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Abstract: In this article, we introduce the class of enriched Suzuki nonexpansive (ESN) mappings. We
show that this new class of mappings properly contains the class of Suzuki nonexpansive as well as
the class of enriched nonexpansive mappings. We establish existence of fixed point and convergence
of fixed point in a Hilbert space setting under the Krasnoselskii iteration process. One of the our main
results is applied to solve a split feasibility problem (SFP) in this new setting of mappings. Our main
results are a significant improvement of the corresponding results of the literature.
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1. Introduction

For many different types of problems in applied physics and mathematical engineering,
one faces too many difficulties to guarantee the ability to find solutions using the already
known analytical methods (see, e.g., [1-5] and others). In such cases, fixed point theory
suggests some alternative techniques for obtaining the sought after solutions. We first
express the problem in the form of a fixed point equation in such a way that the fixed point
set of the expressed equation and the solution set of the given problem become equal. Once
the existence of the fixed point for the expressed equation is established, then it can be said
that the existence of the solution for the given equation is established. After this, we use
the Picard iteration [6] which is the simplest iterative method used for computing the value
of the fixed point of the expressed equation and hence the solution of the given probelem.
We use other iterations such as the Krasnoselskii iteration [7] if the Picard iteration fails to
approach the fixed point as discussed in this paper.

Consider a Hilbert space X with (.,.). Let ||.|| be the norm on X induced by the inner
product (.,.). Suppose @ # M C X is closed and convex. An operator T : M — M is called
contraction in the case when for every choice of u,v € M, there is a real constant 0 < 0 < 1,
such that:

|| Tu — Tol| < 6[u—of|. ©)

It ia well known that the Banach fixed point theorem (BFPT) [8] asserts that the
contraction operator T as defined in (1) attains a unique fixed point, namely, z in M and its
Picard iterates [6] xx11 = Txg, (k =0,1,2,...), essentially converges to z in the strong sense
for every choice of xg € M. In (1), if 6 takes the value 1, then T is called nonexpansive.

The following theorem has been shown by Browder [9] in 1965.

Theorem 1. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is nonexpansive, then set F(T) is nonempty closed and convex.

A natural question arises: Does the Picard iteration converge to the fixed point of T in
Theorem 2? Here, we answer this question in the negative using the following example.

Axioms 2022, 11, 14. https:/ /doi.org/10.3390/axioms11010014

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms11010014
https://doi.org/10.3390/axioms11010014
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-6991-4287
https://orcid.org/0000-0002-8119-9546
https://orcid.org/0000-0003-3041-328X
https://doi.org/10.3390/axioms11010014
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms11010014?type=check_update&version=1

Axioms 2022, 11, 14

20f12

Example 1. Let M = [0,1] and Tu = 1 — u. Then T is nonexpansive but not contraction having
a unique fixed point z = 0.5. It is easy to show that the Krasnoselskii iteration [7] converges to
the fixed point of T but Picard iteration fails to converge. To see this, let xy = x # 0.5, the Picard
iteration produce the following non convergent sequence:

x,1—x,x1—x,...

The class of nonexpansive maps has been extended in many different ways. In
particular, Aoyama and Kohsaka [10], Bae [11], Bogin [12], Garcia-Falset et al. [13], Goebel
and Kirk [14], Goebel et al. [15], Karapinar and Tas [16], Llorens-Fuster and Moreno-
Galvez [17], Pant and Shukla [18], Patir et al. [19] suggested and studied different types
of extensions of nonexpansive mappings. Among these generalizations, Suzuki [20]
suggested an important extension of nonexpansive mappings.

Definition 1. A mapping T : M — M is said to be Suzuki nonexpansive if

1

Sl =Tul| < {lu —o|| = [[Tu = To|| < [[u—o]|, 0
for all two points u,v in M.

It easy that each nonexpansive selfmap T satisfies (2). Hence we deduced that the
class of nonexpansive mappings is properly contained in the class of mappings due to
Suzuki [20], however, the converse is precisely not valid in general (see an example below).

Example 2. [21] Let M = [0, 1] and set Tu by

1
Ty — 1—u for u < g,
dtu otherwise
T .
Since nonexpansive maps are continuous, so here we must have T is not nonexpansive.

However T is Suzuki nonexpansive.

Suzuki [20] improved and extended Thoerem 2 to the setting of mappings satisfying (2)
in Banach space setting. The Hilbert space version of the Suzuki result [20] can be stated as
follows.

Theorem 2. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is Suzuki nonexpansive, then set F(T) is nonempty closed and
convex.

Very recently, Berinde [22] suggested the concept of enriched nonexpansive mappings.

Definition 2. A mapping T : M — M is said to be enriched nonexpansive if there isa b € [0, 00)
such that
[1b(u —v) + Tu = To[| < (0 +1)[|u —ol|, (©)

for all two points u,v in M.

Obviously, any nonexpansive mapping satisifies (3) with b = 0. Berinde [22] used
the Krasnoselskii iteration process [7] for establishing convergence (weak and strong) and
existence of fixed point for these mappings in a Hilbert space setting. He also noted that
enriched nonexpansive mappings are essentially continuous.

The main result of the Berinde [22] is stated as follows. This theorem extended
Theorem 2 from nonexpansive mappings to the enriched nonexpansive mappings.
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Theorem 3. [22] Consider a Hilbert space X and assume that @ # M C X is convex closed
and bounded and T : M — M. If T is demi-compact and enriched nonexpansive. Then F(T) is
nonempty closed and convex. Additionally, one can choose a A € (0,1) such that for xo € M, the
sequence of Krasnoselskii iterates given by

Xpy1 = (1 —)\)xk+)\Txk, (k: 0,1,2,...), (4)
converges to an element of F(T) in the strong sense.

Remark 1. Theorem 3 is the remarkable extension of the Theorem 2. Because each nonexpansive
map is enriched nonexpansive with b = 0.

Now, we consider the following interesting problem.

Problem 1. Is there exist a class of mappings which includes all the Suzuki nonexpansive and
enriched nonexpansive mappings?

To answer the Problem 1 in the affirmative, we introduce the concept of ESN mappings
and show that these mappings are essentially more general than the concept of Suzuki
nonexpansive and enriched nonexpansive mappings. We improve and extend several
theorems including Theorem 3.

In many cases, a given problem can not solved by any analytical method. In such
situations, one is interested to obtain an approximate solution. Although, BFPT [8] gives
the guarantee for the convergence of the Picard iterates [6] in the case of contractions but
we have noted in the Example 1 that in the case of nonexpansive operators, Picard iterates
may fails to converge. Thus, in this paper, we shall use Krasnoselskii iteration [7] instead of
Picard iteration [6], to study the existence of fixed point, fixed point set, weak and strong
convergence theorems in a Hilbert space setting.

2. Preliminaries

In this section, we present some already known definitions and results, which will be
used in establishing the main outcome of the paper.

Definition 3. [23] Consider a Hilbert space X, @ # M C X and T a selfmap of M. Then
T is known as demi-compact if and only if for any {x;} < X if bounded and {Tx; — xi},
(k = 0,1,2,...), converges in the strong sense, one can find a strongly convergent subsequence

{xx, b of {xx}

Definition 4. [24] Consider a Hilbert space X and assume that @ # M C X is convex closed
and T a selfmap of T. Then T is known as asymptotically regular if and only if for every choice of
u € M, one has limy_,o, || T*'u — T*u|| =0, (k =0,1,2,...).

The following facts are in [20].

Lemma 1. Consider a Hilbert space X and @ # M C X, and T : M — M a Suzuki nonexpansive
operator. Then, for every two elements u,v € M, it follows that:

[lu = To[| < 3[|u — Tul| + [|u —o||.

3. Enriched Suzuki Nonexpansive Mappings

Now, we introduce the notion of ESN mappings as follows. A mapping T : M — M is
said to be ESN if there isa b € [0, o0) such that:

1
Sl =Tul] < (b+1)[|ju —o|[ = [[b(u —v) + Tu = To|| < (b +D)[ju—ol, O
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for each u,v € M.

Remark 2. We may note that every Suzuki nonexpansive mapping satisfies (5). We also note that
every enriched nonexpansive mapping satisifes (5). The converse is not valid in general as shown by
examples in the last section.

First, we establish an important result.

Lemma 2. Consider a Hilbert space X and assume that @ # M C X is convex closed and U a
selfmap of U. If U is Suzuki nonexpansive with F(U) # @, then for every choice of A € (0,1), the
selfmap U, = AI + (1 — A)U is essentially asymptotically reqular with F(U,) = F(U).

Proof. Select any element x € M and define x; = Uﬂ‘\x, (k=0,1,2,...). Then for z € F(T),
and hence it is also the fixed point for U,. Now,

Xpp1—z=Axg+ (1= A)Uxp —z = A(xp —z) + (1 = A)(Uxy — 2).
Additionally, for any choice of a constant 4, we have:
a(xg — Uxy) = a(xp — z) — a(Ux, — 2).

Now, L[|z — Uz|| = 0 < ||xx —z||, and so ||Ux; — Uz|| < ||x; — z|| because U is
Suzuki nonexpansive. Hence,

e =2l = A2 — 2|+ (1= A |Uxe — 2> +2A(1 = A)
<Uxp—2z,x,—2z>

< A%|xe =zl 4 (1= APl — 2]+ 24(1 - A)
< Uxy—2z,x—2z>
= AM+A =AY |Uxp —z|>+2A(1 = A) < Uxg —z,x, — 2 > .
Moreover,
Pl — Uxi|]? = a?||xe —z||* + a®||Uxy — 2| > — 22 < Uxg, xp — 2 >

IN

a?||x — z| |2 4 a®||x — z||* — 20 < Uxg, x¢ — 2 >

2a%||xy — z||* — 2a% < Uxy, xp —z > .
By adding the above, we obtain:

xeir =2l + @ lxe = Uxe| P < (207 + A% + (1= A)?) || — 2| P +2(A(1 = A)
—a?) < Uxp —z,x—2> .

If one supposes that: 2> = A(1 — A), then it is obvious that a> > 0. Set Z],Z(I)(, we have:

k=K k=K
AMI=A) Y e —Uxel® < Y (e — 21> = |xiq1 — 2l )
k=0 k=0
= ||X0—Z||2—||XK+1—ZH2)
< lxo — 2

It follows that:

[ee)
||xk — ka||2 < 00,
k=0
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Now xj1 — x¢ = (1 — A)(Uxg — x¢), and we have:

F s — g < Lm0 2l
k=0 B A

Accordingly, Y2 o ||xx — xx11]|* < o0 and so limy_,o ||U§\+1x — Ukx|| = 0. Hence U,
is asymptotically regular. [

Theorem 4. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is demi-compact and ESN. Then F(T) is nonempty closed
and convex. Additionally, one can choose a A € (0,1) such that for xo € M, the sequence of
Krasnoselskii iterates given by:

Xpy1 = (L= A)xx +ATxy, (k=0,1,2,...), (6)
converges to an element of F(T) in the strong sense.

Proof. First we want to show that the averaged operator T;,x = (1 — p)x + uTx is Suzuki
nonexpansive mapping. Since T is ESN, so one has a constant b € [0, %), such that

%Hu—TuH <(b+D|lu—o||=||b(u—v)+ Tu—To|| < (b+1)||lu—12||,forallu,v € M.

1—
Now we may put b = 7”

The above condition becomes:

% —1. Thenb+1 = % It is easy to see that u € (0,1].

3l = Tull < Ll —oll = | () ~0) + Tu— Toll < L jju—o].
It follows that:
%llW-HTull < lu =0l = [|(1 = p)(u = v) + uTu — pTo|| < [[u —of|.
Or
%\lu—[(l—#)quﬂTu]ll < [lu—=ol[ = [[[(1 = pw)u+pTu] = [(1 = p)o+pTol|| < [|u—of|.
Since (1 — p)u + pTu = Tyu. We have:
%Hu—TyuH < ||lu—o|| = [|Tyu — Tyo|| < |lu — ||, forall u,v € M.

Thus, we have observed that the averaged operator T, form a Suzuki nonexpansive
operator. Hence according to the Theorem 2, we have F(T),) is nonempty closed and convex.
However, by Lemma 2, F(T) = F(T,), we have proved the first part of the theorem.

Now we want to establish the final part of the theorem. Since {x; } is generated by:

X1 = (1= A)xe + AT,

Since M is convex, we may conclude that {x;} contained in the set M and also
bounded. Set
Uy =(1-A)I+ATy,,

here I stands for the identity selfmap. Now we have established already that the mapping
T, is Suzuki nonexpansive. By Lemma 2, we have U, is asymptotically regular, that is,

lim ||xk — u,\ka =0.
k—oo0
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Now,
Upu —u = A(Tyu —u) = Ap(Tu — u). (7)
Thus,
Jim [|xi — Tyxel| = 0.

Since T is demi-compact, according to (7), we have T, is demi-compact too. Thus, we
may choose a subsequence {x;, } of {x;} such that lim;_,, x;, = z for some z € M. Since
T, is Suzuki nonexpansive mapping, we have from Lemma 1 that

||xki - THZH S 3||xki - T]ixkiH + ||xk,‘ 7Z||

Applying limit, we obtain lim;_, x;, = Tj,z. Consequently, z = T),z. This shows that
z € F(T,) = F(T).

Since U, is a Suzuki nonexpansive mapping (because Tj, is Suzuki nonexpansive) and
s0 4[|z — Upz|| = 0 < ||xg — z||, we have ||Uyx; — Upz|| < ||xx — z||. Hence,

xer =2l = (11— A)xi 4+ Ay — 2|
< (1= M)l — 2l + AllUnxg — 2|
< (L= A)llxe— 2l + Allxe — 2]

|| — 2.

The strong convergence of the whole sequence to this z now clearly follows from the
facts that ||xg 1 — z|| < ||x¢ — z||. Thus, for starting x( in M, the Krasnoselskii scheme:

Y1 = Uaxg

= (1= A)xp+ ATyx;
(1= A)x + A[(1 = p)xg + puTxg]
= (1—Ap)xg+ AuTxy

converges strongly to the fixed point z of T, for denoting A = Ap to get the exact
Formula (6). O

Corollary 1. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is demi-compact and Suzuki nonexpansive. Then F(T) is nonempty
closed and convex. Then F(T) is nonempty closed and convex. Additionally, one can choose a
A € (0,1) such that for xg € M, the sequence of Krasnoselskii iterates given by

Xkp1 = (1 — )\)xk + ATxy, (k =0,1,2,.. .),
converges to an element of F(T) in the strong sense.

Proof. Since a Suzuki nonexpansive mappings is essentially ESN with the constant b = 0.
Thus, Corollary 1 now follows directly form the Theorem 4 by choosing b = 0, that is, for
u=1 0

Corollary 2. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is demi-compact and enriched nonexpansive. Then F(T) is
nonempty closed and convex. Then F(T) is nonempty closed and convex. Additionally, one can
choose a A € (0,1) such that for xo € M, the sequence of Krasnoselskii iterates given by

Xpy1 = (1 — )\)xk + ATxy, (k =0,1,2,.. .),

converges to an element of F(T) in the strong sense.
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Proof. Since the condition that a mapping should be ESN is weaker than the condition that
a mapping should be enriched nonexpansive. Thus, Corollary 2 is a consequence of the
Theorem 4. [

Remark 3. It is to be noted that the Theorem 4 extends and improves ([22], Theorem 2.2) form
the case of enriched nonexpansive to the case of ESN maps and ([23], Lemma 3) (see also ([24],
Theorem 6) form the case of nonexpansive maps to the case of ESN maps.

4. Weak Convergence

This section is devoted to the some weak convergence theorems.

Theorem 5. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is ESN with {z} = F(T). Then, for each starting xo € M and
A € (0,1) the Krasnoselskij iteration {xy} provided by

Xep1 = (1= A)xp + ATxg, (k=0,1,2,...), ®)
converges to an element of F(T) in the weak sense.
Proof. According to the arguments provided in the Theorem 4, T, = (1 — A)x; + ATxy is

Suzuki nonexpansive. By Lemma 2, F(T,) = F(T) = {z}.
Now to obtain the required result, we show that if { xk/.} is generated by:

X1 = (L= A)xg + AT,

is weakly convergent to a certain g, we must have in this case that g is fixed point for the
operator T, (also of Uy = (1 —A)I + AT, and similarly for T) and so q = z.

We assume that {xk].} is not weakly convergent to z. Now as in Theorem 4, the operator
U, is Suzuki nonexpansive and so one has it is asymptotically regular, as follows:

lim ||xk, - quk,|| =0.
j—roo / J
Now according to Lemma 1, we have:
[k, — Ungl] < 3|Jax, — Unxig || + [|xx; — qll-

It follows that:

lim sup (|[xg; — Upgl| + [|xx, — gl[) < 0. ©)
]—0
Now,
x, — Ungl? = ll(xe, — ) + (g — Ungll?
<l =gl +1lg = Uagl? +2 < x; — q,9 = Ung >,

Now {xkj} is weakly convergent g, one has from the above:
lim (||, — Uagl® = [l = ql1) = [1g — x| (10)
]—00

Moreover,

[k, — Ungl2 = [, —all> = (s, — Ungll — 1z, — 1)) (|, — Unal| + [xi; —all). (11)
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Since M is bounded, the sequence {[|xy, — Upq]| + |[xi; — q][} is bounded, too, and
therefore by combining (9), (10) and (11), we get:

llg — Upgl|| = 0.

This shows thatg € F(U,) = F(T) = {z}. O

Corollary 3. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is Suzuki nonexpansive with {z} = F(T). Then, for each starting
xo € Mand A € (0,1) the Krasnoselskij iteration {x; } provided by

Xpp1 = (1= A)xp +ATx, (k=0,1,2,...),
converges to an element of F(T) in the weak sense.

Proof. Since a Suzuki nonexpansive mappings is essentially ESN with the constant b = 0.
Thus, Corollary 3 now follows directly form the Theorem 5 by choosing b = 0, that is, for
u=1 0

Corollary 4. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is enriched nonexpansive with {z} = F(T). Then, for each starting
xo € Mand A € (0,1) the Krasnoselskii iteration {x; } provided by

Xktp1 = (1 — )\)Xk + ATxy, (k =0,1,2,.. .),
converges to an element of F(T) in the weak sense.

Proof. Since the condition that a mapping should be ESN is weaker than the condition that
a mapping should be enriched nonexpansive. Thus, Corollary 4 is a consequence of the
Theorem 5. [

Remark 4. It is to be noted that the Theorem 5 extends and improves ([22], Theorem 3.3) form the
case of enriched nonexpansivene maps to the case of ESN maps and ([24], Theorem 7) (see also ([25],
Theorem 3.3) form the case of nonexpansive to the case of ESN maps.

Now we dropt the strong assumption F(T) = {z} and show another weak conver-
gence theorem as follows.

Theorem 6. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is ESN. Then, for each starting xo € M and A € (0,1) the
Krasnoselskii iteration {x } provided by (8) converges to an element of F(T) in the weak sense.

Proof. According to the arguments we have noted in the proof of Theorem 4, one has
F(T) = F(T,) # @, where T,x = (1 — pu)x + uTx as usual. According to Theorem 4,
F(T,) is nonempty and convex. Since T}, is Suzuki nonexpansive, thus for every choice of
z € F(Ty), 3|z — Tuz|| = 0 < ||x¢ — z||, we have || Tx; — Tyz|| < ||x¢ — z||. Accordingly

e = pll = (1= A)xe + ATy — 2|
< (= Mllxe = zl] + Al T — 2]
< (=Ml —zl| + Al — 2]

= lxe—zl-
Consequently, we showd ||x.1 — z|| < ||xx — z||. It follows that the map

h(z) = klim ||xx — z||, for each z € F(T),),
— 00
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is lower semi-continuous convex and well defined on the set F(T),). The remaining proof
now closely follows the proof of ([24], Theorem 8). [

Corollary 5. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is Suzuki nonexpansive. Then, for each starting xo € M and
A € (0,1) the Krasnoselskii iteration {xy} provided by (8) converges to an element of F(T) in the
weak sense.

Proof. Since a Suzuki nonexpansive mappings is essentially ESN with the constant b = 0.
Thus, Corollary 5 now follows directly form the Theorem 6 by choosing b = 0, that is, for
u=1 0O

Corollary 6. Consider a Hilbert space X and assume that @ # M C X is convex closed and
bounded and T : M — M. If T is enriched nonexpansive. Then, for each starting xo € M and
A € (0,1) the Krasnoselskii iteration {x;} provided by (8) converges to an element of F(T) in the
weak sense.

Proof. Since the condition that a mapping should be ESN is weaker than the condition that
a mapping should be enriched nonexpansive. Thus, Corollary 6 is a consequence of the
Theorem 6. [

Remark 5. Noticed that Theorem 6 extends and improves ([22], Theorem 3.4) form the case of
enriched nonexpansive to the case of ESN maps.

5. Examples

Now we show by examples that the class of ESN mappings properly includes the class
of Suzuki nonexpansive and the class of enriched nonexpansive maps.

Example 3. Set a selfmap T of a bounded closed convex subset M = [0.5,2] by Tu = u~"! for each
u € M. We show that T is ESN and not Suzuki nonexpansive.

Proof. Then for u = 1 and v = 0.5, we have
1 1
5l —Tul| = El\l—l”ll <|lu—oll,

and
|ITu—Tol| = |[u™! —o7Y| = [j0.57 =17} = 1> [ju—o]|.

On the other hand, T is ESN. Choose b = 1.5, then for any 1,0 € M with 1||u — Tu|| <

(b+1)||u—o|| or 3||o — To|| < (b+1)||u — ||, we have:
[[b(u = 0) + Tu — Tol| < (b+1)][x - y|l.
It follows that:
[l =l > ||b = (uo) | < (b +D)Ju— |-
Consequently:
16— (uo) M| < (b+1).

This equation now holds for b = 1.5. Therefore T is 1.5-ESN. By our main results,
for any xg € M, Krasnosleskii iterates converge to the fixed point 1 of T. Note that if
up = u # 1, we obtain the following non convergent sequence:
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This shows that Picard iterates fails to converge in the case of ESN mappings in general. [

We finish the paper with the following example.
Example 4. Let M = [0, 3] and set T by

[0 if u#3
T“_{1 if u=3.

Since enriched nonexpansive maps are continuous (see [22]) , so we must have T is not enriched
nonexpansive. However T is ESN mappings. This example also shows that that ESN operators are
not necessary to be continuous on their domains.

6. Application to Split Feasibility Problems
We know that the SFP [3] (for shot, SFP) is stated in the following way:

Searchz* € C: Gz* € Q, (12)

the alphabats C and Q, respectively, stand for the closed convex subsets of any given real
Hilbert spaces X and X, while the map G : &} — &) is any linear and bounded function.
It is known from [5], that almost many of the problems of applied sciences can be solve by
using the concept and techniques of SFPs.

In this research, we shall essentially assume that the SFP (12) admits a solution and
thus the solution set shall be denoted by S. By [5], it is known that any z* € C is a solution
for (12) if and only if it is a solution for the following equation

u = Pc(Iiy — &G (Iig — Po)G)u,

where the notions P; and Pg are used for the nearest point projections onto the sets C
and Q, respectively. While ¢ > 0 and the notion G* is used for the adjoint operator of
the corresponding operator G. In [4], Byrne was the first who noted that if 7 denotes the
spectral radius of G*G and 0 < § < %, then the operator

T = Pc(lig — ¢G"(Lia — Pg)9),
is essentially nonexpansive and the following CQ iterative scheme
X1 = Pc(lig = 8G™ (Lig — Po)G)xi, (k=0,1,2,...),

always converges weakly to a point of S.

Once a weak convergence is established it is desirable to check the result for the case of
strong convergence. To achieve the objective, one needs some more conditions (see, e.g., [5]
and others) to study a recent survey on the Halpern type algorithms.

Here, we use a new approach to solve SFPs using the concept of ESN operators because
these operators are generally discontinuous on the subsets they are defind (as we have
shown by a numerical example in the paper), instead of nonexpansive operators, which
are essentially continuous (uniformly) on the subsets they are defind. We show that the
suggested scheme converges to the solution of the SFP.

Theorem 7. Suppose SFP (12) is such that S # ©,0 < § < % and Pc(lig — $G*(Iig — Pq)G) is
ESN operator. Consequently, for ome A € (0,1), the sequence {uy} produced by

{ Xp € C,
Xky1 = (1= A)xg + APc(Iig — §G* (Lig — Po)G)xx, (k=0,1,2,...),

always converges in the strong sense to some solution, namely, z* of the SFP given by (12).
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Proof. We can set T = Pc(ljy — {G*(Ijz — Pg)G), that is, the operator T is ESN. Hence
applying Theorem 4, we get {x;} converges in the strong sense in the set F(T). Since
F(T) = S, it follows that {u;} converges strongly to some solution, namely, z* of the SFP
given by (12). O

7. Conclusions and Future Plan
In this article, the following new outcome is obtained.

(i) We provided the concept of ESN mappings and proved that these mappings are
more general than the concept of nonexpansive, enriched nonexpansive and Suzuki
nonexpansive operators.

(i) We provided the existence and approximation results for these mappings and improved
some known results of the literature due to Berinde [22], Browder and Petryshyn [24]
and Petryshyn [23] in this new setting of mappings.

(iii) One of the main results of the article is used to approximate the solutions for SFPs on
the framework of Hilbert spaces.

(iv) In the next research papers, we will try to use the main results of this paper to solve
some more problems of the literature.

Author Contributions: The listed authors of the paper gave equal work to each part of the paper. All
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Data Availability Statement: The data used to support the findings of this study are included in the
references within the article.

Acknowledgments: The research has been supported by Research project of basic scientifific research
businessexpenses of provincial colleges and universities in Hebei Province (2021QN]JS11); Innovation
andimprovement project of academic team of Hebei University of Architecture Mathematics and Appplied
Mathematics (No. TD202006); The Major Project of Education Department in Hebei (No. ZD2021039);
Nature Science Foundation of Heibei Province under (No. A2019404009; China Postdoctoral Science
Foundation (No. 2019M661047); Postdoctoral Foundation of Heibei Province under Grant B2019003016.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Alagoz, O.; Birol, G.; Sezgin, G. Numerical reckoning fixed points for Barinde mappings via a faster iteration process. Facta Univ.
Ser. Math. Inform. 2018, 33, 295-305.

2. Ullah, K,; Ahmad, J.; Arshad, M.; Ma, Z. Approximating fixed points using a faster iterative method and application to split
feasibility problems. Computation 2021, 9, 90. [CrossRef]

3.  Censor, Y.; Elfving, T. A multiprojection algorithm using Bregman projections in a product space. Numer. Algorithms 1994, 8,
221-239. [CrossRef]

4. Byrne, C. A unified treatment of some iterative algorithms in signal processing and image reconstruction. Inverse Prob. 2004, 20,
103-120. [CrossRef]

5. Lopez, G.; Martin-Ma Themrquez, V.; Xu, HK. Halpern’s iteration for nonexpansive mappings. In Nonlinear Analysis and
Optimization I. Nonlinear Analysis Proceedings of the Celebration of Alex loffe’S 70th and Simeon Reich’s 60th Birthdays, Haifa, Israel,
18-24 June 2008; American Mathematical Society (AMS): Providence, RI, USA; Bar-Ilan University: Ramat-Gan, Israel, 2010;
pp. 211-231.

6.  Picard, EM. Memorie sur la theorie des equations aux derivees partielles et la methode des approximation ssuccessives. J. Math.
Pure Appl. 1890, 6, 145-210.

7. Krasnoselskii, M.A. Two observations about method of successive approximations. Usp. Mat. Nauk 1955, 10, 123-127.

8. Banach, S. Sur les operations dans les ensembles abstraits et leur application aux equations integrales. Fund. Math. 1922,
3, 133-181. [CrossRef]

9.  Browder, EE. Fixed point theorems for noncompact mappings in Hilbert spaces. Proc. Nat. Acad. Sci. USA 1965, 53, 1272-1276.
[CrossRef]

10. Aoyama, K.; Kohsaka, F. Fixed point theorem for a-nonexpansive mappings in Banach spaces. Nonlinear Anal. Ser. Theory Methods

Appl. 2011, 74, 4387-4391. [CrossRef]


http://doi.org/10.3390/computation9080090
http://dx.doi.org/10.1007/BF02142692
http://dx.doi.org/10.1088/0266-5611/20/1/006
http://dx.doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.1073/pnas.53.6.1272
http://dx.doi.org/10.1016/j.na.2011.03.057

Axioms 2022, 11, 14 12 of 12

11.
12.
13.
14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Bae, J.S. Fixed point theorems of generalized nonexpansive mappings. J. Korean Math. Soc. 1984, 21, 233-248.

Bogin, J. A generalization of a fixed point theorem of Goebel, Kirk and Shimi. Canad. Math. Bull. 1976, 19, 7-12. [CrossRef]
Garcia-Falset, J.; Llorens-Fuster, E.; Suzuki, T. Fixed point theory for a class of generalized nonexpasive mappings. . Math. Anal.
Appl. 2011, 375, 185-195. [CrossRef]

Goebel, K.; Kirk, W.A. A fixed point theorem for asymptotically nonexpansive mappings. Proc. Amer. Math. Soc. 1972, 35, 171-174.
[CrossRef]

Goebel, K.; Kirk, W.A.; Shimi, T.N. A fixed point theorem in uniformly convex spaces. Boll. Della Unione Math. Ital. 1973, 7, 67-75.
Karapinar, E.; Tas, K. Generalized (C)-conditions and related fixed point theorems. Comput. Math. Appl. 2011, 61,3370-3380.
[CrossRef]

Llorens-Fuster, E.; Moreno-Galvez, E. The Fixed Point Theory for some generalized nonexpansive mappings. Abstr. Appl. Anal.
2011, 2011, 1-15. [CrossRef]

Pant, R.; Shukla, R. Approximating fixed points of generalized a-nonexpansive mappings in Banach spaces. Numer. Funct. Anal.
Optim. 2017, 38, 248-266. [CrossRef]

Patir, B.; Goswami, N.; Mishra, V.N. Some results on fixed point theory for a class of generalized nonexpansive mappings. Fixed
Point Theory Appl. 2018, 2018, 1-8. [CrossRef]

Suzuki, T. Fixed point theorems and convergence theorems for some generalized nonexpansive mappings. J. Math. Anal. Appl.
2008, 340, 1088-1095. [CrossRef]

Thakur, B.S.; Thakur, D.; Postolache, M. A new iterative scheme for numerical reckoning fixed points of Suzuki’s generalized
non-expansive mappings. Appl. Math. Comput. 2016, 275, 147-155.

Berinde, V. Approximating fixed points of enriched nonexpansive mappings by Krasnoselskij iteration in Hilbert spaces.
Carpathian J. Math. 2019, 35, 293-304. [CrossRef]

Petryshyn, W.V. Construction of fixed points of demicompact mappings in Hilbert space. . Math. Anal. Appl. 1966, 14, 276-284.
[CrossRef]

Browder, EE.; Petryshyn, W.V. Construction of fixed points of nonlinear mappings in Hilbert space. J. Math. Anal. Appl. 1967, 20,
197-228. [CrossRef]

Berinde, V. Iterative Approximation of Fixed Points, 2nd ed.; Lecture Notes in Mathematics; Springer: Berlin, Germany, 2007.


http://dx.doi.org/10.4153/CMB-1976-002-7
http://dx.doi.org/10.1016/j.jmaa.2010.08.069
http://dx.doi.org/10.1090/S0002-9939-1972-0298500-3
http://dx.doi.org/10.1016/j.camwa.2011.04.035
http://dx.doi.org/10.1155/2011/435686
http://dx.doi.org/10.1080/01630563.2016.1276075
http://dx.doi.org/10.1186/s13663-018-0644-1
http://dx.doi.org/10.1016/j.jmaa.2007.09.023
http://dx.doi.org/10.37193/CJM.2019.03.04
http://dx.doi.org/10.1016/0022-247X(66)90027-8
http://dx.doi.org/10.1016/0022-247X(67)90085-6

	Introduction
	Preliminaries
	Enriched Suzuki Nonexpansive Mappings
	Weak Convergence
	Examples
	Application to Split Feasibility Problems
	Conclusions and Future Plan
	References

