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Abstract: The purpose of this paper is to reduce the complexity of computing the components of
the integral F"-transform, m > 0, whose analytic expressions include definite integrals. We propose
to use nontrivial quadrature rules with nonuniformly distributed integration points instead of the
widely used Newton-Cotes formulas. As the weight function that determines orthogonality, we
choose the generating function of the fuzzy partition associated with the F"”-transform. Taking
into account this fact and the fact of exact integration of orthogonal polynomials, we obtain exact
analytic expressions for the denominators of the components of the F”-transformation and their
approximate analytic expressions, which include only elementary arithmetic operations. This allows
us to effectively estimate the components of the F”'-transformation for 0 < m < 3. As a side result, we
obtain a new method of numerical integration, which can be recommended not only for continuous
functions, but also for strongly oscillating functions. The advantage of the proposed calculation
method is shown by examples.

Keywords: F"-transform; fuzzy partition; generating function; Gaussian quadrature rule

1. Introduction

The use of numerical integration methods manifests itself in various aspects of compu-
tation related to many problems of functional analysis, numerical solutions of differential
and integral equations and their applications. In particular, the Gaussian quadrature rules
considered in the monographs [1,2] are used in the analysis of the influence of numerical
integration methods on the accuracy of solutions to various equations. As some exam-
ples, let us refer to fractional differential equations with a nonsingular Mittag-Leffler
kernel [3], second-kind fuzzy Fredholm integral equations [4], variational equations [5,6]
and second-order elliptic equations solved using non-parametric nonconforming quadrilat-
eral elements [7].

In all the publications mentioned above, the Gaussian quadrature rules demonstrate
their usefulness over other numerical integration methods in providing better approxima-
tion quality. In [8], this conclusion was confirmed for the finite element method based on
the analysis of the dependence of the approximation quality on the numerical integration
methods used. Similar dependencies were also studied in [9] for the p-version of finite ele-
ments and in [10] in connection with the approximation of eigenvalues. Later in [10,11], the
above dependencies were discussed in the problem of approximation of linear functionals
and approximation of eigenvalues.

As in the approaches mentioned above, the main attention in the proposed study
is paid to the analysis of the effects of numerical integration in the calculation of the
components of the fuzzy (F-)transforms of higher degrees. The importance of this seemingly
narrow problem stems from the fact that the theory of F-transforms is regarded as a
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methodology for fuzzy functional analysis. The latter has become important with numerous
applications in integral and differential calculus, image processing and computer vision,
time series analysis, and neural network computing, see [12] and the references therein.

An extended view of this study shows its importance for any calculation of weighted
projections of functional objects (images, signals, etc.) on an appropriate orthogonal basis,
which may consist of eigenfunctions of various integral operators. This increases the value
of the proposed results for the rapidly growing set of data-driven methodologies used in
modern data analysis, now enriched with the F-transform, and especially its more powerful
higher degree version [13].

Since the F-transform method requires the calculation of weighted orthogonal projec-
tions (F-transform components) onto orthogonal polynomials, it is important to reduce its
complexity. Therefore, the main technical focus of this study is devoted to efficient and
easy-to-implement methods of numerical integration. In addition, we will focus on three-
point and four-point quadrature rules because it is generally not true that a quadrature
formula with a large number of integration points guarantees optimal convergence [1,7].

To calculate the components of the F"'-transform of a higher degree, m > 0, the two-
point Gaussian quadrature rules were first used in [14]. There we proposed an approximate
analytical expression for the F!-transform components.

In the current paper, we extend the applicability of these rules to F"'-transforms,
where m < 3. For general weight functions and their special triangular-shaped forms,
exact analytic expressions are found for the integration points xy, ..., xn and the weights
w1, ..., wyN, where N < 4. This allows us to explicitly write the N-point quadrature Gauss
formulas for N < 4 and obtain exact expressions for the integrals of polynomial integrands
up to degree 7. In combination with the inverse F-transform, this result significantly reduces
the computational complexity of various approximations based on analytic expressions
for the inverse F-transform. The N < 4 constraint, offset by the corresponding number of
fuzzy partition elements, guarantees that the inverse F-transform easily controls the quality
of the approximation.

As an advantage of this approach, we show that low degree polynomials combined
with a dense fuzzy partition provide comparable quality and lower computational complex-
ity compared to high degree polynomial approximations over the entire domain. Another
advantage is that the quadrature rule in its analytic form with local polynomial approxima-
tion based on the F-transform can be used as a technical step in an operational method [4]
for solving (fuzzy) integral and differential equations.

Summing up, we can say that this article contributes and innovates two areas: approx-
imation theory based on higher degree F-transforms and numerical methods of integration.
In the second mentioned area, we give direct descriptions of integration points and weights
for N-point Gaussian quadrature formulas, N < 4, with an arbitrary positive weight func-
tion, and obtain exact expressions for integrals of (weighted) polynomials as integrands
up to the degree 7. In the first direction, direct analytic expressions are proposed for the
inverse F"-transforms with m < 3, where the latter include only arithmetic operations. This
significantly reduces the computational complexity of this method (based on the integral
F-transform) by eliminating the need for numerical integration.

The paper has the following structure: In Section 2, we give preliminaries related to
the Gaussian quadrature formulas and the higher degree F"-transforms. In Section 3, we
formulate and give the technical details of our main result on 3- and 4-point Gaussian
quadrature rules, where the weight function is the membership function of a fuzzy partition
element. In Section 4, we define the 3- and 4-point Gauss quadrature rules for the particular
weight function with a triangular shape.

Finally, in Section 6, on various numerical tests, we show the usefulness of the Gauss
quadrature rules proposed here for calculating the components of the (direct and inverse)
F"-transform (m < 3) and numerical integration.
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2. Preliminaries

Below, we give a brief overview of the development of quadrature rules for numer-
ical integration. Scientific research in this area is still in demand due to the many new
forms of differential and integral calculus, including fuzzy and various fractional versions,
see [3-7,9,11] and citations therein. Without going into numerous details, we recall the
main facts related to the Gaussian quadrature rules [15-19] and show the most stable trends
in their use.

The N-point Gaussian quadrature rule of the form (1) is a numerical integration rule
that gives an exact result for polynomials of degree 2N — 1 or less with an appropriate choice
of integration points x; and weights w;, wherei = 1,..., N, see e.g., [1,19]. Generalized
formulation

b N
[ @ = Y wif(x), M
a i=1

where w : [a,b] — R is a weight function, was developed by Carl Gustav Jacobi in 1826.
The choice of w affects the choice of integration points x; and weights w;, so if p1,..., pn
are w-weighted orthogonal polynomials with degrees corresponding to their indices, then
x1,...,xN are the roots of py. The weights wy, ..., wy are found using the property that (1)
is exact for polynomials of degree 2N — 1 or less. Moreover, if the weight function w is
symmetric with respect to the central point (a + b) /2, then the roots are symmetric with
respect to this point, and the weights satisfy the condition: w; = wy41-;. These two
properties halve the computational complexity.

Depending on the choice of the weight function w, Gaussian quadrature rules are
given by the names of their authors, see [15,18]. The most famous are Gauss—Legendre
(w(x) = 1), Gauss-Jacobi (w(x) = (1 —x)*(1 +x)?, a, > —1) and Chebyshev—Gauss
quadrature rules (w(x) = 1/v/1 — x2) considered on the interval [—1, 1]. There are many
algorithms for computing integration points x; and weights w; of Gaussian quadrature
rules. The most popular are the Golub-Welsh algorithm [19] requiring O(N?) operations,
Newton’s method for solving py(x) = 0, requiring O(N?) operations, and asymptotic
formulas for large N, requiring O(rn) operations.

In this study, we develop quadrature Gaussian rules where the weight functions are
the membership functions Ay, ..., A, : [a,b] — [0,1] of an h-uniform fuzzy partition, and
the corresponding orthogonal polynomials are defined as in [14]. The original idea was
proposed in [14]. In this article, the 2-point Gaussian quadrature formula was found and
applied to calculate the components of the F!-transform. Based on the approach proposed
in [14], we develop 3- and 4-point Gaussian quadrature formulas and use them to calculate
the components of F"-transformations, where m < 3.

2.1. Fuzzy Partition

The notion of fuzzy partition has been evolved in the theory of fuzzy sets being
adjusted to various requests to a space structure. The closest form to that which we use in
this paper has been introduced in [20].

Definition 1 (Fuzzy partition). Let [a, b] be an interval on R, n > 2, and let xo, x1, ..., Xn,
Xp+1 be nodes such that a = xp = x1 < ... < xy = X411 = b. We say that fuzzy sets
Aq,..., Ayt [a,b] — [0,1], which are identified with their membership functions, constitute a
fuzzy partition of [a,b] if fork = 1,...,n, they fulfill the following conditions:

1. Normality: Ax(x;) =1;

Locality: Ai(x) = 0if x & [xx_1,Xks1];

Continuity: Ay(x) is continuous on [a, b);

Positiveness on support: Ax(x) > 0if x € (xx_1, Xg41);

SIS

n
Ruspini condition: 'y Ax(x) =1, x € [a, b].
k=1

The membership functions Ay, ..., Ay, are called basic functions.
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We say that the fuzzy partition Ay, ..., Ay, n > 3, is h-uniform, where h = n =1, if nodes
X1,...,Xn are h-equidistant, i.e., xy,1 = xx+h, k = 1,...,n — 1, and there exists an even
function Ag : [—1,1] — [0,1] such that Ag(0) =1, and forallk =1,...,n,

X — Xk

Ag(x) = Ao( 7 > X € [Xp_1, Xk - 2)

We call Ag a generating function of the uniform fuzzy partition.

Below, we introduce a set of Hilbert spaces, each of which is defined by a set of
square-integrable functions on the corresponding element of the fuzzy partition and the
basic function associated with it. We use the notation [14].

Let us fix [4,b] and its fuzzy partition Ay,..., Ay, n > 3. Let k be a fixed integer
from {2,...,n — 1}, Ay a basic function and L, (Ay) a set of square-integrable functions
f i [xk_1,xk11] — R. Denote Ly(a,b) as a set of functions f : [4,b] — R, such that

b
/ (f(x))2dx < co.
a
Let us recall [14], and denote the inner product of f and g in Ly(Ay) as

Joi () () Ap(x)dx [T f(x)g(x) Ag(x)dx

X — Xk—1
<f/g>k - fxf{kfll Ak(x)dx h

, @)
and the corresponding norm ||. ||y as

£ lle = A/ {f2 Fhe

We remind that the functions f and g € L,(Ay) are orthogonal in Ly (Ay) if (f,g)x = 0.

By [14], Lp(Ak) together with the inner product (3) is a Hilbert space. Let k be a
fixed integer from {2,..,n — 1}, and let {1, x —x;, (x — x)% ..., (x—x)"}, m >0,
be a linearly independent system of polynomials, restricted to the support of Ay and
translated to the new origin x¢. Let us apply the Gram-Schmidt orthogonalization to the
system {1, x — x, (x — x¢)%,..., (x — x;)™} and convert it to the orthogonal polynomials
P]((),P]},. .., P such that, for [ =0,...,m —1,

PO =1, P = (x — x)*! E)JPk, )

1 ((x=x) P i i L
where A; = Tpkk’ and (P}, P)y #0,i=0,...,m

Remark 1. It is easy to see that forallk = 2,..,n — 1,7 € Nand x € [xx_1, X11),

PE (= (x = x)) = B (x = xx),
P (= (x =) = =P (x = xp). ©)

Example 1. Let us give an example of the first five orthogonal polynomials PY,P3, ..., P§ in
Ly(Ap), where Ag : [—1,1] — [0,1] is some fixed generating function and (-, -)q is the correspond-
ing inner product:
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Po(x) =1,
P'(x) =x,
P2(x) =x% — (x%, 1) = x> = I,
4 1> 10
P3(x) =x% — (" Ox:x3——4X,
W= e, T
6,1)p — (x*1)0(x2,1)
P4x:x4—<x' 0 r JOA 270 (02 (52 1)) — (x4, 1) =
( ) <x4,1>0 — <x2,1>% ( < >0) < >O
0 0 0 02710
A 1§ — B} 2 Ry — (1)1} (.
1= () - ()
L
B-m2  -n)y?
Above, we have made use of the following notation:
0 b 0 U4 0 L6
I; = le Ap(x)dx, I; = /71x Ap(x)dx, Ig = [1x Ap(x)dx. 6)

2.2. F"-Transform

In this section, we repeat definitions of the direct and inverse F"”-transform as they
appeared in [14]. Let k be a fixed integer from {2, ...,n — 1} and L}'(Ax) be a linear subspace
of Ly(Ax) spanned by P, PL, ..., PI". It is easy to see that L}’ (Ay) consists of all polynomials
of degree | < m restricted to the support of A;. Moreover,

LI(Ax) C LA(Ap) € ... LE(Ap) C ...

Definition 2. Let f : [a,b] — R be a function from Ly(a,b), and let m > 0 be a fixed integer.
Denote F" as the k-th orthogonal projection of f|y, | .., on L3'(Ax), k =2,...,n—1. We
say that the n — 2-tuple (F}*, ..., E" ;) is an F™-transform of f with respect to Ay, ..., Ay_q, or
formally,

F[f1 = (B Bily). )
F[" is called the k-th F™-transform component of f.
In [14], it was proved that
R = cxoP) + cia Py + ..+ comPp
where

i Xk+1 pi A d
o= <ffpk>k _ fzk—l f(x) k'(x) K (x)dx k= 2m-1, @®)
TP Pk [ B Pi(x) Ag(x)dx

fori=0,...,m.
An inverse F"-transform of a function f is defined as a linear combination of basic
functions with “coefficients” given by the F"'-transform components.

Definition 3. Let f : [a,b] — R be a given function, m > 0, and let (F}',..., F" ;) be the
F"-transform of f with respect to full fuzzy sets in the partition A,, ..., A, —1. Then, the following
function f", : [a,b] — R

n—1
[ (x) = ) F'Ap(x) €)

k=2
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is called the inverse F™-transform of f with respect to (F}', ..., F,’Jll) and A, ..., A,_1.
In general, the inverse F"-transform of f € Ly(a, b) is different from f. However for
m > 1, it approximates f with the following quality estimate [14]:

b—h
[ 1) = f(o)ldx < 00R), (10)
a-+h

where the h-uniform partition Ap,..., A,_1 of [a,b] fulfills the Ruspini condition on
[a+h,b— h], and functions f and A, k = 1, ..., n are four times continuously differentiable
on [a,b].

2.3. The Quadrature Formula

To calculate the components of the F"-transform of a higher degree, m > 1, it is
necessary to compute a number of definite integrals given in (8). At least half of them
are integrals of weighted polynomials, and other are integrals of functions with the same
weight. For their precise and approximate computation, we propose to use Gaussian
quadrature rules (1) specified by basic functions of the corresponding fuzzy partition. This
idea was firstly used in [14] for the computation of the F!-transform components. In the
current paper, we extend the applicability of these rules to F"'-transforms, where m < 3.

Let us fix [a,b] and its h-uniform fuzzy partition Ay,..., A,, n > 3. Let k be a fixed
integer from {2,...,n — 1}, Ay a basic function, and L,(Ay) a set of square-integrable
functions f : [xx_1, x¢11] = R.

Definition 4 ([14]). The N-point Gaussian quadrature rule of the form (1) with the weight function
Ay, has the form

Xk+1

N
f(x)A(x)dx = Y wif (). (11)
k-1 i=1

The integration points ti.‘ and weights w;, i = 1,..., N, are assumed to be chosen so
that (11) is exact for all polynomials of the highest possible degree.

Lemma 1 ([14]). Ift%, ..., tX; are roots of the polynomial PN and

Xk+1 N
[ R Al = Y win (8, (12)
X i=1

v Ak—-1

holds true for all polynomials P; of degrees 0 < I < N — 1 and some coefficients wy, ..., wy,
then (12) holds true for all polynomials P; of degree 0 < < 2N — 1.

Remark 2. In the proposed contribution, we are looking for quadrature formulas that are exact
for all polynomials of degrees 4 and 6, respectively. By lemma 1 we see that the values N = 3 and
N = 4, respectively, are suitable for this purpose.

3. Main Results

In this section, we will discuss how to construct 3- and 4-Gaussian quadrature formulas
with the membership function Ay, as a weight function. We will discuss 3- and 4-quadrature
formulas in the two subsequent subsections separately. Then we will show how to use
these results and obtain exact analytical expressions for the denominators of components
ck2 and ¢, 3 given in (8), where k = 2,3. This becomes possible because their integrands
are polynomials of the fourth and sixth degrees respectively so that the proposed 3- and 4-
Gaussian quadrature rules are exact for these polynomials.

Assume that interval [a,b] has an h-uniform fuzzy partition Aj,..., A, which will
be fixed throughout this section. Since the domains of membership functions A; and
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Ay are only half size of domains of other membership functions, we will consider two
separate cases:

(i) Regular, whenk=2,..,n—1.
(i) Boundary, whenk =1,n.

Let us fix the value of k, 1 < k < n, and make some useful notations

X,
L = / o (x - xk)zAk(x)dx,
X

k-1

X,
Iy = / M(x — xp)* Ar(x)dx,
X,

k—1

Xk41 6
Ig = / (x — x;)° Ap(x)dx, (13)
Xk—1
s k2 _ |l
F=\7 o= T (14)

In this subsection, we redefine the F-transform components for the boundary case (ii),
i.e., for the case k = 1 or k = n. At first, we extend the given interval [a, b] to [a — h, b+ h],
where 1 is a parameter of an h-uniform fuzzy partition.

Let us denote Ly(A;) and Ly(A;) as

3.1. Domain Extension

La(A)) = {f: o~ 2] > B| /xz fz(x)dx<oo},
Lo(Au) = {f: [t 1,6+ H] > R| /

Xn—1

(x)dx < oo}.

Extend domains of A; and A, to [a — h, x] and [x,,_1, b + h], respectively, and define
(asin [21])

A for all ,
A (x) = 1(x) orall x € [a,x;] (15)
A1(2a—x) forall x € [a—h,a),
A% (x) = Ay(x) forall x € [x,_1,0], (16)
An,(2b—x) forall x € (b,b+hl.
The corresponding inner products are defined in the same way as in (3):
Jazi £(2)8 (x) AF¥ (x)dx
(f,g)1 = == p , forall f, g € Ly(Aq),
b+h
(x)g(x)ASX(x)dx
(f,8)n = Jur f - . , forall f, g € Ly(Apy). (17)

Similarly to Example 1, we apply the Gram-Schmidt orthogonalization and construct
the orthogonal polynomials P, .., P* and PS, ..., P" as follows:

P?(x) =1, P{H ZH ZAllPO ), forallx € [a—h,x],
Pl(x)=1, PHl= )1 EA (x), forallx € [x, 1,b+h], (18)
! o <(x—u)1+1,Pi> I . <(x—b)[+1,P,i1>n . . . .
where Ai,l = ng; /\i,n = T ppis, ! and < Pi/Pi >1§é 0, < P;Z1;P,Z1 >n§'é 0,

i=0,...,1
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Let Li'(A;) (L% (Ay)) be a linear subspace of Ly(A;) (L2(Ay)) spanned by P}, ..., PI"
(PY, ..., PM). It is easy to see that L7 (A1) and LY (A,) have all properties of L3 (Ay), k =
2,..,n—1.

Letus extend f € Ly(a,b) to f** (similar to [21]), where f** : [a —h,b+h] — R,

f(x) if x € [a,b],
fo(x) =< f(2a—x) if x€la—h,a), (19)
f(2b—x) if x € (b,b+h].

Obviously, f**[fy_,v,) € 1§/ (A1) and f*|i s € L (An).

Definition 5. Let f : [a,b] — R be a function from Ly(a,b) and f¢* be its extension to [a — h,b +
h]. Define the F™-transform components F{" and F}' f** similarly to Definition 2 and as follows:

Flm = Cl,OP{) + Cl,lp11 + ...+ Cl,mP{n,
EM" = cpoPY + ¢yt P+ ..+ Cum P,

where fori =0, ...,m (as in (8)),

C1,i = <fe?(’P,1i>1 = fﬂb*hfex(x)P{(x)Aﬁx(x)dx _ Zfaxzf(x)P{(x)Al( )dx
CUPLP [ PP AF ()dx S PHOOP(0) AT (x)dx
P T P AF (dx 2[5 F)P(x) Au(x)da

i = ) 20
PR T R Ag (dx [0 PPy () gt (x)dx @

xll

The n-tuple (F{", E", ..., E]' |, F}I') is an extended F™-transform of f° with respect to the extended
partition ASY, Ay, ..., Ay_1, ASY, or formally,

U] = (K" B

Accordingly, we extend the Definition 3 of the inverse F""-transformat to the function
f¢*. By the quality estimate (10), we have

[ 10— g lax < 002,

where the h-uniform partition A{*, Ay, ...A;_q, A7' of [a, ] fulfills the Ruspini condition on
[a,b].

3.2. 3-Point Quadrature Rule with Weight Function Ay

In this subsection, we find the parameters of the 3-point quadrature formula (11)
specified in Definition 4. By Lemma 1, this means to find the roots £k, t'zf, t’g of the
polynomial Pf(x) and the coefficients wy , w, , w3, such that

b () Ay (x)dx = 0Py (F Ptk P 21
: 1 (x) Ag(x)dx = wy P(ty) + waPy(t3) + w3 Pi(t3), (21)
k—1

is satisfied for all polynomials P; of degree 0 <1 < 2.
By Example 1,

PRx) = (x =0 = Flx— ), @)
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and it is orthogonal to P?, P,} , sz with respect to (3). It is easy to see that the roofs of P,? are

k _ L _
tl—xk— ﬁ—xk—é,

b x,, 23)
tézxk-f—\/% =x;+ 9.

Let us denote

I%
= _2_ = =h =h(1-2p). 24
First, consider the case whenk = 2,...,n — 1.

Lemma 2. For all polynomials P; of degree |, 0 < | < 2, the equality
Y1 k k k
| B A = P () + waPi () + P (1), 5)
Xk-1

where w1, wy, w3 are specified in (24), holds true.

Proof. Case 1: For | = 0, we have Py(x) = a with « € R. Firstly, we compute the left side
of (25):

/xxk+1 Py (x) Ay (x)dx — /Xk+1 wAg(x)dx = ah = h(pac +(1- ZP)“ +P1X)

k—1 Xk—1
= h(pPo(t]) + (1 —20)Po(5) + pPo(#5))
= wlpo(tllc) + szo(té) + W3P0(t§).

Case 2: For | = 1, we have P;(x) = a + Bx with «, p € R. We compute the left side
of (25)

/;k+1 Py (x)Ag(x)dx = /XH

k-1 Xk—1

et Pr) A + B [ () A
— (a+Bxp) /xk“ Ap(x)dx = h(a + Bxy). (26)

Xk—1
On the right hand side of (25), we have
P(5) = Py(xp — 6) = &+ B(xx — 0) = a + Bx — B9,
Py(t5) = Py(xx) = & + By,
Py(t5) = Py (xx +6) = a+ B(xx + ) = & + Py + o.

By the direct computation, we see that the left hand side of (25) is equal to its right hand side:

[ P A = ha+ )

= I (p(a+ Bxi — p3) + (1= 20) (a + Bxi) + pla + i+ B9))
= wlpl(tllc) + w2pl(t§) + w3 P (té)
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Case 3: For | = 2, we have P»(x) = a + Bx + yx? with a, B, 7 € R. At first, we rewrite
P, (x) into

I I
Pa(x) = a+ pr+ 2% = 7 ((x = 1)? = ) + 296+ B)(x — x) + v + P + a7
I
= YPE(x) + 2y + B)PL(x) + 7o + it ot

Then, the left hand side of (25) becomes

Xk+1

Xk+1 Xk+1
[ P aodx =y [ B A+ @yxe+ ) [ P A(x)dx
Yk—1 Xk—1 Xk—1
I Xk
+ ('yx,% + Bxy +a+ ’yﬁz) /x o Ap(x)dx
k—1
I I3 I
:h(fyx% + Bxp + o +7ﬁ2) = h(oc + Bxg + 2 +27T214§>
=h (7x,% + Bxy +a + 2p'y(52). (27)

Py(t5) = Pa(xx — 6) = a + B(xg — 8) + y(xx — 6)* = a + By + yx7 — B6 — 2,82 + 72,
Py(£5) = Pa(xy) = a + By + 72,
Kk
3

we easily come to
PPa(H) + (1= 20)Py(t) + pP2(5) = &+ Be + 7t + 2076 (28)

By (27) and (28),

[ Pa) A0 = n(oPa(E) + (1~ 20)Pa(h) + pPo(8)

k—1
= w1 Py (£5) + wy Py (£5) + w3 Py (£5).

Therefore, Equation (25) holds true for all polynomials P, of 0 <[ <2. O

Corollary 1. Let [a,b] be an interval on R, and Aq, ..., An be an h-uniform fuzzy partition of [a, b],
and a, B, 7y be arbitrary real numbers. Then

[ @ ) Ax(x)dx = e+ ),

X I
/ Tt B+ 7a?) Ay (x)dx = h('yxi + By + o + fyf)
Xk—-1

Proof. Based on Equations (26) and (27). O
Corollary 2. The quadrature formula (25) holds true for all polynomials of degree 0 <1 < 5.

Now we consider the cases k = 1 and k = n where the 3-point quadrature rule (11),
specified by N = 3, and parameters in (23) and (24), is used for a general Ly (a, b) function in-
cluding polynomials. Therefore, this rule gives an approxamate value of the corresponding
integral.
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Lemma 3. Let [a,b] be arbitrary interval and Ay, ..., Ay is its h-uniform fuzzy partition. Let
AY, ASY extend Ay and Ay as in (15) and (16), respectively. For any f € Ly(a,b) and its
extension f* € Ly(a—h,b+h),

[ rm A @dx = wsf () + Jwaf (1), @)

b
[ ) Audx ~ wrp(e}) + Swf (1), (30)

where wy, wy, ws are in (24).

Proof. On the left hand side of (29), we have

Ay =3 [7 FAT ) = 2 (0f (- )+ (1-20)f (@) + f a+9)
= n(pf(a+0) + 5(1-20)f(0)) = wsf(£d) + Juwaf (1),

Equation (30) can be proved similarly. [

Theorem 1. Let Ay, ..., Ay be the h-uniform fuzzy partition of an interval [a, b, f € Ly(a,b) and
n-tuple (FZ, ..., F2) is an the extended F>-transform of f°* with respect to A%, ..., A%*. Then for
any k =1, ..., n, the calculation of the component of the F>-transform FZ, where

2 0 1 2
Fk — Ck,OPk +Ck,1Pk +Ck,2Pk/

can be performed using approximate analytical expressions for the coefficients ¢y, cx1, Ck o, based
on the three-point quadrature rules (11) given by N = 3, and the parameters in (23) and (24).
Specifically,

~

Ck0 ~

3w f(tk
Z:+f<) forallk =2, .,n—1,

2w f(t) + waf(hy)
C10 ~ 7 ’
2w f(#]) +waf(#7)

Cr1 R ‘ - Ey forallk=2,..,n—1,

: , forallk=2,..,n—1,

2ws (82 — 82) f(13) — wa82f (1)
h(2p5% — §4)

2w, (52 - 52)f(t;1) — wp B2 (1)
h(206* — &%)

C12 =~

7

. (31)

Cp2 ~
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Proof. First of all, we note that an exact analytical estimate of the denominators in the
expressions for ¢y, cx; was proved in [14]. Therefore, we will focus on the calculation of
ck2, the general expression of which is given in (8).

We begin with the estimation of I and I;. Using Lemma 2 and Theorem 4 in [14], we
have

X1 h h -

L= / (x — x)2 Ap(x)dx = = ((t’; —x)? (8 - xk)2> = 228 = né?,
Xk—1 2 2

X b+h X

I — / Zh(x — ) A (x)dx = / = ) A (x)dx

Ja— X,

JAn-1

(x — b)* A% (x)dx = /

V-1

= h(p(xk —6— xk)4 +(1—20)(xx — xk)4 +po(x+6— xk)4) = 2hp(54.

Therefore, for k = 2,...,n — 1, the denominator of ¢, is

/X T (pkz(x))zAk(x)dx _ /

Xk4+1 [
k—1 Xk—1

(x —x)% — SZ}ZAk(x)dx

X, ~
— [ {(x —x)t —28%(x — x)% + 54} Ag(x)dx
Yk-1
X X
— [ (x — xp)* Ap(x)dx — 252/ o (x — x) > Ag(x)dx
v Xk—1 Xk—1
X
+54/ o Ap(x)dx
Xk—1

=I; — 26%I, + hd* = 2hpé* — 2hé* + h6* = h(2p8* — §*).

Obviously, the denominators of c1, and ¢,

[* (o) g = [ (R0) A

Xn—1

-/ k"? (PE()) Axlx)dx = h(2p5* — 5.

Apply the formulas (29) and (30) to calculate the numerators of the components, the
theorem is proved. O

3.3. 4-Point Quadrature Rule with Weight Function Ay

In this subsection, we construct the quadrature formula specified in Definition 4 where
N = 4. By Lemma 1, this means to find the roofs £k té, t’g, tﬁ of P,f (x) and coefficients
w1y, Wy, w3, wy that satisfy

Y1 k k k k
/x Py(x)Ag(x)dx = wi P (1) + wo Py(t5) + waPy(t5) + waPy(ty), (32)
k—1
for all polynomials P; of degree 0 <[ < 3.

Firstly, let us start with finding the polynomial PI? (x). From exercise Ex.1, it follows
that forallk =1,...,n, we have

hlg — D1 Ll — I?
Pix) = (x —xp )t — =024y )24 204 33
k( ) ( k) hI4*I% ( k) hl4*1§ ( )
Lemma 4. The equation
X2 hlg — 1214X Ll — If B (34)

hly— 13 hy—13
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have two positive real distinct roofs.

Proof. By the Cauchy-Schwarz inequality, we have

X, X,
L = /xkﬂ(x — x3)? Ap(x)dx < \// kﬂ(x — xk)4Ak(x)dx\// o Ar(x)dx = /hj.
X1 VX1 Xk—-1

Assume the equality occurs. Then, for all x € (xx_1, X1 1),
(x — xk)2\/Ak(x) = \/Ak(x) Sx—x =1

This is contradictory. Therefore, we have

3 < hly. (35)
Similarly, by the Cauchy-Schwarz inequality for Iy, we have
X,
Iy = / (- 1) A(x)dx
J X1
X, X,
< \/ [ xk>6Ak<x>dx¢ [ = wp A = Vi,

Xk—1 Xk—1

and the inequality is strict. Therefore, we have
(36)

7 < L.

Additionally, multiplying each side of the inequalities (35) and (36) respectively, we have

BIZ < hlhlyls < Ly < hlg. (37)
By inequalities (35), (36) and (37), we have
2 _n
h14—12>0, P:I’fllﬁ Ilg >0/
&S hlg—12>0, < s h (38)
4 _ he=hly -
hlg — L1, > 0. =z =Y

Hence,
hlg — I 1 2 Ll —I2
A=S2_4p = LZ; _ 26751.
hly—1I5 hly—1I5

In next step, we prove that A > 0. Since polynomials P} and P,? are orthogonal, i.e.,
< P¢, P >¢= 0. Therefore,

X X
/‘”%um%@wx:/‘”%@ﬂ&@Adﬂm:w<p{$>wza

k-1 k-1

There exists xo € (x;_1, Xx+1) such that P¢(xg) < 0. Let us consider

/

xl = Xj,
AP (x) hlg — LI I o | k=Dl
k — 3 6 214 o Xo = Xp ,
=4(x — —2———(x— =0& (72 2(hl—I2
dx (x — x¢) n; — I% (x — x¢) }fl 41 Iz)
%5 =%t o)
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It is clearly that x}, x4 are minima of Pf. It means
P (xh) = Pi(x}) < Pé(x0) <0
(hls — L1y)?>  hlg— LIy hlg— Ll Lle—1I3
= 2\2 2 2 7 <0
4(hly — I3) 2(hly —I3) hly—I5 hly — 15
1 (hlg — L13)>  Ils— If <0
4 (hly — I%)2 hly — I% '
Therefore,
Is— LI)?  DLlg—12
A=t 2f) 204 0. (39)
(hly — I3)? hly — I3
From (39) and (38), by Viet theorem, Equation (34) has two distinct positive roofs. [

Since Lemma 4, Pf has four distinct roofs. Let two positive real number 61, J satisfy

2 2 _ ¢ _ hlg—Dly
0f+06,=8= W12

. 40)
200 p_ bl—I2 (
51‘52 =P= ;;14—131

Then, the integration points are the roofs of P} where

K = x + 01,

th = xp + 6, @)
th=x.—¢

3 k 1,

t’i X — 6.

Let us denote

wy =w3 =hp, wy=wys=hi,

(42)
where § and 7} are real numbers that satisfy
P =3 43
502 + 7162 = b (43)
po1 T 105 = 3
Now, we consider the case k = 2,...,n — 1. Let k be a fixed integer from {2, ...,n — 1}.
Lemma 5. For all polynomials Py of the degree I, where 0 <1 < 3,
Y1 k k k k
/ Py(x) Ax(x)dx = w1 P (#]) + w2 Pi(t3) + w3 Py (t3) + waPy(ty), (44)
Xk-1

where wy, Wy, w3, wy are in (42), holds true.
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Proof. Case 1: For I = 0, we have Py(x) = a with a € R. At first, let us compute the left
hand side of (44):

/Xk+1 Py(x)Ap(x)dx = /Xk+1 aAp(x)dx
Xk—1 Xk—1
Xk+1

= (PaAy(x) + flaAx(x) + paAy(x) + faAg(x))dx
Xk—1

=h(pPo(t}) + 7Po(t5) + PPo(t5) + 7 Po(t5))
:Z/U1Po(tll<) + ZU2P0(f§) + W3P0(t§) + W4P0(t§).

Case 2: For | = 1, we have P (x) = a + px with a, € R. Let us compute the values
of P; at the points t’r‘, r=1,2,3,4:

Py (t5) = a + Bxi + poy,
P (t5) = a + Bxy + Bda,
Py (t5) = a + Bxy — Bo1,
Py(t5) = a + Bx — B

Then, the right hand side of (44) has the form
APL(H) + P (£5) + PPL(15) + 1Py (1) = a + P (45)

Following Corollary 1, the left hand side of (44) is equal to its left hand side in accordance
with its formal expression

/xxk+1 Py(x) Ag(x)dx = h(a + Bxi) = h(BPy () + 7Py (£5) + pPy(£5) + 7Py (1))

k—1

= w1 Py (t5) + waPy (85) + w3 Py (15) + wy Py (£5).

Case 3: For | = 2 we have P»(x) = a + Bx + yx* with &, B, € R. Let us compute the
values of P, at the points t’r‘, r=1,2,3,4:

Pz(t’{) =DPy(xp+61) = a+ Bxp + 'yx% + B + 2yx01 + 7(5%,
Pz(té) = Py(x; +62) = o + Bxg + 'yx,% + BSy + 2yx107 + 63,
Py(t5) = Pa(xy — 61) = o+ By + yxz — P — 2yxidy + 763,
Py(t) = Pa(xy — 62) = o+ By + yxz — P2 — 2y X182 + 703

Then, on the right hand side of (44), we have
PP2(8]) + 7iPa(85) + pP2(15) + Pa(ff) = a+ Py + i + 29(p0F +7163)
I
= a+ﬁxk+'yxf+'yﬁ2. (46)

Following Corollary 1, the left hand side of (44) is equal to its right hand side in accordance
with its formal expression

X I
/ o Py(x)Ax(x)dx = h (“ + By + yxg + 7;)
X

k—1
=h (ﬁpz(f]f) + 7Py (15) + pPa (1) + 77P2(f’i)>

= w Py (5) + waPa(£5) + w3 Po (1) + wyPa(£).
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Case 4: For | = 3, we have P3(x) = a + Bx + vx? + 743 with ¢, 8,7, T € R. Let us
compute the values of P; at the points tlr‘, r=1,2,3,4,

P3(t5) = o + By + yx? + T} + BO1 + 27X, + Y07 + 3Tx2Sy + 3TX67 + 165,
P3(t5) = a + By + a2 + Tx) + By + 27x40p + Y63 + 3Tx20, + 3TX63 + T3,
P3(t5) = a + By + a2 + Txp — BOy — 27Xy + Y67 — 3TX2S + 3TX62 — TS,
Po(t5) = a + By + a2 + Tx) — POy — 27X 0y + Y65 — 3TX25, + 3Tx63 — T3

Then, the right hand side of (44) has the form

PP3 (1) + iP5 (t5) + pPs (£5) + 71Ps (t5) =a + By + vt + T} + 27(607 + 7763)
+ 6T (P07 + 7763)
=+ Bxy + 'yx% + Txi +2(y + 3txp) (p”é% + 17(5%)

I
=a + Bxg + yxf + 71X + (7 + 318 ﬁz 47)
Then, we transform P3(x) to
I b
Py(x) =7 | (x = %) = F(x =) | + Grae+7) ((x = 1)? = F)

I h
2 I 3 2 I
+ (3Txg + 2yxx + o+ B)(x — x¢) + Txp + yxj + Py + a + (3T + ’Y)ﬁ

2

I
=TP2(x) + (3txy +7)PA(x) + (3Ta% + 2yx; + 1'1—4 + B)PL(x)
2

I
+ 1) + x4 By +a+ (3T +7)ﬁ2‘

The right hand side of (44) is
X1 3 2 L
/ P3(x)Ag(x)dx = h| Txp + yxi + Bxg + o + (3T, + 7)ﬁ .
X,

k-1

By (47), both sides of (44) are equal, and we have

/-xk+1 P3(x)Ax(x)dx =h (ﬁpg,(fl) +17jP5(t2) + pPs(t3) + 77P3(t4)>

v Xk—1

= w1 P3(t1) + w2Ps(t2) + w3P3(t3) + wsPs(ts).
Therefore, Equation (44) holds true for all polynomials P, of 0 < <3. O
Corollary 3. The quadrature formula (44) holds true for all polynomials P; of degree 0 <1 < 7.

Now we consider the cases k = 1 and k = n where the 4-point quadrature rule (11),
specified by N = 4, and parameters in (41) and (42), is used for a general L, (a, b) function in-
cluding polynomials. Therefore, this rule gives an approximate value of the corresponding
integral.

Lemma 6. Let [a,b] be arbitrary interval and Aj, ..., A, is its h-uniform fuzzy partition. Let
AT, ASY extend Ay and Ay as in (15) and (16), respectively. For any f € Ly(a,b), and its
extension f € L*(a—h,b+h),
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7 r a0~ () + waf (1), (48)

b
| A~ waf (1) +waf (1), )
where wl, w2, w3 are in (42).

Proof. On the left hand side of (48), we have

[ awix =5 [7 2045 (x)ax
~ B (Of (0t 00) + (a4 8) + (= 61) + N (a— 2))
= h(pf(a+8) +iif(a+62)) = wif(1]) +waf (1),
Equation (49) can be proved similarly. [

Theorem 2. Let Ay, ..., Ay be an h-uniform fuzzy partition of the interval [a,b], f € Ly(a,b), and
n-tuple (E3, ..., F3) is an extended F3-transform of f°* with respect to ASY, ..., AS¥. Then for any
k =1,...,n the calculation of the component of the F3-transform F2, where

3 0 1 2 3
Fk = Ck,OPk + Ck,lpk + Ck,zpk + Ck,3pk/

can be performed using approximate analytical expressions for the coefficients ¢y, Ck1,Ck 2, Ck 3,
based on the four-point quadrature rules (11) given by N = 4, and the parameters in (41) and (42).

Specifically,
4 k
w f(H
Cro ~ %ﬂl), forallk=2,.,n—1,
2wy f(8) +2waf (1)
€10~ I ,
2ws f(15) + 2wy f (t))
CnO ~ I
4 kY ( 4k
t F(HY (H —
Ck1 = Li= wlfgl(’iz)( L xk), forallk =2,..,n—1,
2w1c51f(t1) + 2ZU2(52f(t2)
s [z ’
—2w301f(t 240 f(H}
Cn1 = wshif 32152 wibaf 4), (50)

Ty wif () (8 - %02 - &)

Cro (2(754 ~4) , forallk=2,.,n-1,
2B = P + 20— ) (1)

o h(205% = &4) ’
. 2ws (632 — 5%) f ((ti) +2w4§5 24+ 52)f (! ), (51)
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Ty wif () (8 = x0)° = (¢ — )

Cr3 R ~ , forallk=2,.,n—-1,

B [2505 + 27165 — 4p86 + 5487
. 2w101 (62 — 6%) f(t}) + 2wa02(65 — 6%) f (1)
' h [2p5$ + 24788 — 4086 + 5452}

—2w3d1 (82 — 62) f (1) — 2wadp (85 — 62) f(£})

Cn3 ~ . (52)

e (p,?(x))zAk(x)dx _ /

J..

1

h[2565 + 27168 — 4pd6 + 5482

Remark 3. It is important to note that in (50)—(52) the parameters ti.‘ and w;, wherei =1,2,3,4,
differ from given in (31), although they have the same designation.

Proof. First of all, we note that the exact numerical estimate of the denominators in the
expressions for ¢y, i 1,ckp Was proved in Theorem 1 and [14]. Therefore, we will be
focused on the calculation of ¢y 3, the general expression of which is given in (8).

We begin with the estimation of Is. Using Lemma 2, Theorem 1 and Theorem 4 in [14],
we have

x ~r
L= / = w2 A(x)dx = hd?,
X

k—1
L= /Xk+1 (x — x)* Ay (x)dx = 2hpé,
Xk—1
"Xk1
Is = /X V(= xS Ap(x)dx = h(p(t — 1) + 77(k2 — x)® + plts — 1) + 77 (b2 — 1))
Jxpq

= h(2p0% + 27765).
Therefore, for k = 2, ...,n — 1, the denominator of cj 3 is

- ) - (- x)| A

Xk—1

gas 6 2 4, s 2
:/ [(x—xk) —20%(x — xp)* + 0% (x — xg) }Ak(x)dx
Xk—1
- [16 281, + 5412} —h [2p5$ + 27768 — 408° + 5452} : (53)

Obviously, the denominators of ¢; 3 and ¢, 3 also are

/L:Zh (Pio’(x))zAﬁx(x)dx = /b+h (PS(x))zAzx(x)dx

Xn—1

Xk 2
- /X " (P2)) Ax(x)dx = 2008 + 2708 — 2ps° + 615).
k—1

Applying Formulas (48) and (49) to calculate the numerators of the components, the
theorem is proved. [

4. Triangular Generating Function

In this section, we calculate the exact values of the denominators in the expressions for
ck2 and ci 3, where the generating function Ag has a triangular shape. Namely, we consider
an h-uniform partition Ay, ..., A, of the interval [a, ] with a triangular generating function
Ap : [-1,1] — [0,1], such that

Ap(x) =1—|x].

In this case, we obtain simplified expressions for the ¢ , components in F2[f], and the ¢ 3
components in F3[f], wherek = 1,...,n.
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Theorem 3. Let an h-uniform partition [a,b] be given by triangular basic functions Aq, ..., Ay
with generating function Ayg(x) = 1 — |x|, x € [=1,1]. Then for eachk = 2,...,n —1, the
coefficients cy, . . ., Cx,3 will be as follows

J FOAE B )

Ck0 = I h ’ (54)
6 51 f(x)(x — xp) Ag(x)dx 6| Ty wif (#)(# — )|
Ck1 = 3 ~ 3 ’ (55)
180 341 £(x) ((x = 22 = &) Ag(x)dx
k2 = - 7
180 | Xy wif (#) (= )% = &5
~ =t 7}55 )] , (56)
2100 [*7 f(x) ((x —x)® = 2 (x - xk))Ak(x)dx
k3 = 1977
2100 Ty wif (1) (85 — )% — 22t — xy)
[t )] .

where ti-‘ and w; are the parameters defined in (41) and (42), and

|x — xg|

Ap(x) =1— < p ), X € [Xp_1, Xkq1] -

Proof. Let us remark that the precise values of ¢y, ¢t was computed in [14]. Therefore,

we will be focused on the computation for ¢y 5, ¢ 3. We already have I, = %. Below, we
estimate Iy, Is given in (13):

x x X, _ 5 x _ 5
Iy = / k+1(x—xk)4Ak(x)dx: / k+1(x—xk)4dx+/ ' %dx—/ o wdx
Xk—1 Xk—1 Xk—1 Xk
2 KR
=5 3
X X, X, _ 7 X, _ 7
Iy = / k+1(x—xk)6Ak(x)dx = / o (x—xk)6dx+/ ' (xTxk)dx—/ o de
Xk—1 Xk—1 Xk—1 Xk
20> W W
-7 1%

Hence, the polynomials PP (x) and P¢(x) in (22) and (33) are

242

PI?(X) = (x— xk)3 - ?(x — Xk),
31 19
PHx) = (x — x)* — Ehz(x — )2+ ﬁh4.

Then, the parameters ¢, 6 and J1, 6, in (14) and (40) have the values
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_ L f
0 = Iz_h 5

31 3 [327 31 3 [327
h=Mhog oy 5" %27 h98+%V??

Now, we compute p, p and 7 in (24) and (43). We have

g (8)

1
36 5

_ _ % ] ,
T 2nl,  opl® 0 & 24
5L 414/
P=1t5
Therefore, the denominators of ¢, and ¢y 3 have values
< 7h°
4z _ I
h(206* — 6*) 130"
1917
~ 56 S6 056 | s432
h(2p67 + 27j63 — 4pd° + 6%0°) = 100"

Using the 4-point quadrature rules (11) given by N = 4, we approximate the numera-
tors of (54), (55), (56) and (57). Then, the theorem is proved. O

The components ¢, and ¢,j for j = 0,2,3 can be easily calculated by the method
similar to that used above.

5. Theoretical Error Estimate

In parallel with the main goal of this article, aimed at reducing the complexity of
calculating the components of the integral F"-transform for m > 0, we have contributed to
numerical integration methods based on Gaussian quadratures. In this section, we give
theoretical error estimates for quadrature rules defined by a new type of weight functions
that generate a fuzzy partition. We also compare the approximation qualities of numerical
integration methods based on already known quadrature rules and those obtained.

By [19], the general error estimate of the N-point Gaussian quadrature rule is as
follows:

‘ < £V @)
dx — i i) = TTAaNy ’ ’ 58
[ @ = Cwifx) = Zog < > 8)

where ¢ is an arbitrary value in (4,b), and py is a monic orthogonal polynomial of degree
N. It is easy to see that the only last term, i.e. the value of the inner product < py, pn >, is
influenced by the numerical method. Therefore, below, we evaluate this term separately.
We consider the case when the weight function w is the generating function Ag of the
fuzzy partition, as well as its translations Ay, ..., A, over the nodes x1, ..., x,. Let [a, b] be
an arbitrary real interval, and Aj, ..., A be its h-uniform fuzzy partition. Given (58), we will
evaluate < py, py > for N = 3,4 and for each interval [x;_1, x; 1] , wherek =1,...,n.
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Lemma?7. Let P(x) and PE(x) be the orthogonal polynomials shown in (22) and (33), respectively.
Then,

< P}, P} >~ O(K), < P}, Pt >=0(1°).
Proof. By (53), we immediately have
< P3P} >i=Ig — 2821, + 6 ~ O(H).

For < P?, P,f >, we have
3 .
Pi=x*-Y AP,
i=0

where A?, defined in [14], is shown explicitly in (33), and < P,f, P,i >=0foralll =0,...,3.
After the substitution, we have

hig — Ly

Xk
< PP >i=< xt, P >= / +1(x — x) 8 Ar(x)dx — 5
JXj—1 h14 - 12

[ - wt A

k—1
Lls— 12 [
hly — I3 Jx

~O0(h’) — O(h’) + O(1°).

(x — xp)* A (x)dx

Since < P}, P} >;> 0then < P}, Pt >~ O(1°). O

We substitute the estimates obtained in Lemma 7 into (58), and thus find the error
estimates for the 3- and 4-point quadrature Gaussian rules determined by the weight
functions that form the fuzzy partition.

First, consider the case where the analytic expression of the integrand of a definite
integral contains a weight function. Let us denote

CM(a,b) = {f € C"(a,b) : f)(a) = fV(b) =0, fori=1,.,m}.

Lemma 8. Lef the general estimate in (58) be determined by the basic function Ay as a weight
function. Then, the error estimate for the N-point Gaussian quadrature rule is as follows:

(i)  for N = 3 and arbitrary f € C8(a,b),

”“fwwnuwx:jimqu+oma, forallk=2,.,n—1,
Yk=1 i=1

/axzf(x)Al(x)dx = (wg,f(t_l,) + %wzf(t%)) +0(H),

b

F)An () = (w1 £(15) + Saf (8)) + O,

Xn—1

where the roots tf.‘, k=2,..,n—1are given in (23);



Axioms 2022, 11, 501

22 of 29

n—1

k=2 Y Xk-1

n—-1 3 1 1
= ¥ Y wif () + (waf (1)) + 5waf (8)) + (wif () + 5w (1)) + O(H°). (59)
k=2i=1

(ii) for N = 4 and arbitrary f € C8(a,b), the 4-point Gaussian quadrature rule specified by basic

function Ay as a weight function is as follows:

f(x)Ag(x)dx = i wif ()Y +0(°),  forallk=2,..,n—1,

Xk—1 i=1

|7 A M) = (o (1) + waf () + 008,

X1

[ 5 = (waf () +waf () +00),

where the roots tff, k=2,..,n—1are given in (41).

Proof. The proof of Lemma 8 easily follows from Lemma 7 and Equation (58). O

Second, we estimate the definite integral taken from an arbitrary sufficiently smooth

function.

Theorem 4. Let Ay, ..., Ay be an h-uniform fuzzy partition of [a, b]. Then,

for an arbitrary function f € C8(a,b), the following estimate holds:

n—-1 3
[ $r =5 Y nf )+ (s + hwoaf () + (wnf(8) + Tanf(88) ) +00).

k=2i=1
where the roots tf, i=1,23k=2,..,n—1,are given in (23) and weights wy, wp, w3 are
in (24).

(ii)  For an arbitrary function f € C8(a,b), and an h-uniform fuzzy partition Ay, ..., Ay, of [a, b],

the following estimate holds:
b n—1 4
[ = T S (1) + (o) +waf(8) + (s (1) +w0af (1)) + O0°)

where the roots tf-‘, i=1,.,4k=2,.,n—1, aregiven in (41), and weights w1, wy, w3, W4
are in (42).

Proof. By the assumption, functions Ay, ..., A, establish an h-uniform fuzzy partition of
[a,D]. Therefore, using Definition 1 and the Ruspini condition, we rewrite

Xk+1

INEEE kg [ A,

We apply Lemma 8 to each summand and proceed as follows below.

Let f € C8(a,b), then,

Xk+1

Fx) A+ [ 2 ) Ao )dx+ [ F(x) Apardy

JXn—1
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(i) Let f € C8(a,b), then,

n—

L px X2 b
2/ f(x)Ak(X)dx+/ f(x)Aq(x)dx + F(x)Apdx
k=27 %k-1 a

Xn—1

INCEE

n—1

4
=;;mmﬂ%mm%wm@wﬁm%wmmM+mm.
=2 i=
O

Remark 4. It is worth noting that the proposed estimate in (59) is better than if we used the
composite trapezoidal rule or Simpson’s rule (by [1], the order of estimation of the error of the
composite Simpson rule is 4 vs. 6 in the proposed case) under the same conditions as for the (fuzzy)
partition into sub-intervals of length h.

6. Numerical Tests

In this section, we show the usefulness of the Gaussian quadrature rules proposed
above, defined by a new weight function and a new type of partitioning of the integration
domain. Numerical tests were carried out to support two directions of scientific research:
to reduce the complexity of calculating the components of the F"'-transform and its inverse,
as well as to numerically substantiate a new method of numerical integration.

6.1. Towards Improving the Quality of Approximation by the Inverse F2- and F3-Transform

In all the examples in this subsection, the focus is on computing the inverse F"-
transform, where m = 2,3, defined by a fuzzy partition with triangular basis functions.
This problem is important for obtaining a good approximation using only algebraic func-
tions. Since the calculation of the components of the F™-transform is based on numerical
integration, we use numerical methods and therefore we can evaluate their effectiveness by
analyzing the quality of the approximation obtained by the inverse F"-transforms.

In the examples below, we consider original functions with different smoothness char-
acteristics and apply different quadrature rules to calculate the F"-transform components.
In all examples, we show that with the help of the proposed quadrature rules, a better
quality of approximation can be achieved when compared with similar (in terms of the
number of integration points) trapezoid rules and Gaussian quadratures based on Legendre
or Chebyshev polynomials.

Example 2 (Smooth original function). In this example, we compute the inverse F>-transform
to approximate function f(x) = 55 given in the domain [0,2.5]. For the computation of the
components we use the composite trapezoid rule and the here proposed 3-point quadrature rule with
the triangular weight functions Ay. Figure 1 shows the graphs of the original function and two
corresponding inverse F>-transforms. The error functions are presented in Figure 2 and show the

obvious advantage of the proposed method.

Example 3. (Slightly oscillatory original function) Similar to Example 2, we compute the inverse
F2-transform to approximate function f(x) = x?(sinx?)? given in the domain [0,3]. For the
computation of the components we use the composite trapezoid rule and the here proposed 3- point
quadrature rule with the triangular weight functions Ay. Figure 3 shows the graphs of the original
function and two corresponding inverse F>-transforms.

The error functions are presented in Figure 4 and show an easily observable advantage of the
proposed method.
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0.3

—— Original function

_ F2-transform with
trapezoid rule

0.2

— F2-transform with Gaussian

Quarature of third degree
S 01

Figure 1. Original function f(x) = $0X and its two inverse F?-transforms whose components were

calculated using the trapezoid rule and the here proposed 3-point Gaussian quadrature rule.

0.012 T T
—_— The error of Trapezoid rule approximate
L. — The error of Gaussian rule of third degree approximate
0.01 \
\‘
\
0.008 - | 1
0.006 \ 1
\
\
\
‘I\‘. P
0.004 ‘-\ b
\
‘I‘.‘
0.002 \ / i
0 L 1 - 1 — \/
0.5 1 1.5 2 25

Figure 2. Error functions of two approximations of the original function in Example 2, given by

inverse F2-transforms calculated using the trapezoid and the suggested quadratures. In the latter
case, the errors are practically equal to zero.
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—— Original function

__ F2-transform with
trapezoid rule

— F2-transform with Gaussian
Quarature of third degree

2.2

2.4 2.6 2.8 3.0

Figure 3. Original function f(x) = x?(sin x?)? and its two inverse F>-transforms whose components
were calculated using the trapezoid rule and the here proposed 3-point Gaussian quadrature rule.

0.18 T T
0.16 + \ e The error of Trapezoid rule approximate i
"". _ The error of Gaussian rule of third degree approximate
0141 | |
\n
0.12 - \ E
\ \
\ \
01

0.08 - \ ff ""»,‘ /\ 1
\ ".‘ \
0.06 | \ / ' '

0.04 \ / ‘I"" / II‘I""

0.02 \ \d / _/

Figure 4. Error functions of two approximations of the original function in Example 3, given by

inverse F2-transforms calculated using the trapezoid and the suggested quadratures. In the latter
case, the errors are practically equal to zero.

Example 4 (Strongly oscillatory original function). Let f(x) = sine*” be considered in [0,2].
Because f oscillates strongly, the Newton—Cotes formulas based on equidistant points are ineffi-
cient [1]. Therefore, we increase the degree of the F-transform from 2 (previous examples) to 3 and
perform calculations using 3 different four-point Gaussian quadrature rules based on Legendre,
Chebyshev and the F-transform polynomials proposed here. Figure 5 shows the graphs of the original
function and three corresponding inverse F3-transforms. The error functions are presented in

Figure 6 and as in the above examples, they show an easily observable advantage of the proposed
method.
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Figure 5. Original function f(x) = sin ¥ and its three inverse F3-transforms whose components
were calculated using the Legendre rule, Chebyshev and the here proposed 4-point Gaussian quadra-

ture rule.

0.07 T

0.06
0.05 |
0.04
0.03

0.02

0.01

The error of Chebyshev quadrature rule approximation

The error of Legendre quadrature rule approximation

The error of quadrature rule of fourth degree approximation

Figure 6. Error functions of three approximations of the original function in Example 4, given by
inverse F3-transforms calculated using the Legendre, Chebyshev and the suggested quadratures. In

the latter case, the errors are zero almost everywhere.
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6.2. Towards a New Method of Numerical Integration

Example 5. This example confirms the results stated in Theorem 4. We use various Gaussian
quadrature methods to approximate the integrals of functions with different smoothness. We consider
three functions

) =1]t—1|,t€10,2],
fo(t) = 2(sint(£2))? Ag (2t — 1),t € [0,1]

10 ifo<t<2,
f3(t) = f
1 if2<t<3,

where Ap(t) =1 — |t|.

Remark 5. In the domains under consideration, the functions f, fo are non-differential, while the
function fs is discontinuous.

In Table 1, we show the errors of the approximate values of the definite integrals calcu-
lated from the functions from Example 5 using various Gaussian methods in comparison
with their exact values. We use the following abbreviations:

- 4 points quadrature rule with weight function Ay (4.Gauss-FT).
- 3 points quadrature rule with weight function Ay (3.Gauss-FT).
- 2 points Legendre method (2.Gauss-Leg).

- 3 points Legendre method (3.Gauss-Leg).

- 4 points Legendre method (4.Gauss-Leg).

- 5 points Legendre method (5.Gauss-Leg).

- 4 points Chebyshev method (4.Gauss-Cheb).

Table 1. The error estimates for various quadrature rules used in Example 5.

e N 1 S Y A N AL
4.Gauss-FT 0 4.0768¢~% 0
3.Gauss-FT 1.1102¢ 16 2.3293¢ % 0.3208
2.Gauss-Leg 0.1547 0.0139 5.5
3.Gauss-Leg 0.1393 8.0056¢ 4 1.8333
4.Gauss-Leg 0.0425 1.3610e % 5.5
5.Gauss-Leg 0.0551 2.3937¢04 0.8067

4.Gauss-Cheb 0.1107 0.0011 5.1467

7. Conclusions

In this study, we focused on efficient numerical methods that we could use to calculate
higher degree F-transform components. The latter are expressed as weighted orthogonal
polynomials with weights given by fuzzy partition elements (basic functions) and coeffi-
cients (projections onto the corresponding polynomials) expressed using certain integrals.
Therefore, in search of effective methods of numerical integration, we came to Gaussian
quadrature rules, the accuracy of which depends on the number of integration points.

In this manuscript, we analyzed the 3- and 4-point Gaussian quadrature rules and
found all their parameters, which allowed us to obtain exact analytical expressions for the
values of certain integrals, in which the integrands are polynomials up to (inclusive) 7th
degree. With their help, we have obtained good approximate estimates of the components
of the F"-transform for m < 3, expressed without the use of definite integrals.

In addition, we have shown that our results can be useful for the numerical integration
of arbitrary (integrable) functions. In this case, we gave an estimate of the error and
compared it with the estimates of similar methods. We have shown that the approximation
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quality of the proposed method is at least two order better in comparison with the trapezoid
and Simpson rules. We have compared our approach with other Gaussian quadrature rules,
based on Legendre or Chebyshev polynomials. Finally, we performed numerical tests and
confirmed all theoretical results.

In the future, we plan to use the received approximate estimates of the components
of the F"-transform for m < 3, in all applications of F-transform methodology, where the
main factors are accuracy and computational complexity. This includes numerical solutions
of various differential and integral equations, processing images and time series.
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