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Abstract: As a weaker form of w-paracompactness, the notion of r-w-paracompactness is introduced.
Furthermore, as a weaker form of o-w-paracompactness, the notion of feebly w-paracompactness is in-
troduced. It is proven hereinthat locally countable topological spaces are feebly w-paracompact. Fur-
thermore, it is proven hereinthat countably w-paracompact o-w-paracompact topological spaces are
w-paracompact. Furthermore, it is proven hereinthat o-w-paracompactness is inverse invariant under
perfect mappings with countable fibers, and as a result, is proven hereinthat w-paracompactness is
inverse invariant under perfect mappings with countable fibers. Furthermore, if A is a locally finite
closed covering of a topological space (X, T) with each A € A being w-paracompact and normal,
then (X, T) is w-paracompact and normal, and as a corollary, a sum theorem for w-paracompact
normal topological spaces follows. Moreover, three open questions are raised.
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1. Introduction

Generalizing the properties of the bounded and closed subsets of R" is the main
motivation for introducing compactness into the topology. Compactness and metrizability
are the heartbeat of general topology. Furthermore, for applications, these two notions are
very efficient, where metric notions are used almost everywhere in mathematical analysis,
and compactness is used in many parts of analysis and also in mathematical logic. As
a generalization of both metrizable topological spaces and compact topological spaces,
paracompact topological spaces were defined by Dieudonné [1] in 1944; although defined
much later than the two later classes, paracompact topological spaces became popular
among topologists and analysts, and are now considered to be one of the most important
classes of topological spaces. Due to the introduction of paracompactness, many theorems
in topology and analysis have been generalized, and many proofs have been simplified.
Furthermore, it turns out that the concept of local finiteness and its related concepts
are very efficient and natural tools for studying topological spaces. In general topology,
as in many other parts of mathematics, successful notions tend to become generalized.
One motivation for such generalizations is the attempt to “push results to their limits’.
Therefore, many generalizations of the concept of paracompactness have been made by
several authors. Dowker [2] generalized paracompact topological spaces by introducing
the class of countably paracompact spaces. Al Ghour [3] introduced the concepts of w-
paracompactness and countable w-paracompactness as generalizations of paracompactness
and countable paracompactness, respectively.

In the present paper, we introduce the notions of o-w-paracompactness and feebly
w-paracompactness, where o-w-paracompactness is a weaker form of w-paracompactness,
and feebly w-paracompactness is a weaker form of o-w-paracompactness. We prove that
locally countable topological spaces are feebly w-paracompact. Furthermore, we prove that
countably w-paracompact o-w-paracompact topological spaces are w-paracompact. Fur-
thermore, we prove that o-w-paracompactness is inverse invariant under perfect mappings
with countable fibers, and as a result, w-paracompactness is inverse invariant under perfect
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mappings with countable fibers. Furthermore, if A is a locally finite closed covering of a
topological space (X, T) with each A € A being w-paracompact and normal, then (X, 7) is
w-paracompact and normal, and as a corollary, a sum theorem for w-paracompact normal
topological spaces is introduced. In addition to these, three open questions are raised.

2. Preliminaries

In this paper, we follow the notions and conventions of [3,4]. Let (X, T) be a topological
space and A be a subset of X. A point x € X is called a condensation point of A [4] if for
each U € T with x € U, the set U N A is uncountable. A is called an w-closed subset of
(X, T) [5] if it contains all its condensation points. A is called an w-open subset of (X, T) [5]
if X — A is w-closed. It is well known that A is w-open in (X, 7) if and only if for each
x € A, there exists U € T and a countable set C C X suchthatx € U — C C A. Itis well
known that the family of all w-open subsets of (X, T) forms a topology on X finer than
7. If A and B are two covers of X, then A is called a refinement of 3 if for every A € A,
there exists B € B such that A C B. A family {A, : « € A} of subsets X is called locally
finite (resp. w-locally finite [3]) in (X, T) if for every point x € X there exists an open
(resp. w-open) set U containing x such that {a € A : UN A, # @} is finite. Research via
w-closed sets and w-open sets is still a significantly popular area of research in topological
structures [6-20].

A Hausdorff topological space (X, T) is called paracompact (resp. countably paracom-
pact) if each open covering (resp. countable open) covering of X admits a locally finite open
refinement. Al Ghour [3], defined w-paracompactness and countable w-paracompactness
as weaker forms of paracompactness and countable paracompactness, respectively, as
follows: a Hausdorff topological space (X, T) is w-paracompact (resp. countably w-
paracompact) if each open (resp. countable open) covering of X admits an w-locally
finite open refinement.

Throughout this paper, for a subset A of a topological space (X, 7); A will denote the
intersection of all w-closed sets that contain A. Furthermore, for a function f : X — Y,
the sets f1(y) = {x € X : f(x) =y} where y € Y are called the fibers of f.

The following definitions and results will be used in the sequel:

Definition 1. A function f : (X, t) — (Y, p) is called:

(a) Ref. [5] w-closed if it maps closed sets onto w-closed sets;
(b) Ref. [21] w-continuous if the inverse image of each open set is an w-open set.

It is known that every closed (resp. continuous) function is w-closed (resp. w-
continuous), but not conversely.

Definition 2 ([22]). A topological space (X, T) is called countably metacompact if every countable
open cover of X has a point finite open refinement.

Proposition 1 ([3]).

(a) Every countably paracompact topological space is countably w-paracompact but not conversely;
(b) Every countably w-paracompact topological space is countably metacompact but not conversely;
(c) Every w-paracompact topological space is countably w-paracompact but not conversely.

Proposition 2 ([4]). For every normal topological space (X, T), the following are equivalent:

(a) (X, T) is countably paracompact;
(b) (X, T) is countably metacompact.

Proposition 3. For every normal topological space (X, T), the following are equivalent:

(a) (X, T) is countably paracompact;
(b) (X, T) is countably w-paracompact;
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(c) (X, T) is countably metacompact.

Proof. It follows from Propositions 1 (b) and 2. O

Proposition 4 ([23]). The closed continuous image of a countably paracompact normal topological
space is a countably paracompact normal topological space.

Proposition 5 ([3]). For every Hausdorff topological space (X, T), the following are equivalent:

(a) (X, T) is countably w-paracompact;
(b) For every countable open cover { A, : n € N} of X, there exists an w-locally finite open cover
{By : n € N} of X such that foralln € N, A, C By,.

Proposition 6 ([3]). Let f : (X, T) — (Y, u) be an w-closed function in which its fibers are
finite subsets of X. If A is an w-locally finite family in (X, T), then f(A) = {f(A): A€ A} is
an w-locally finite in (Y, u).

) — (Y, u) is closed if and only if for

Proposition 7 ([4]). A continuous function f : (X, T
B) C A, there exists an open set C C Y with

every B C Y and every open set A C X with f~1(
BC Cand f~1(C) C A.

Definition 3 ([4]). A continuous function f : (X, T) — (Y, ) is perfect if (X, T) is a Hausdorff
topological space, f is a closed function, and all fibers of f are compact subsets of X.

Proposition 8 ([3]). If f is a continuous closed map of a Hausdorff topological space (X, T) onto a
countably w-paracompact space (Y, pt) on which its fibers are countable and countably compact,
then (X, T) is countably w-paracompact.

Definition 4 ([24]). Let P be any topological property. We say that the locally finite sum theorem
holds for P if the following is satisfied:

If {Fy : « € A} is a locally finite closed covering of a topological space (X, T) such that each
F, possesses the property P, then (X, T) possesses the property P.

Proposition 9 ([24]). Let P be a property satisfying the following:

(a) The disjoint sum of topological spaces possessing the property P possesses P;
(b) P is preserved under closed continuous mappings with finite fibers.

Then, the locally finite sum theorem holds for P.
Proposition 10 ([4]). Disjoint sum of normal topological spaces is normal.

3. Results

Definition 5. A family A of subsets of a topological space (X, T) is called o-w-locally finite if it
can be represented as a countable union of w-locally finite families.

Definition 6. A topological space (X, T) is called:

(a) o-w-paracompact if every open cover has an open o-w-locally finite refinement;
(b) Feebly w-paracompact if every open cover of X has an w-locally finite refinement.

Proposition 11. Every w-paracompact topological space is o-w-paracompact.

Proof. It follows since every w-locally finite family of subsets of a topological space is
obviously o-w-locally finite. [

Theorem 1. Every o-w-paracompact topological space is feebly w-paracompact.
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Proof. Let (X, T) be o-w-paracompact and let A be an open cover of X. Since (X, ) is
o-w-paracompact, then A has a o-w-locally finite open refinement B = U’ ; B, such that
each B, is w-locally finite. For eachn € N, set C, = U{B : B € B,,}. Then, {C, : n € N} is
an open cover of X. Put D; = C; and for each n € N — {1}, put D, = C, — U}_{ Cy and let
D={D,:neN}. O

Claim 1. D is locally finite.

Proof of Claim 1. Let x € X. Let ny be the smallest natural number such that x € C,.
Then, we have C,;, € T and C,, N Dy, = @ for all m > n, which means that C,, intersects
atmost Dy, Dy, ..., Dy, . This ends the proof of Claim 1. O

Now, for eachn € N, take &, = {BND,, : B€ By} andlet & =U; ; ;.

Claim 2. (i) & covers X;
(it) & refines A;
(i) € is w-locally finite.

Proof of Claim 2.

(i): Let x € X. Let ny be the smallest natural number such that x € C,,. Since C,, =
U{B : B € By, }, then there exists By € B,  suchthatx € By. Thus,x € D, NBy € £, C £.
(ii): Let E € £. Then, there exists ny € N and By € By, such that E = By N Dy,. Since B
refines A and By € By, then there exists Ay € A such that By C Ap, and thus E C Aj.

(iii): Let x € X. By Claim 1, there exists Oy € 7 such that x € Oy and Oy intersects at most
Dy,,Dny, ..., Dy, of D. Foreachi=1,2,...,k wehave By, is w-locally finite and so &, is
w-locally finite. Thus, for eachi = 1,2,...,k, there is an w-open set O; such that x € O;
and O; intersects at most finitely many elements of Snz.. LetO=0.N (ﬁﬁ‘lei). Then, O
is w-open, x € O, and O intersects at most finitely many elements of £. [

By Claim 2, it follows that (X, 7) is feebly w-paracompact.
As an application of Theorem 1, we introduce the following example:

Example 1. Consider the topological space (X, T) as in Example 6.2 of [3]. It is shown in [3] that
(X, T) is w-paracompact. Hence, by Proposition 11 and Theorem 1, it follows that (X, T) is feebly
w-paracompact.

Recall that a topological space (X, T) is locally countable if for each x € X, there exists
U € T such that x € U and U is countable.

It is well known that if (X, T) is a locally countable topological space, then the topology
of w-open subsets of (X, T) is the discrete topology on X.

Proposition 12. Every locally countable topological space is feebly w-paracompact.

Proof. Let (X, T) belocally countable and let A be an open cover of X. Let B ={{x} : x € X}.
Then, Bisacoverof X. [

Claim 3.

(i) B refines A.
(ii) B is w-locally finite.

Proof of Claim 3.

(i) Let B € B, say B = {y} for some y € X. Since A is a cover of X, then there exists A € A
such that y € A. Thus, we have A € A with B C A. It follows that B refines A.
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(ii) Lety € X. Let O = {y}. Since (X, 7) is locally countable, then O is w-open. Thus, we
havey € O, O is w-open, and {B : O N B # @} = {{y}} which is finite. It follows that 5 is
w-locally finite. O

Therefore, (X, T) is feebly w-paracompact.
The next example shows that the converse of Theorem 1 is not true in general:

Example 2. Let X be an uncountable set and let p € X be a fixed point. Let T = {@} U
{UC X:peU}. Then (X, ) is locally countable. Thus, by Proposition 12, (X, T) is feebly
w-paracompact. Let A ={{p,x} : x € X — {p}}. Then, A'is an open cover of X. We are going to
show that every open cover of X which refines A is not o-w-locally finite. Let I3 be open cover of X
which refines A.

Claim 4.
(i) B—{, {p}} = A.
(ii) B is not o-w-locally finite.

Proof of Claim 4. (i) Let B € B—{Q, {p}}. Since B € 7, then thereis x € X — {p} such
that {p,x} C B. Since B refines A, then there is A € A such that B C A. Therefore,
A = {p,x} = B, and hence B € A. This shows that B—{®,{p}} C A. To see that
AC B—{D,{p}}, let A € A. Then, there exists x € X — {p} such that {p,x} = A. Since
B is a cover of X, then there is B € B such that x € B. Since B € 7, then {p, x} C B. Since
B refines A, then there is Ay € A such that B C Ay. Therefore, A = {p,x} = B = Ap and
hence A € B—{9?,{p}}.

(ii) Suppose to the contrary that B is o-w-locally finite, then B = U7’_, B, where B is
w-locally finite for all n € N. Since X is uncountable, then there are 1) € Nand Y C X such
that Y is uncountable and B, — {@, {p}} = {{p,y} : v € Y}. Since By, is w-locally finite,
then there is an w-open set O in X such that p € O and {B : O N B # @} is finite which is a
contradiction. O

It follows that (X, T) is not o-w-paracompact.
The next example shows that the converse of Proposition 11 is not true in general:

Example 3. Let X be a countable infinite set and let p € X be a fixed point. Let T = {D} U
{U C X:peU}. Toshow that (X, T) is o-w-paracompact, let A be an open cover of X. Let
B={{p}}U{{p,x} :x € X—{p}}. Then, B is an open cover of X.

Claim 5.
(i) B refines A.
(ii) B is o-w-locally finite.

Proof of Claim 5.

(i) Let B € B. If B = {p}, then choose A € A such that p € A, and thus we have A € A
with B C A. If B = {p,x} for some x € X — {p}, then choose A € A such that x € A, and
thus we have A € Awith B = {p,x} C A. It follows that 3 refines A.

(ii) Since X is a countable infinite set, then we can write X = {x, : n € N} withx; = p
and x,, # x,, forn # m. Let By = {{p}}, and for every n € N— {1} let B, = {{p, xu}}.
Then, B = U2, B,. Since By, is clearly w-locally finite for all n € N, then B is o-w-locally
finite. O

It follows that (X, 7) is o-w-paracompact.

To show that (X, 7) is not w-paracompact, let A ={{p,x} : x € X — {p}}. Then, Ais
an open cover of X. We are going to show that every open cover of X which refines A is
not w-locally finite. Let B be the open cover of X which refines A.
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Claim 6.
(i) B—{2,{p}} = A
(ii) B is not w-locally finite.

Proof of Claim 6.

(i) Let B € B—{®,{p}}. Since B € T, then there exists x € X — {p} such that {p,x} C B.
Since B refines A, then there exists A € A such that B C A. Therefore, A = {p,x} = B
and so B € A. This shows that B—{®, {p}} C A. To see that A C B—{®, {p}}, let A € A.
Then, there exists x € X — {p} such that {p,x} = A. Since B is a cover of X, then there
exists B € B such that x € B. Since B € 7, then {p, x} C B. Since B refines A, then there
exists Ag € A such that B C Ay. Therefore, A = {p,x} = B = Apandso A € B—{D,{p}}.
(ii) Suppose to the contrary that Bis w-locally finite. Since B is w-locally finite, then
there is an w-open set O in X such that p € O and {B: O N B # @} is finite which is a
contradiction. O

It follows that (X, 7) is not o-w-paracompact.
Question 1. Is every regular feebly w-paracompact topological space o-wa-paracompact space?
Question 2. Is every reqular Ty o-w-paracompact space a topological space w-paracompact space?

Question 3. If (X, T) is a reqular and feebly w-paracompact topological space, then does every
open cover of X have an w-locally finite w-closed refinement?

Proof. Suppose that (X, 7) is regular and feebly w-paracompact, and let A be an open
cover of X. For each x € X, choose Ay € A such that x € A,. By regularity, for every
x € X, there exists By € T such that x € By C By C Ay. Let B ={B, : x € X}. Since (X, 1)
is feebly w-paracompact, then 3 has an w-locally finite refinement, say C ={Cy : & € A}. It
is not difficult to see that {C, : @ € A} is also w-locally finite. [

Claim 7. {Cy :a € A} refines A.

Proof of Claim 7. Leta € A. Since C refines B, there exists xo € X such that C, C By,.
Thus, we have:

CtX g BXO c BXO gB*Xog AXO/

and hence C, C Ay,.
Therefore, {Cy : & € A} is an w-locally finite w-closed refinement of A. This ends the
proof. O

Question 4. Let (X, T) be a regular topological space with the property that every open cover of X
has an w-locally finite w-closed refinement. Is it true that (X, T) is feebly w-paracompact?

Theorem 2. Every o-w-paracompact countably w-paracompact topological space is w-paracompact.

Proof. Let (X, T) be o-w-paracompact and countably w-paracompact, and let .A be an open
cover of X. Since (X, T) is o-w-paracompact, then there exists an open o-w-locally finite
refinement B = U>° ; B, where B, is w-locally finite for all n € N. For each n € N, set C;, =
U{G : G € B, }. Since {C;, : n € N} is a countable open cover of X and (X, T) is countably w-
paracompact, then by Proposition 5, there exists an w-locally finite open cover {D,, : n € N}
of X such thatforalln € N, D, C C,,. Define £ ={GND,:G € B,,n e N}, O

Claim 8. & is w-locally finite.
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Proof of Claim 8. Letx € X. Since {D, : n € N} is a cover of X, there exists m € N such
that x € D,. Since {D;, : n € N} is w-locally finite, there exists an w-open set Oy such that
x € Oy and Oy meets at most finitely many members of {D,, : n € N}. Thus, there exists a
natural number k > m such that O, N D,, = @ for all n > k. For each natural number n < k,
B, is w-locally finite, and so there is an w-open set O, such that x € O,, and O,, meets at
most finitely many members of B,,. Let U = Ox N (N?_,0,). Then, U is an w-open set such
that x € U and U meet at most finite members of £. [

Claim 9. & refines A.

Proof of Claim 9. Let H € £. Say, H = GN Dy, where np € Nand G € Bj;,. Since B
refines A and G € By, C B, then there exists Ay € A such that G C Ap, and hence H C Ay.
This ends the proof. O

By Claims 8 and 9, it follows that (X, T) is w-paracompact.

Theorem 3. Let (X, T) be a topological space. Then, the following are equivalent:
(a) (X, T) is w-paracompact;
(b) (X, T) o-w-paracompact and countably w-paracompact.

Proof.
(a) = (b) follows from Propositions 1 (c) and 11.
(b) = (a) follows from Theorem 2. []

Lemmal. Let f : (X, 7) — (Y, u) be an w-continuous function in which its fibers are countable.
If A is an w-locally finite family of (Y, ), then f~1(A) = {f"1(A) : A € A} is an w-locally
finite family of (X, T).

Proof. Let x € X. Since A is w-locally finite, then there exists an w-open set V of (Y, i)
such that f(x) € V and V meets only finitely many members of A. Choose U € p and
a countable subset C C X such that f(x) € U— C C V. Then, U — C meets only finitely
many members of A, and x € f~1(U) — f~1(C) C (V). Since f is w-continuous, then
f~1(U) is w-open. Furthermore, by assumption, f~1(C) is countable, and hence w-closed.
Set G = f~1(U) — f~1(C). Then, G is w-open in (X, T) and x € G. If for some A € A we
have GN f~1(A) # @, then:

Gnf(A) = FHU-O)nf(A) = fF(U-C)nA) £0,

and hence (U — C) N A # @. Therefore, G meets only finitely many members of f~1(A).
It follows that f~1(A) = {f1(A) : A € A} is w-locally finite. [

Theorem 4. Let f be a perfect mapping from (X, T) onto (Y, i) in which its fibers are countable
subsets of X. If (Y, u) is o-w-paracompact, then so is (X, T).

Proof. Let (Y, 1) be o-w-paracompact and let A be any open covering of X. For every
y €Y, f1(y) is compact, and so there exists a finite subfamily .4, of A such that f~1(y) C
U{A: A e A,}. Since f is a closed function, then by Proposition 7, for every y € Y, there
exists By € p such thaty € B, and f~1(B,) C U{A: A€ Ay}. Since {B,:y € Y} isan
open cover of Y and (Y, yt) is o-w-paracompact, then {B, : y € Y} has a o-w-locally finite
open refinement C = U7’ ; C;; such that each C is w-locally finite. For each n € N, set
D, = {f‘l(C) :Ce Cn} and D = U;’ ;Dy. Since f is continuous, then each D, C T and
so D C t. Since C covers Y, then D covers X. Furthermore, by Lemma 1, each D, is
w-locally finite, and hence D is -w-locally finite. Since C refines {B, : y € Y}, then for
every C € C, there exists y(C) € Y such that C C B, c). For each n € N, choose:

Snz{ffl(C) NA:A€ Aye),Ce cn}, and let & = U, &,
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O
Then, € C T.

Claim 10.

(i) € covers X;

(ii) € refines A;

(iii) Each &, is w-locally finite;

Proof of Claim 10.
(i) Let x € X. Since D covers X, there exist ny € Nand Cy € Cy, such that x € f‘l(Cx) -

f*1 (By(Cx)) - U{A A€ Ay(Cx)}' Choose Ay € Ay(Cx) such that x € Ay. Thus, we have

x € f71(Cy) N Ay where f~1(Cy) N Ay € E. Tt follows that € covers X.

(ii) Obvious.

(iii) Let x € X. Since D, is w-locally finite, then there exists an w-open set Oy with x € Oy,
and there exists a finite subcollection Cy C C, such thatforallC € C —C,,OxN f -1 (C) =0.

It follows that O, meets at most the finite subcollection { fFC)NA: A€ Ayc), C€ Cx}
of &,. O

By the above Claim, it follows that £ is a o-w-locally finite open refinement of A.
Hence, (X, 7) is 0-w-paracompact.

Corollary 1 ([18]). Let f be a perfect mapping from (X, ) onto (Y, u) in which its fibers are
countable subsets of X. If (Y, u) is w-paracompact, then so is (X, T).

Proof. By Theorem 3, (Y, i) is o-w-paracompact and countably w-paracompact. Then,
by Proposition 8 and Theorem 4, we have (X, T) is countably w-paracompact and o-w-
paracompact. Thus, again by Theorem 3, we have (X, T) is w-paracompact. [J

Theorem 5. Let f be a perfect mapping from (X, T) onto (Y, p) in which its fibers are finite subsets
of X. If (X, T) is w-paracompact and normal, then so is (Y, y).

Proof. By Proposition 1 (c), (X, T) is countably w-paracompact. By Propositions 3 and 4,
(Y, i) is normal and countably paracompact. Therefore, by Theorem 3, it is sufficient to see
that (Y, ) is o-w-paracompact. [

Let {A,X a € A} be any open cover of (Y, ) and let < be a well ordering of A. Then,
{1 ;& € A} is an open covering of X, and so there is an w-locally finite open cover
of X, Bl = {Hy1: &« € A} such that for all « € A, we have H,1 C f 1(A,). For each
a € A, set:

Sep=f"" — (X = UpzaHgp1)) € fH(Aw).

Then, S;» € Tand S,p C f 1(Ay). For every x € X, denote the smallest element
a € Asuch that x € f~1(A,) by a(x). Let:

Exp=X— U‘BthHﬁ,l'
Then:

ElX(X),l - Uﬁ<zx(x)H[3,1 c U‘B<4x(x)f71 (A.B)
So:

! (f (Etx(x),l>> C Upcain) [ (f (ffl(Aﬂ)» = Upca(n)f ' (Ap)-
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Since x ¢ U/z<a(x)f71 (Aﬁ), then x ¢ f~1 (f(E,x(x),l) ) It follows that x € Sy », and
hence {S,» : @ € A} is a cover of X. Therefore, there is an w-locally finite open cover of X,
By = {Hyp : & € A} such that for all « € A we have Hy» C S,5. Forall a € A, it is easy to
check that:

Hyp € f~'(Ax) and f(Hyp) N f(Eq1) = .

Now, we can inductively find an w-locally finite open cover of X, B, = {Hyn : & € A}
satisfying the conditions:
(1) Hyy C f1(Ay) fora € Aandn € N.
(2)  f(Han) O f(Eqn—1) = D where Ey ;1 = X — UpgsoHp 1 forn > 1.

Claim 11. For every ag € A and n € N we have:
(3) Eaon = X — UnzagHan € Un<ag (X — UpsaHp ).

Proof of Claim 11. Let x € E, . Then, x &€ U4, Hy »n and so, there exists & < ag such
that x € H, 4. Denote the maximal element in A such that x € Hy,, by a1. Then, a1 < ap
and x € X — Ug,, Hp . Therefore, x € Uy<qay (X — UpgsoHpy). O

As in Claim 11, one can easily see that:
(4) X = Ugea(X —UpsaHgy).
Consider the opensets Vi, =Y — f(X — Hy ). Then, fora € Aand n:€ N,
fﬁl(sz,n) =X- fﬁl(f(X - Ha,n)) C Ha,n and Va,n c f(Ha,n)-

By Proposition 6, it follows that {f(Hyn) : « € A} is w-locally finite for each n € N.
Therefore, V;, = {Vyn : & € A} is w-locally finite for each n € N.

Claim 12.
(a) U2, V; covers Y.

(b)US2 | V; refines { Ay : v € A}

Proof of Claim 12.
(a) Lety € Y. By (4), the smallest element a in A such thaty € f(X — Ug~,Hpg ) for somen €

N exists, denote it by a(y) and take an integer n(y) such thaty € f (X — Upsa(y) Hﬂ,n(y)%) .
Now, for a > a(y):

Up=aHpn(y)—1 S Upsa(y) Hpn(y)—1,a0d 50 X = Ugo o) Hpny) -1 © X = UpzaHp n(y)—1-

Thus:
f (X - Uﬁ>a(y)Hﬁ,n(y)71) cf (X - UﬁZaHﬁ,n(yH) =f (Ea,nw)fl)
and hence, y € f(EM(y)_l) for all « > a(y), and by virtue of (2):
yé Ua>oc(y)f<Ha,n(y)) = f(le>oc(y)Hoc,n(y))

(5) ie, fﬁl (y)N (Utx>rx(y)Ha,n(y)) =Q.
On the other hand, by virtue of (3):

N

f(UtX<(X(]/) (X - U.B>"<Hlf5r”(y)>)
= Uoc<oc(y)f<X — Uﬁ>1xH/S,n(y))'

f (X = Uaa(y) H""”(y)>

By the minimality of a(y), y ¢ Ua<“(y)f(X - Uﬁ>aHﬁ,n(y))' Thus:



Axioms 2021, 10, 339

10 of 11

References

yef (X - UazuwHa,n(y))

and hence, we have:
(6) f_l(y) - Uaztx(y)Huc,n(y)-

By (5) and (6), f ! (y) C Hy(y)n(y) and ¥ € Vi) n(y)- This shows that U7 ; V; covers
Y.
(b) Since foralla € Aandn € N, Hy,, C f’l(A,X) and f’l(Varn) C Hy,n, then we have
F Y (Van) € f1(As), and hence V, , C Ay. O

As an application of Theorem 5, we introduce the following example:

Example 4. Let X = [1,2] U [3,4], Y = [1,3], and T and o be the usual topologies on X and
Y, respectively. Define f : (X,7) — (Y, u) by f(x) = xifx € [1,2] and f(x) = x —1if

€ [3,4]. Then, f is a perfect mapping from (X, T) onto (Y, i), and its fibers are finite subsets
of X. Since both of (X, T) and (Y, u) are compact and Hausdorff, then both (X, T) and (Y, u) are
w-paracompact and normal.

Proposition 13. A disjoint sum of w-paracompact topological spaces is w-paracompact.

Proof. Let {(X,, Tx) : « € A} be a disjoint family of w-paracompact topological spaces,
and denote the disjoint sum of this family by (X, 7). Foreacha € A {ANX,: A € A}
is an open cover of X,, and so it has an w-locally finite open refinement of B,. Since
{X4 : « € A} is a disjoint family and each B, is w-locally finite, then Uyea B, is an w-locally
finite open refinement of A. Therefore, (X, 7) is w-paracompact. [

Theorem 6. If {F, : « € A} is a locally finite closed covering of a topological space (X, T) such
that each F, is w-paracompact and normal, then (X, T) is w-paracompact and normal.

Proof. It follows from Definition 4, Propositions 9, 10, and 13, and Theorem 5. [

Corollary 2. The locally finite sum theorem holds for the property w-paracompact normal.

4. Conclusions

We define the notions of o-w-paracompactness and feebly w-paracompactness as
two new generalizations of paracompactness. We prove that feebly w-paracompactness
is strictly weaker than each of o-w-paracompactness and local countability. We prove the
following main results: (1) countably w-paracompact o-w-paracompact topological spaces
are w-paracompact; (2) w-paracompactness is inverse invariant under perfect mappings
with countable fibers; (3) if A is a locally finite closed covering of a topological space
(X, ) with each A € A being w-paracompact and normal, then (X, 7) is w-paracompact.
In future studies, the following topics could be considered: (1) solving the three open
questions raised in this paper; and (2) investigate the behavior of our new notions under
product topological spaces.
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