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1. Introduction

In the last two decades, under the influence of some applications revealed in [1],
there was a vast boom of research of the so-called variable exponent spaces, and the
operator in them. For the time being, the theory of such variable exponent Lebesgue, Orlicz,
Lorentz and Sobolev function spaces is widely developed, and we refer to the books [2,3]
and the surveying papers [4-7]. Herz spaces with variable exponents have been recently
introduced in [8-10]. In [11], variable parameters were used to define continual Herz spaces,
and proved the boundedness of sublinear operators in these spaces. The boundedness
of other operators such as Riesz potential operator and the Marcinkiewicz integrals was
proved in [12,13].

The concept of Morrey spaces LP* was introduced by C. Morrey in 1938 (see [14])
in order to study regularity questions that appear in the calculus of variations. They
describe local regularity more precisely than Lebesgue spaces and are widely used not just
in harmonic analysis, but also in PDEs. Meskhi introduced the idea of grand Morrey spaces
L") and derived the boundedness of a class of integral operators (Hardy-Littlewood
maximal functions, Calder6n-Zygmund singular integrals and potentials) in these spaces,
see ([15]). Moreover, Izuki [16] defined the Herz—Morrey spaces with a variable exponent

and investigated the boundedness of fractional integrals on these spaces.

In [17], the idea of grand variable Herz spaces Kf;i.)) ’G(R”) was introduced and proved

p)o

the boundedness of sublinear operators KZ() (R™). Motivated by the concept, in this article,

we introduce the concept of grand Herz—Morrey spaces, and prove the boundedness of
the Riesz potential operator on grand Herz-Morrey spaces with variable exponents. There
are four sections in this article; the first section is dedicated to the introduction, the second
section contains some basic definitions and lemmas, we introduce the concept of grand
Herz-Morrey spaces in part three, and the boundedness of the Riesz potential operator on
grand variable Herz-Morrey spaces is proved in the last section.
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2. Preliminaries
For this section, we refer to [2,3,9,10,18].

2.1. Lebesgue Space with Variable Exponent

Assume that G C R" is an open set and p(+) : G — [1,00) is a real-valued measurable
function. Let the following condition hold:

1<p-(G) < p+(G) < oo, )

where
i _ = inf
@M p ess Inf r(g)

(i) p+ :=esssup p(g).
g€G

Lebesgue space LP()(G) is the space of measurable functions f; on G such that,

oo (R) = [ 1ARIP©dg <o,
G
norm is defined as,
HleLp(-)(G) =essinf¢y>0: ILP(') ? <1,

this is the Banach function space, p'(g) = ; (pg()gzl denotes the conjugate exponent of p(g).

Next, we will define the space Lfo(c') (G) as,

loc

LP(')(G) = {K : k € LPU)(K) for all compact subsets K C G}.

Now to define the log-condition,

C 1
n(z1) —1(22)| < L |z1 — 25| < 3 2R €6, 2)

—In|zy — 2o

where C = C(#) > 0is not dependent on z1, zp.
For the decay condition: let 77, € (1,0), such that

C
S - — 5
|77(Zl) Ul ‘ = 11’1(€+|Zl|) ( )
C 1
— < — < =
7(z1) — 10| < 1r1|21|,IZ1| <5 4)

inequality (4) holds for 779 € (1, 00) in case of homogenous Herz spaces. We adopted the
following notations in this paper:

(i) The Hardy-Littlewood maximal operator M for f € L. (G) is defined as

loc

Mf(g):=supt ™ [ If(@)ldg (3¢€C),
t>0 D(gr)

where D(g,t) :={y € G:|g—y| < t}.

(i) The set P(G) is the collection of all p(-) satisfying p— > 1 and p4 < co.

(iii) P98 = Plo8(G) is the class of functions p € P(G) satisfying (1) and (2).

(iv) When G is unbounded, P (G) and Py« (G) are the subsets of P(G) and its values
lies in [1, c0) satisfying (3) and (4), respectively.



Axioms 2022, 11, 583

3of 14

(v) Inthe case G is bounded, P« (G) and Py« (G) are the subsets of P(G).
(vi) Inthecase Sis unbounded, Pw(S) are the subsets of exponents in L*(S) and its values

lies in [1, co], which satisfy both conditions (2) and (3), respectively, and Pigg(S ) is the
set of exponents p € P (S), satisfying condition (1).

C is a constant that is independent of the main parameters involved, and its value
varies from line to line.

Lemma 1 ([11]). Let D > 1and € Pyeo(R™). Then,

1 n_
T < g Iy < Kot for0 < 1 <1 ®
and ,
EMTO < HXRz,Dt ”r]() < koot fort > 1, (6)

respectively, where kg > 1 and koo > 1 depend on D and do not depend on t.

Lemma 2 (Generalized Holder’s inequality [2]). Assume that G is a measurable subset of R",
and1 < p_(G) < p4+(G) < 0. Then,

HngU(‘)(G) < CHfHLp(‘)(G)||gHm(l)(G)

holds, where f € LP()(G), ¢ € L10)(G) and r(lT) = ﬁ + q(lfz)for every z € G.

2.2. Herz Spaces with Variable Exponent
We adopted the following notations in this subsection:

(@ Xk = xRy
(b) Ry = D\ Di_q;

() Dy=D(0,2F) = {x e R" : |x| < 2k} forall k € Z.

Definition 1. Let r,s € [1,00), a € R, the classical versions of Herz spaces, commonly known as
non-homogenous and homogenous Herz spaces, can be defined by the norms,

I8l ey = gl + 9 2| [ Is@ldz| ¢, )
keN Rzk—l/zk
sy L
I8lls,n =3 2| [ ls@raz| ¢ ®
keZ R,
21(71/2](

respectively, where Ry stands for the annulus Ry := D(0,T)\D(0, t).

Definition 2. Let 7 € [1,00), & € Rand s(-) € P(R"). The homogenous Herz space K;x()(Rn)
is defined by
K?(r) (R") = {g € LU0 (R"\ {0}) : |]g\|K§c(,f>(Rn) < oo}, )

where !
H

k=00
I8lker ey = < )3 ||2k“g?(k||rs(.>> :
k=—o0



Axioms 2022, 11, 583

4 of 14

Definition 3. Let r € [1,00), « € Rand s(-) € P(R"). The non-homogenous Herz space

K:‘(’) (R™) is defined by

Ky (RY) = {8 € LR\ {0}) : I les ey < 00}, (10)

where

k=co
I8l ey = ( )3 ||2k“8)(k|25<.>> + 118l =0 (p(0,1))-

k=—c0

2.3. Herz—Morrey Spaces
Next, we define Herz-Morrey spaces with variable exponent.

Definition 4. Leta € R, 0 < A < 00,0 < r < coand s(-) € P(R"). A Herz—Morrey spaces

with variable exponent MKf/S\(.) (R™) is defined by,

MK (R = {g € LR 100): gl o) < .

where )
¥

ko
I8her ey = sup 2 (X0 2 gl (RY)
() koEZ k=—00

2.4. Grand Lebesgue Sequence Space

Now, we will define the grand Lebesgue sequence space. G is representing one of the
sets No, Z", N, Z in the following definitions (see [19]).

Definition 5. Let € [1,00) and 6 > 0. The grand Lebesgue sequence space 1'% can be defined by
the norm

||{xk}keGH1r)9(G) :Hx||lr)9(([;,)

r(149) 0
‘= sup 59 Z |xk‘7’(1+5) = sup 5 r(1+9) ||x||lr(1+5)9(G)’
6>0 kex 9>0

where x = {xy }xei- The following nesting properties hold:
17(17(5) SN (PN lr),91 SN lr),Gz N lr(1+15) (11)
foro0<s<16>0and0<6; <6,

3. Grand Variable Herz—Motrrey Spaces
Grand variable Herz-Morrey spaces are introduced in this section.

Definition 6. Let a(-) € L*(R"), r € [1,00),5: R" — [1,00),0 > 0,0 < A < co. We define
the homogeneous grand variable Herz—Morrey spaces can be defined by the norm:

MESDO @) = {g € LUEN (D) Iglyoiiogen) <)

where

r(149)
1+r$
1811 110 gy = Sup sup 27 K0 [ 8 37 2KeCIr(150) g | 1I0) :
MK, SO RS0 ke k;z
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For A = 0, the grand Herz—Morrey spaces become grand Herz spaces.

Non-homogeneous grand variable Herz-Morrey spaces can be defined in a similar way.

=

Theorem 1. If 0 < r; < 00,1 < g < g4 < oo, a(-) € L®(R"), i = 1,2, 1 = 1.1
1= q(lf) + q’lﬁ A=A+ Ayand a(-) = a(-)1(-) + az(-). Then

HfgII < AN parmo 18N canrre-
)8 MK ()1 MKA,%/(_)2

Proof. We have

1
r(1+6)

—koA 0 koe(+)r(146) r(146)
F8I e, =Supsup 27 (5 Y 2k 7 )
Al

®") 550 ky€Z kez

ok+1 (1+0)\ r(1+d)
— Sup sup 2—](0)\ 59 Z 2k0¢(')7’(1+(5> (/k |fg|> ,
650 ko€Z keZ 2

by using Holder’s inequality

1

r(146)

1+(5 l+(5

<Caupsup2- koA(a@zzw D) g ) g )
0>0 ko€Z keZ

1

r(140)
_ 1+5 1+5
—=Csup sup 270 57 Y 2K H0) | o 1) gy 115 )

6>0 ko€Z ( keZ
1
B r(146) _ r(146) | 70+9
~Csup sup 2 W( E (2O flo) (2O lgxlle0) )
0>0 ko€Z keZ
1
B r(149) ) r(1+6) | 7(+9)
<Csup sup 2 koA <59 2ka1 ”f?(k”m Rn) (zk@()”ngHLq’(-)) ) ’
0>0 ko€Z

by using generalized Holder’s inequality

- " (1_'_(5) (1+§)
<Csup sup 2~ ko ((59 ) (Zk'xl £kl pac ) )
6>0 ko€Z keZ

1
_ . 72(1+5) W

6>0 ko€Z keZ
=C L (- (- .
[ 1 et
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4. Boundedness of the Riesz Potential Operator

Now Riesz potential operator can be defined as

gt
I"f(z1) = / \Zl—Zzln ~d (12)
. .. _ oy 2 T(y/2)
with the normalizing constant #7,,(y) = 2772 (TR

Whenever 741 (z1) < n, we can define the Sobolev conjugate of g1 by the usual relation

1 1 0%
= - —, I~ ]Rn 13
n@)  n@)  nd (13)

The well-known Sobolev theorem was extended to variable exponents in [20] for
bounded sets in R” under the assumption that the maximal operator is bounded in LP(") (Q));
for unbounded sets, proved in [21], the Sobolev theorem runs as follows.

Theorem 2. Let s, € Poe (R") and ys| <n
117815,y < ClIgllsy -

Theorem 3. Let 1 < r < oo, a(-),q(-) € PIOg(R”) q1 is sobolev conjugate defined by the
relation (13) such that

(i) 7—ﬁ<a(0)<%;

T

oo
Suppose that Riesz potential operator 17 is bounded on Lebesgue spaces and satisfies the size
condition (12). Then, 17 from MKZ&?{)’Q(R”) to MK:Z(&?;)’G (R™).

Proof. Let f € MKZZ(&?SP)’G(R”), and f(z1) = L2 f(z1)xi(z1) = 22 _ fi(z1), we have

r(1+6)
1+5)
ITYFIl sty = Sup sup 2 K04 (8 3~ pkaOIr40) 5 "

MK ®Y 50 ke kg L720) (R)

1
r(1+9)
- 144
< sup sup 2~ ko ((59 Y 2kw()r(1+9) ( Y a7 f( XI)HYL(Q;) ))

0>0 ko€Z keZ |=—00
_1

r(1+9) (149)
< sup sup 2 koA [ 50 Z 2ka(:)r(1+9) Z | xeI” le)Hqu ) (R")
0>0 ko€Z kEZ |=—00

6>0 ko€Z keZ

k1 r(149)
+sup sup 2~ koA | 9 2 2ke()r(1+9) < 2 ||Xk17(le)|qu<~)(Rn)>
I=k—-1

r(146)
HXkry le Hmz Rn))

6>0 ko€Z keZ

+ sup Sup 2~ koA (59 Z zka 1+()
I=k+2

=E+E,+Es.
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As operator I7 is bounded on the Lebesgue space L%2()(R") so for Ey,

k1 (146)\ (1+9)
E; < sup sup 2 koA | 40 Z 2ka()r(1+9) 2 117 (fx1) ||qu<~>(th)
6>0 ko€Z keZ I=k-1
» (146)\ 75
< sup sup 2 ko | 59 ) 2k ()r(1+9) Z 117 (fxi) ||mz )(Rm)
6>0 ko€Z k=—o0 =k—
) k+1 (1+9) “117“5)
+sup sup 2F0t [ 57 Y 2ke()r(1+2) 117 (fx) ||qu(->(Rn)
6>0 ko€Z k=0 I=k—-1
= Ep1 + Ep.

By using the fact 2k¢(21) = 2k«(0) k <0, z; € Ry implies that
sza(')f)(k”qu(-)(Rn) = 2k(0) ”kaHUil(')(Rn)/

1 =

ko1 r(146)\ (1+3)
Ey <supsup 2™ kot | 50 E 2ka() H(S)( 2 |n(le)||mz(-)(Rn)>
1

6>0 ko€Z k=—o0 =k—1

. r(140)\ r(1+3)
<Csup sup 2~ Fo? (59 Y, 2Ot ( Z £ Xl ) R”) )

6>0 ko€Z k=—o0 I=k-1
1

-1 r(149)
<Csupsup 2Kt [ 50 Y 2Ra(0r(+0)| gy )" q11+§
5>0 ko€Z k=—oo LR

1

r(140)

—koA [ 56 kee(-)r(146 r(149)

<Csupsup2 ((5 2k (r(0) £y ||Lq1 Rn))
0>0 ko€Z keZ

For E, we use the fact 2ka(z1) — pkaco ,k >0,z1 € R, we obtain

6>0 ko€Z k=0 =k—1

k1 r(1+6) 1+5)
Eyp <supsup 2™ koA | 59 Z ka(-)r(1+9) ( Z ||1Ar(le)||mz(l>(Rn)>
1

6>0 ko€Z k=0

H(146)\ 7T
<Csup sup 2 kot (59 Y ofer(140) ( Z £ %1l ) e ) )
I=k—1

r(149)
_ . r(146
<Csup sup 2~} (59 Y 2 e ))
6>0 ko€Z k=0
1

r(146)

—koA [ 56 ka(-)r(146 r(149)

<Csup sup 270 ((5 pIA OrHo))| ||Lq1 Rn))
6>0 ko€Z keZ
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Foreachk € Z and ! < k —2and a.e. z1 € Ry, zp € R;, we have

0>0 ko€Z kEeZ |=—c0

r(1+9) 1+(5)
E; < sup sup 2ot (59 sz() r(149) < Yo lxel” (Fx a0 Rn)) )

()| < [l = =2lT"1f () iz
<217 [ |f(z2)ldz2

Sczk(vin) Hle ||Lq1(‘> (RM) Ix:ll L"’l(')(Rn)’

splitting Eq by using Minkowski’s inequality we have

1

1 r(140)\ r(1+9)
E; <sup sup2_k°A ((59 Z 2k ()r(1+6) ( Z 120" (£ x) | g Rn))

0>0 ko€Z k=—o00 |=—c0

r(146) 7(117-*-5)
—|—supsup2 koA (59 szzx 1+5 ( 2 ||ka le)HLqZ R”)) )

6>0 ko€Z k=0 |=—00

=Eq1 + E1p.

By using Lemma 1, we have

n In (I=k)n

2 el Lo o el ) oy < Cokr—1)pR01 270 < co FO) (14)

applying above estimates to E1;, we can obtain

0>0 ko€Z k=—o00 |=—0c0

1 r(146)\ r(1+3)
Eq1 < sup sup 2~ kot ((59 ) 2ke()r(1+9) ( Yo xI” x| L) RH))

~1
< Csup sup 2~ Fo? [59 Y. 2ke()r(1+9) ( Z 12l L2 ) (®)2 Ko
0>0 ko€Z k=—0c0 I=—c0

1
r(149)

r(149)
ol i) |

letb = 2

70 «(0),

1 [ k=2 r(1+9) 1+0)
Eqy < Csup sup 2! [59 ) (Z 2“<°>’||f7aIW(R”)zWk>> } , (1)
>0 kUGZ k=—0c0 \|=—o00
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by using Holder’s inequality, Fubini’s theorem and the inequality 2

—1
Ey1 <Csup sup 2~ 5ot [(59 Y.
50 ko€Z k=—oo

|=—0c0

=Csupsup 2~
6>0 ko€Z

=Csup sup 2~
5>0 ko€Z

-1
80y 200r

|=—c

0>0 ko€Z |=—00

—1
8%y 200r

|=—c

<Csupsup 2~
>0 ko€Z

k=2
2

|=—0c0

-1 k=2
59 Z Z 20(

k=—o0l=—0c0

—r(149)

1+6
e

obr(1+8)(1-k) /2

r(146)

k—2 (1+0) 7 71187 L
< Y 2br(1+§)’(l—k)/2> } (1+2)

r(149)
1+15
rAEO oy 1

2br(1+6)(l—k)/2)
Lﬂl )

1

H(140)1 1+5 o oriairs2)
A+ Yy, 2=k

U@

r(146)
T

Z bp(i— k)/z)

—l+2

r(1+(5)
5)l r(146)
s g ) )

< 277, we obtain

1

=Csup sup 2~
0>0 ko€Z

<C||£]

<
(
<Csup sup 27F0A <(59 i 240
(
(

# Tz e )7
1€Z A qu )

MK™ ’( ;’(Rn)

Now, for Eq, using Minkowski’s inequality, we have

1

- (14+0)\ 7T+0)
E1p <sup sup 2 koA | 40 Z 2ka(1)r(1+9) Z IxxI7(fx1) ||qu )(Rn)
6>0 ko€Z k=0 I=—o00

1

r(146)\ (1+3)
+ sup sup 2~ ko? (59 Yy 2ke()r1+) <2 eI (Fx) | aa ]R")) )

6>0 ko€Z k=0

= A1+ Ajp.

The estimate for Aj can be obtained by similar way to E1; by replacing g} (0) with ¢ _
and using the fact 7~ — a > 0. For A using Lemma 1, we obtain

100

In

< Czk(W—”)Zﬂ%Qﬂﬁ(O)
(Rr) —

k(~v—
20 o 1 gy 131t
kn n

< 2% 2910
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as Weo — q,i < 0, we have

loo
1

(149) )
A; < Csupsup2™ koA ((59 E2k“°°r(1+6 ( Z e (X Latc (R")) )

6>0 koeZ k=0 |=—o0

r(149) (11“_)
< Csup [56 E okaeor (146) ( Z 2‘1100 2‘71 HfXIHqu Rn)) ]

e>0 k=0 |=—00

r(1+46). _1
e , _In_ r(146)
< Csup sup 9—koA |:59 Z 2(ktx—kn/q1 )r(1+6) ( Z 21(0) ”le”qu )@ > }

0>0 ko€Z k=0 I——oc0
n r(149) r(11+5)
< Csup sup 7—koA ( Z 27(0) Ll v R”))
6>0 ko€Z J]=—o0
1 g (0)1 r(1408)\ r(1+9)
— 7
< C sup sup 2 ol (59 ( 2 qu(O) Hle ||L@1(')(Rn)2“(0)l> .
0>0 ko€Z |=—o00

Now, by using Holder’s inequality and the fact % —a(0) > 0, we have
1

-1 In )l r(1+6) ”(1175)
Ap < sup sup 2 kot ( Z qu ||le H[fll(‘)(Rn)za(o)l)

6>0 ko€Z |=—00

<Csup sup 2~ ko/\[(se Z er Vr(145) Hf ||’(1+5

0>0 ko€Z J]=—o00 L R")
r(146) 1
Z i~ ODr(+oY ram,]r(H&)
|=—c0
1
koA ()Ir(149) r(149) s
<Csupsup2 **(4%( Y2 1 xi ||qu
0>0 ko€Z 1eZ
<C|Ifll

MK"‘( () )r),G (R") :

Now, we estimate E3, forevery k € Zand ] > k+2 and a.e. z; € Ry; the size condition
and Holder’s inequality imply

17 (fxi)(z—1)] S/R |z1 — 22| " [ f(22)|dz2
1
<coltr—n) / £ (22)|dzs
<C2] =) ”fXIHth (Rn)HXIHqu R’

splitting E3 by applying the Minkowski’s inequality we have
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(1496) (1+9)
E3 <Csup sup 2 kot [ 50y~ pke()r(1+9) ( Yo I (Fxo)ll Rn))
6>0 ko€Z keZ 1=k+2

1

. (1+6)\ 7(1+9)
<Csup sup 27 50A | §° Z 2ku()r(1+9) ( Z 120" (£ X | g Rn))

6>0 ko€Z k=—oc0 I=k+2

(148)\ 7(1+9)
+Csup sup 2—k0)\ 59 sztl 1+5 ( Z ||Xk17(le)||L‘72 (Rn)>
6>0 ko€Z I=k+2

=E3; + E3.
For E3 Lemma 1 yields

In (k=

207 x| e Xl g0 & S < Colr=1)p s ke < C2 o (16)

we get

0 r(14+6)\ r(1+9)
Ezp < sup sup 2 koA (59 Z ke ()r(1+9) ( 2 ||Xk17(f?€l)||mz (Rn)) )

>0 koeZ k=0 I=k+2

< Csup sup 270 [59 ) 2k ( - el gy 27
6>0 ko€Z k=0 I=k+2

r(1+0)1 759
100 gy )|

6>0 ko€Z k=0 \I=k+2

r(1+6)\ r(1+3)
< CSUP sup 2™ kOA( Z( Z 2 o)l ||leHL1/71 R” (k= l)> ) ’

where d = q + &eo > 0. Then, we use Holder’s theorem for series and 2 "(119) < 27

to obtain

Esy <Csup sup 2~ [56 i i 2l (140) £, ||r(1+r5 odr(1+6)(k=1)/2
550 ko€LZ =0 \I=k 12 L0 (rr)

r(1+6) 1
r(1+0) ] )

o[ 3 ooy k=12
(E

[e9) [eS) r(146)
—koA [ 0 I(&oo)7(140) r(1+9) dr(1+6)(k—1)/2
<Csupsup 2 (5 Yo ) 2l (o) r(10) || £ ||qu (Rn)z r(1+0)( )/>
0>0 ko€Z k=01=k+2
00 r(146) i)
<Csup sup 2 K0t 60 )7 2lae)r(10)) o 7 q1+ szr 1+6)(k—1)/2
5>0 k,€7Z =0 L
r(14+9) i)
<Csup sup 27F0A [ 50 Y7 2Haw)r(149) | £5 q1+ Z 2dp(k=1)/
0>0 ko€Z 1€7 L
146) r(li&)
<Csup sup 2 F0A [ 50 Y7 22140 £ ||’(qlJr
6>0 ko€Z 7, Lt (Rn)

SCIFN gm0 oy -
MKi/ql (’.) (R")
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Now, for E3; using Monkowski’s inequality, we have

6>0 ko€Z k=—o00 =k+2

-1 -1 (140)\ r(1+9)
Es1 <sup sup 20" (5" ) 2"“‘”“*‘”( )y |xm<fxl>||m<w)>
1

-1 o0 r(14+6)\ (+9)
+ sup sup 2~ koA ((59 Z oka()r(1+9) (Z |Xk17(fxl)||L'72('>(Rn)> )

=B + B,.

The estimate for Bl can be obtained similar to Es; by replacing g1, with g1(0) and
applying the fact that ( 7T «(0) > 0. For B, using Lemma 1, we obtain

kn

H=n)
2l a1 gy < €21 09 2 < Contg (17)

. r(14+0)\ r(1+9)
B, <Csup sup 2~ *o? ((59 Z 2k (0)r(1+9) (Z 120" (£ X | g Rn)) )

6>0 ko€Z 1=0

3

1 o (1+6)\ 7(1+3)
<Csup sup 2 koA | 50 Z 2ka(0)r(1+0) 5 Z M=) 310 271 ||le||Lq1(->(Rn)
0>0 ko€Z k=00 =0

—

<Csup sup 27F0A [ 59
6>0 koEZ k

-1 o0 ' i (140)\ 7(1+9)
oka(0)r(1+4) o (2 2102V ”le|qu(')(]1{”)>

=00 1=0

1 . T (1496) (1+9)
<Csup sup o—koA [ 56 Z ok(a(0)+n)/g1(0)r(148) 22712%||le|Lq1<~)(Rn)>
5>0 ko€Z k=oo =0

o (1+9) (1+9)
<Csup sup 27 koA [ 459 (Z 712‘“"" f 2l an) R")>
0>0 ko€Z 1=0

(1+0)\ 7T+
<Csupsup 2~ fol (‘59 221 ae0) il o) Rn)zl(nqler“m)) )
50 ko€Z

Now, by using Holder’s inequality and the fact that — + e > 0, we have

(1+96)
By <sup sup 2 koA | 40 Z 22 r(144) Il ,411+o
6>0 koeZ =0 k R")

r(1+9) r(ﬁzs)

() r(1+0)’
« (37 2 0rrair(ies)

=0

r(1+6)
—koA Haeo)r(146) r(146)
<Csupsup 20 ( (22 oo )T(1+5) Ifxi ||Lq1 ) (R") ))

6>0 ko€Z 1€Z

< 2o e
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Combining the estimates for Eq, E; and Ej3 yields
I () <C ()
| f||MKqu>2,()),9(Rn) < ||f||MKqu)1’<.);9(R”>
O

5. Conclusions

We have defined a new type of space called variable exponents grand Herz-Morrey
spaces, where we used discrete grand spaces, and we have proved the boundedness of the
Riesz potential operator on these spaces.
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