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Abstract: In the present article, we indroduce and study h-quasi-hemi-slant (in short, h-qhs) Rieman-
nian maps and almost h-qhs Riemannian maps from almost quaternionic Hermitian manifolds to
Riemannian manifolds. We investigate some fundamental results mainly on h-qhs Riemannian maps:
the integrability of distributions, geometry of foliations, the condition for such maps to be totally
geodesic, etc. At the end of this article, we give two non-trivial examples of this notion.
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1. Introduction

In Riemannian geometry, there are few appropriate maps among Riemannian man-
ifolds that compare their geometric properties. In this direction, as a generalization of
the notions of isometric immersions and Riemannian submersions, Riemannian maps
between Riemannian manifolds were initiated by Fischer [1], while isometric immersions
and Riemannian submersions were widely studied in [2] and [3], respectively. However,
the notion of Riemannian maps is a new research topic for geometers. More precisely, a
differentiable map π : (N1, g1) → (N2, g2) between Riemannian manifolds (N1, g1) and
(N2, g2) is called a Riemannian map (0 < rankπ∗ < min{m, n}, where dim N1 = m and
dim N2 = n) if it satisfies the following equation:

g2(π∗W1, π∗W2) = g1(W1, W2), for W1, W2 ∈ Γ(ker π∗)
⊥, (1)

where π∗ is the differentiable map of π.
Consequently, isometric immersions and Riemannian submersions are particular cases

of Riemannian maps with ker π∗ = 0 and (rangeπ∗)⊥ = 0, respectively [1].
The other prominent basic map for comparing geometric structures between Rieman-

nian manifolds is Riemannian submersion, and it was studied by O’Neill [4] and Gray [5]. In
1976, Watson [6] studied Riemannian submersion between Riemannian manifolds equipped
with differentiable structures. After that, several kinds of Riemannian submersions were
introduced and studied, including Riemannian submersion [3], H-anti-invariant submer-
sion [7], H-semi-invariant submersion [8] and H-semi-slant submersion [9].

Currently, one of the most inventive topics in differential geometry is the theory
of Riemannian maps between different Riemannian manifolds. It is well known that
differentiable maps between Riemannian manifolds have wide applications in differential
geometry as well as in physics, such as in Yang–Mills theory [10], Kaluza–Klein theory [11],
and supergravity and superstring theories [12].
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We also note that quarternionic manifolds have many applications, including for non-
linear σ models with super symmetry [12], in the theory of harmonic differential forms [13]
and obtaining estimates for the Betti numbers of the manifold [14,15]. In this paper, we
have for the first time investigated h-qhs Riemannian maps from almost quarternionic
manifolds to Riemannian manifolds. Here, we mainly focus on the most fundamental and
interesting geometric properties on the fibers and distributions of these maps.

Nowadays, Riemannian maps and related topics have been actively studied by many
authors, such as invariant and anti-invariant Riemannian maps [16], semi-invariant Rieman-
nian maps [17], slant Riemannian maps [18], semi-slant Riemannian maps [19,20], hemi-
slant Riemannian maps [21], quasi-hemi-slant Riemannian maps [22], almost h-semi-slant
Riemannian maps [23], V-quasi-bi-slant Riemannian maps [24] and Clairaut semi-invariant
Riemannian maps [25]. As a generalization of h-slant Riemannian maps [26], h-semi-slant
Riemannian maps [9] and h-hemi-slant Riemannian maps, we define and study h-qhs
Riemannian maps from almost Hermitian manifolds to Riemannian manifolds. In the near
future, we plan to work on conformal h-qhs submersions, conformal h-qhs submersions,
h-qhs semi-Riemannian submersions, etc.

This paper is structured as follows. In Section 2, we recall basic facts about Riemannian
maps and almost Hermitian manifolds. In Section 3, we define h-qhs Riemannian maps
and study the geometry of leaves of distributions that are involved in the definition of such
maps. We give necessary and sufficient conditions for h-qhs Riemannian maps to be totally
geodesic. Finally, we provide two concrete examples of h-qhs Riemannian maps.

2. Preliminaries

Let (N1, g1) and (N2, g2) be Riemannian manifolds and π : (N1, g1) → (N2, g2) be a
C∞-Riemannian map [1].

We define O’Neill’s tensors T and A [4] by

AF1 F2 = H∇HF1VF2 + V∇HF1HF2, (2)

TF1 F2 = H∇VF1VF2 + V∇VF1HF2, (3)

for any vector fields F1, F2 on N1, where ∇ is the Levi-Civita connection of g1.
From Equations (2) and (3), we have

∇Y1Y2 = TY1Y2 + V∇Y1Y2, (4)

∇Y1U1 = TY1U1 +H∇Y1U1, (5)

∇U1Y1 = AU1Y1 + V∇U1Y1, (6)

∇U1U2 = H∇U1U2 +AU1U2, (7)

for Y1, Y2 ∈ Γ(ker π∗) and U1, U2 ∈ Γ(ker π∗)⊥, whereH∇Y1U1 = AU1Y1 and U1 is basic.
Let π : (N1, E, g1) → (N2, g2) be a C∞ map. The second fundamental form of π is

given by
(∇π∗)(V1, V2) = ∇π

V1
π∗(V2)− π∗(∇N1

V1
V2), (8)

for V1, V2 ∈ Γ(TN1), where ∇π is the pullback connection [27]. The map π is said to be a
total geodesic if (∇π∗)(V1, V2) = 0 for V1, V2 ∈ Γ(TN1).

Let (N1, E, g1) be an almost quaternionic Hermitian manifold, where g1 is a Riemanian
metric on the maniifold N1 and E is a rank 3 subbundle of End(TN1) such that for any
point p ∈ N1 within some neighborhood U, there exists a local basis {J1, J2, J3} of sections
of E on U satisfying all α ∈ {1, 2, 3} in which

J2
α = −id, Jα Jα+1 = −Jα+1 Jα = Jα+2, (9)

g1(JαX2, JαX1) = g1(X1, X2), (10)
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for X1, X2 ∈ Γ(TN1), where the indices are taken from {1, 2, 3}modulo 3 and {J1, J2, J3} is
called the quaternionic Hermitian basis. The structure (N1, E, g1) is called a quaternionic
kähler manifold if there exist locally defined 1 forms ω1, ω2, ω3 such that for α ∈ {1, 2, 3},
we have

∇X1 Jα = ωα+2(X1)Jα+1 −ωα+1(X1)Jα+2, (11)

for X1 ∈ Γ(TN1), where the indices are taken from {1, 2, 3}modulo 3. If there exists a global
parallel quaternionic Hermitian basis {J1, J2, J3} of sections of E on N1, then (N1, E, g1) is
called a hyperkähler. The structure {J1, J2, J3, g1}, where g1, a hyperkähler metric, is called
a hyperkähler structure on N1.

A map π : (N1, E1, g1)→ (N2, E2, g2) is called an (E1 , E2)-holomorphic map if for any
point p ∈ N1 and J ∈ (E1)p, there exists J′ ∈ (E2)π(p) such that

π∗ ◦ J = J′ ◦ π∗.

A Riemannian submersion between quaternionic kähler manifolds π : (N1, E1, g1)→
(N2, E2, g2), which is an (E1, E2)-holomorphic map, is known as a quaternionic kähler
submersion (or a hyperkähler submersion) [9]:

Definition 1 ([23]). A Riemannian map π from the almost quaternionic Hermitian manifold
(N1, E, g1) to the Riemannian manifold (N2, g2) is called an h-semi-slant Riemannian map if, given
a point p ∈ N1 with a neighborhood U, there exists a quaternionic Hermitian basis {I, J, K} of
sections of E on U such that for any R ∈ {I, J, K}, the following is true:

ker π∗ = D1 ⊕ D2, R(D1) = D1,

in which the angle θR = θR(Z1) between RZ1 and the space (D2)q is constant for a non-zero
Z1 ∈ (D2)q and q ∈ U, where D2 is an orthogonal complement of D1 in ker π∗.

Furthermore, assume we have

θ = θI = θJ = θK,

Then, we call the map π : (N1, E, g1)→ (N2, g2) a strictly h-semi-slant Riemannian map,
the basis {I, J, K} a strictly h-semi-slant basis and the angle θ a strictly h-semi-slant angle.

3. h-Quasi-Hemi-Slant Riemannian Maps

Motivated by the studies given in Section 2, we give the definition of the h-qhs
Riemannian map as follows:

Definition 2. A Riemannian map π from the almost quaternionic Hermitian manifold (N1, E, g1)
to the Riemannian manifold (N2, g2) is called an h-qhs Riemannian map if, given a point p ∈ N1
with a neighborhood U, there exists a quaternionic Hermitian basis {I, J, K} of sections of E on U
such that for any R ∈ {I, J, K}, there is a distribution D ⊂ (ker π∗) on U such that

ker π∗ = D⊕ D1 ⊕ D2, R(D) = D, R(D2) ⊂ (ker π∗)
⊥,

and the angle θR = θR(Z1) between RZ1 and the space (D1)q is constant for a non-zero Z1 ∈ (D1)q
and q ∈ U, where ker π∗ admits three orthogonal complementary distributions D, D1 and D2 such
that D is invariant, D1 is a slant with an angle θR and D2 is anti-invariant.

We call the basis {I, J, K} an h-qhs basis and the angles {θI , θJ , θK} h-qhs angles.
Furthermore, let us say we have

θ = θI = θJ = θK,
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Then, we call the map π : (N1, E, g1) → (N2, g2) a strictly h-qhs Riemannian map,
the basis {I, J, K} a strictly quasi-hemi-slant basis and the angle θ a strictly quasi-hemi-
slant angle:

Definition 3. A Riemannian map π from the almost quaternionic Hermitian manifold (N1, E, g1)
to the Riemannian manifold (N2, g2) is called an almost h-qhs Riemannian map if, given a point
p ∈ N1 with a neighborhood U, there exists a quaternionic Hermitian basis {I, J, K} of sections of
E on U such that for any R ∈ {I, J, K}, there is a distribution DR ⊂ (ker π∗) on U such that

ker π∗ = DR ⊕ DR
1 ⊕ DR

2 , R(DR) = DR, R(DR
2 ) ⊂ (ker π∗)

⊥,

and the angle θR = θR(Z1) between RZ1 and the space (DR
1 )q is constant for a non-zero Z1 ∈

(DR
1 )q and q ∈ U, where the vertical distribution ker π∗ admits three orthogonal complementary

distributions DR, DR
1 and DR

2 such that DR is invariant, DR
1 is a slant with an angle θR and DR

2 is
anti-invariant.

We call the basis {I, J, K} an almost h-qhs basis and the angles {θI , θJ , θK} almost
h-qhs angles.

Let π : (N1, E, g1) → (N2, g2) be an almost h-qhs Riemannian map. We can easily
observe the following:

(a) If dim DR 6= 0, dim DR
1 6= 0, 0 < θR < π

2 and dim DR
2 = 0, then π is an almost proper

h-semi-slant Riemannian map with a semi-slant angle θR;
(b) If dim DR = 0, dim DR

1 6= 0, 0 < θR < π
2 and dim DR

2 6= 0, then π is an almost
h-hemi-slant Riemannian map.

We say that the almost h-qhs Riemannian map π : (N1, E, g1) → (N2, g2) is proper
if DR 6= {0}, DR

2 6= {0} and θR 6= 0, π
2 . Thus, one can easily see that the h-hemi-slant

Riemannian map, h-semi-invariant Riemannian map and h-semi-slant Riemannian map
are examples of h-qhs Riemannian maps.

Thus, we have
(ker π∗)

⊥ = ωR(DR
1 )⊕ R(DR

2 )⊕ µR.

Obviously, µR is an invariant sub-bundle of (ker π∗)⊥ with respect to the complex
structure R.

For V1 ∈ Γ(ker π∗), we have

V1 = PRV1 + QRV1 + SRV1, (12)

where PRV1 ∈ Γ(DR), QRV1 ∈ Γ(DR
1 ), SRV1 ∈ Γ(DR

2 ) and R ∈ {I, J, K}.
For Z1 ∈ Γ(ker π∗), we obtain

RZ1 = φRZ1 + ωRZ1, (13)

where φRZ1 ∈ Γ(ker π∗), ωRZ1 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}.
For X1 ∈ Γ(ker π∗)⊥, we have

RX1 = BRX1 + CRX1, (14)

where BRX1 ∈ Γ(ker π∗), CRX1 ∈ Γ(µR) and R ∈ {I, J, K}.
We will denote an almost h-qhs Riemannian map from a hyperkähler manifold

(N1, I, J, K, g1) onto a Riemannian manifold (N2, g2) such that (I, J, K) is an almost h-qhs
basis by π.

The following lemmas can be easily obtained:

Lemma 1. For π : (N1, g1, E1)→ (N2, g2, E2), we get

φRDR = DR, ωRDR = 0, φRDR
2 = 0, ωRDR

2 ⊂ (ker π∗)
⊥,
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where R ∈ {I, J, K}.

Lemma 2. For π : (N1, g1, E1)→ (N2, g2, E2), we have

φ2
RZ1 + BRωRZ1 = −Z1, ωRφRZ1 + CRωRZ1 = 0,

φRBRZ2 + BRCRZ2 = 0, ωRBRZ2 + C2
RZ2 = −Z2,

for any Z1 ∈ Γ(ker π∗), Z2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}.

Proof. Using Equations (9), (13) and (14), we can find all equations of Lemma 2:

Lemma 3. With π : (N1, I, J, K, g1)→ (N2, g2) being an almost h-qhs Riemannian map, we then
obtain

V∇X1 φRX2 + TX1 ωRX2 = BRTX1 X2 + φRV∇X1 X2, (15)

TX1 φRX2 +H∇X1 ωRX2 = CRTX1 X2 + ωRV∇X1 X2, (16)

TX1 BRZ1 +H∇X1 CRZ1 = CRH∇X1 Z1 + ωRTX1 Z1, (17)

V∇X1 BRZ1 + TX1 CRZ1 = BRH∇X1 Z1 + φTX1 Z1, (18)

V∇Z1 φRX1 +AZ1 ωRX1 = BRAZ1 X1 + φRV∇Z1 X1, (19)

AZ1 φRX1 +H∇Z1 ωRX1 = CRAZ1 X1 + ωRV∇Z1 X1, (20)

AZ1 BRZ2 +H∇Z1 CRZ2 = CRH∇Z1 Z2 + ωRAZ1 Z2, (21)

V∇Z1 BRZ2 +AZ1 CRZ2 = BRH∇Z1 Z2 + φRAZ1 Z2, (22)

for X1, X2 ∈ Γ(ker π∗), Z1, Z2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}.

Proof. Using Equations (4)–(7), (13) and (14), we can easily obtain Equations (15)–(22).

Now, we define

(∇X1 φR)X2 = V∇X1 φRX2 − φRV∇X1 X2, (23)

(∇X1 ωR)X2 = H∇X1 ωRX2 −ωRV∇X1 X2, (24)

(∇Z1 BR)Z2 = V∇Z1 BRZ2 − BRH∇Z1 Z2, (25)

(∇Z1 CR)Z2 = H∇Z1 CRZ2 − CRH∇Z1 Z2, (26)

for X1, X2 ∈ Γ(ker π∗), Z1, Z2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}.

Lemma 4. For π : (N1, I, J, K, g1)→ (N2, g2), we find

(∇X1 φR)X2 = BRTX1 X2 − TX1 ωRX2, (∇X1 ωR)X2 = CRTX1 X2 − T X1 φRX2,

(∇Z1 CR)Z2 = ωRAZ1 Z2 −AZ1 BRZ2, (∇Z1 BR)Z2 = φRAZ1 Z2 −AZ1 CRZ2,

for all X1, X2 ∈ Γ(ker π∗), Z1, Z2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}.

Proof. Using Equations (15) and (16) as well as Equations (21)–(26), Lemma 4 follows.

If the tensors φR and ωR are parallel with respect to the linear connection ∇ on N1,
then

BRTX1 X2 = TX1 ωRX2, CRTX1 X2 = TX1 φRX2,

for all X1, X2 ∈ Γ(ker π∗) and R ∈ {I, J, K}:
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Lemma 5. Let π : (N1, E, g1)→ (N2, g2), be an almost h-qhs Riemannian map. Then, we obtain

φ2
RV1 = − cos2 θRV1, (27)

for any non-zero vector field V1 ∈ Γ(DR
1 ) and R ∈ {I, J, K}, where {I, J, K} is an almost h-qhs

basis with the almost h-qhs angles {θI , θJ , θK}.

Proof. For any non-zero vector field V1 ∈ Γ(DR
1 ) and R ∈ {I, J, K}, we have

cos θR =
‖ φRV1 ‖
‖ RV1 ‖

, (28)

and

cos θR =
g1(RV1, φRV1)

‖ φRV1 ‖‖ RV1 ‖
, (29)

where θR(V1) is the h-qhs angle.
Using Equations (9) and (13), we obtain

cos θR = − g1(V1, φR
2V1)

‖ φRV1 ‖‖ RV1 ‖
. (30)

From Equations (29) and (30), Equation (27) follows.

Theorem 1. Let π be an h-qhs Riemannian map from an almost hyperkahler manifold (N1, I, J, K, g1)
to a Riemannian manifold (N2, g2). Then, the following cases are equivalent:

(a) DR is integrable;

(b) g1(TZ2 IZ1−TZ1 IZ2, ωI QIU1 + ISIU1) = g1(V∇Z1 IZ2−V∇Z2 IZ1, φI QIU1)

for Z1, Z2 ∈ Γ(DI) and U1 ∈ Γ(DI
1 ⊕ DI

2);

(c) g1(TZ2 JZ1−TZ1 JZ2, ωJQJU1 + JSJU1) = g1(V∇Z1 JZ2−V∇Z2 JZ1, φJQJU1)

for Z1, Z2 ∈ Γ(D J) and U1 ∈ Γ(D J
1 ⊕ D J

2);

(d) g1(TZ2 KZ1−TZ1 KZ2, ωKQKU1 +KSKU1) = g1(V∇Z1 KZ2−V∇Z2 KZ1, φKQKU1)

for Z1, Z2 ∈ Γ(DK) and U1 ∈ Γ(DK
1 ⊕ DK

2 ).

Proof. For Z1, Z2 ∈ Γ(DR), U1 ∈ Γ(DR
1 ⊕ DR

2 ), U2 ∈ (ker π∗)⊥ and R ∈ {I, J, K}, since
[Z1, Z2] ∈ (ker π∗), we have g1([Z1, Z2], U2) = 0. Thus, DR is integrable⇔ g1([Z1, Z2], U1) =
0. Now, using Equations (4) and (12)–(14), we have

g1([Z1, Z2], U1)

= g1(R∇Z1 Z2, RU1)− g1(R∇Z2 Z1, RU1),

= g1(∇Z1 RZ2, RU1)− g1(∇Z2 RZ1, RU1),

= g1(TZ1 RZ2 − TZ2 RZ1, ωRQRU1 + JRU1)

−g1(V∇Z1 RZ2 − V∇Z2 RZ1, φRQRU1).

Since DR is R-invariant, we have

(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, we obtain the result.
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Theorem 2. The following cases are equivalent for the map π defined in Theorem 1:

(a) DR
1 is integrable;

(b) g1(TY1 ωIφIY2 − TY2 ωIφIY1, V1) = g1(TY1 ωIY2 − TY2 ωIY1, φI PIV1)

+g1(H∇Y1 ωIY2 −H∇Y2 ωIY1, ωISIV1)

for all Y1, Y2 ∈ Γ(DI
1) and V1 ∈ Γ(DI ⊕ DI

2);

(c) g1(TY1 ωJφJY2 − TY2 ωJφJY1, V1) = g1(TY1 ωJY2 − TY2 ωJY1, φJ PJV1)

+g1(H∇Y1 ωJY2 −H∇Y2 ωJY1, ωJSJV1)

for all Y1, Y2 ∈ Γ(D J
1) and V1 ∈ Γ(D J ⊕ D J

2);

(d) g1(TY1 ωKφKY2 − TY2 ωKφKY1, V1) = g1(TY1 ωKY2 − TY2 ωKY1, φKPKV1)

+g1(H∇Y1 ωKY2 −H∇Y2 ωKY1, ωKSKV1)

for all Y1, Y2 ∈ Γ(DK
1 ) and V1 ∈ Γ(DK ⊕ DK

2 ).

Proof. For Y1, Y2 ∈ Γ(DR
1 ), V1 ∈ Γ(DR ⊕ DR

2 ), V2 ∈ (ker F∗)⊥ and R ∈ {I, J, K}, since
[Y1, Y2] ∈ (ker π∗), we have g1([Y1, Y2], V2) = 0. Thus, DR

1 is integrable⇔ g1([Y1, Y2], V1) =
0. Using Equations (4), (5), (12) and (13) as well as Lemma 5, we have

g1([Y1, Y2], V1)

= g1(∇Y1 RY2, RV1)− g1(∇Y2 RY1, RV1),

= g1(∇Y1 φRY2, RV1) + g1(∇Y1 ωRY2, RV1)− g1(∇Y2 φRY1, RV1)− g1(∇Y2 ωRY1, RV1),

= cos2 θRg1(∇Y1Y2, V1)− cos2 θRg1(∇Y2Y1, V1)− g1(TY1 ωRφRY2 − TY2 ωRφRY1, V1)

+g1(H∇Y1 ωRY2 + TY1 ωRY2, RPRV1 + ωRSRV1)

−g1(H∇Y2 ωRY1 + TY2 ωRY1, RPRV1 + ωRSRV1),

which gives

sin2 θ1g1([Y1, Y2], V1) = g1(TY1 ωRY2 − TY2 ωRY1, RPRV1)

+g1(H∇Y1 ωRY2 −H∇Y2 ωRY1, ωRSRV1)

−g1(TY1 ωRφRY2 − TY2 ωRφRY1, V1).

Since DR
1 is an R-slant distribution, therefore, we obtain

(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, we find the result.

Theorem 3. For the h-qhs Riemannian map π defined in Theorem 1, DR
2 is always integrable.

Proof. We can easily prove the Theorem as hemi-slant case given in [21].

Theorem 4. For the h-qhs Riemannian map π defined in Theorem 1, any one of the following
assertions implies the others:

(a) (ker π∗)⊥ defines a totally geodesic foliation on N1;

(b) g1(AZ1 Z2, PIW1 + cos2 θI QIW1) = g1(H∇Z1 Z2, ωIφI PIW1 + ωIφI QIW1)

−g1(AZ1 BI Z2 +H∇Z1 CI Z2, ωIW1)



Axioms 2022, 11, 641 8 of 15

for Z1, Z2 ∈ Γ(ker π∗)⊥ and W1 ∈ Γ(ker π∗);

(c) g1(AZ1 Z2, PJW1 + cos2 θJQJW1) = g1(H∇Z1 Z2, ωJφJ PJW1 + ωJφJQJW1)

−g1(AZ1 BJ Z2 +H∇Z1 CJ Z2, ωJW1)

for Z1, Z2 ∈ Γ(ker π∗)⊥ and W1 ∈ Γ(ker π∗);

(d) g1(AZ1 Z2, PKW1 + cos2 θKQKW1) = g1(H∇Z1 Z2, ωKφKPKW1 + ωKφKQKW1)

−g1(AZ1 BKZ2 +H∇Z1 CKZ2, ωKW1)

for Z1, Z2 ∈ Γ(ker π∗)⊥ and W1 ∈ Γ(ker π∗).

Proof. For Z1, Z2 ∈ Γ(ker π∗)⊥, W1 ∈ Γ(ker π∗) and R ∈ {I, J, K}, using Equations (6), (7)
and (12)–(14) as well as Lemma 5, we have

g1(∇Z1 Z2, W1)

= g1(R∇Z1 Z2, RW1),

= g1(R∇Z1 Z2, φRPRW1 + φRQRW1 + ωRQRW1 + ωRSRW1),

= −g1(∇Z1 Z2, φ2
RPRW1 + ωRφRPRW1 + ωRφRQRW1)

+g1(∇Z1 BRZ2, ωRQRW1 + ωRSRW1) + g1(∇Z1 CRZ2, ωRQRW1 + ωRSRW1),

= g1(AZ1 Z2, PRW1 + cos2 θRQRW1)− g1(H∇Z1 Z2, ωRφRPRW1 + ωRφRQRW1)

+g1(AZ1 BRZ2, ωRQRW1 + ωRSRW1) + g1(H∇Z1 CRZ2, ωRQRW1 + ωRSRW1).

Thus, we obtain
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, the result follows.

Theorem 5. The following conditions are equivalent for the h-qhs Riemannian map π:

(a) (ker π∗) defines a totally geodesic foliation on N1;

(b) g1(TX1 PI X2 + cos2 θITX1 QI X2, Y1) = g1(H∇X1 ωIφI PI X2 +H∇X1 ωIφI QI X2, Y1)

−g1(H∇X1 ωI QI X2 +H∇X1 ωISI X2, CIY1)

−g1(TX1 ωI QI X2 + TX1 ωISI X2, BIY1)

for X1, X2 ∈ Γ(ker π∗) and Y1 ∈ Γ(ker π∗)⊥;

(c) g1(TX1 PJ X2 + cos2 θJTX1 QJ X2, Y1) = g1(H∇X1 ωJφJ PJ X2 +H∇X1 ωJφJQJ X2, Y1)

−g1(H∇X1 ωJQJ X2 +H∇X1 ωJSJ X2, CJY1)

−g1(TX1 ωJQJ X2 + TX1 ωJSJ X2, BJY1)

for X1, X2 ∈ Γ(ker π∗) and Y1 ∈ Γ(ker π∗)⊥;

(d) g1(TX1 PKX2 + cos2 θKTX1 QKX2, Y1) = g1(H∇X1 ωKφKPKX2 +H∇X1 ωKφKQKX2, Y1)

−g1(H∇X1 ωKQKX2 +H∇X1 ωKSKX2, CKY1)

−g1(TX1 ωKQKX2 + TX1 ωKSKX2, BKY1)

for X1, X2 ∈ Γ(ker π∗) and Y1 ∈ Γ(ker π∗)⊥.
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Proof. For X1, X2 ∈ Γ(ker π∗), Y1 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}, using Equations (4), (5)
and (12)–(14) as well as Lemma 5, we have

g1(∇X1 X2, Y1)

= g1(R∇X1 X2, RY1),

= g1(∇X1 φRPRX2, RY1) + g1(∇X1 φRQRX2, RY1)

+g1(∇X1 ωRQRX2, RY1) + g1(∇X1 ωRSRX2, RY1),

= g1(TX1 PRX2, Y1) + cos2 θRg1(TX1 QRX2, Y1)− g1(H∇X1 ωRφRPRX2, Y1)

−g1(H∇X1 ωRφRQRX2, Y1) + g1(H∇X1 ωRQRX2 +H∇X1 ωRSRX2, CRY1)

+g1(TX1 ωRQRX2 + TX1 ωRSRX2, BRY1).

Thus, we obtain
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, the result follows.

Theorem 6. Let π be an h-qhs Riemannian map from an almost hyperkahler manifold (N1, I, J, K, g1)
to a Riemannian manifold (N2, g2). Then, any one of the following assertions implies the others:

(a) DR defines a totally geodesic foliation on N1;

(b) g1(TZ1 IPI Z2, ωI QIY1 + ωISIY1) = −g1(V∇Z1 IPI Z2, φIY1),

g1(TZ1 IPI Z2, CIY2) = −g1(V∇Z1 IPI Z2, BIY2)

for Z1, Z2 ∈ Γ(DI), Y1 ∈ Γ(DI
1 ⊕ DI

2) and Y2 ∈ Γ(ker π∗)⊥;

(c) g1(TZ1 JPJ Z2, ωJQJY1 + ωJSJY1) = −g1(V∇Z1 JPJ Z2, φJY1),

g1(TZ1 JPJ Z2, CJY2) = −g1(V∇Z1 JPJ Z2, BJY2)

for Z1, Z2 ∈ Γ(D J), Y1 ∈ Γ(D J
1 ⊕ D J

2) and Y2 ∈ Γ(ker π∗)⊥;

(d) g1(TZ1 KPKZ2, ωKQKY1 + ωKSKY1) = −g1(V∇Z1 KPKZ2, φKY1),

g1(TZ1 KPKZ2, CKY2) = −g1(V∇Z1 KPKZ2, BKY2)

for Z1, Z2 ∈ Γ(DK), Y1 ∈ Γ(DK
1 ⊕ DK

2 ) and Y2 ∈ Γ(ker π∗)⊥.

Proof. For Z1, Z2 ∈ Γ(DR), Y1 ∈ Γ(DR
1 ⊕ DR

2 ), Y2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}, using
Equations (4), (12) and (13), we have

g1(∇Z1 Z2, Y1)

= g1(∇Z1 RZ2, RY1),

= g1(∇Z1 RPRZ2, RQRY1 + RSRY1),

= g1(TZ1 φRPRZ2, ωRQRY1 + ωRSRY1) + g1(V∇Z1 φRPRZ2, φRQRY1).

Moreover, using Equations (4), (12) and (14), we obtain

g1(∇Z1 Z2, Y2)

= g1(∇Z1 RZ2, RY2),

= g1(∇Z1 RPRZ2, BRY2 + CRY2),

= g1(V∇Z1 RPRZ2, BRY2) + g1(TZ1 JPRZ2, CRY2).

Hence, we have
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
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Therefore, the result follows.

Theorem 7. With π : (N1, I, J, K, g1)→ (N2, g2) being an h-qhs Riemannian map, the following
conditions are equivalent:

(a) DR
1 defines a totally geodesic foliation on N1;

(b) g1(TY1 ωIφIY2, Z1) = g1(TY1 ωIY2, φI PI Z1) + g1(H∇Y1 ωIY2, ωISI Z1),

g1(H∇Y1 ωIφIY2, Z2) = g1(H∇Y1 ωIY2, CI Z2) + g1(TY1 ωIY2, BI Z2)

for Y1, Y2 ∈ Γ(DI
1), Z1 ∈ Γ(DI ⊕ DI

2) and Z2 ∈ Γ(ker π∗)⊥;

(c) g1(TY1 ωJφJY2, Z1) = g1(TY1 ωJY2, φJ PJ Z1) + g1(H∇Y1 ωJY2, ωJSJ Z1),

g1(H∇Y1 ωJφJY2, Z2) = g1(H∇Y1 ωJY2, CJ Z2) + g1(TY1 ωJY2, BJ Z2)

for Y1, Y2 ∈ Γ(D J
1), Z1 ∈ Γ(D J ⊕ D J

2) and Z2 ∈ Γ(ker π∗)⊥;

(d) g1(TY1 ωKφKY2, Z1) = g1(TY1 ωKY2, φKPKZ1) + g1(H∇Y1 ωKY2, ωKSKZ1),

g1(H∇Y1 ωKφKY2, Z2) = g1(H∇Y1 ωKY2, CKZ2) + g1(TY1 ωKY2, BKZ2)

for Y1, Y2 ∈ Γ(DK
1 ), Z1 ∈ Γ(DK ⊕ DK

2 ) and Z2 ∈ Γ(ker π∗)⊥.

Proof. For Y1, Y2 ∈ Γ(DR
1 ), Z1 ∈ Γ(DR ⊕ DR

2 ), Z2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}, using
Equations (5), (12) and (13) as well as Lemma 5, we have

g1(∇Y1Y2, Z1)

= g1(∇Y1 RY2, RZ1),

= g1(∇Y1 φRY2, RZ1) + g1(∇Y1 ωRY2, RZ1),

= cos2 θRg1(∇Y1Y2, Z1)− g1(TY1 ωRφRY2, Z1)

+g1(TY1 ωRY2, φRPRZ1) + g1(H∇Y1 ωRY2, ωRSRZ1),

which gives

sin2 θRg1(∇Y1Y2, Z1)

= −g1(TY1 ωRφRY2, Z1) + g1(TY1 ωRY2, RPRZ1)

+g1(H∇Y1 ωRY2, ωRSRZ1).

Moreover, from Equations (5), (13) and (14) as well as Lemma 5, we have

g1(∇Y1Y2, Z2)

= g1(∇Y1 RY2, RZ2),

= g1(∇Y1 φRY2, RZ2) + g1(∇Y1 ωRY2, RZ2),

= cos2 θRg1(∇Y1Y2, Z2)− g1(H∇Y1 ωRφRY2, Z2)

+g1(H∇Y1 ωRY2, CRZ2) + g1(TY1 ωRY2, BRZ2).

Thus, we find that

sin2 θRg1(∇Y1Y2, Z2)

= −g1(H∇Y1 ωRφRY2, Z2) + g1(H∇Y1 ωRY2, CRZ2) + g1(TY1 ωRY2, BRZ2).

Hence, we have
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, the result follows.
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Theorem 8. For the h-qhs Riemannian map π defined in Theorem 1, any one of the following
assertions implies the others:

(a) DR
2 defines a totally geodesic foliation on N1;

(b) g1(H∇Y1 ωIY2, ωI QIW1) = −g1(TY1 ωISIY2, φI PIW1 + φI QIW1),

g1(H∇Y1 ωISIY2, CIW2) = −g1(TY1 ωISIY2, BIW2)

for Y1, Y2 ∈ Γ(DI
2), W1 ∈ Γ(DI ⊕ DI

1) and W2 ∈ Γ(ker π∗)⊥;

(c) g1(H∇Y1 ωJY2, ωJQJW1) = −g1(TY1 ωJSJY2, φJ PJW1 + φJQJW1),

g1(H∇Y1 ωJSY2, CJW2) = −g1(TY1 ωJSY2, BJW2)

for Y1, Y2 ∈ Γ(D J
2), W1 ∈ Γ(D J ⊕ D J

1) and W2 ∈ Γ(ker π∗)⊥;

(d) g1(H∇Y1 ωKY2, ωKQKW1) = −g1(TY1 ωKSY2, φKPKW1 + φKQKW1),

g1(H∇Y1 ωKSY2, CKW2) = −g1(TY1 ωKSKY2, BKW2)

for Y1, Y2 ∈ Γ(DK
2 ), W1 ∈ Γ(DK ⊕ DK

1 ) and W2 ∈ Γ(ker π∗)⊥.

Proof. For Y1, Y2 ∈ Γ(DR
2 ), W1 ∈ Γ(DR ⊕ DR

1 ), W2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}, using
Equations (5), (12) and (13), we have

g1(∇Y1Y2, W1)

= g1(∇Y1 RY2, RW1)

= g1(∇Y1 ωRSRY2, φRPRW1 + φRQRW1 + ωRQRW1),

= g1(TY1 ωRSRY2, φRPRW1 + φRQRW1) + g1(H∇Y1 ωRSRY2, ωRQRW1).

Again, using Equations (5), (13) and (14), we have

g1(∇Y1Y2, W2) = g1(∇Y1 RY2, RW2)

= g1(∇Y1 ωRSRY2, BRW2 + CRW2),

= g1(TY1 ωRSRY2, BRW2) + g1( H∇Y1 ωRRY2, CRW2).

Hence, we have
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Therefore, the result follows.

Theorem 9. Let π be an h-qhs Riemannian map from an almost hyperkahler manifold
(N1, I, J, K, g1) to a Riemannian manifold (N2, g2). Then, the following conditions are equivalent:

(a) π is a totally geodesic map;

(b) g1(TY1 PIY2 + cos2 θITY1 QIY2 −H∇Y1 ωIφI PIY2 −H∇Y1 ωIφI QIY2, W1)

= g1(TY1 ωI QIY2 + TY1 ωISIY2, BIW1) + g1(H∇Y1 ωIφI QIY2 +H∇Y1 ωIφISIY2, W1),

g1(AW1 PIY1 + cos2 θIAW1 QIY1 −H∇W1 ωIφI PIY1 −H∇W1 ωIφI QIY1, W2)

= g1(AW1 ωI QIY1 +AW1 ωISIY1, BIW2) + g1(H∇W1 ωI QIY1 +H∇W1 ωISIY1, CIW2)

for Y1, Y2 ∈ Γ(ker π∗) and W1, W2 ∈ Γ(ker π∗)⊥;

(c) g1(TY1 PJY2 + cos2 θJTY1 QJY2 −H∇Y1 ωJφJ PJY2 −H∇Y1 ωJφJQJY2, W1)

= g1(TY1 ωJQJY2 + TY1 ωJSJY2, BJW1) + g1(H∇Y1 ωJφJQJ JY2 +H∇Y1 ωJφJSJY2, W1),
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g1(AW1 PJY1 + cos2 θJAW1 QJY1 −H∇W1 ωJφJ PJY1 −H∇W1 ωJφJQJY1, W2)

= g1(AW1 ωJQJY1 +AW1 ωJSJY1, BJW2) + g1(H∇W1 ωJQJY1 +H∇W1 ωJSJY1, CJW2)

for Y1, Y2 ∈ Γ(ker π∗) and W1, W2 ∈ Γ(ker π∗)⊥;

(d) g1(TY1 PKY2 + cos2 θKTY1 QKY2 −H∇Y1 ωKφKPKY2 −H∇Y1 ωKφKQKY2, W1)

= g1(TY1 ωKQKY2 + TY1 ωKSKY2, BKW1) + g1(H∇Y1 ωKφKQKY2 +H∇Y1 ωKφKSKY2, W1),

g1(AW1 PKY1 + cos2 θKAW1 QKY1 −H∇W1 ωKφKPKY1 −H∇W1 ωKφKQKY1, W2)

= g1(AW1 ωKQKY1 +AW1 ωKSKY1, BKW2) + g1(H∇W1 ωKQKY1 +H∇W1 ωKSKY1, CKW2)

for Y1, Y2 ∈ Γ(ker π∗) and W1, W2 ∈ Γ(ker π∗)⊥.

Proof. Since π is a Riemannian map, therefore, we have

(∇π∗)(W1, W2) = 0,

for W1, W2 ∈ Γ(ker π∗)⊥.
For Y1, Y2 ∈ Γ(ker π∗), W1, W2 ∈ Γ(ker π∗)⊥ and R ∈ {I, J, K}, using Equations (4),

(5) and (12)–(14) as well as Lemma 5, we have

g2((∇π∗)(Y1, Y2), π∗(W1))

= −g1(∇Y1Y2, W1)

= −g1(∇Y1 RY2, RW1)

= −g1(∇Y1 RPRY2, RW1)− g1(∇Y1 RQRY2, RW1)− g1(∇Y1 RSRY2, RW1),

= −g1(∇Y1 φRPRY2, RW1)− g1(∇Y1 φRQRY2, RW1)

−g1(∇Y1 ωRQRY2, RW1)− g1(∇Y1 ωRSRY2, RW1),

= −g1(TY1 PRY2 + cos2 θRTY1 QRY2 −H∇Y1 ωRφRPRY2 −H∇Y1 ωRφRQRY2, W1)

−g1(TY1 ωRQRY2 + TY1 ωRSRY2, BRW1)

−g1(H∇Y1 ωRφRQRY2 +H∇Y1 ωRφRSRY2, W1).

Moreover, using Equations (4), (5) and (12)–(14) as well as Lemma 5, we have

g2((∇π∗)(W1, Y1), π∗(W2))

= −g1(∇W1Y1, W2),

= −g1(∇W1 RY1, RW2),

= −g1(∇W1 RPRY1, RW2)− g1(∇W1 RQRY1, RW2)− g1(∇W1 RSRY1, RW2),

= −g1(∇W1 φRPRY1, RW2)− g1(∇W1 φRQRY1, RW2)

−g1(∇W1 ωRQRY1, RW2)− g1(∇W1 ωRSRY1, RW2),

= −g1(AW1 PRY1 + cos2 θRAW1 QRY1 −H∇W1 ωRφRPRY1 −H∇W1 ωRφRQRY1, W2)

−g1(AW1 ωRQRY1 +AW1 ωRSRY1, BRW2)

−g1(H∇W1 ωRQRY1 +H∇W1 ωRSRY1, CRW2).

Hence, we obtain
(a)⇔ (b), (a)⇔ (c), (a)⇔ (d).

Thus, the theorem is proven.
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4. Example

Note that given a Euclidean space R4n with coordinates (x1, x2, ....., x4n), we can canon-
ically choose complex structures I, J and K on R4n as follows:

I(
∂

∂x4s+1
) =

∂

∂x4s+2
, I(

∂

∂x4s+2
) = − ∂

∂x4s+1
, I(

∂

∂x4s+3
) =

∂

∂x4s+4
,

I(
∂

∂x4s+4
) = − ∂

∂x4s+3
, J(

∂

∂x4s+1
) =

∂

∂x4s+3
, J(

∂

∂x4s+2
) = − ∂

∂x4s+4
,

J(
∂

∂x4s+3
) = − ∂

∂x4s+1
, J(

∂

∂x4s+4
) =

∂

∂x4s+2
, K(

∂

∂x4s+1
) =

∂

∂x4s+4
,

K(
∂

∂x4s+2
) =

∂

∂x4s+3
, K(

∂

∂x4s+3
) = − ∂

∂x4s+2
, K(

∂

∂x4s+4
) = − ∂

∂x4s+1
,

for s ∈ {0, 1, 2, ...., ..., n− 1}.
Then, we can easily check that (I, J, K, 〈, 〉) is a hyperkähler structure on R4n, where 〈, 〉

denotes the Euclidean metric on R4n. Throughout this section, we will use these notations.

Example 1. Define a map π : R12 → R6 by

π(x1, x2, ........., x12) = (2020, x2, x6,
x8 − x9√

2
, x10, 2022).

Then, the map π is an almost h-qhs Riemannian map such that

ker π∗ =

〈
∂

∂x1
,

∂

∂x3
,

∂

∂x4
,

∂

∂x5
,

∂

∂x7
,

1√
2
(

∂

∂x8
+

∂

∂x9
),

∂

∂x11
,

∂

∂x12

〉
,

(ker π∗)
⊥ =

〈
∂

∂x2
,

∂

∂x6
,

1√
2
(

∂

∂x8
− ∂

∂x9
),

∂

∂x10

〉
,

DI =

〈
∂

∂x3
,

∂

∂x4
,

∂

∂x11
,

∂

∂x12

〉
, DI

1 =

〈
∂

∂x7
,

1√
2
(

∂

∂x8
+

∂

∂x9
)

〉
, DI

2 =

〈
∂

∂x1
,

∂

∂x5

〉
,

D J =

〈
∂

∂x1
,

∂

∂x3
,

∂

∂x5
,

∂

∂x7

〉
, D J

1 =

〈
1√
2
(

∂

∂x8
+

∂

∂x9
),

∂

∂x11

〉
, D J

2 =

〈
∂

∂x4
,

∂

∂x12

〉
,

DK =

〈
∂

∂x1
,

∂

∂x4

〉
, DK

1 =

〈
∂

∂x5
,

1√
2
(

∂

∂x8
+

∂

∂x9
),

∂

∂x12

〉
, DK

2 =

〈
∂

∂x3
,

∂

∂x7
,

∂

∂x11

〉
,

with the almost h-qhs angles {θI = θJ = θK = π
4 }.

Example 2. Define a map π : R16 → R8 by

π(x1, x2, ........., x16) = (101,

√
3x5 − x9

2
, x6, x8, x11, x14, 202, x15).

Then, the map π is an almost h-qhs Riemannian map such that

ker π∗ =

〈
∂

∂x1
,

∂

∂x2
,

∂

∂x3
,

∂

∂x4
,

1
2
(

∂

∂x5
+
√

3
∂

∂x9
),

∂

∂x7
,

∂

∂x10
,

∂

∂x12
,

∂

∂x13
,

∂

∂x16

〉
,

(ker π∗)
⊥ =

〈
1
2
(
√

3
∂

∂x5
− ∂

∂x9
),

∂

∂x6
,

∂

∂x8
,

∂

∂x11
,

∂

∂x14
,

∂

∂x15
,
〉

,

DI =

〈
∂

∂x1
,

∂

∂x2
,

∂

∂x3
,

∂

∂x4

〉
, DI

1 =

〈
1
2
(

∂

∂x5
+
√

3
∂

∂x9
),

∂

∂x10

〉
, DI

2 =

〈
∂

∂x7
,

∂

∂x12
,

∂

∂x13
,

∂

∂x16

〉
,

D J =

〈
∂

∂x1
,

∂

∂x2
,

∂

∂x3
,

∂

∂x4
,

∂

∂x10
,

∂

∂x12

〉
, D J

1 =

〈
1
2
(

∂

∂x5
+
√

3
∂

∂x9
),

∂

∂x7

〉
, D J

2 =

〈
∂

∂x13
,

∂

∂x16

〉
,
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DK =

〈
∂

∂x1
,

∂

∂x2
,

∂

∂x3
,

∂

∂x4
,

∂

∂x13
,

∂

∂x16

〉
, DK

1 =

〈
1
2
(

∂

∂x5
+
√

3
∂

∂x9
),

∂

∂x12

〉
, DK

2 =

〈
∂

∂x7
,

∂

∂x10

〉
,

with the almost h-qhs angles {θI =
π
6 , θJ =

π
3 , θK = π

6 }.
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