e2T1,€) + Ty( 2)0(e1,€) + Ty _0)8, €71, €) AT 8 (T3, €)) 202
— Iy _yyw(n) [A(ET) $,_5(471, )]
{1}
— Iy gy (@) [B(E211) o (471, )]u1) d.
{1}




Axioms 2022, 11, 647 16 of 31

Consider together the first integral in (41) and some terms with I1;(,_1)#(7, ¢) in the
transformed last expression for s;, marked by {1}, namely, the expression of the form
7 0y (W) B0 15, + Pz (1,6 T2
(AT Dy o (11,01~ Far) (7,6 Py o271, €))u-2)
1Ty 1yu(11) ([R(£ 1)1 (€271, €)1 + [?u(n—Z) (&11,€) Jn—2
~[B(e11) §,_o(E271,8)]u1 — [.?u(n72) (71,€) ,,_5(e*T1,€)]u2)

dﬁ1(n—1)w(T1r€)
dTl

= 1 1
Hanfz(Sle/S)/(;zﬁ + gEz + E3) Jon_2)d7y.

Transforming this expression with the help of (36) with k = n —1 and (10) at j =
n —1,n,n + 1 and omitting some known terms, we have

e d, 4 dip,,
| o) B @ e + B &

Al yw(T) +E2dH1nW(T1) +E3dH1("—1)w(Tl)
dn dr dt
dlly(,_yyw(T,e)
dTl

d
2 (21y,¢€) + E3 ¥ns (%11, €)]n-1

+¢n71 (O)/(El

B2 (1) (ZF1 + 1Ea + o) an_2) d1i.

From here, using Remark 1, integrating by parts and omitting known terms, we obtain

_anfl (0)/(E1H1(n+1)ZU(O) + EznanU(O) + E3H1(n_1)ZU(O)).

Further changes concern the expression

$2 —/ ([AnThw (T, €)' ({W(e2T) Ho(u_ayw(eTr, €) ba2
+{elTo(n—2)Fo(e1,€) Yu2)]2n—2 + [AuTTyu (1, €)' ({R(£* 11, €) Tl oy (71, €) } o2
+{ellg(y—o)Fu(ems, &) }u2)]2n—2) d71.

It will be transformed using (40) with k = n — 2 and (38) in the following way:

+o0 ATy, o (eTy, €
/0 ([AnTlyw(Ty, €)' (Eq + Ep + €E3) o0 P(eT )]anz

At
+[I~T0(”,2)1/J(8T1,£)’(8E1 + Ey 4 E3) (A(21) ApTThw(Ty, €) + B(e21) ApITu(T1,€)) |22
+AThw(ty,e) ({ellg(_2) fulen, e &) P, _(e211,8) bus
+{£fw n—2(e211,€) + Ty, ) 8(e11, €), €711, €)' (€E1 + Ep + E3)Tlp 2)1/)(8’1.'1, &) hn_2)]an_2
FATT(ry ) ({ellopn o) fuler,€) By _p(€T1,€) a2 + {eful(Br2(ePr )
+1y () B(eT1, ), 6711, €)' (eE1 + En + E3) Ty ()P (€71, €) bn2)]2n—2) dT1.

From here, using (42) and omitting some known terms, we have

+o0 ATy, o (eTy, €) -
/0 ([Anl'llw(rl, S)/(El + Ez + €E3) O ;)Tf ]2n—2 + [HO(n72)lIJ(€T1/ 8)/(€E1

1 1 Al pw(t,e)  dA,Tw(T, e
+E2 + E3) (5 E1 + B2 + Ea)( 1 dlil + clm(l ))
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—A(eT)Iy ,_qyw(Ty,€) — B(e*T1) Iy, _1yu(T1,8) — €Ly (o) fo (T, €) (" 1By (T, )
+e”_1H0(”,1)19(8T1, ) 4 An0 (€211, €) + Aullpd(eTy, €)) — €f19( n_2(€2Ty,€)
+1g () B(eT1, €) + Ty (0 0(11,€), €271, €) bp2) (" T (1) 8(T1)
+A T 8(11,)))]2n—2 + [AnTTiw(Ty, €)' ({ellg (o) fuo (T2, &) P, 5 (71,8 b2
+{€fw( n—2(e211,€) + Ty, _0)8(eT1, €), €711, €)' (€E1 + Ep + E3)TIp, 2)#’(871, €)}n-2)lon—2
AT u(Ty, €) ({elly (o) fuleT, &) P_n(ET1,6) Yua + {efu(Bua(T1,€)
+ﬁ0(n,2)19(81'1,s),sz'rl,s)’(sEl +E, + E3)H0(n,2)1,b(871,s)}n_z)]z,q_z) dr.

Integrating by parts the first term in the last expression and dropping known terms, we
obtain

~ 1 1
— o2y (0, 8),(g51 +oE+ E3)AnITiw(0, )22

N /+°° ~ 1 1 Al _qyw(Ty,€)

([Ho(n72)¢(€T1/€)/(gEl +-E2 + ) i Jon—2

)
—[My(u0)P(etr, €)' (eE1 + Ex + E3) (elly(, o) fo(T1,€) (AnB(e°T1, €) + AuTTgB ey, €))
+E(ﬁ1(n_2)f19(’f1,8) +f19( w2 (€21, )+H0(n 2)19(81'1,s),szfl,s))snflnl(n_l)ﬂ(rl)
{2}
+€f19( n-2(%11,€) + o) 0(eT1, €) + Ty (0 B(T1, €), €71, €) A TT1 B(T3, €)) 202
—ITy(yw(n1) [A(eT1) (eEy + Ep + E3)g(, o) (€71, €)]01
{2}
— Ty (,_1yu(n1) ' [B(*11)' (eE1 + Ea + E3) g (o) (€71, €)]n1
{2}
AT 8(t1, €)' ({ellgn o) fo (€T, ) Py (271, €) b 2+ {efo(Fna(nr, )
+1:I0(n,2)19(£1'1,£), e21y,¢) (eE1 + Ep + Eg)l'[o(n,z)zp(erl,s)}n_z)]zn_z) dm.

(44)

Consider together the second integral in (41) and some terms with Iy, _1)8(7,¢)
from (43) and (44), marked by {2}, namely the expression of the form

/O+OO(Hl(nfl)w(Tl)/([W(sle)ﬁO(nfl)w(ng/g)]n—l + [Mo(u—2)Fo (71, €) Tn 2
—[A(€11)" (eE1 + Ex + E3) Ty ()9 (€11, €)] -1 — [Sﬁo(n—z)fw(fflrS)/En—z(fzﬁfS)Jnfl
[efw( w_2(e21,€) + HO(n 2)8(ety,€),°11, €)' (eE1 + Ex + Eg)ﬁo(n,z)lp(en,e)}n_l)
1Ty () ([R(e271) g, 1y te(eT1, €)|n—1 + [To(n—2)FuleT1, €)' ]n—2
~[B(e211)"(eE1 + Ea + E3) ooy (eTs, €)1 — [ellopo) fu(eTt, &), (271,€)]n1
—lefu(Buz(e* €) + o (o) 8(eT1, €), %11, €)' (eE1 + Ea + E3) g (o) ¥ (€71, )]n-1)

1 Al _yyw(Ty,€)

~ 1
+[H0(n72)¢(€T1/€)/(EE1 + gEz + E3) i Jon_2)dm.
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We will transform this expression with the help of (40) with k = n — 1 and (10) with
j = n —1,n. Omitting known terms, we obtain

/+°°([~ 1 1 ATl _qyw(Ty, €)
0

HO(n72)¢(€T1/€)/(EE1 +-E2 + Es) i Jon—2

ATy, 1) Ty, o)
T(‘?Tlle) + EsT(STlﬁ)]n—l

dlly,w(t) dlly(,_yyw(m)
+ E3
dT1 dT]

+1T (y_yw(m)'[(E1 + E2)

+y(u—1)$(0)' (E2 ) dT.

Integrating by parts, using Remark 1 and omitting known terms, we have
(1) (0)' (E2lTy,,w(0) + E3lTy(,,_1yw(0)).

Multiplying Equations (24), (25) by &/, j = 0,n — 2 and summing up the obtained
results, we obtain the equalities

{R(1)TTy (o) 1(T1,€) }n2 + {eTTy 3y Fu(T1,€) }ua
= {B(®1;) (¢2E1 + ¢E; +E3)H1(n 2 P(T1,€) bn2
+{£ﬁ1(n—3)fu('rlr )lpn 3(5 T, €) bn—2
+{€ﬁl(n73)fu(T1/€)/(€El+E2+E3)H0(n 3 p(et, )b
+{efu(Bua(T1,€) + Tz B(eT, ) + Ty 3011, €), 71, €) (2,
+¢Ep + E3) Ty, _3)9(11,€) bu2,

(45)

ATy (o) (11, €)

{W ()T gy w(T1,€) bna + {Snl (n—-3)Fu(T1,8) }u-2 = in

+{A(En) (€F +€E2+E3)H1(n 2¥(11,8) fn—2
+{elly(,_3) fu(T1 &) P,_3(e271,€) bna (46)
+{elly(,,_3) fuw(T1,€) (eE1 + Ez + E3)Iy 3y (eT1,€) bz
+{Efw( n-3(e271, ) + o3y (€11, €) + 1y, _5)8(11, 8), €711, €)' (°Ey
+eEp + E3)ITy gy (11,€) 2.

We will transform the expression

oo B
= [ (e, €) + Alow(en, o) ((W(Ea) Ty 2yw(m,e)}2
+{5ﬁ1(n—2)FW(Tlr )}n 2)on—2 + [(An (5 T, € )
+AnTTou(ety, €)' ({R(€211)TTy (ypyu(T1, €) Y2 + {elly(y—0)Fu(T1,€) }n—2)]2n—2) d71.

Using (45), (46), (38) withk =2n — 2,1 = n — 2, (37), (39) and omitting known terms,
we have

AT oy p(11, €)

2n—2
dTl "

+o00
| i 6 + siTlw(en, o)

~ A+ (2 ,
[Ty o2y 9(11,0) (2Es + By + E3)((Ey + €Ep +e2E5)(TnlE0E)
JrdAnw(ez'fl,e)

dt
—&f gn_2) (€T1,€) (€10, 1 (211, €) + DB (€771, €))) 2n 2

) — A(szﬁ)ﬁn,l(ezn,e) - B(s271)ﬁn,1(8271,e)
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dﬁo(n,l)w(erl, €)

dT()
4 A0 TORERLE)) 2y ) g ayo(ers, o) — B(ePts) g (e, o

—elly () fo(eT, €) (" '8y 1 (11, €) + AB(7 Ty, €))
—efy(,2(Ti € ) + o) 8(eT1,€), €11, €) (" Mgy (T, €) + DaTlod(eT1,€))) 202
+H[(DnB (11, €) + ATToB(eT1, €)) ({€ly (2 fo(T1, € &) P_o(E271,€) bua

+{elTy (o) fo(T1,)' (eE1 + Ez + E3)y () (eT1,€) }u2 + {efo(Bua(eTr,€)
+ﬁ0(n_2)l9(81'1, S) + ﬁl(n—Z)ﬂ(Tlr ), 821'1, ) ( 2E1 + ¢eEy
+E3)TTy () (11, €) n—2)]2n—2) dT1.

~ 1
Ty (o) (11, €)' (€2E1 + €E2 + E3)((ZE1 + Ez + ¢E3)(

From here, applying the formula of integrating by parts, and omitting known terms,
we obtain the unknown part from s3

—[(85(0,€) + ATTow(0,€)) Ty 2y ¥ (0, €)]20 2
- /OJFOO([ﬁun—zﬂP(be)/(EzEl +eEy + E3)(€i9 (n_2) (€71, ) A B(¥ 11, )
+£ﬁ0 n—2)fo(eT1, &) A, 0 (e, €)
+efo(Baa(Eny e ) + Moy 8(eT1, €), €271, €) AT TgB (e71, €) ) |22
—[(AnB(e¥T1,€) + AuTTg0(eTy, €)' ({1 o) fo(T1,€) B,y 5(e2T1,€) buoa
+{€H1(n72)f19(”f1,€)/(€51+Ez+53)ﬁo(n 2P(eTr,€) }u2
+Hefo(Byo(m, e ) + Hg(y2)8(eTy, €)

1Ty 8(11, €), €271, €)' (621 + €Ep + E3)ITy ()9 (11, €) }u—2)|2u—2) dTa.

Furthermore, applying the same algorithm, we will transform the expression

oo - ~
S4 = /0 ([AnTTyw(Ty, &) ({W (1) Ty gy w0(T, €) b2 + {€l1y (y—0) Fuo(T1,€) }n—2)]2n—2
+AThu(n, &) ({R(€2T)Ty (y_o) (71, €) }n2 + {1l (y—2) Fu(T1,€) }n2)]2n—2) dTa.

Using (45), (46), (38) with k = 2n — 2,1 = n — 2, (42) and omitting known terms, we
obtain

ATy 0y (11, €)

~ 1
i Jon—2 + [Ty(u_oy (71, €)' (€2 E1 + €Ea + Es)((ZEi

+o0
| (s, o)

dﬁl(nfl)w(ﬂflre) dAnl'Ilw(Tl,e) o ~
0 i)~ AEThgoyw(n,e)

—B(szrl)ﬁl(n,l)u(’q,e) - eﬁl n—2)fo(T1,€) (A 021, €) + ApTTgd(eTy, €))
—efg(u_a(PTy € ) + o2 8(etr, €) + Tly_p) (11, €), €11, €) (6" Ty (1) (1)
AT 0(T1,€))) )22 + [ A1 8(71, ) ({11 (o) fo (T1,)/ P, o (271, €) 2

+{ey(u—2) fo(T1,€)/ (eE1 + Ep + E3)Tlg(y ) (eT1,€) Y 2+ {efo(Bna(Tr, )
g0y B(eT1, €) + 1y (0 0(11,€), €11, €) (€2 Eq + €y
+E3)IT (o) (71, €) Yu2)|2n—2) dT1.

1
+EE2+E3)(
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Due to formula of integrating by parts, after omitting known terms, we obtain the
following:

—[AaTT1w(0, €)' Tl 2y (0, €)]20 2
+ (M (upyw (1) (= [A(e11) (€1 + €Ey + E3)TTy (o) (71, €)1
—[efw( n-2(E271, ) + o) 0(eTy, €) + T1y 0y 8(T1, ), €711, €)' (€°Eq + €y
+E3)H1(n 2)¢(T1, &)ln—1) — Iy —1yu(t1) ([B(¢*11) (€°E1 + €Ex + ES)H1 (n—2)¥(11,8)]n—1
—[efu(@na(Tre ) + Moy 8(eT1, €) + Ty y_0) (11, €), €11, €)' (€24
+eEy + E3)TTy (o) (11, €)]n-1) — [Ty o) (11, €)' (€21 + ¢
+E3) (eITy () fo (11, €) (AnB (€211, €) + A TTo8 (T3, €))
+efy(Oua(fTr ) + My (y_2)8(eT1,€) + Ty (0 8(T, €), €71, €) AT 8(T3, €)) 202
AT 81y, 8) ({el Ty ) fo(Ta € &) Pp_(e211,8) b2
+{elly (o) fo(T1,)' (eE1 + Ez + E3)y (o) (eT1, €) Yo 2+ {efo(Bua(m,€)
o0y 8(eT1, €) + Ty ) 8(11, €), €11, €)' (€1 + €E2
+E3)TTy o) (T1,€) n—2)]2n—2) dT1.

Summing up the obtained terms of transformed expressions and considering sepa-
rately four groups of terms, depending on A, 8, A,I1p9, A,11;9, and without these variables,
we can write out the transformed forth term of /5, in the following form:

1 ~ _
—[AnITw(0, S)/(gEl + Ex +¢E3)$, 1(0,€)]20-1 — Iy(—1yw(0) E3(¢,_1(0)
+To(u—1)9(0)) — [AaTTyw(0, €)' (Ey + Ez + ¢E3) o (1) (0, €)]2n -1
—[(85(0, &) + AnTTow (0, &) + ApTTyw(0,€)) Tl () (0, €)]2n—2 + Ty 1) J-

Transforming the fifth term in ], in the same way, we write the final result as

[Aanw(O/E)'(%El +Ey + €E3)in—1(Tf &)|an—1
+[AnQuw(0,€) (Ex + Ez + €E3) Qo 1) $(0, &) 21
(82 (T, €) + 82Qow (0, €) + Ay Qiw(0,€)) Q1 (n—2) (0, €)]2n—2 + Qi (u—1)]-
Substituting w(t, ) from (35) in (3), we obtain the relation

1
~1(0,€) + Ajw(0,¢) + Z i(j—1)w(0,€) + AjIL;w(0, ) )

-l-@i(]‘—l)w(—T/?—l+1 e) + A Qiw(~T/e,e)) = w’.
Summing up (20) and the second relations in (23), (26), we obtain the equality
$;(T) + E1(Qo(j—1) ¥ (0) + Quj—2)%(0))
+E2(Qoj¢(0) + Q1(j—1)%(0)) + E3(Qoj$(0) + Qq;4(0)) =0

Multiplying this equation by &/, j = 0,n — 1, and summing up the obtained results,
we have
9, 1(T) + €E1(Qou—2)¥(0) +€Q1(—3)%(0))

N - - - (48)
+E2(Qo(n-1)¥(0) + €Q1(4—2)¥(0)) + E3(Qo(n—1)¥(0) + Qi(n—1)¥(0)) =0
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Summing up the remaining parts of the transformed terms for J»,, applying (47), (48)
to the non-integrand terms, taking into account Remark 1 and omitting known terms, we
finally have J, + Iy (—1)] + Q1(n—1)J, which proves Theorem 1 for Jp,.

In addition to the previous assumption on solvability of the problems ﬁ]-, Io; P, Qo;P
and Hl(j,l)P, Ql(]-,l)P, j = 0,n—1, we will assume that the problems P,, Hl(n,l)P,
Q1(n—1)P have been solved.

Let us consider the coefficient J5,11 having the form (34) with k = 2n 4- 1.

We transform separately the terms of J5, 1 using the previous algorithm for trans-
forming similar terms in Jp,. Summing up the obtained expressions for five terms and
dropping known terms, we obtain the sum of the performance indices I'ly, ] + QoxJ.

Thus, Theorem 1 is completely proved. O

5. Asymptotic Estimates

Suppose that the problems Pj, I;P, QiiP,i=0,1,j = 0, 1, have been solved. We will
prove asymptotic estimates of the proximity between the asymptotic solution obtained
by the direct scheme method &,(t,¢) = Yo &/ (9;(t) + Yo I1;;9(7;) + Q;j0(c;)) and the
exact solution of the problem P,.

We will use here the notation for asymptotics remainder terms

_ ~ / / N/ _ ~ _ 3 / 1Y}
a0 =W — Wy = (ruX', 1y, 1n2') 1ot = U — Uy, 1,0 = 0 — Oy = (rpw’, ryu’),

g =@ — ¢n= (”nglf”n’?/r ”nel)/, Xy = <§n >, (49)
n

S _ () 5 _ [Zn [ rux 1y A
fom(5n) 2= (5 ) o= () o= (o) 2= ()

In comparison with the notation in the previous section, we have, e.g., ryu = A, qu
and so on.
Since the matrix R(t) is positive definite, we obtain from (27) the following relation

u(t,e) = R(t) 'B(t) @ + eR(t) " (fu(D,t,€)' ¢ — Fu(9,t,€)).

Taking into account this equality and substituting the expressions for 9(t,¢), ¢(t,¢€)
from (49) into (2), (27) and (28), we obtain the equations for the remainders

il = (}él)(t)rnX + (ll’j‘)(t)rnY + %)(t)rnZ + (é)(rnﬂ, a@,t,€), (50)
dZ’tX = (2./4)(t)7nX + (123)(t)rny + (é)(t)rnZ + (?(77119/ Fa@,t,€), (51)
sd:i"ty = (jt)(t)rnx + (?)B)(t)rnY + (é)(t)rnz + (?(rnﬁ, g, te), (52)
€2 d;”tz = MA)(t)rnX + %’)(t)rnY + (é)(t)rnZ + (g)(rnﬂ, Fa@,t,€), (53)

where
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Ao s )Bo(f ) (e s,
W13 *A13 Wzs *A23 Wa3 *A33
(1) _1 ]~ ~
g (1’;119, an)/ t/ €) = R(t) B(t) q)n "‘ Upn
+£R<t)7l (fu(gn + 7’1/119/ t, 8)%(?571 + T’nq)) — Fu(gn + Tnl9, t, S)/),

(2) @ - @ _ 2 _
Q(ry®,rpp, te) = A Xy + B(t)Yy + C () Zy

~ @
—dX,/dt +eh (O + 100, P + 10@, t,€),
(3) G . 6 B
9 (rn®,rup, te) = A()Xn+ B(t)Yu+ C(t)Zn
- 3) _
—edYy /dt +eh (O + 100, n + 1ug, t,€),
@ @ W @
g (rnd, e, t,e) = A(H) Xy + B(t)Yy+ C () Zn
- 4 _
—e2dZ,/dt +eh (8 + 10, §u + 100, t,€),

() _ (1) ~ _
B (8 + 108, @n + 1@, t,e) = ((B(ORE) H(fulOn + 18, t,€) (G + 1) — Fu(On

1 - 1 _
+7r,0, t,E)/) + f (l9n + a0, t, S))// (Fx(ﬁn +rut, t/£>/ - fx (1971 +140,t, 5)/(9571 + rn(P))/)//

3 . (2) ~ -
h (8 + 108, @n + 1@, t,e) = ((B(ORE)H(fulOn + 108, t,€) (G + rng) — Fu(On
(2) . - () _
+rud,t,e) ) + f (O +1ud,te)), (By(On + a8, t,€) — fy (90 + 100, t,8) (§n +109))"),

4) . (3) ~ -
h (8n 4 a8, @n + 1, t,e) = ((B (t)R(t)*l(fu(ﬁn + 7,0, t,s)’((ﬁn + rpp) — Fy (8

®G) ~ G
+r}’ll9/ t/ S),) + f (1971 + rnﬂz t/ 8))// (Fz(ﬁn + rnﬂ/ t/ 8)/ - fZ (191’1 _'_ 71119/ tl 8),((51’1 + r?’l(p>),)l'

For brevity, the arguments ¢, ¢ are dropped in some of the last relations.
In view of the algorithm of asymptotics construction, namely Equalities (12)—(17)
and (33), we obtain the boundary conditions

raw(0,€) = —Qonw(—T/e,€) — Quuw(—T/e%,¢),

- N ) (54)
ra@(T,e) = —Tlon@(T /e, ) — 1,9(T /€%, €).
Using variables’ changes,
pnw(t, e) = rpw(t,e) — raw(0,€), pn@(t,€) = rnp(te) — rne(T,€) (55)

and the notation p,v(t, &) = (rait, puw’, png@’)’, system (50)—(54) can be written as

) 1) 1) (1)
rat = A(t)pnX + B (H)onY + C (H)pnZ + X (0nv, 1,€), (56)
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doyX @ (2) ) @)
O = AWpX+ B(DpaY + C (DpnZ + X (pnv, 1¢), (57)
dony G (3) (3) 3
€ Zt = A()pnX + B(t)pnY + C (H)pnZ + (x)(pnv, te), (58)
dp,Z (4 (4) (4) A
82% = -A(t)an + B (t)PnY + C (t)an + (X)(anz t,g), (59)
pnw(0,€) =0, ppp(T,€e) =0, (60)

where
_ PnX _ onY o PnZ
Pt = ( ong ) oY = ( o] )’p"z_ ( pnb )
(i)

X (onv, t€) = ?(rnu(t,s),pnw(t,e) +r,w(0,€), pn@(t,€) + (T, €), t,€)+
@) rmx(0, ) (i) rny(0,€) (i) r12(0, €) .
+A(t)< ! ) + B(t)( ot ) + cm( T ) =T

Taking into account the algorithm of the asymptotics construction and the form of the

=

functions ()l(), i = 1,4, we obtain two important properties, namely:
(1) for t € [0, T], 0 < & < g, the following inequalities take place

j 3
H(Xl)(O, te)| <ce™,i=1,4, H(x)(O, te)|| < c(e"t 4 ¢ exp(—aet/e?)

+e"exp(ae(t — T)/€2)), ||()2()(0, te)|| < c(e"tt 4 " exp(—aet/¢) (61)

te"exp(a(t — T)/e) + " Lexp(—at/e?) + e Lexp(a(t — T)/e?)),
where ¢ and @ are positive constants independent of ¢, €,

(2) for any g > 0, there exist such constants 6 = 6(¢q) and ey = €¢(q) that, for ||vl-||c[0ﬂ <
0,i=1,2,0<e<¢g

(i) (i) .
HX(Ull t/£> - X(Uz, tIS)HC[olT] < qul - UZHC[O,T]' =14 (62)

(4)
It follows from the form of the matrix C (f) that the boundary value problem

(4)
82% = C(1)Z, Z=(Z},7}), Z1(0) =0, Z»(T) =0, (63)
o . . . :
is uniquely solvable [30]. Therefore, there exists a matrix Green function G (t,s, €) for this
problem.
(4)
For eigenvalues of the matrix C (t), we suppose the condition:

L Ai(t) # Aj(t) fori # j, t € [0, T].

Then, in the matrix B = ( B B ), consisting of eigenvectors of the matrix
By Bp

(4) )

C (t), the matrices B;;, i = 1,2, are nondegenerate. Hence, the condition 49 from ([28],

¢.125) is valid and therefore due to ([28], n. 9) for sufficiently small € > 0 the matrix Green

(4)
function G (t,s, €) satisfies the inequality

(4)
G (t,5,¢)|| < cexp(—ae|t —s|/€?), t,s € [0, T]. (64)
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Furthermore, we need the following three lemmas.

Lemma 1. If G(t,s) is a matrix Green function of the boundary value problem

%sz@x+ﬂ0¢emepum:m,U—PnﬂﬁzQ

where the matrix A(t) is continuous with respect to t and invertible for all t € [0, T], and P is a
projector, then
dG(t,s)
ot

dG(t,s)
0s

= —A(t) A(s)™h t#s.

The proof of this lemma is given in [24]. It follows from the explicit form for the matrix
Green function

—V(£,0)((I - P)V(T,0)(I - P))"(I - P)V(T,s), t <5,

C(t9) ={ 0 V(60 (1= PIVT, 001 = P) I~ PYVT,5), £ 25 ©)

where V(t,5) = V(t)V(s)7L, dV(t,s)/dt = A(t)V(t,s), V(s,s) = L

Lemma 2. The boundary value problem

S(o)d—; =A(t)w+S(t)p,
£0)%7 = Wiy - AP,

£(0)w(0) =0, £(0)p(T) =0,
wherew = (¥,v,Z'), ¢ (cf, 7, 6) is uniquely solvable.

Proof. Multiply scalarly the first equation of the considered system by ¢ and the second
equation in this system by ¥. Adding the obtained results, we have d/dt(¢'£(0)w) =
P'S(t)g + W' W(t)w. Integrating this equality over the interval [0, T], in view of the bound-
ary values, we obtain fOT (¢'S(t)p + @' W(t)w) dt = 0. Taking into account the positive
definiteness of S(t) and W(t), we obtain w(t) = @(t) = 0, i.e., the unique solvability is
proved. O

Lemma 3. If G is a contractive mapping in a Banach space X, xg = 0, xy = G(x;_1), k=1,2,...,
and |[x1|| < a, then [|x|| < a/(1—¢q).

See the proof of this lemma in [24].

Theorem 2. Solution 0.(t,¢€) of problem Py for sufficiently small ¢ > 0, t € [0, T], satisfy the
inequality N
84 (t,€) — Ou(t,e) < ce" L.

Proof. The proof of this theorem is based on transforming systems (56)—(59) with boundary
values (60) to a system of integral equations, using estimates for matrix Green functions

and applying to the obtained system the principle of contractive mappings.
(4)
Using Green function G (t,s,¢€), we have from (59) the integral equation

1 @ @) ) @)

onZ(t,€) = 2 G(t,s,€)(A(s)pnX + B(s)pnY)ds + G (pnd, t,€), (66)
0
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(4) 4)
where G (pqv,t,€) =1/ fOT G(t, s,e)(;()(pnv,s, e) ds.

(4)
In view of (61), (62), and (64), the function G (p,9, t, €) satisfies the properties (2) and

3) g (0,t,€) < ce" T,
Furthermore, we will denote functions, appearmg under transformations of the problems

(56)—(60) with the properties (2) and (3), by g (8,t,€), j = 1,4. Specific forms of these
functions are omitted since they are insignificant for the proof.
In transforming (66), we will use the formula following from (63) and Lemma 1

4) ,9 4 (4) ,® d ®
G(t,s,e) = —e2—(G(t,5,€) C (s) 1) +2G (4,5, e)d (C(s)™), t#s. (67)

ds
We present the integral in (66), containing the first term on the right side in (67) as the

sum of integrals over the intervals [0, t] and [t, T] and integrate by parts. Taking into account
(4) (4) (4)

the jump of function G (t,s,¢) ats = t, i.e., the equality G (t,t +0,¢e) — G(t,t —0,¢) =

—Ipy,, following from (65), and estimate (64), we obtain

@ @ ®)
puZ(te) = —C ()7 (A(DpuX(te) + B (t)pnY (1))
W W@ @) (68)
+G (£,0,6) C (0) " (A(0)puX(0,8) + B (0)pn Y (0,))

®) H @ ) (4
—G(t,T,e) C(T)" (A(T)enX(T,€) + B(T)enY(T,€)) + G (pnv, t,¢).

—
=

Substitute (68) into (58). Introducing the notation A(t) = B(t) —C(t)C (t) ' B(t),
we write the obtained equation in the following way:

(3) (3) (4)
SdZZY:(A<t>—C() (1A (0)puX(16) + AB)pnY (1)

@ @ @ @ @ (69)
+C()(G(80,6) C(0) (A(0)pnX(0,€) + B(0)puY(0,¢))

(4) @ @ (4) 3)
=G (4, T,e)C(T)" (A(T)euX(T,€) + B(T)puY(T,¢))) + G (pn?, ).

Let us study the structure of the matrix A = A(t).
For brevity, we will sometimes omit the argument ¢. Due to our assumption, it follows

4)
from [30] that the Hamiltonian matrix C (f) is invertible and its inverse has the form
4
H_ (D D
D3 -Dj
the non-negative definiteness of the matrices D, and D3, it is proved that, in view of the
positive definiteness of S33 and W33, the matrices D, and Dj3 are also positive definite.

Aq(t)  Ao(t) .
A;(t) Az(t) ) Write out the

), where D, and D3 are symmetric. Similarly to the proof in [30] of

Let the matrix A(t) have the block presentation (

explicit expressions for A;(t), i =1, 4:

Ay = Agy — Ax3(D1A3z + Dy Wag) — Sp3(D3Azy — D1 Wa3),
Ay = Sy — Ag3(D1Sp3 — D2Aj3) — S23(D3Sp3 + D1 Ass),
A3 = Wy — W3 (D1 Az + DyWaps) + Ay (D3Asp — DiWag),
Ay = — Ay — Wp(D1Sp; — DaAds) + Agy(D3Sys + Dy Apg).
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Comparing A1 (t) with A4(t), it is not difficult to see that A4(t) = —A;(#)’. Tt also
follows from the form of the matrices A, (t) and A3(t) that these matrices are symmetric.
Introducing for an arbitrary b € IR"? the notation

b

by = Ajb, by = Sy3b, by = ( —(D}by + D3by) )
b

by = Apb, bs = WﬁSb/ be = ( —(D1b4 + D2b5) >,

we obtain

S S
b'Axb = bé( SZ si )b3 + (D1by — Daby)'Ws3(D1by — Dby )

+b (D2 — DyW33D3 — D1S33D} )by + 2bj (D2Ws3Dy — D1S33D3) by

+b5(D3 — DyW33Dy — D3S33D3)by,

W Wos

Wiz Wss

+by(D3 — D3S33D3 — D} W33 Dy )by + 2b4(D3533D] — D1 W33 Dy )bs
+b5(Dy — D1S33D] — DaWa3 D5 ) bs.

W Agh — bg( >b6 4 (Dsby — D' bs)'Ss(Dsby — D' bs)

Taking into account the equalities

A33Dq + S33D3 = Iy, AzzDy — 533D1 =0,
Ws3Dq — Aé3D3 =0, WDz + AéBDi = 1”3’

we obtain that three last summands in the expressions for b’ Ayb and b’ Azb are equal to

zero.
In view of positive definiteness of matrices S(t) and W(t), the matrices ( 2%2 223 >,
23 V33
Sa ( Wa  Wag
"\ Wy S
ces A;(t) and Az(t) follows from the obtained forms for b’ A, (#)b and b’ Asb.

. Al(t) 1‘2(0 >
Thus, the matrix A(t has the form ’ where Ay (t) and Az (¢t are
( ) ( "3(t) "1(t)/ 2( ) 3( )

), W33 are positive definite too. Then, the positive definiteness of matri-

positive definite.
We will suppose yet one condition

I1. Eigenvalues of the matrix A(t) satisfy the condition I.
Then, the boundary value problem

s”% — AMY, Y = (Y, Y], Y1(0) = 0, Yo(T) = 0 70)

®)

has a unique solution and, for the corresponding matrix Green function G (t,s,¢), the
following inequality is valid
®)
| G(t,s,¢)| < cexp (-e|t—s|/e),t,s €[0,T]. (71)

()
With the help of the Green function G (t,s,¢), using (64), (71), we obtain from (69)
the following

e G G @ M )
/ G(t,s,e)(A(s) — C(s)C(s) " A(s))pnX(s,e)ds + G (pn0,t,€). (72)
0

[

pnY(t ) =
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The following formula follows from Lemma 1 and (70)

®3) o B . () d .
G(t,s,¢) = —sg(G(t,s, e)A(s)™) +£G(t,s,s)%(/\(s) ), t#s. (73)
Using this formula, we present the integral in (72), containing the first term from the
right side (73), as a sum of integrals over the intervals [0, {] and [t, T] and integrate by parts.

(3)
In view of the jump of function G (t,s,¢) at s = t and estimate (71), we have

OGN
pnY (te) = —A()TH(A(t) = C()C

(
—l—((SE)(t, o,s)A(O)*((sA)(m - ((33)(0>(E4:)(0)*1(4X(0) )onX (0, ¢) (74)

3) e @@ 3)
—G(t,T,e)A(T)"L(A(T) — C(T)C (T)"LA(T))puX(T, &) + G (pnd, 1,¢).

L@
(5)A())on X (t€)

Taking into account (68), (74), we obtain from (57) the following equation:

AnX(E) _ o130, x(1,e) + (B(t)~ (/€ () Be)

) e e ® @
x (G (t,0,6)A(0)""(A(0) — C(0)C (0)~".A(0))pxX(0,0)
3) ® e @ @
—G(t,T,e)AMT) ' (A(T) = C(T)C(T) " A(T))paX(T,¢)
@ @ @ @ @)
+C (H)(G(£,0,¢) C(0)"(A(0)puX(0,¢) + B(0)pnY(0,¢))
) @ )
—G(t,T,e) C(T) '(A(T)puX(T,€) + B(T)o¥(T,e))

(2) 2)
+X (pi’ll?/ t/£> + g (pnlg, t, E),

(75)

@ @ @ @ @ @ @ @ NG
Q) = A(t) - C()C () TA) — (B(t) = C(H)C () B(1)A(E) T (A(t)

jt( g ) —Q(t)( g ),x(O)—O, 2(T) = 0
@

is uniquely solvable. Hence, there exists the matrix Green function G (t,s) of the last
boundary value problem, which is bounded, i.e.,

)
|G (ts)]| <c tsel0T. (76)

Due to (61), (62), (64), (71), and (76) from the expression of the solution p,X(t,¢)
of Equation (75) with the boundary values from (60), written by the help of the matrix

2) (2)
Green function G (t,s), it follows that p,X(t,e) = G (pn9,t,€). Furthermore, from (74),

®)
(68), and (56), and properties (1), (2), we successively obtain p,Y(t,e) = G (pud,t,€),
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4) (1)
pnZ(t,€) = G (pn0,t,€), rau(t,e) = G (pn9,t, €). Thus, for determining p, 9, we have in the
space of continuous functions with values in R” x IR" x IR"2 x R™ the equation

p"ﬁ = g(Pnﬁ/ t,E), (77)

where the function G for sufficiently small ¢ > 0, t € [0, T] satisfies properties (2), (3). If we
will take in condition (2) g < 1, then § is a contraction mapping in Cjg 7). According to the
contractive mappings principle, Equation (77) has a unique solution, and this solution can
be found by the method of successive approximations.

According to (3) and Lemma 3, all successive approximations are not more than ce” 1.
Hence, a solution of the Equation (77) will have the same estimate. Due to (49) and (55), it
proves the theorem statement. [J

Theorem 3. Under conditions of Theorem 2, for sufficiently small € > 0, the following inequality
for the performance index is valid

Je (i) — Je(uy) < ce®" 2.

Proof. Denoting by s a solution of the problem (2)—(3) at u = ii;,, we present the solution
of the problem P, in the form w, =5+ dw, u, = i, + Au, then dw satisfies the system

E(s)dg—;u = A(t)ow + B(t)Au + e(f(ws, s, t,€) — f(ws — dw, ux — Au, t, €)),
ow(0,e) = 0.
In view of Theorem 2,
|Aul| = ||rpull < ce" . (78)

Using this estimate and the condition of stability of the matrices Az and Ay —
1‘123A3_3l Asp, we can prove the estimate

ll6w(t, )| < ce" L. (79)

Introducing the notation A] = J¢(ii,) — J¢(u«), we present it in the form

T
AJ = % [ W(t)sw + AR (1) u) di
0
T
¥ /(—5w’W(t)w* — ARty + e(F(@, i ,€) — F(ws, it £ ¢)) dt.
0

Using control optimality condition (27), (28) for the problem (1)—(3), after integrating
by parts and taking into account the equation for dw and the boundary values éw(0, ¢),
¢(T, ), we have

T T
/ (60 W (H)dw + A’ R(£)du) dt + ¢ / (¢ (F(ws, s, 1, )
0 0
—f(ws — 6w, s — Au, t,€) — fu(Ws, ths, t,€)0wW — foy(Ws, Ux, t,€)Aut)
+F(wy — 6w, us — Au,t,€) — F(wsy, iy, t,€) + Fop(ws, ty, t,€)0w + F, (wy, s, t,€)Aut) dt.

A =

N —

From here, in view of (78) and (79), we obtain the theorem assertion. [

Denote by i;, the i-th order approximation for an optimal control constructed by the
direct scheme method.
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Theorem 4. For sufficiently small € > 0, the following inequalities are valid

]e(ﬁ*( ) Je (i, (n—1) T € ")

. " _ (80)
> Ie(u*(nfl) + " (Uan + Hoptis + Qoptix)) = Je(thin), n = 1.

If an addition to i, _q) is non-zero, then the corresponding inequality is strict.

Proof. The proof of this theorem is based on Theorem 1.

Asymptotic solution of the form (4) can be constructed for a solution of problem
(2), (3) at control u = iy, for each n. Moreover, the terms of these asymptotic solution
coincide with corresponding terms of asymptotic expansion of optimal trajectory to n-th
order inclusively.

Substitute expansions for i, (,_1)(,€), U« (t,€) and corresponding trajectories into
Je(u). After applying the expansion (6) and Theorem 1, we see that the first 2n coefficients
from (6) coincided and a difference between Je(it,(,—1)) and Je(il+n) appears for the first
time in the coefficient Jy,,.

Taking into account the equality ., = i, (,_1) + €" (Tsn + 211 o (i us + Qintts)),
consider the expressions for the coefficients J»,, Jo,+1 and J,, 12 separately.

If we omit the terms known after solving problems P], o P, QoiP, j = 0,n—1, I;P,
QP j= 0,7 — 2, we obtain from J,, the sum of the performance indices ], + I n-1J +
Qi (n—1)/- For Je(il«n), we have T, = J,,(n) and, for J(, (n—1)), we have T, = J,,(0). Since
Ty is found from the problem of minimizing the functional J,,, we obtain the first inequality
in (80).

By a similar way, we obtain from the form 5,41 the sum I'ly, ] + Qo,J. For Je(ilsy), we
have Ilp,] = HOn](HOn”*)/ Qon] = QOnI(QOn”*)‘ For ]e( (n— 1)) we have
o, ] = Ip,J(0), QonJ = QonJ(0). Since Iy, u. and Qoy i+ are found by means of minimiz-
ing the functionals Iy, J and Qo,J, respectively, we obtain the second inequality in (80).

Analogously, the third inequality in (80) follows from the form J;,, 1.

The assertion concerning non-zero additions to iz, _1) follows from the unique solv-
ability of linear-quadratic control problems. [

Remark 3. From Theorems 3 and 4, it follows that the sequences {il,(,_1)}, {iy(n—1) + € Hin},
{t,(n—1) + & (Wan + Hoptts + Qontix) } are minimizing.

6. Conclusions

In this paper, unlike the previous one [26], devoted to a similar problem, detailed
proofs of linear-quadratic optimal control problems forms, from which terms of asymptotic
solution of given nonlinear optimal control problem are found, are presented in Theorem 1.
Note that all problems for finding asymptotic terms are obtained in an explicit form. It is
very comfortable for research applying asymptotic methods for solving practical problems.

For the first time, asymptotic estimates of the proximity between the exact and asymp-
totic solutions are established for the control, state trajectory in Theorem 2 and for the
minimized functional in Theorem 3.

It should be noted that, in view of Theorem 4, values of the minimized functional with
a control, which is an asymptotic approximation to the optimal control u, respectively of
the form 11, (,,_q), thy(y—1) + €"Wsn, Uy (n—1) + " (Uin + Hopttx + Qontts), tn, do not increase.
It follows from Theorem 3 that the corresponding sequences of the controls are minimizing.

In the future, it is useful to give a program realization of applying the direct scheme
method for problems of type (1)—(3). The results obtained in the paper can be used for
constructing asymptotic solutions of practical optimal control problems with three-tempo
state variables and weak nonlinear perturbations in a linear state equation and a quadratic
performance index.

The advantage of applying a direct scheme method is the possibility to use standard
software packages for solving optimal control problems in order to find terms of asymptotic
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solution. As it is proved in this paper, for problems with three-tempo state variables, the
found sequence of approximations to the optimal control {i,, } is minimizing.
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