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1. Introduction

For convex functions the following double inequality has great significance in the liter-
ature on mathematical inequalities and is known as Hermite-Hadamard’s inequality [1]:
Letv:I — R, @ #1CR,a,a € I with &y < ay, be a convex function. Then
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+v ((Tlxz T +(1-0) a +“2>} o(t)dt

K(U)z//{u(crr—;al +(1—0)A_;“1>
o] K1
T+ 0 A+ an T+ ap A4 aq
tv{o—; +(1-0) 5 tv{o—; +(1-0) 7

+v <0’T —;“2 +(1- (T))\ zmﬂ o(t)o(A)dtdA,

L]
a+T

N(o) = %/ {v(mxl +(1—U)2> +1/<mx2+ (1 —U)T—;M)]Q(T)dr,

L(o) = (s — ) / (ca; + (1 —0)7) +v(oay + (1 —0)7)]dT,

L3

%@):%/WWM+O—UV%HWMyHl—@ﬂm&MT

&1

and

Sel0) = ;7[1/(0“1 +(1 —‘7)“1;—T) —i—v(am +(1 —J)T—;“z)

+v (cmz +(1- 0')“12—’—1—) +1/(mx2 +(1- U)T—;azﬂ o(t)dt

where v : a1, ap] — Ris a convex function and o : [x1, #2] — R is non-negative integrable
and symmetric about T = 2172,

Remark 1. It should be noted that H = Hy = I, F = Kand L = L, = S, on [0,1] as

o(T) = iz, T € [wy, a0,

A number of mathematicians have come up with important results that accurately
describe the properties of the above mappings and inequalities that improve to the
inequalities (1) and (2), we refer to the interested reader the research of Dragomir et al. [24]
that provided the refinements of (1). Dragomir [26] proved inequalities which connect
the mappings H, F and L. Teseng et al. [31] obtained a weighted generalization of the
inequalities of a result of [24] using the mappings I and N. Dragomir et al. [5] established
Hermite-Hadamard-type inequalities that connect the mappings H, G and L. Tseng
et al. [32,34] gave a result related to Fejér’s result which gives a weighted generalization
of the inequalities of a result proved in [24]. Teseng et al. [33] further investigated some
Fejér-type and Hermite-Hadamard-type inequalities related to the functions H, F, L, Hy,
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Ly, M, S; and K as defined above and a result obtain the weighted generalizations of
some results in [24,32].

Let us recall one of the generalizations of the convex functions is harmonically convex
functions:

Definition 1 ([13]). Define I C R\{0} as an interval of real numbers. A functionv : I — R to
the real numbers is considered to be harmonically convex, if

U<O”l’+(TlA—(T)/\> <ov(A)+ (1 —-o)v(T) 3)

forall T,A € Iand o € [0,1]. The function v is defined to be harmonically concave if the inequality
in (3) is reversed.

[scan used harmonically convex functions to develop inequalities of the Hermite-
Hadamard type.

Theorem 1 ([13]). Let v : I C R\{0} — R be a harmonically convex function and ay, 0y € I
with aq < ap. If v € L([ag,az)) then the following inequalities hold:

U( 20107 ) o /”‘1 V<T)dr < V(“l)JZFV(D‘Z) @)

wptay) T ap—wy S, TP ’
The notion of a harmonically symmetric function is given in the definition below.

Definition 2 ([16]). A function ¢ : [a1,a2] € R\{0} — R is harmonically symmetric with

2000 -
respect to FHZ if

holds for all T € [aq, az].

Fejér-type inequalities using harmonically convex functions and the notion of harmon-
ically symmetric functions were presented in Chan and Wu [2].

Theorem 2 ([2]). Let v : I € R\{0} — R be a harmonically convex function and a1, 0y € I
with aq < ap. If v € L([ag, az]) and ¢ : (a1, 2] € R\{0} — R is nonnegative, integrable and
harmonically symmetric with respect to 2452 then

wy+ap’
w I @
V( 210 >/1Q(;)d7§/wmg(ﬂd7§ v(m)+v(zxz)/1e(;)dt 5)
a1+ an ay, T oy T 2 T

Some important facts which relate harmonically convex and convex functions are
given in the results below.

Theorem 3 ([6,7]). If [x1,a2] C I C (0, 00) and if we consider the function g : [é, %} — R
defined by g(o) = v (%) , then v is harmonically convex on [ay, az] if and only if g is convex in the

11
usual sense on {072’ 071} .
Theorem 4 ([6,7]). If I C (0, 00) and v is convex and nondecreasing function then v is HA-convex
and if v is HA-convex and nonincreasing function then v is convex.

The main objectives of this study are to define some mappings on [0,1] using a
harmonically convex function v : [a1, 23] C I C (0,00) — R and a non-negative integrable
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symmetric function ¢ : [x1,ap] — R about T = jf‘f;zz related to the inequalities (4) and (5)

and to prove variants of inequalities that have been proven in [33]. We also discuss
some properties of the mappings corresponding to the mapping K in the next section and
establish a variant of lemma ([14] Lemma on page 65) for harmonically convex functions.

2. Main Results

Let v : [a1,a3] C (0,00) — R be a harmonically convex mapping and consider the
following mappings defined on [0, 1] to R by

Gi() = 5 [“(zaw <12f1§§<a1 n m) i ”(2w+ <12f1§§<a1 + wﬂ’

Flo) = <“;"1“11>2/“2/ T2)\2 (U)»Jr(TlA O')T)de/\

14
Uy =12 [ Sy LA r
ay — a1 Jag T2 \ 20000 4+ (1 —0)T(aq + az)

a2

B 20100T o(7)
Uplo) = /V(2m1a20+ (1—-0)t(nq +tx2)) T2 ar,
L3

2/[ ( o(ag + T)a —21—“(110(2—TU) (a1 +ar)T )
v ((T(oq + T)ar i“(lllxz—ra)(al + az)r)] o d

a2 A

(0) = 1061 J {V <0’)\([x2 + 1) fvzzlrj\a)r(ocz + )\)>

2016 TA 2010 TA
+ V(a/\(ocz + 1) +1(1 —0o)t(ag + /\)) + U(U)x(oq +17)+(1—0)t(az+ A))

201 TA o(t)o(A)
+V((7}\(zx1 +71)+ (11 —0)t(ay + A)) T2)\2 avdd,

T2 20T+ (1—0)(a1 +7) +v 207+ (1—0)(ag+1) )| 72 dr,
) P
”<>/H<>><<>>}

Lolo 2/[ (ar—i—“lﬂ—a)aq)+V<UT+EX12T—U)(X2>}Q§§)[1T

and

Selo 2/[ (21’04— 12—“1;)(uq+r)>+V(2a21¢7+%iﬁf2;)(r+ucz))

200007 20T o(7)
+V<21X1T0’+ (1 —1(72)(zx1 + T)zx2> +v<2T0’+ (1 —20‘)(T+ zxz))] 72 ar.
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Remark 2. It should be noted that U = Uy, = K, F = K and L = L, = S, on [0,1] for
o(1) = 1%, T € [n, a0

The author in [28] obtained the following refinement inequalities for (4) related to the
mapping U.

Theorem 5 ([28]). Let v : [a1,ap] C (0,00) — R be a harmonically convex function on [aq, a3].
Then

(i) U is harmonically convex (0, 1] and increases monotonically on [0, 1].
(ii)  The following hold:

1/( 20012 ) = U(0) <U(0) <U(1) = 1122 /“2 D) 4 ©)

a1+ ap - - Xy — oq T2

Theorem 6 ([28]). Let v : [a1,ap] C (0,00) — R be a harmonically convex function on [aq, a3].
Then

(i) The following identities hold:

1 1 1
f((f+ 2) = ]-'(2 —a)forallff € {0,2].
(ii)  F is harmonically convex on (0,1].
(iii)  The following identities hold:

. . 1 a0y a2 2TA
Uér[gl]}-(a) B ]:<2) (062 - “1) /a / 27" ( )drd/\

sup F(0) = F(0) = F(1) = 122 /.“2 0 4

_ 2
oe0,1] &y — &1 Jay T

and

(iv) The following inequality is valid

(&) =G

o1 + & 2

(v) > increases monotonically on [%, 1} and decreases monotonically on [O, %} .
(i) U(o) < F(o)forallo € [0,1].

Here we point out the following lemma which is very important to prove the results
in the current study.

Lemma 1 ([29]). Let v : [a1,ap] C (0,00) — R be a harmonically convex function and let

- AA
0 <A <1 <1< Ay <y with Tf{gz = 514 Then

v(m) +v(m) <v(d) +v(A).

Chan and Wu [2] also defined some mappings related to (5) and discussed important
properties of those mappings.

The author proved Fejér-type inequalities in [29] which extend the inequalities given in
Theorem 5 and Theorem 6 for the mappings related to (5) which in turn provide refinements
of the inequalities (5). The author used the Lemma 1 to obtain those refinements for (5).
One of the results from [29] is mentioned below to be used in the continuation of the paper.
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Theorem 7 ([29]). Let v, K, N and ¢ be as defined above, then

20147 % o(T) < < <
V((X] +1x2> . dt < K(0) < K(0) < K(1)

= N(0) < N(o) < () = 1T ) (2D

2
1 T

Some further Fejér-type inequalities were also obtained in [30] by the author that relate
the mappings Gy, K, S, and L,.

Theorem 8 ([30]). Let v, g, G1, Sy, L, be defined as above. Then we have the following results:

(i) Lg is harmonically convex on (0,1].
(ii)  The following inequalities hold for all o € [0,1]:

Up(0) < Gi1(0) /M2 %dr < Lo(0) < (1-0) /“2 v(®e(®) ;.

o] Tz
vlw) +v(az) %2 0(7) v(a) +v(az) %2 o(1)
np ! /D‘1 T < . /al S, (®)
So(1—0) < Ly(0) )
™ Sul0) + Sy(1 =)
o)+ -0
0 29 < Lo(0). (10)
(iii)  The following bound is true:
sup Ly(0) = V(1) ;VO’Q) - Qi;[) dr. (11)
oe(0,1] *1

Theorem 9 ([30]). Let v, o, G1, K, S, be defined as above. Then

(i) S, is convex on [0,1].
(ii)  The following inequalities hold for all o € [0,1]:

ko) < Gio) [ i < 5y00)

1 % 2ty 2017 \ ] 0(7)
<(1-—0)-= S\
<(1-o0) 3 /i, |:V<T+a2>+v(lx1+1'):| 2 dt

V() Hu(er) %2 0(7) v(ar) +v(a2) %2 0(7)
‘o ; [ < ; /a CErdn )
K(1-0) < Sy(0) (13)
e K(o) +K(1-0)
o -0
< 8y(0). a9
(iii)  The following identity holds:
v(ar) +v(a2) (%2 0(7)
S = dat. 15
b e N "

Now we provide some Fejér-type inequalities related with the mappings K, K and, as
a consequence, we obtain a weighted generalization of Theorem 6.
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Theorem 10. Let v, o, K, K be defined as above. Then
(i) K is harmonically convex on (0,1] and symmetric about %

(i) Kis decreasing on { B 2} and increasing on [%, 1] ,

sup K(o) = K(0) = K(1)

ce(0,1]
_ (1 [ 2097 207 \ ] 0(T) %2 0(T)
= (2 /M {V<a1+7) +V<T+a2>}rz at T dr (16)
and
. o e @ 4prTA 4o TA
aér[})f,l]lc( B ’C( ) /al / [ ( A+T a2+27A> +V<(/\+T)061 +ZT/\)
Aoy TA o(1t)o(A)
2 ( (A + T)agag + TA(ag + ap) )} T2)\2 ddA 17
(iii) The inequalities
K@) [ ar < k(o) (18)
5% T
and )
20109 % o(T) (1
V(le—i—az)( W dt| <K 5 ) (19)

Proof. (i) It is easily observed from the harmonically convexity of v that K is harmonically
convex on (0, 1]. By changing the variable, we have that

9

K(c) = K(1—0),forallo € [0,1].
This proves that the mapping K is symmetric about 3.

(ii) Let oy < 0 in [ , 2} Using the symmetry of K, we have

K(o1) = 5 [K(o1) + K(1 = 01)]

NI~

and

K(o2) = % K (02) + K(1— )],

Applying Lemma 1, we can prove that

[K(02) +K(1—0)] < = [K(o1) + K(1—07)].

N =
N =

This proves that K decreases {O, %} . Since K is symmetric about % and K is decreasing on

[O, ﬂ , we get that K is increasing on [%, 1} . Using the symmetry and monotonicity of K,
we derive (16) and (17).

(iii) Using substitution rules for integration and the hypothesis of ¢, we have the
following identity



Axioms 2022, 11, 564

8 of 15

&g &

K(o) = 411// [U<m(zxz +7) jpézlrf‘f)f(“z ”‘))

g &

—|—1/( 20100 TA )
oAay(ay +7) + (1 —0)t((a1 +20a2)A — aqap)

+v< 20100 TA )
oAag (e + 1) + (1 —0)t((ag + 202)A — aqap)

209 TA o(t)o(M)
‘H/((T)t(oq +17)+ (11 —o)t(ag + )\))} 22 dtdA, (20)

forall o € [0,1].
By Lemma 1, the following inequalities hold for all o € [0,1], T € [a1,a2] and A €
[a1, ap]. The inequality

11/( 201080T )
2 \owg(ar+ 1)+ (1 —0)1(ay +az)
1 {U( 20TA >
T4 oM+ 1)+ (1 —0)t(ag+A)
20100 TA )]
21
v (0’)\061(042 +7)+ (1 —o0)t((ag +202)A — aqap) @1)
holds with the choices
o 200100 T
TR T s+ 1)+ (1—0)t(ag + ag)’
A — 2005TA
YT oM+ 1)+ (1T —0)t(ag + A)
20100 TA
dA, = .
and A2 oAaq(ay+ 1)+ (1 —0)t((ag +202)A — 1)
The inequality

11/( 201080T >
2 \oax(a1+ 1)+ (1—0)t(ag + a2)

< 1 [v( 20100 TA >
T4 \oAap(ag+ 1)+ (1 —0o)t((1 +2002)A — aqa2)
209 TA
+ 22
(ot st ommn)] @
holds with the choices
o — 201060 T
== cay(e1 +7) + (1 —0)t(ag +£¥2)’
Ay — 20(1&21'/\
V7 ohag(ag + 1)+ (1 — 0)t((aq + 202)A — aqaz)
201 TA
and Ay, = M

oA+ 1)+ (1 —0)t(ag +A)

The inequality

IN

1 a00T
2 [V<(1 —0)arT +o((ag + )T — a1a2)>

N1 T
v (mxzr + (1 —0)((a1 +a2)T — 0‘1“2))] *)

U( a0 )
(1 4 200)T — w100
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holds with the choices
aTA%) N1 T
T = T = /)\ =
TR T w2t ma T oat+ (1 0) (a1 + a2)T — ajan)
N1 T
and A, =

(1—0)apt+o((ag +a2)T — )

Multiplying the inequalities (22) and (23) by © 3 AgM , integrating them over T on [ay, 2],

over A on [a1, &p], we obtain

/Qrz dh- 2/{ <szz (a1 +7) i“(llocz_TU)T(M +”‘2))

+V<( arits )}e(r)emdm

a1 4 200) T — aqap T2Z)\2

4//[ ((T/\ (w1 +7) fozllT:\a)T(oc1+/\))

v( 2000, TA )
cAag(ay +7) + (1 —0)t((ag + 202) A — aqa0)

+v< K14 T )
(1—0)art+0o((ag +a2)T — ajan)

M4t e(1)e(M)
+U<U“2T+ (1—0)((x1 +a2)T — wlaz)ﬂ 2)2 drdA  (24)

Now using identity (20) in (24), we derive the inequality (18).
From the inequality (18) and the monotonicity of K, we have

v(om) (/ﬂ:z QS)dT>2 = K(0) /:2 %dl’

Hence the inequality (19) is proved. O

Remark 3. If o(T) = -22%2 1 ¢ [ay,ay] in Theorem 10, then K(c) = U(c), K(0) = F(0),

Ko —nq

o € [0,1], Theorem 10 is identical with Theorem 6.

Corollary 1. From Theorem 7 and Theorem 10, we obtain the following Fejér-type inequality

V(Dm) (/TZ ot )d’L’) < K(o) /:2 %d’( < K(0)

Proof. From Theorem 7, we have

2010 %2 o(T)
U(OL] -I-Déz) —~dt < K(0) < K(0). (27)
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Multiplying (26) by | a“lz %dl’ and using (18) and (16), we get

2wz \ (2 0(0), \* (D), &
U<061+1Xz>(a1 = at _IC((T)/‘X1 o dt < K(o)

(L) (2] ) 5

O

In the next theorem, we point out some inequalities for the functions v, ¢, K, K and So
considered above.

Theorem 11. Let v, o, K, K and S, be defined as above. Then the following Fejér-type inequali-
ties hold:

/ o d < S, / Q ~R(0), (29)
hold for o € [0,1].

Proof. Using substitution rules for integration and the hypothesis of g, we have the follow-
ing identity

&g &

2005 TA
4// { ((T)\ (ar+7)+(1—0)t(a2 +)\)>
X161
—|—1/( 201087 TA )
oAy (ay +7) + (1 —0)t((ag +202)A — aqap)
+1/< 200100 TA )
oAz (g +7) + (1 —0)t((a1 +202)A — aqap)
2001 TA T)o(A
+V<(f)\(tx1 +7)+ (1 —-0)t(ag + A))} Q(Tgig )de/\
i
20(1”[)\
2/ D/ [ (0’)\ (q+71)+2(1 - a)ucyc)
+v< 20100 TA )
oAy (g +7) +2(1 — o) t((g + a2)A — aqap)

+1/< 2010, TA )
oAap (g +7) +2(1 — o) t((wg + a2)A — aqap)

A
N 205TA Q(T)Q<2322—A) drdn
Y oA(ay +7) +2(1 - 0)art T2)2




Axioms 2022, 11, 564 11 of 15

w1
_1 1/( 20100 TA >
2061 ; oAwp(aq +7) +2(1 — o) t((1 + a2)A — aqa2)
1/( zazTA, )
oMo +T) +2(1 —0)apT
+_1/< 2&117\ )
oAay(ax +7) + (1 —0)t((a2 — ag)A + 2a7a2)
+1/< 20109 TA )
oAay(ag +7) + (1 —0)t((Bag + a2) A — aqan)
_H/( 20100 TA )
oAy (g +7) +2(1 — o) t((g + a2)A — aqap)
+1/< 20100 TA )
cAag(aq +7) + (1 —0)t((Bag + a2) A — aqan)
+1/< 201 TA )
oAa (e + 1)+ (1 —0)t((ag — a1)A + 20010)
A
+U< 201 TA )] Q(T)Q(za;—/\) dedn (30)
oA +7) +2(1 — o)y T T2)\2
foro € [0,1].

We can get the following inequalities as results of usage of Lemma 1 for all o € [0,1],

doqap |
ax1+3ap | °

T € [ng,az]and T € {le,
The inequality

Y 2000 TA
oAM(ay + 1) +2(1 — 0)apt

v( 20109 TA >
oAaq(ay +7) + (1 —0)T((3aq + ap) A — 201a0)

= V((T(Déz + T?D—f;(l - (T)T)

1/( 20108 T ) 31)
oag(ar+7)+ (1 —0)(ay +ap)T
holds for
A — 2000T S 20010 TA
VT oo+ ) +20—0)t’ 2 crag(ag + 1) +2(1 — o)t (a1 + 3a2)A — aya)”
201080 T 200 TA
Ay =

oar(ar+ 1)+ (1 —0) (a1 + az) = oMoy + 1) +2(1 = 0)at

in Lemma 1.
The inequality

201 TA
Y <(7)wc1(tx2 +17)+ (1 —0)t((ag —ag)A + szlzxz))

+1/< 20100 TA )
oAy (g +7) +2(1 — o) t((1 + a2)A — aqap)
v( 20100T )
— o \oag(ax +7)+ (1 —0)7(aq + )

20100T
(mxl (ap+7)+2(1—0)ay ’L') (52)
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holds for
S 201 TA
V7 odag (e + 1)+ (1 — 0)t((ag — 1) A + 20702)
o 2010 TA
27 oA (g + 1) +2(1— o) T((mq + a2)A — mqaz)
200100 T 20100 T
A= and Ay =
V7 oai(a+ 1)+ (1 —0)t(ag + az) 27 oap(ap + 1) +2(1 — 0)agt

in Lemma 1.
The inequality

v( 20100 TA )
oAaz(aq +7) + (1 —0)T((Bag + a2)A — 2a72)

4y 201 TA <y 209 T
oA +T)+2(1—0)yyt) — \o(ag+71)+2(1—0)7T

20100T
“(ozxz(al T+ (- 0)a zxm) %

holds for

2001 TA A — 201060 T
oA+ 1)+ 21—t "2 ag(ar + 1) + (1—0)(q +az)T
_ 2016 TA A — 2000 T
T oAag(ag + 1)+ (1—0)((Bag + a)A —2a1a5)" 1 o + 1) +2(1—0)T

T =

T

in Lemma 1.

The inequality
1/< 20(1’[')\ )
oAap(aq +7) + (1 —0)t((ap — a1)A + 2aq42)
+v< 20100 TA )
oAz (g +7) +2(1 — o) t((g + a2)A — aqap)
< 200100 T
— \oax(wg + 1) +2(1 —0)agt
20100T
34
U((mz(le +7)+(1—0)t(ag + 042)) G4
holds for
o 201 TA
V7 odag(ag + 1)+ (1 — 0)t((ag — a1)A + 2015)
S 20010 TA
27 oAng(ag + 1) +2(1 —0)t((a + a2)A — agaz)’
A = 200100 T and Ay — 200100 T

oaz(ay +7) + (1 —0)7t(ag +az) ~oax(ag + 1) +2(1 — 0)anT

in Lemma 1.

anA
Multiplying the inequality (31)—(34) by Qmig#”, integrating both sides over T on
} using identity (30), we get

4&1&2
x1+3ap

[a1, 4] and over A on {oq,

2K(0) < [K(0) + Sp(1—0)] /ﬂ:z %d'r (35)
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for all o € [0,1]. From (18) and (35), we derive the first inequality of (29). [

Remark 4. If o(7) = 282 1 ¢ [ay, a2 in Theorem 11, then K(c) = U(c), K(o) = F(0)

xp—ny’

and Sy(0) = L(0), o € [0,1] and Theorem 11 gives the inequality
0<F(o)—U(0c) < L(1—0)— F(0) (36)
which holds for all o € [0,1].

The following two Fejér-type inequalities are natural consequences of Theorems 7-11
and we omit their proofs.

Theorem 12. Let v, 0, G1, K, K, Ly, S, be defined as above. Then, the following inequality holds
forall o € [0,1]:

(oym) ([ o) < [

[K(0) + So(1— )] /“2 @dr

a1

< ;[gl(a) /;‘2 @dT—f—SQ(l _g)] /“0‘2 %d’f

1 1

< K(o) <

< %[cg(a) + 81— 0)] 12 %dw % [(1 —0) /12 %dt
L) (2 e
x /TZ Qg)dr] /TZ 2T g < i) vle) (/‘;‘2 Qg)dr)z (37)

and

() ([ 5 s [

< K(0) < 5 [K(0) + 8(1~ ) /1 a0,
g;[gl( ) :Z Wi+ s, 0)] 0:2 o«
Q

1

1
2
11 [ 200 T 2ty \ ] o(7) v(ag) +v(ag) [%2 0(7)
SZ[Z/M [v<“1+T)+V(T+“2>:| 2 e 2 ‘/“l T dT]
2 oo(T ) +v(x %2 o(T 2
. Q’E_z>d’f§ v(a) 21/( 2)( A Q;)dT) . (38)

X

Corollary 2. Let v, G1, U, F, L be defined as above and o(T) = %, T € oy, ap], then we have
from Theorem 12

v(242) <ule) < o) < 3lule) + £01-0)
< 2161(0) + L1~ 0)] < 2[£(0) + £(1 ~ )]
= ;Lé:l—“fxl 1:2 Q'(r;) dt + e —;V(RZ) = m _;V(DQ)' 39)
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3. Conclusions

Researchers are using different generalizations of the convex sets and convex functions
in the ever growing topic of mathematical inequalities and utilizing these generalizations
of convex functions to prove new inequalities of Hermite-Hadamard and Fejér type. We
employed harmonically convex functions to generalize results that have been proven for
convex function. In this work, we defined new mappings over [0, 1] and examined some
interesting aspects of these mappings and refined Hermite-Hadamard and Fejér-type
inequalities for harmonically convex functions. We hope the outcomes of this study will
inspire mathematicians and young researchers to enter this subject.
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