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Abstract: Let t; be a solution to the equation 6(t) = (t — 1), T > 0, where 6(#) is the increment of the
argument of the function 7775/2T'(s/2) along the segment connecting points s = 1/2and s = 1/2 + it.
tr is called the Gram function. In the paper, we consider the approximation of collections of analytic
functions by shifts of the Riemann zeta-function ({(s + ity'),...,{(s +ity)), where a1, ..., a, are
different positive numbers, in the interval [T, T + H] with H = o(T), T — oo, and obtain the positivity
of the density of the set of such shifts. Moreover, a similar result is obtained for shifts of a certain
absolutely convergent Dirichlet series connected to {(s). Finally, an example of the approximation of

analytic functions by a composition of the above shifts is given.
Keywords: Gram function; joint universality; Riemann zeta-function; weak convergence

MSC: 11MO06

1. Introduction

The Riemann zeta-function {(s), s = ¢ + it, one of the most important analytic objects
of mathematics, is defined, for ¢ > 1, by the Dirichlet series

1
{(s) = El oy

and has the analytic continuation to the whole complex plane, except for a simple pole at
the point s = 1 with residue 1. Denote by P the set of all prime numbers. In virtue of the
main arithmetic theorem, the function {(s) equivalently can be defined, for ¢ > 1, by the
Euler product
-1
o =T1(1-5) -
pelP P
Among many interesting properties and problems of the function {(s), the universality
occupies a particular place. The latter property was discovered by S.M. Voronin [1] and,
roughly speaking, means that a wide class of analytic functions can be approximated by
shifts {(s +it), T € R. Let D = {s € C:1/2 < ¢ < 1}, K be the class of compact sets of
the strip D with connected complements, and Hy(K) with K € K the class of continuous
non-vanishing functions on K that are analytic in the interior of K. Then it is convenient to
state a modern version of the Voronin theorem in the following form, see, for example, [2].
Suppose that K € K and f(s) € Hy(K). Then, for every ¢ > 0,

liminfll,meas{’r €[0,T] :sup |C(s+iT) — f(s)] < s} > 0. 1)

T—o00 seK

Here, measA denotes the Lebesgue measure of a measurable set A C R. The above
inequality shows that there are infinitely many shifts {(s + iT) approximating a given func-
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tion f(s) € Hy(K). Moreover, the positivity of a lower density of the set of approximating
shifts {(s 4+ iT) can be replaced by that of a density for all but at most countably many
€ > 0 [3]. B. Bagchi proved [4] that the famous Riemann hypothesis, which asserts that all
nontrivial zeros of {(s) lie on the critical line o = 1/2, is equivalent to inequality (1) with
£(5) = 2(s):

A joint version of universality for {(s) was obtained in [5,6] using generalized shifts
{(s +ip(7)) with certain functions ¢(7). Leta; = 1, ay, ..., a, be real algebraic numbers
linearly independent over the field of rational numbers Q, and, forj =1,...,r, K]- € K and
fi(s) € Ho(K;). Then, in [5], it was proved that, for every a € R\ {0} and & > 0,

lim inf 1meas{r €[0,T] : sup sup |{(s +iaa;T) — fi(s)| < s} > 0.

T—eo T 1<j<rsek;

In [6], the shifts {(s +ip;(T)) with ¢;(7) = " (log 7)fi, wj, Bj € R, were used.

Recall one more type of possible shifts. As usual, denote by I'(s) the Euler gamma-
function, and by 6(t), t > 0, the increment of the argument of the function 71/2T (s/2)
along the segment connecting the points s = 1/2 and s = 1/2 + it. The function 6(f)
is monotonically increasing and unbounded from above for t > t* = 6.2898...; hence,
the equation

0(t)=(t—1)m, T=0, 2)

has the unique solution ¢;. The function t; with T = n € N was considered by J.-P Gram [7]
in connection with imaginary parts 7, of nontrivial zeros of the Riemann zeta-function.
Therefore, t, are called the Gram points, and t; with arbitrary T > 0 is the Gram function.
In [8], the joint universality of 7 (s) using shifts {(s + ity ) was considered. More precisely,
suppose that a1, .. ., a, are fixed different positive numbers, and, forj =1,...,7, let Kj € K
and fj(s) € Hy(K;). Then, the main result of [8] states that, for every e > 0,

lim inf ;,meas{‘r €[0,T] : sup sup|{(s —|—it?) —fi(s)| < s} > 0. ©)]

T 1<j<r sek;

Moreover, “lim inf” can be replaced by “lim” for all but at most countably many & > 0.

All stated above examples of universality theorems for {(s) are not effective in the
sense that any value of T in approximating shifts is not known. In a wider sense, the
effectivization of universality for zeta-functions is understood as an indication of intervals
as short as possible containing values of T with an approximating property. An example of
universality theorems in short intervals was given in [9]. Let

a4 = max \a]-|*l and 7= max |a;].
1<j<r 1<j<r

Theorem 1 ([9]). Suppose that ay, ..., a, are real algebraic numbers linearly independent over Q,

and a(Ta)'/3(log Ta)?6/15 < H < T. For j =1,...,r,let K; € K and fi(s) € Ho(K;). Then,
for every e > 0,

1
lim inf —measq 7 € [T, T + H] : sup sup |{(s +ia;T) — fi(s)| <ep > 0.
T—eo H 1<j<r sek;

Moreover, “liminf” can be replaced by “lim” for all but at most countably many & > 0.

The aim of this paper is to obtain a version of Theorem 1 for shifts {(s + ity ). This aim
is motivated by an easier possibility to detect approximating shifts in short intervals.
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Let a1, ..., &, be the same numbers as in (3). Without a loss of generality, we may
suppose that a1 < ap < - -+ < . We will use the notation

(0 = (1) (og )"

!

and write (tﬂ;)’ in place of (tDT‘j)T:T,j =1,...,r.

Theorem 2. Suppose that ,, (T)((t7'))™ < H < T. Forj = 1,...,r, let K; € K and
fi(s) € Ho(K;). Then, for every e > 0,

1 .
liminf —meas{ 7 € [T, T+ H| : sup sup|{(s +iti]) —fi(s) <ep >0.
T—eo H 1<j<r s€k;

Moreover, “liminf” can be replaced by “lim” for all but at most countably many e > 0.

The next theorem is devoted to the approximation of analytic functions by shifts of
certain absolutely convergent Dirichlet series. Let # > 0 be a fixed number, u > 0 and

vy (m) = exp{—(?)e}, m e N.

Because v, (m) decreases exponentially with respect to m, the series

is absolutely convergent for o > o0y, with arbitrary finite op.
Theorem 3. Suppose that ¢, (T)((t7'))™! < H < T, and ur — oo and ur <
exp{o(T/logT)*1}. Forj=1,...,r,let K; € K and f;(s) € Ho(K;). Then, for every e > 0,

1 L
liminf —meas{ 7 € [T, T+ H] : sup sup|§uT(s+zti]) —fi(s) <ep >0.
T—eo H 1<j<r sek;

Moreover, “liminf” can be replaced by “lim” for all but at most countably many ¢ > 0.

Theorem 2 can be generalized for certain compositions. We give one example. Let
S={g€ H(D):g(s) #0org(s) =0}, for different ay, ..., a, € C

Hay,..q,(D) = {g € H(D) : (3(s) —a)) " € H(D),j =1,....k},

and H(K), K € K, be the class of continuous functions on K that are analytic in the interior
of K.

Theorem 4. Suppose that s, (T)((t7)") " < H < T,and ® : H'(D) — H(D) is a continuous

operator such that ®(S") O Hy,,. (D). Fork =1,let K € IC, and f(s) € H(K) and f(s) # a1
on K. Fork > 2, let K C D be a compact set and f(s) € Hy,,.. 4, (D). Then, for every e > 0,

liminf;meas{r € [T, T+ H]:sup |®(Z(s+itH),..., (s +itY)) — f(s)] < s} > 0.

T—o0 seK

Moreover, “liminf” can be replaced by “lim” for all but at most countably many € > 0.
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Let
q)(gl,. . .,gr) = Cos(gl “+ .- +gr)
Consider the equation
eiw + e*l'w

>/
with f(s) € Hy _1(D). Itis easily seen that

= %log(fj:\/fz—l).
d:'(:log(f+\/f2—1),0,...,0> = f.

Because (1/ilog(f + +/f%>—1),0,...,0) € S', the inclusion ®(S") D H_11(D) is
valid. Therefore, by Theorem 4, the functions of the set H_; 1(D) are approximated by
shifts cos({(s +it7') + -+ + (s +it¥")).

Thus, we have

2. Mean Square Estimates

First, we recall the asymptotics for the function ¢ and its derivative as T — oo.

Lemma 1 ([10]). Suppose that t;, T > 0, is the unique solution of Equation (2) satisfying
6(tr) > 0. Then, for T — oo,

27‘[T ( loglogT +0(1))>
log T

and

27 ( loglogT 1+0(1)>>.
~logT log T

Note that, in view of Lemma 1,
Yoy (T)((t7)) 7 = 0(T), T = co.

Let @ > 0 be one of the numbers a3, ..., a,, and H satisfy the hypotheses of Theorem 2.
We will obtain the upper bound for

d T+H
I(T, H,0,1) éf/ 1Z(0 + it + it)[2dT
T

with fixed o and ¢ € R. Recall that the notation g <y f, f > 0, means that there exists a
constant ¢ = ¢(6) > 0 such that [g]| < c(6)f.

Lemma 2. Suppose that 1/2 < 0 < 13/22isfixed, t € Rand o, (T)((t7')) "1 < H < T. Then,
I(T,H,o,t) <; H(1+ [t]).

Proof. Let T(xtA+1)/2(x+1) (]og T)(24%)/(x+1) < H < T, where (, A) is an exponential pair
such that 20 < 14 A — x. Then, by Theorem 7.1 of [11], uniformly in H

T+H N
/T_H C(0+it)2dt <, A. 4)

Taking (x,A) = (4/11,6/11) gives, for 1/2 < ¢ < 13/22, uniformly in H, T1/3
(log T)26/15 < H < T, the bound (4).
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In view of Lemma 1, for large 7, the function #? is increasing, while the function (%)’
is increasing and decreasing for « > 1and 0 < & < 1, respectively. Therefore, for a > 1,

T+H ) NP T+H
/ (o + it® +it), dT:/T

i |C(0 + it + it|> d (%)

1
(1)
_/T+H 1 (/Ttg+t|§(a+iu|2du>
o [ et

1

Hott
= /C |0 (o + iu)|* du
t

(t7) Jrsqe

1 try ]
< / o+ iu)|*du

@ o T

1 /H‘JrH( )+|t| i\
= C(oc+iu)|“du

@& o 0T

1 B +H(t57) +1t| '
<oy [l inPdn, ©)
()" Joy—H(tg) It

where T < & < T+ H. Here, we write (t%)’ = (tﬁ);zé. Now, we apply (4) with # in place
of T and with H(t5;)" in place of H. We have

ttX !/ tlx /
Ht) + 10> oy (1) B2 > g )8y ()
(t7') (t7)
Suppose that H(t5;)" + || < t%. Then, by (4) and (5),
H(t5r)" + |t] |t] It]
I(T,H,O',f) <<0'TT)/<(T,(X (t%‘-)/ ; H<1+l/hx1(T)> Lo H(l-l—lt‘). (6)

Now, let H(t5;)" + |t| > t}. Then, we apply the well-known estimate

T
/ gl +iPdt <o T. @)

In this case, we have t§ + H(t5;)" + |[t| < 2(H(t5;)" + |t|) and t§ — H(t5;)" — || >
—2(H(t57)" + |t]). Therefore, estimates (5) and (7) imply the bound

H(tgr) +11) o
o )2 du <, HUE D

s H(1 4+ [t]).
2(H () +H) (t3) o H{1+]t)

I(T,H,o,u) <</

This, together with (6), proves the lemma in the case & > 1.
If & < 1, then, in virtue of Lemma 1, the function (%)’ is decreasing for large 7. Therefore,

T+H 1 B gt
[ e it inpdr= g [ (ot iu)Pau
T T+H t§+t
1 t%&+H+|t‘ 2
< / (o +iu)|du
) gy SO
1 FH () +|¢]
< / Z(o + iu)|? du. @®)
(t57)" Je—H(ry - 16 |
We observe that
A (t5)’
H(tT) + [t = a (T) > Pu(T)
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because « > aq. Thus, if H(t§)" + |t| < t§, then, by (4) and (8),

H(t7)" + |t |t £ (t7)" )
Lo H(L+[t]). ©
(t37)’ (t37)’ Yo, (T)(t57) ) "
If H(t})" + |t| > t§, then, similarly as above, we have by (7)

H(t5) +[t]) H((t%) 4 |t
2o+ in) P <o T HID
H(t) +t]) (t57)

I(T,H,0,t) <s Lgn H+ Lon H(l +

I(T,H,0,t) <</ <o H(1+[t]).

This and (9) prove the lemma in the case « < 1. O

We will apply Lemma 2 for estimation of the distance between the shifts {(s + it§)
and (s + it%).

Lemma 3. Suppose that K C D is a compact set, and p,, (T)((t7))") "1 < H < T. Then, there
exists € > 0 and C > 0 such that

T+H . (g e 1/2-2 T\
H/ SS’EEM s+ity) — Qu(s +it)[dT <epx u“+u exp{_c<logT> }

Proof. Denote

The Mellin formula

L e sds= e, ab>0
E/aﬂ‘m (s) s=e’, ab>0,

leads to the representation, see, for example, [2],

01 +ico
Cu(s) = L/9 ’ @(s—i—z)l”iz) dz, (10)

27t Jo; —ico

where 61 > 1/2. Because K C D, thereexists 1/11 > ¢ > Osuchthat1/2+2e <o <1—¢

fors = o +it € K. Thus, fors € K, wehave0 >1/2+¢e—0 :sz,andtakeﬂl =1/2+e.
Then, the representation (10) and the residue theorem show that, for s € K,

Cu(s) — g(s) _ L /0:92+i00 g(s + Z) lu(Z) dz & lu(l — S)

27ti Jo,—ico z 1-—s

because of simple poles of the integration function at the points z = 0 and z = 1 — s. Hence,
fors € K,

Culs +it%) — C(s + if2) :i,/ g(i +e+z’t+it§+iv> W1/2+e-o+iv) g,

27T J—co 1/24+e—0c+iv
4 L,(1—s—ith)
1—s—it§
1,(1/24+¢e—s+iv)
ty " d
<</ ‘( +e+1i +zv> ?6111(3 1/21¢_s+iv v

I,(1—s—ith)

+su -
P 1—s—it§

seK

after a shift t + v — v. Therefore,
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T+H
H/ sup (s + it%) — Zu(s + it)| dt

seK
T+H 1 1,(1/24+¢€—s+iv)
< +e+iti +iv)|dr " , do
Lol elaevinevin) ar s M2t
T+H lu(l zt“) e
I I 11
H/ SGK 1- s—zt"‘ 1l (1)

An application of Lemma 2 gives

1/2
1 . 1 (T+H| /1 o\
¢ §+s+th+lv dt < ﬁ/ ¢ §+£+ztr+w dt
T

<e (1+[0)V? e 14 o). (12)

1 T+H
il

Using the well-known estimate
I'(o+it) < exp{—c|t|]}, c¢>0, (13)
which is uniform in any interval oy < 0 < 0y, 07 < 02, we find, for all s € K,

l,(1/24+¢e—s+iv)
1/24+¢e—s+iv

1/24e—0

c
Lgu exp{—§|v - t|} <Lgx u ‘exp{—ci|v|}, c1>0.

This together with (12) yields

I <ok ™ [ (1 [ol)exp{—erfol} do <o~ (14)

Similarly, as above, (13) implies, for all s € K,

M<< ul=%ex —£|t"‘+t| <gx u/ 2 exp{—cyt}, >0
1—s— it 0 p gt 0,K P 2t s, 2 .

Therefore, by Lemma 1,

1 T+H T+H «
L <gx ul/zfzeE/ exp{—ct7} dT gk ul/2= ZSH / exp{ C3< i ) } dt
T

log T
<< 1/2*28 _ T N 0
9K U exp Cq log T , ¢€3,04 > 0.

This, together with estimates (14) and (11), proves the lemma. O

3. Limit Theorems

In this section, we will prove a probabilistic joint limit theorem for the Riemann zeta-
function twisted by the Gram function in short intervals. Denote by B(X) the Borel o-field
of the space X, and & = (ay,..., &), t7 = (£5,...,t7),

I(s+ity) = (C(s+ite), ..., L(s +ity)).

Moreover, let H(D) stand for the space of analytic functions on D equipped with the
topology of uniform convergence on compacta, and

H'(D) = H(D) x - -- x H(D).
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For A € B(H"(D)), define

1
PmﬂAy:ﬁmw%fefnT+HL§@+@®eA}

and consider the weak convergence for Pr i as T — oo.
For the definition of a limit measure, we need one topological structure. Let y = {s €

C:|s| =1}, and
0= HW/
peP

where 7, = 7 for all p € P. With the product topology and pointwise multiplication, the
torus () is a compact topological Abelian group. Define one more set

Q' =0 x - xQ,

where ); = Qforall j =1,...,r. Then, again, ()" is a compact topological Abelian group.
Hence, on (Q)", B(Q)")), the probability Haar measure mp can be defined, and we obtain
the probability space (Q), B(QY"), my). By w;j(p) denote the pth component, p € P, of an
element w; € O, j=1,...,r,and by w = (wy, ..., wy) denote the elements of ()". On the
probability space (O, B(Q)Y'), my), define the H"(D)-valued random element

g(s,w) = (@(s, wl)/ SRR g(S, wr))/

where .

@(s,w]-) = H(l— wj(p)) , j=1,...,r

S
peP p

Note that the latter products, for almost all w; with respect to the Haar measure m,y
on (Q;, B(Q)})), are uniformly convergent on compact subsets of D, see, for example, [2],
and define the H(D)-valued random elements. Because the Haar m; is the product of the
measures 11y, { (s, w) is the H"(D)-valued random element. Denote by P; the distribution

of the random element {(s, w), i.e.,

&uu:m{wenﬁg&meA} A € B(H'(D)).

Recall that the support Sp, of the measure P; is a minimal closed subset of H'(D) such
that P;(Sp,) = 1. The set Sp, consists of all elements g € H"(D) such that, for every open
neighborhood G of g, the inequality P;(G) > 0 is satisfied. Let S = {g € H(D) : g(s) #
Oorg(s) =0}.

Now, we state a limit theorem for Pr .

Theorem 5. Suppose that ., (T)((t7)') "' < H < T. Then, Pr,y converges weakly to P;, as
T — co. Moreover, the support of the measure Py is the set S'. -

We divide the proof of Theorem 5 into several lemmas.
We start with a limit lemma on the space (). For A € B(Q)"), define

1 X1 ar
Qru(A) = Emeas{r € [T, T+ H]: ((p*tf cpeP),....(p7ipe IP’)) € A}.

Lemma 4. Under hypotheses of Theorem 5, Qr, g converges weakly to the Haar measure my as
T — oo.
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Proof. We will apply the Fourier transform method. Denote by grpu(ky, ..., k),
k]- = (k]-p : k]-,[J €Z,peP),j=1,...,r, the Fourier transform of Qr p, i.e.,

sk, ... k) / <HI_IIP w”’ )dQTH,
j=1pe

where the sign “+” shows that only a finite number of integers k;, are distinct from zero.

The definition of Qr g implies
T+H [ _r
—ikjpts
(1

j=1pelP

1 T+H ) o *
. /T expd —i Y ¥ Y “kj,logp | dr. (15)

j=1  peP

gT,H(kll' . '/kr)

Let0=(0,...,0,...). Obviously, by (15),
grH(O,...,0) =1 (16)
Denote

a; =) kjylogp,
pelP

and suppose that (ky,...,k,) # (0,...,0). Then, there exists j € {1,...,r} such that Kj £ 0.
It is well known that the set {logp : p € P} is linearly independent over Q. Therefore,
a; # 0. Let jo = max(j : a; # 0), and

dethJZ k]plogprat/

j=1  peP

Because a7 < - -+ < a;, we have, by Lemma 1,
/ a aj—1_ Ko N1
T) = Y ity t =ap(£°) (140(1))
j=1

as T — oo. Hence,

1
(A (D) = — (1 o(1)
ajo \tr
as T — oo. Then,
1 (T+H T+H
ﬁ/ cos A(t)dt = H/ dsmA( )
T
T+H 1 dsin A(r T+H o d -
— aJOH/ %) sin H/ sin A(T)

<y (H(E)) ™ +0(1) < (H(E)) ! +0(1) = 0(1)
as T — oo. Similarly, we obtain that
1 (T+H
E/T sin A(t)dt =o(1)
as T — oo. Therefore, the last two estimates and (15) show that

grulky,..., k) =0(1), T— oo.
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Thus, by (16),

. (1t (ke k)=(0,...
TlflogT'H“l"“'kr)_{ 0 if (ky,...,k)#(0,...

Because the right-hand side of this equality is the Fourier transform of the measure
mp, the lemma is proved. [J

Lemma 4 is a key lemma to obtain limit lemmas for Dirichlet series in the space H" (D).
Extend the function wj(p) to the set N by

wim)= ]] a)}(p), meN,j=1,...r,
pl{m
pl+1J(m

and, for n € N, define

where

The latter series is absolutely convergent for o > ¢y with arbitrary finite ¢p. Therefore,
the mapping w, : (0" — H'(D) given by w,(w) = { (s,w) is continuous. For A €
B(H"(D), define

1 .
Pria(A) = Hmeas{r €T, T+H]: (s +ith) e A}.

The weak convergence of Pt , as T — oo is based on one simple property of weak
convergence of probability measures. Let X; and X, be two spaces, and w : X; — X, a
(B(X1), B(X;))-measurable mapping, i.e.,

w1B(Xy) € B(Xy).

Then, every probability measure P on (Xj, 5(Xj)) induces the unique probability
measure Pw~! on (X,, B(X;)) defined by

Pw Y (A) =P(wA), AcB(Xp).

Moreover, it turns out that in such a situation, the weak convergence is preserved, i.e.,
the following lemma is valid; see, for example, [12], Theorem 5.1.

Lemma 5. Suppose that P and P,, n € N, are probability measures on (X1, B(X1)),w : X1 — X;
a continuous mapping, and P, converges weakly to P as n — oo. Then, Pyw ™! converges weakly to
Pwlasn — co.

Now, we state a limit lemma for Pr g ;.

d
Lemma 6. Under hypotheses of Theorem 5, Pr g ,, converges weakly to the measure V;, & myw; !

as T — oo.

Proof. By the definition of wy,

wn((pfitfl peEP),... (Pfitir ip € IP’)) = (s+ it7).



Axioms 2022, 11, 613 11 of 17

Therefore, the definition of Pr p ,, implies, for A € B(H"(D)),

1 L T
Prya.(A) = ﬁmeas{r € [T, T+H]: ((p*’tTl peP),...,(p' ipe IP’)) € w;lA}
= Qr,u(w, 'A).

Thus, Pr g, = Qr.gw, 1. Because the mapping w, is continuous, this equality and
Lemmas 4 and 5 prove the lemma. O

The measure V, plays an important role for the proof of Theorem 5. Because V}, is
independent on any hypotheses, we have the following statement: see proofs of Lemma 10
and Theorem 3 in [9].

Lemma 7. The measure Vy converges weakly to P; as n — co. Moreover, the support of P; is the
set S'. N N

Before the proof of Theorem 5, we recall one lemma on convergence in distribution

(£>) of random elements; see, for example, [12], Theorem 4.2.

Lemma 8. Suppose that the space (X, d) is separable, and the X-valued random elements Y, and
Xy are defined on the same probability space with measure y. Let, for every k,

D
Xin —— Xk,
n—oo

and >
Xy — X.
k—o0
If, for every e > 0,
lim lim sup u{d(Xy,, Yn) > €} =0,

k—oo 300

then
Y, 25 X,
n—oo
Proof of Theorem 5. Let 01 f be a random variable defined on a certain probability space
with measure y, and uniformly distributed on [T, T + H]. Define the H"(D)-valued ran-
dom elements

XT,H,n = XT,H,TZ (S) = gn (S + iz%T,H)

and
Xr,n = Xru(s) = {(s +itg, ).

Moreover, denote by X, the H ’(D)-Valued random element having the distribution
Viu. Then, by Lemma 7,

D
Xn —— P 17)
and, by Lemma 6,
D
XT,H,n > Xn- (18)
T—o0

Now;, recall the metric in H'(D). Let {K; : | € N} C D be a sequence of embedded
compact subsets such that

D=JK,
I=1
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and every compact set K of D lies in a certain K;. For example, we can take K; closed
rectangles of D. Then,

Sy SUPsek, 181(s) — 82(s)

o)=Y 2
p(81,82) l; 1+ sup,cg, [81(5) — 82(5)|

, 81,8 € HD),

is a metric in H(D) inducing the topology of uniform convergence on compacta. Taking

B(gl’gz) = 1n'<1a<x P(gljngJ) Sk = (gkl,. --rgkr) S HV(D), k=1,2,
we obtain a metric in H"(D) inducing the product topology.

Now, return to Lemma 3. Taking u = n, we find by Lemma 3 that, for every compact
set K C D,

T+H
lim 11msup / sup |((s +ity) — Cn(s +ity)|dT = 0.
n—oo seK

This, and the definitions of the metrics p and p, imply
T+H "
hrrgohmsupH/ p(g(s +itt), ¢ (s +ity))dT = 0.

Hence, by the definitions of Xt f7, and Xt g, we find that, for every e > 0,

lim lim sup y{p(XT,H, X1 Hn) = S}

n—o0 T—o0

T+H
< lim limsup eH/ (g(s +itr), ¢, (s +ity)) dT = 0.

(e o]
1’[% T—00

The latter equality, together with relations (17) and (18), shows that all hypotheses
of Lemma 8 are satisfied by the random elements X,, X1y, and Xt . Therefore, we
obtain that

X —— P,
T—o0 =

and this relation is equivalent to the assertion of the theorem. [J

The weak convergence of probability measures has several equivalents; see, for exam-
ple, [12], Theorem 2.1.

Lemma 9. Let P and P,, n € N, be probability measures on (X, B(X)). Then, the following
statements are equivalent:
1° P, converges weakly to P as n — oo;
2° For every open set G C X,
liminf P,(G) > P(G);

n—oo

3° For every closed set F C X,

limsup P,(F) < P(F);

n—oo
4° For every continuity set A of P (A is a continuity set of P if P(0A) = 0, where 0 A is the

boundary of A),
lim P,(A) = P(A).

n—oo
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For A € B(H"(D)), define
1 !
Priu(A) = meas{T € [T,T+H]: ¢, (s+it}) € A}.
Theorem 6. Under hypotheses of Theorem 3, Pr g, converges weakly to Py as T — oo.

Proof. We preserve the notation of the proof of Theorem 5 for f7 i and Xt i and define
one more H"(D)-valued random element

X1 Hur = XrHur (8) = ¢, (s + ity ,)-

Lete > 0 and a closed set F C H"(D) be fixed, and F; = {g € H"(D) : p(g,F) < ¢},
where p(g, F) = infg] crp(g, 8 1). Then, the set F; is closed. Therefore, by Theorem 5 and 3°

of Lemma 9,
limsup u{Xrn € F:} < P;(F). (19)

T—o0 -

It is easily seen that

{X1Hur € F} C{Xrn € F}U{p(X1 1, X1,Hur) 2 €},
thus
WXt Hur € F} < u{Xrn € Fe} + u{p(Xr 1, X1 Hur) 2 €} (20)

An application of Lemma 3 yields

lim — p(g(s+ it%),guT(s +it7))dt = 0.

Hence,

. 1 T+H o .
Lim p{p(Xrm X1 Hur) 2 €} S 5 /T p(L(s +itr), g, (s+itr))dr = 0.

The latter equality and (19) and (20) imply

limsup pu{{ X1 Hu; € F} < P;(F),

T—o0 -

and if ¢ — 0,
lim sup V{{XT,H,uT S F} < PQ(F)’

T—o0

which, together with 3° of Lemma 9, proves the theorem. [

For A € B(H(D)), define
Pruo(A) = %meas{T € [T, T+H]: ®({(s+it2)) € A}.

Theorem 7. Under hypotheses of Theorem 4, Pr g o converges weakly to chp—l, Moreover, the
support of the measure P;®~ contains the closure of the set Hq, . q, (D).

Proof. Because Pr o = Pr, ®1, and the operator & is continuous, the first assertion of
the theorem follows from Theorem 5 and Lemma 5.

Let ¢ be an arbitrary element of the set ®(S"), and G an open neighborhood of g.
Because @ is continuous, ® ! G is an open neighborhood of a certain element of the set S.
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In view of Theorem 5, the set S” is the support of the measure Pé ; therefore, Pé(dD’lG) > 0.
Hence, P;®!(G) > 0. Moreover,

Pr@~H(D(S")) = Py (@' D(S)) = Py(S") = 1.
However, the support of PQ-CD’1 is a closed set, and we have that the support of PQ-CID’1

contains the closure of the set ®(S"). Because, by a hypotheses of theorem, ®(S") O
Ha,,...a, (D), we obtain that the support of PCCID_l contains the closure of Hy,,.. 4, (D). The
theorem is proved. [ N

4. Proofs of Approximation Theorems

The proofs of Theorems 2—4 are based on limit Theorems 5-7 and the Mergelyan
theorem on approximation of analytic functions by polynomials [13]. For convenience, we
state the latter theorem as the next lemma.

Lemma 10. Let K C C be a compact set with connected complement and g(s) a continuous
function on K and analytic in the interior of K. Then, for every e > 0, there exists a polynomial
p(s) such that

sup 1g(5) — p(s)] < e
seK
Proof of Theorem 2. For polynomials p1(s), ..., p,(s), define the set

Ge = {(gl,...,g,) € H'(D) : sup sup|g;(s) —e”f(s)’ < ;}

1<j<r seKj

Because, by Theorem 5, (ef1 ON epr(s)) is an element of the support of the measure
P;, we have

P;(Ge) > 0. (21)

Now, using Lemma 10, we choose the polynomials p1(s), ..., pr(s) such that

sup sup|g;i(s) — efi(®)

lg]g)’ SEK]'

&
2 7
and define the set

Ge = {(gl,...,gr) € H'(D) : sup sup|g;(s) — fi(s)| < 8}.

1<j<r seK

Then, we have G, C G.. Therefore, by (21), Pé(@g) > 0. Hence, by Theorem 5 and 2°
of Lemma 9, B
limianT/H(Gg) = Pg(Gg) > 0.
T—c0 z

This, and the definitions of Pr iy and @g, prove the first assertion of the theorem.
For the proof of the second assertion of the theorem, observe that the boundaries dG,,
and 0Gg, do not intersect for different positive €1 and e,. Therefore, Pg(BGS) > ( for at most

countably many ¢ > 0. Hence, the set G, is a continuity set of the measure P; for all but at
most countably many & > 0. Therefore, by Theorem 5 and 4° of Lemma 9, we have

~

lim Prp(Ge) = P;(Ge) >0
T—oo

for all but at most countably many ¢ > 0, and the definitions of Pr g and Ge yield the
second assertion of the theorem. [
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Proof of Theorem 3. We use Theorem 6 and repeat the proof of Theorem 2. [J

Proof of Theorem 4. The case k = 1. By Lemma 10, there exists a polynomial p(s) such that

sup|£(s) ~ p(s)] < 7. 22)

seK

Because f(s) # aj on K, also p(s) # ay (if € is small enough) on K. Therefore, by
Lemma 10 again, there exists a polynomial g(s) such that

sup|p(s) — a1 — el(®)

seK

<Z. (23)

The function g;(s) =% e1(®) 4+ a; # ay, thus g1(s) € Hy, (D). Therefore, in view of
Theorem 7, the function g1 (s) belongs to the support of the measure PQ-CI)’l. Hence,

P;® 1 (Gye) > 0, @)
where
€
Gie = {g € H(D) : sup|g(s) — g1(s)| < 2}'
seK
Let

seK

gw:{gefﬂD%Swﬂﬂﬂf@ﬂ<€}
Then, in virtue of (22) and (23), we have G, C G,. Therefore, by (24),

P, ® 1 (G,) > 0. (25)

This, Theorem 7 and 1° and 2° of Lemma 9 show that
lim inf Pr 1.0 (Ge) = P;® " (Ge).
T—o00 =

This and (25) prove the first assertion of the theorem.

As in the proof of Theorem 2, the set G; is a continuity set of the measure P;®~! for all
but at most countably many & > 0. Therefore, by Theorem 7, 1° and 4° of Lemma 9 and
(25), we have the limit

lim PT,H,.;p(gg) = P§®_1(Gg)
T—o0 z

exists and is positive for all but at most countably many ¢ > 0. This gives the second
assertion of the theorem.

The case k > 2. Because f(s) € Hg,,...q, (D), by Theorem 7, f(s) is an element of the
support of the measure P;®~!. Thus, inequality (25) is valid, and it remains to repeat the
above arguments of the case k = 1 for the set G.. [

5. Conclusions

The Gram function t;, T > 0, is defined as a solution of the equation 6(t) = (7t — 1),
T > 0, where 6(t) is the increment of the argument of the function 717°/2T (s /2) along the
segment connecting the points s = 1/2 and s = 1/2 + it. In the paper, the approximation
theorems of a collection of analytic functions by shifts ({(s + it7'),...,{(s +ity)) of the
Riemann zeta-function, where a1, . . ., a, are different positive numbers, are obtained. It is
proved that the set of those shifts has a positive density in the intervals [T, T + H| with
H = 0(T) as T — oo. This shows that this set is infinite. A similar result is obtained for
an absolutely convergent Dirichlet series ;. (s), where ur — co as T — co. Moreover, the
approximation of the analytic functions by a composition ®({(s + it7!),...,{(s +it7")),
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where ® : H"(D) — H(D) is a certain continuous operator, is obtained. The case of short
intervals is one of the ways of effectivization of universality theorems for zeta-functions.

All the theorems of the paper are results of pure mathematics, more precisely, contri-
butions to the theory of the Riemann zeta-function. On the other hand, they are a starting
point for the development of some of the problems of the theory of (s). One of the classical
problems of {(s) is related to the value denseness of {(s). Let 1/2 < ¢ < 1 be fixed. By the
Bohr—Courant theorem [14], the set

{Z(c+it) : t € R}

is dense in C. Voronin proved [15] a more general result on the denseness in CN of the set
{g(a it), (o +it), ..., N V(e +it): te ]R}.

The theorems of the paper allow to consider the denseness of more complicated sets,
for example, of the set

{(g(a+ i, ¢ (o +it), ..., e ™MD (o4 i), .,
Lo +itv), I (o +it*r),...,¢ N D (g + it?)) Te€ R}

in CNit*+Nr Ny e N, j=1,...,r

The second problem connected to the results of the paper is the independence of the
function {(s). This problem was mentioned in the description of the 18th Hilbert problem
presented during the ICM of 1900. A. Ostrowski proved [16] the algebraic-differential
independence of { (s) Voronin obtained [17] the functional independence of { (s), i.e., he
proved that if Fy, Fy, ..., Fy : CN — C are continuous functions, and the equality

Ifsla (¢, 76)-..4¥ V() =0
=0

holds identically for s € C, then F; = 0 for I =0, 1,...,m. We have a conjecture that the
results of the paper can extend the latter Voronin theorem, including its joint version.

Finally, at it was mentioned in the introduction, the universality theorems for {(s)
are closely connected to the Riemann hypothesis (RH) which is one of the seven most
important Millenium problems of mathematics. Therefore, the development of various
types of universality, maybe, leads to the proof or disproof of RH.

The theorems of the paper also have some practical application aspects connected to
the estimation of complicated analytic functions. If «; is sufficiently large, then H can be
small enough. Thus, the approximation value 7 lies in a very short interval, and we can
estimate f;(s) by using the inequality

sup|fi(s)| < SUP]C(sHt?)\ +e,
SEK]' SGK]'

and the known estimates and continuity for {(s). For example, this can be applied for the
estimation of multiple integrals over analytic curves in quantum mechanics, as it was done
in a one-dimensional case in [18]. In general, universality theorems for {(s) can be applied
in all fields of mathematics that use estimates of analytic functions.

Moreover, universality theorems can be used [19] in quantum mechanics for the
description of the behaviour of particles.

We note that in the applications, discrete versions of universality theorems are more
convenient. Therefore, our next paper will be devoted to a more complicated discrete
generalization of the theorems of the paper.
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