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1. Introduction

In the development of the Geometric Function Theory of Complex Analysis, the g-
derivative is an important research tool. The application of g-calculus was first considered
by Jackson (see [1-4]). Recently, many scholars have defined new subclasses of analytic func-
tions by combining the g-derivative operator with the principle of differential subordination
and studied their geometric properties (see [5-15]). In this article, we investigate two new
subclasses 174 [A,B, A, B] and IL[¢, A, B] of the class of g-starlike functions and bi-univalent
functions associated with the g-derivative operator and the Legendre polynomials. For
each of these subclasses, we obtain certain coefficient estimates and Fekete-Szego-type
inequalities. The results obtained in this article are also shown to extend and generalize
those in some earlier works. For motivation and incentive for further researches, the
reader’s attention is drawn toward some of the related recent developments in [12,16-19]
dealing with the coefficient inequalities and coefficient estimates of various subclasses
of analytic, univalent, and bi-univalent functions involving the second, third, and fourth
Hankel determinants and the Fekete-Szego functional.

Let A be the class of analytic functions in the open unit disk

U={z:2€C and |z| <1},
which have the following normalized form:
fz)=z+ Y a.z". 1)
n=2

Also, let S C A be the class of functions that are univalent in U. Obviously, each function
f € Shasaninverse f !, so that

fHf@) =2z (z€U)
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and

)

g(w) := fH(w) = w— ayw?* + (23 — a3)w> — (545 — 5a2a3 + ag)w* + - - - . ()

N

FUFw) = w OM<mUﬁMﬁ2

where

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. We denote this class using X. We remark that the study of the normalized class ¥ of
analytic and bi-univalent functions in U was revived in recent years by a pioneering article
on the subject by Srivastava et al. [20], which has flooded the literature on the Geometric
Function Theory of Complex Analysis with a large number of sequels to [20].

For a function f € A, given by (1), and a function g € A, given by

g(z) =z+4+ ) byz" (z€U),
n=2
the Hadamard product (or convolution) of f and g is defined by

(fxg)(z):=z+ ianbnz” =:(g*f)(z) (z € V).

n=2

Let P be the class of Carathéodory functions / that are analytic in U and that satisfy
h(z) =14 ) cuz"
n=1
and

R(h(z)) >0 (zeU).

For two analytic functions f and g, we say that f is subordinate to g and it is written
as f < gor f(z) < g(z), if there is a Schwarz function w such that f(z) = g(w(z)). Further,
if g is univalent in U, then

f=<g+ f(0)=¢(0) and f(U)C g(U).

Let g € (0,1) and define the g-number [A]; as follows:

(AeC)
[)\]q =

n-1
1+ Y g (A=mneN).
j=1

Especially, we note that [0], = 0.
Let g € (0,1) and define the g-factorial [n],! by



Axioms 2022, 11, 595

30f13

Let r € Ng = NU {0}. Define [r];» by

1 (n=0)
[r]q/” = r+n—1
kl;[r (k] (n € N).

Now, we recall here the g-derivative (or the g-difference) operator D; (0 < g < 1) ofa
function f € A as follows:

£(z) - f(g2)

fle)=flaz) )
(Dyf)(z) =4 1797 )

£(0) (z=0),

where f/(0) exists. Also, we write

(D f)(z) = (Dg(Dgf)) (2)-

The Legendre polynomials Py (x) are the particular solutions to the Legendre differen-
tial equation:
(1—x2)y" —2xy +n(n+1)y=0  (neNy).

The Legendre polynomials P, (x) are defined by

R
21l dxn

Py (x) (¥ -1)"  (n€Ny) €)

for arbitrary real or complex values of the variable x. The Legendre polynomials P, (x) are
generated by (see, for details, [21])

(e )
(1—2xt+£)"7 =Y Py(x)t",
n=0

where (1 — 2xt + tz)’% is taken to be 1 when t — 0. The first few Legendre polynomials
are given by

Po(x) =1, Py(x) = x, Pa(x) = %(3x2 ~1) and Py(x) = %(Sx?’ —3x).

The function ¢(z) given by

1—2z
P = A reosai @)

belongs to the class P for every real number « (see [22]). By using (3), it is easy to see that

p(z) =1+ i [Py(cosa) — Py_q(cosa)|z" =1+ i I, 2",

n=1 n=1

where
Iy = Py(cosa) — P, _q(cosa).

We also note that
1
Ii=cosa—1 and I, = E(Coszx —1)(1+3cosua).

For more details, one can see the earlier work [23].
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For f € A, the g-Ruscheweyh operator R, ) is defined as follows (see [24]):
Ryaf(z) = f(z) ¥ Fpaqa(z) (z€U; A > 1),
where T
+ 1
Fiaa(z —Z+Z n_lqn z"
Let f € A. The g-integral operator Rt; ) is defined by (see [5] and [25])
R} (2) * Rya(2) = 2(Dyf(2)-
Further, we have
Rq_)ll(z) =z+ 2 P,—12",
n=2
where ]!
nlg!
Yn1= o (122) 5)

[/\ + 1]q,n—1

When g — 11, the g-integral operator Rq_i reduces to an integral operator studied
by Noor [26].
For f € A, the g-integral operator I‘;‘ is defined by (see [5])

Iqu(z):f( )*R —Z—i—Zl[Jn 1a,2", (6)
where ,,_; is given by (5). Clearly, one can see that

10f(z) =2(Dgf(2)) and Lif(z) = f(2).

Next, we will define the analytic function class IZ‘ [A, B, A, B] and the bi-univalent
function class I} [¢, A, B].

Definition 1. Let A > -1, -1 < B < A< 1,and 0 < B < 1. A function f € Ais said to be in
the class I [A, B, A, B if

2(DIf)(z) + B2A(DYINF)(2) 14 Az

. (ze ), @
(1=P)I3f(z) + pa(Dgljf)(z) 1+ Bz
or equivalently,
Dali )@ HEOPNE)
(1-p)17 F(2)+-Bz(Dqg 17 ) (2) <1. ®)

4 _ pZDaliN@ 2D ) ()
(=B) 17 f(2) +P=(Dy T} /) (2)

Remark 1. (i) For A = 1and p = 0, we have
I%[A,B,1,0] = S;[A, B],

where the class S; [A, B] was introduced by Srivastava et al. [27].
(ii) ForA=1,B=0andq— 17, we get

lim 1% [A,B,1,0] = S*[A, B,
qg{LA[ | = S*[A, B]

where the class S*[A, B] was considered by Janowski [28].
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(iti) For A=1-2a (0 < a < 1)and B = —1, the class S*[A, B] reduces to the class S* (),
which was studied by Silverman [29].

Definition 2. Let A > —1and 0 < B < 1. A function f € % is said to be in the class I [¢, A, B] if

2(DgI} f)(2)+B2(D 1) ) (2)
P p0hE P

w(Dy13) () + 2 (Dy 1} 9) (w) ?
=P poi i~ )
where the functions g and ¢ are given by (2) and (4), respectively.
To derive our main results, we need the following lemmas.
Lemma 1 (see [30]). Let ¢(z) = 1+ wz + wpz? + -+ € P. Then,
—4v+2 (v<0)
wy —vw?| £4{ 2 (0Sv<=sd) (10)
4v -2 (v>1).

Lemma 2 (see [13]). Let

M(z) =14 ) Cuz" < H(z) =1+ ) _ dnz2".
n=1

n=1

If H(z) is univalent in U and H(U) is convex, then
Cul = Jdi|  (n €N).
Lemma 3 (see [31]). Ifp(z) =1+ Yo cuz" € P, then
lenl £2 (n€N).

2. Main Results

In this section, we derive certain coefficient estimates and the Fekete-Szego-type
inequalities for functions in the classes 174 [A,B, A, B] and Ig [¢, A, B], which are defined
above (see Definition 1 and Definition 2). Many special cases and consequences of our main
findings are pointed out.

Theorem 1. Let a function f € IZl [A, B, A, B] be of the form given by (1). Then,

|a’ A—B
=LA ) B
@ 8) + Bl {ibl_ i;[]l_}b PPl (A=B) 5y ay

where ,,_1 is given by (5).

Proof. For f € 174[A, B, A, B], we have

_ (DN +FADPNE) 1+ 4z
(1- B f(z) + Bz(Dylif)(z) ~ 1+Bz

(z e ), (12)
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where
1+ AZ = n n+1 _ . . . 2
T ;A B)( =14 (A—B)z—B(A—B)22 +
Since v(z) = 14 Y, V2", we get from Lemma 2 that
vyl £A—B (neN). (13)
From (12), we have
2)
2Dy I3 f)(2) + B 1) (2) = v(2)[(1 = B f(2) + B2 (D £(2))]
which shows that
Z (14 Bln —1]glantp, 12"
= (1 + 2 vnz”> (z—i— Z —D]anpy_1z > (14)
n=1
Comparing the coefficients of z"* on both sides of the equation (14), we get
n—1
[ —1]4lq(1 = B) + Blnlglantpn—1 = ) [1+ B[l — D]arpr—1vu—y,
I=1

where a1 =1, v; = 1 and ¢y = 1. The above equation gives

Lt Y1+ Bl - Dl
n—1]g[q(1 = B) + BnlglYn—1 5 q 111

|al’l| g [

Thus, we get

] £ 20
(q+ B
|ll3|< A—B _(‘7+,3)+(1+,517)(A—B).
~ (q(1=p) +BBly)¢2 2la(q+B)
|a4|< A—B .<(q+18)+(1+,8Q)(A_B))
= (q(1—=pB) + B4y s 2l4(9+B)
_ <[2]q q(1—B) + BB} + (1 - B) +ﬁ[3]q)<A—B>>,
[3lq ’
A—B

ol S G B) Bl
1 {q(1 = B) + Bl — g + {(1— ) + Blily} (A B)
11 @B+ Bl g |

This proves Theorem 1. [

For A = 1 and B = 0 in Theorem 1, we obtain a result of the class S; [A, B], which was
considered by Srivastava et al. [27].
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Corollary 1. Let a function f € Sj[A, B] be of the form given by (1). Then,

-1 . _
Hq[f 1]2;1q(A B) (n>2).

11’1
lan| = —
93

Theorem 2. Let a function f € IL[p, A, ] be given by (1). Then,

|cosa — 1]

(q+B)y”
|az| < min ' V2| cosa — 1 (15)

V120214l + B(a? +1)](cosa — 1) — g+ B)[2(1 + ) (cosa — 1) + (g + B)(3cosa — 1)]y3]

and
|cosa — 1|2 |cosa — 1]
3] Smind (74 Py [2lgla+ Bl + Do (16)
| cosa—1| 2(cosx—1)?

214 [g+B(*+1)]y2 + {20214+ B>+ 1)) (cos a—1)¢p2—(q+B) [2(1+pq) (cos a—1)+(q+p) (3cos a—1)[y7 }|”

Proof. From (9), we know that there are two Schwarz functions u(z) and v(w), such that

2(DyI2f) (2) + B2(DY 1)) (2)

(1= B} f(z) + Bz(Dyl} f(2)) = ¢(u(z)) 17)

and
w(DyI}g)(w) + pw?(DY 1}g) (w)

(1= B)Ij8(w) + Bw(DyIj g (w))

Now we define the functions s(z) and t(w) by

= ¢(v(w)). (18)

1+u(z) 2
s(z)—l_u(z)—1+S1Z+522 +---€P
and 1 (w)
_+vlw) 2, ...
t(w)_l—v(w)_1+tlz+tzz +---€P.
Since I 00
#(z2) =1+ L. [Palcosa) — Py (cosa)le" = 1+ ) b,
n=1 n=1
we get

2
p(12) =1+ Pzt [ (s~ F) + ] 2

2
51

(19)
p(v(w)) =1+ htw+ [;_ll (tz - 2) + }letﬂ w -

Using the Taylor series formula, we have
2
2(Dg13f)(2) + B2 (D 1) (2)

(1= B3 f(z) + pz(Dgl} f(2))
+{[9(g+1) + (@ + V)[2Bl¢2a3 — (1+ Bg)(q + B)yaz} 2> + - --

=1+ (9+B)¢razz
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and

w(Dylys) () + pw* (D hg)(w) -
(= B)gw) + po(Dyg(w)) | TR

+{[g(a+1) + (4" + 1)[2)Blw2(205 — as) — (1 + Bq) (9 + B)yia3}w” + - - .

Comparing the left-side and right-side coefficients of (17) and (18), we obtain

1
(q+B)praz = 51151,

2
2]4[q + B(q* + 1)]2a3 — (1 + Bq)(q + B)¢ias = %11 <Sz - 521> + %lzs ,

—(q+B)praz = %lltl

and

2
247+ B(q* + 1)]y2(2a3 — a3) — (1 + Ba)(q + B)yia3 = %11 (tz - 2) + ilzt%-

From (20) and (22), we have

iy = hst _ —hh
20+ B)yr 2(q+B)n
Thus, we find that
s1=—h
and

8(q + B)*yia; = K (s + 17).
Using Lemma 3, we find from (24) that

|cosa — 1]
(@+B)yg1
Now from (21), (23), (24), and (25), we have

laz| <

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

4{[2llg + B(a® + D]z — (q+ B)[(1+ Ba); + (q+ B) (2 — )97 a3 = [} (s2 + 1),

Since ,
I =cosa—1 and I,= E(cosoc —1)(1+3cosa),

we obtain

B(sy+tp)

2 _
=T 2L g+ B+ DIEg2 — (1+ B+ OB + (g + B) (1 — )]yl}
- (cosa —1)%(sy + o)
2{2[2]4[q + B(g> + D](cosa — 1)ip2 — (g + B)[2(1+ pg) (cosa — 1) + (7 + B) (3cosa — 1) J¢f}
Applying Lemma 3 to the coefficients s, and t;, we have
0] < V2| cosa — 1]

" /120204l + B(a? + 1)) (cosa — 1)y — (g + B)2(1 + Bg)(cosa — 1) + (g + ) (Beosa — 1)]y?|

(28)
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By subtracting (23) from (21), we have

2121419+ B(g* +1)](a3 — a3) o = %11(52 —t2) + 31(12 —h)(s1 — 8). (29)

From (24), (25), and (29), we obtain

2 l1(s2 — 1)
B0 L+ B+ Dl 0)

Now taking the modulus of (30) and using Lemma 3, we get

I
o ) . 31
las| = lo2l"+ e B D .

Further, by using (27) and (31), we find

12 I
< 1
= G g T Rl A DI
~ |cosa —1] |cosa —1|

(q+ B2y [2lglg+B(a* + D]y

Also, using (26) and (31), we derive

lh
[2]4lq + B(g* + 1)]¢2
|cosa — 1]

T 2lgla + B + 1)y

jas| < [a3] +

N 2(cosa —1)?
{2[2]4lg + B(g* + 1) (cos — 1)¢p2 — (7 + B)[2(1 + Bq)(cosa — 1) + (g + B) (Bcos — 1|7 }|

This completes the proof of Theorem 2. []

Theorem 3. Let a function f € 1%[A, B, A, B] be of the form given by (1). Then,

A—B
(rolg+ @y, =)
—ua? < A—B
laz — pay| = T (n=usom)
TR A @) (n>02),

where y is real and

(q+B)[(1+Bg)(A—B) — (q+ B)BlpT — u(1+q)lg + (4° + 1)B](A — B)lliz,

M= 4+ P74
@RI B) (g + BB+ DI
1 (T+a)la + (@ + DFI(A — B)y>
d
" o @ BIO+ED)(A—B) 0+ B -1y}

(14+9)[q+ (¢> +1)BI(A - B)y
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Proof. Let f € I,[A, B, A, B]. Using the Taylor series formula, we have

2(DyI2f) (2) + B2(DY 1) ) (2)
(1-B)I3f(2) + pz(Dy I} f (2))
+{[g(g +1) + (* + 1)[2]gBly2as — (1 + Bg)(q + B)piad}z® +---.  (32)

From (7), we know that there exists a Schwarz function & such that

=1+ (9+B)¢1azz

2(DgI} f)(2) + B2(DP 1} ) (2) 1+ Ah(z)
(1= B} f(z) + Bz(DyI} f(2)) 1+ Bh(z)’

We now define a function w € P by

_ 14h(z2)

pr— 2 .
w(z)*l_h(z)fl‘f'ZU]Z'f'ZUzZ + .
This implies that
_wE)-1_ .1 1, 1 o\2,
h(z) w1 1+ 2wlz—|— (sz 4w1>z o
Also, we have
1+ Ah(z) | 1 1 1 2],
Therefore, we obtain
— (_A=B
ar = EZ(‘I*ﬁ)‘IE‘) Z;]l’ ) 146 (34)
_ - 1 _ (148 _ 2
% = (srrgipromm ) {2 = 3B+ - (55 (4 - B)]ui}.

Now, we can find that

B A—B 1 1+ Bg
% = 12l = S D @ DA {w2‘2[(3+1>‘<q+ﬁ >(A‘B)}“’%}
_ (A-B)? @2
Fag+pg2™
A—B 1
LTI IRy {“’2‘2““”
_((1+ﬁq)(q+ﬁ)¢%+u(1+q)[q+(q2+1)ﬁ]lpz>(A_B)]wz}|
(7 +B)%y? !
A—B
= 2(1+q)[q+(q2+1)ﬁ]¢2|{w2—kl(Q)w%Hr (35)
where

(q+B)(g+B)(B4+1) — (1+ Bg)(A—B)|pi +u(1+9)[g+ (4> +1)B](A— By,
2(q+ B)2y3 '

Applying Lemma 1 in (35), we get the desired results. The proof of Theorem 3 is com-
pleted. O

ki(q) =

ForA =1, =0,and g — 1, we get a result of the class S*[A, B] that was considered
by Janowski [28].
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Corollary 2. Let a function f € S*[A, B] be of the form given by (1). Then,

(fF)a-2-pa-5]  (n<Gs)
A—-B A—-2B—-1 A—-2B+1
o gl < § A8 (G =v< 5w )
(B3 A= -ua-pn  (n> 5200
Theorem 4. Let a function f € I%[¢, A, B] be of the form given by (1). Then,
| cosa — 1] | cos a—1]
2,0+ B+ Do (02 10| = i)
a3 — pa3| < ‘ |
cos o —
A <MW”24P]M+Mf+4H%)'
q

where y is real and

(1—p)(cosa —1)2

") = Sl T B + Dl(cosa— Uga— (g + BR( 1 pa)lcosa— 1)+ (4 + p)Beosa— g2 O
Proof. From (30), we have
2 = (1— a2 l1(s2 — t2)
1 = 0 P g )
Using (28) and (37), we get
_ (cosa—1)(s2 —t2)
% =M = g+ B+ D
4 (1—p)(cosa —1)(s2 + t)
2{2[2]4[q + B(g% + 1)](cosa — )92 — (9 + B)[2(1 + Bq)(cosa — 1) + (9 + B) (Bcosa — 1)]¢p7}
cosa — 1 cosa — 1
= (10 + g e o) (0 qg s o) ©8)

where h() is given by (36).
Taking the modulus of each side in (38), we get

|cosa — 1] < - lcosa1]
n— | < | Pola+ B F Dl (0= In(w) = sttt
3 7 pig| =
a—1
4kw)| (1)) 2 sstsos )

This proves Theorem 4. [J

3. Conclusions

In our present investigation, we have used the g-derivative (or the g-difference) op-
erator Dy, as well as the Legendre polynomials P,(x) to introduce and study two new
subclasses of the class of g-starlike functions and the class of analytic and bi-univalent
functions. For each of these subclasses, we have derived a number of coefficient estimates
and Fekete-Szego-type inequalities. The results derived in this article are also shown to
extend and generalize those in some earlier works. For motivation and incentive for further
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research, the reader’s attention is drawn toward some of the related recent developments
in [16-19] dealing with the coefficient inequalities and coefficient estimates of various
subclasses of analytic, univalent, and bi-univalent functions involving the second, third,
and fourth Hankel determinants, and the Fekete-Szego functional.

In concluding this article, we choose to discourage the current trend of some amateurish-
type publications in which there are falsely-claimed “generalizations" of known g-theory
and known g-results by forcing-in an obviously superfluous (or redundant) parameter
p. In this connection, the reader should refer to [32] (p. 340) and [33] (pp. 1511-1512)
for a detailed exposition and demonstration, where it is stated clearly that the current
trend of trivially and inconsequentially translating known g-results into the corresponding
(p, q)-results leads to no more than a straightforward and shallow publication involving an
additional forced-in parameter p that is obviously redundant (or superfluous).
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