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Abstract: In this article, we introduce a new class of multivalent analytic functions associated with
petal-shape region. Furthermore, some useful properties, such as the Fekete-Szego inequality,
and their consequences for some special cases are discussed. For some specific value of function
f, we obtain sufficient conditions for multivalent starlike functions connected with petal-shape
domain. Finally, in the concluding section, we draw the attention of the interested readers toward the
prospect of studying the basic or quantum (or g-) generalizations of the results, which are presented
in this paper. However, the (p, g)-variations of the suggested g-results will provide a relatively
minor and inconsequential development because the additional (rather forced-in) parameter p is
obviously redundant.

Keywords: multivalent functions; starlike functions; petal-shape domain; differential subordination;
Fekete-Szego inequality

1. Introduction and Motivation

To understand our main results and the notations used in this paper in a better way,
some basic literature of Geometric Function Theory is presented here. For this understand-
ing, we start with the class A, the class of all regular or analytic functions f in the open
unit disk

D={z:z¢€C

and |z] <1} 1)

and satisfying the conditions

f(0)=0 and f'(0)=1.
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Further, the class S represents all regular univalent functions f of class A. Let By be the
class of Schwarz regular functions w such that w : D — D with property that w(0) = 0 and
has power series expansion

w(z) = i cnz. 2
n=1

Furthermore, we briefly discuss the notion of subordinations; let A1, Ay € A, then Ay, is
said to subordinate to A, symbolically:

AN <A
if there exists an analytic function w(z) with properties that
w(0) =0 and |w(z)] <1,

such that
A1(z) = Aa(w(2))-
Utilizing the idea of subordinations, different subclasses of starlike functions were intro-

duced by Ma and Minda [1], in which the quantity zf(z) / f(z) is subordinated to a more
general maximal function @ such that

@) -z
In some particular cases, if we put ®(z) = fj Lz then such functions are known as

Janowski functions with condition on L and M is —1 < M < L < 1. These functions map
the open unit disk to the disk in the right half plane with center on real axis and the end
points of diameter are fjAL/I and 11_’1\51 (see [2]). If we vary @(z) to 1+ %z + %ZZ, then
the image of ®(z) under open unit disk is bounded by cardioid; this case was studied by
Sharma et al. [3]. Cho et al. [4] extended the idea to trigonometric function by replacing
®(z) by 1+ sin(z). Furthermore, we put ®(z) = 2/1 + e~ %; this class was introduced
by Goel and Kumar [5], in which they connected starlike functions to modified sigmoid
functions. For more details of the above-mentioned interesting topics, we refer the reader
to [6-9]. Recently, Ali et al. [10] obtained some conditions on «, where « is any real number,
such that

/
1+vz'§((2:'z))<\/1+z¢g(z)< 1+z (i=0,1,2,),
where g is a regular function defined on D with ¢g(0) = 1. Similar findings were car-
ried out by various authors such as Kumar et al. [7,11,12], Paprocki and Sokét [13],
Ahmad et al. [14], and Sharma et al. [15].
Let A, denote the family of all regular p-valent functions f in the open disk D having
series representation

(e}
fe)=2+ ¥ amz  (z€D). ©
n=p+1

In recent years, many authors have studied the subclasses of multivalent (p-valent) func-
tions from different viewpoints and perspectives. For example, recently, Khan et al. [16,17]
were essentially motivated by the Srivastava’s published review article [18] and defined
certain new families of multivalent g-starlike functions and studied some of their entrusting
properties, such as inclusion results, radius problems, and sufficient conditions. Further-
more, Rehman et al. [19] defined and studied generalized subclasses of multivalent
starlike functions. Recently, many well-known mathematicians have obtained the Fekete—

Szego functional for different subclasses of analytic and bi-univalent functions, see for
example [20-24].
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Motivated by the above-mentioned work, we now introduce a new class Sy (pet) of
analytic multivalent starlike functions associated with the petal-shape domain.

Definition 1. A function f € A, will be in the class S, (pet) if it satisfies

;f;g; <1+sinh (). )

The function 1 4 sinh~!(z) is a multivalued function and has branch cuts along the
line segments (—oo, —i) U (i, 00) on the imaginary axis; hence, it is analytic in D and also
the function 1 + sinh ™' (z) maps the open unit disk onto petal-shape region, for example,

{w e C: |sinh(w —1)| < 1}.

Remark 1. If we take p = 1, we have the class of analytic starlike functions associated with
petal-shape domain introduced and studied by Kumar and Arora [25].

In this article, we first introduced a new class of multivalent analytic functions as-
sociated with petal-shape region. Some useful properties have been discussed, such as
Fekete-Szegd inequality and their consequences to some special cases, and also evaluating
conditions on & so that the following holds

a 2PNl (z) 141z
p ¢'(2) 1+ Mz

1+ , foreachi=0,1,2,3

then, % is proved to be subordinated to 1 4 sinh~!(z). For some specific value of function

g, we obtain sufficient conditions for multivalent starlike functions connected with the
petal-shape domain.

2. A Set of Lemmas

To obtain our results, we need the following important Lemmas.
Lemma 1. [26] Let w € By of the form (2), then for all A € C, we have
’cz - )\C%‘ < max{1, |A|}.
Lemma 2. [27] Let w be a nonconstant regular function in D with w(0) = 0; if
[w(z0)| = max{[w(z)], |2| < |zol}, z € D
then, there exists a real number m(m > 1) such that
zow' (zg) = mw(zg).

3. Main Results

In this section, we start with the Fekete-Szegt problem for this newly defined class
and their consequences to some special cases. Throughout our discussion, we assume that

—-1<M<L<1 and a€eR.

Theorem 1. Let the function f be of the form (3) and f € S;(pet), then,

Apio — AQ?JH < gmax{l, |2A — 1]} ®)
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and y
< .
|ap12] < 3 (©)
Proof. For f to be in the class S} (pet), there exists a Schwarz function ¢(z) such that
zf'(z) 1
=1+ sinh z)).
e (p(2)
Now,
zf'(z) 1 (2 L ) 2
=1+ -app1z+ | —apip— —a z5 4 (7)
pf(z) p T\
and
1+sinh Hg(z) =1+c1z4+ 2> +---. 8)
From (7) and (8), we have
Apy1 = pei, )
2
Apyo = 262 + %C% (10)

From (9) and (10), we have
Apio — )“Z%}H‘ = g’cz — (24— 1)},

using Lemma 1, we obtain the desired result (5). To prove (6), put A = 0 in (5)—the
desired result is achieved. O

Corollary 1. Let f of the form (3) be in the class S (pet). Then,
‘ﬂp+2 - ﬂ§+1‘ < g 11)
Corollary 2. Let f € A be of the form (3) belongs to the class S*(pet). Then,
‘ag—)\a%‘ < %max{1,|2)\—1|} (12)
and

laz| <

IN NI =

NI~

}113 — a%‘ .
Theorem 2. Let g € Ay and be of the form (3) satisfying the condition

1-po/

oz Pgl(z) 1+Lz
1

+ p = 1+ Mz

with the restriction on « being

22p(L— M)
1— M| —22p(1+sinh (1)) (1 + |M])

lae| > (13)

then,

8(z) -1
7 <1 + Slnh (Z)
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Proof. Let us define a function

h(z) = 14}“‘21_?/(2), (14)

where h(z) is analytic in D and /(0) = 1. Further, consider

%j) =1+ sinh ! (w(z)). (15)

To prove our result, we are required to show that |w(z)| < 1. For this, consider

h(z) =1+ zx(l + sinhfl(w(z))> + Lj(z),
Py (w(z)* +1
and
i sinh ™ (w(z @)
‘ h(z) —1 _ (1 + sinh ™ (w( )>) + PV (w(z))*+1
L— Mh(Z) s azw!(z)
L— M<1 a1+ sinh ™ (w(z))) + e (w(z))2+1>
_ oc(l + sinhfl(w(z))) py/ (w(2))* + 1+ azw' (z)
(L-Mpy/@@P +1-MYi(paz) |
where

Yi(p,a,z) = <pzx (w(z))? +1 (1 + sinhfl(w(z))) + azw’(z)).
Now, suppose that for a point zy € D we have

max |w(z)| = |w(zp)| = 1.
|z[<|zo

Further, by Lemma 2, a number m > 1 exists with
zow'(z9) = mw(zp).
In addition, we also suppose that
w(zo) = € (0 € [—m, ).

Then, we have

® (1 + sinhfl(w(zo)))p\/ (w(z0))? + 1+ azw' (z0)

h(z) — 1
=l (L= M)py/ (w(z0))* +1 - MYa(p,a, )
§ jam — |o| (1 -+ sinh ™" (|?]) ) pv/eT +1
(L= M)pVeT 1+ M| pla| (1 -+ sinh~ (|e]) ) Ve + 1+ [a|m)
& (m —22p(1+sinh (1))
23(L— M)p+[a||M| [m+22p(1+sinh (1))
where

Yo(p,a,zp) = (pm/ (w(z0))* + 1(1 + sinh_l(w(zo))) + azw’(zo)).
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Now, let
& (m = 23p(1+sinh ™' (1) ) )
k(m) = 1 ] '
23 (L — M)p+ [a][M] |m +2}p(1+sinh (1) )]

then,
23 |a|(L = M)p + [M][a’23 p (1 +sinh (1))
K'(m) = - - 5 > 0.
(25 (L= M)p -+ [al|M] [m +22p(1 +sinh (1) )])

Clearly, k(m) is an increasing function; so,
maxk(m) > k(1) (m>1),
and
& (1-22p(1+sinh (1))
 23(L = M)p+ [MJa|[1+23p(1+sinh (1)) |

‘ h(Zo) -1
L— Mh(ZO)

From (13), we have

h(zp) —1
‘L—Z(\)/Ih(zo) -

which is contradictory to the fact that

(2) < 14+ Lz
1+ Mz’

Thus, |w(z)| < 1, and so, we obtain our desired result. [

1 f'(z)

If we take g(z) = e

in Theorem 2, we have the following Corollary.

Corollary 3. If f is in the class Ay, has the form (3), and satisfies the condition

azf'(z) zf"(z)  zf'(z) 1+ Lz
sz(z)< e T e > ST Mz

where the limitation on « is

1+

22p(L — M)
1 M| = 23p(1+sinh ™1 (1)) (1 + |M])’

laf >

then, f € S;(pet).
Proof. The proof is straightforward so it is left for the reader. [
Theorem 3. Let g € Ay and be of the form (3), satisfying the condition

azg'(z)  1+1Lz
1 p 8z = 1+ Mz

(16)

where the limitation on « is

s 23p(L— M)(1+sinh~'(1))

T (17)
1—|M| —2§p(l +sinh’1(1)>(1 +|M])
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3(2) -1
ZT =<1 + Slnh (Z)
Proof. Let us define a function
azg'(z)
h(z) =1+ — , (18)
p 8(z)
where /(z) is analytic in D and /(0) = 1. Moreover, consider
8(z) =1+ sinh~}(w(z)). (19)

zP

To show our result, we are required to show that |w(z)| < 1. Now,

e p(1+ sinh1<w<z>(>)) (@E)2+1
and
N azw (2)
’Lh_(z])w ;(12) _ : M(Hpiisinh1<w<z>>az¢ufif:)z>)2+1 )
p(1+sinh ™ (w(2))) v/ (w(z))* +1
ap(1-+sinh ™! (@(2)) )y (@(2))? + 1+ 0z (2)
- Myp (1 sinh () ) ((2)? + 1 MYa(p,a2)
where

Y3(p,a,z) = <ucp (1 + sinhfl(w(z))) (w(z))? +1+ azw’(z))
and suppose that any point zg € ID such that

max |w(z)| = |w(zp)| = 1.
|z[<|zo

Further, by Lemma 2, a number m > 1 exists with
zow'(z9) = mw(zp).
In addition, we also suppose that
w(zo) =€ (6 € [-m, ).

Then, we have

txp(l + sinhfl(w(zo))) v (w(20))* + 1 + azw' (z)

7

‘ h(ZO) -1
L— Mh(Zo)

jafm — Jafp(1 -+ sinh ™" (|e]) ) Ve2T+ 1

- (L—- M)p(l +sinh71(’ei9|))\/e2"9 +1+ [M|Ys5(p,a,e)

N o (m —22p(1+sinh~'(1) ))

(L— M)p(l + sinh*l(w(zo))) (w(z0))2 +1— MYa(p,a,2)

~ 2ip(L— M)(1+sinh (1)) + |a|[M] [m + 22 p(1+ sinh ' (1) )|

7
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where
Y4(p,a,z) = (ocp (1 + sinhfl(w(zo))> V (w(z0))* +1+ txzw/(zo)>
and
Ys5(p,a,e) = (p|oc| (1 + sinhfl( e’ )) Vet +1+ |oc|m).
Now, let
o) — & (m —22p(1+sinh~1(1) ))
 23p(L— M) (14sinh (1)) + |af[M]|[m +23p (1 +sinh (1)) | '
then,
o) 23alp(L— M) (1+sinh~*(1)) + [M][a|*23p (1 +sinh (1))

(2%p(L - M) (1 + sinh_l(l)) + |a|| M| [m + Z%p(l + sinh_l(l)” )2
> 0.

Clearly, k(m) is an increasing function; so,

maxk(m) > k(1) (m>1),

and

‘ h(Zo) -1
L— Mh(Zo)

|a] (1 - Z%p(l + sinh_1(1)>>

- 23p(L— M) (1+sinh ™' (1)) + [a]|M] [1+ 22 p (1 +sinh (1)) |

From (17), we have

>1,

‘ h(zp) —1
L— M]’l(Zo)

which is contradictory to the fact that h(z) < {5-4%. Thus, |w(z)| < 1, and so, we obtain
our desired result. O

If we take g(z) = zP;}{;gz) in Theorem 3, we have the following Corollary.

Corollary 4. If f is in the class Ap, has the form (3), and satisfies the condition

a zf"(z)  zf'(z) 1+ Lz
(e S ) <

where the limitation on « is

s 23p(L— M) (1+sinh (1))

1— M| = 22p(1+sinh (1)) (1 + [M])’
then, f € Sy (pet).

Proof. The proof is straightforward so it is left for the reader. [
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Theorem 4. Let g € Ay be of the form (3) and satisfy the condition

az! g (z)  1+Lz

(20)
Po(gz))? 1+Mz
where the limitation on « is
2
23p(L— M)(1+sinh (1))
] > e @y
1— M| = 22p(1+sinh (1)) (1 + |M])
then,
8(z) R |
27 <1 + Slnh (Z)
Proof. Let us define a function
1+p o/
h(z) =1+ 5275’(?, (22)
P (8(2)
where h1(z) is analytic in D and /(0) = 1. Further, consider
82) _y + sinh ™ (w(z)). (23)

zP

To show our result, we are required to show that |w(z)| < 1. Now,

hz)=1+—— + nz/(2) ,
Lsinh (=) p (14 sinh ! (w(2))) "/ (w(2))? + 1
and
SR =
’ h(z)—1 _ Isinh™ (w(2)) ~ p(1+sinh ™ (w(2))) v/ (w(z))*+1
oM L= M(l + 1+sinh§1(w(2)) + p(1+sinh4(Z;Z(zzu),)(;3 (w(z))2+1)
ap (1 + sinh_l(w(z))> vV (w(2))? 1+ azw' ()
- myp (14 sinh 7 w(2)) ()P 1 - MY(paz) |
where

Yo(p,a,z) = <u¢p (1 + sinhfl(w(z))) \/ (w(z))2 +1+ azw’(z))

and suppose there occurs a point zg € D such that

max [w(z)| = [w(zo)] = 1.
|z[<]|zo]

Additionally, by Lemma 2, a number m > 1 exists with
zow' (29) = mw(zo).

We also suppose that ‘
w(zg) =e® (6 € [-m, 7).
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Then, we have

ocp(l + sinhfl(w(zo))> V (w(20))* + 1 + azw' (z)

‘ h(Zo)—l _
L = Mh(z) (L—M)p(1+sinh_1(w(zo)))2 (@(20))2 + 1 — MYs(p, a,2)
|zx|m—|oc|p(1+sinh71(|ei9|))\/m
- (L—M)p(1+sinh_1(]ei9\))2\/m+ IM[Ys(p, ae)
§ |a|(m_z%2p(1+sinh1(1))) |
23p(L— M) (1+sinh (1)) + |a|[M]| [m +22p (1 +sinh (1))
where

Yr(p,0,2) = (wp(1-sinh ™ ((z0))) /(20 1+ oz () )

e Ys(p, o, e) = (p|1x| (1 +sinh_1( e’ )) Vet +1+ |0¢|m).
Now, let
& (m —22p(1+sinh~1(1) ))
k(m) - 1 1 -1 2 1 .1 — ’
22p(L—M)<1+s1nh (1)) +|zx||M\{m+22p<1+smh 1(1))}
then,
o) — 2%|a|p(L—M)(1+sinh*1(1))2+\M||a|22%p(1+sinh*1(1))

5 2

(2%p(L — M) (1-+sinh ™1 (1)) + |af[M]|[m + 23 p (1 + sinh—1(1))D
> 0.

Clearly, k(m) is an increasing function; so, max k(m) > k(1) form > 1, so

h(Zo) -1
=

j@|(1—28p(1+sinh (1))

2bp(L-M)(1+ sinh*l(l))z + o |M|[1 422 p (14 sinh (1)) '

Vv

From (17), we have

‘ ]’l(Zo) -1 >1,

L— Mh(Zo)

which is contradictory to the fact that h(z) < 111 £2. Thus, |w(z)| < 1, and so, we obtain
our desired result. [

Corollary 5. If the function f is in the class Ay, has the form (3), and satisfies the condition

1! ! 1 L
t szﬁ(f,)(z) (’“ S f:<(>) B J]:(())> T
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where the limitation on « is

25p(L - M)(1+ sinh’l(l))z

e : : ,
1 M| —23p(1+sinh~1(1) ) (1 + |M])

then, f € S;(pet).
Theorem 5. Let g € Ay be of the form (3) satisfy the condition

az! T (z)  1+Lz
Po(8(z)° 1+ Mz

where the condition on « is

25p(L— M) (1 Jrsimrl(l))3

|a| > T
1—|M|— 22;9(1 +sinh_1(1)> (1+|M])

then,
8(z) L1
el 1+ sinh™ " (z).
Proof. Let us define a function
1+p o/
h(z) =1+ az 'Pg'(z)

P (8(2))?

where h(z) is analytic in D and /(0) = 1. Further, consider

( T
gTZ) =1+ sinh H(w(z)).

Now, to prove our result we will required to show that |w(z)| < 1. Now,

/
et w2

1+ sinh™!(w(z)) p(l + sinh’l(w(Z))) (w(z))* +1

and

azw' (

)
2

9 + z
1+ sinh~ Y(w(z)) p(1+ sinh ™ (w(2)))

(w(2))* +

h(z) —1
’L — Mh(z)

azw' (z)

L— 1 a
M( + 1+ Sinhil(w(z)) + p(l + sinhfl(w(z)))z

ap (1 + sinhfl(w(z))) (w(z))* + 1+ azw'(z)

(24)

(25)

(26)

(27)

(L— M)p(l + sinh_l(w(z)))2\/(w(z))2 +1— MYo(p,a,z)
Yo(p,a,z) = (txp(l + sinh_l(w(z))) V(w(2)? +1+ vczw’(z)).

where

Suppose there occurs a point zp € D such that

max Jw(z)] = w(zo)| = 1.
|z <[z

7
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By Lemma 2, a number m > 1 exists with zow'(z9) = mw(zo). In addition, we also suppose
that w(zp) = € for 6 € [, 7t]. Then, we have

ap (1 + sinhfl(w(zo))) (w(z0))* + 1 + azw' (zo)

(zo) — 1
‘L‘(A)Ih(z()) = Myp(1 -+ sinh~ (w(z0))) (w0(z0))? + 1~ MYro(p, 1, 20)
s — | p (1 + sinh ([e]) ) Ve +1
(L M1 sinh () VAT 4 (MY (p )
@ (m —22p(1+sinh (1))
2hp-m(1 +sinh_1(1)>2 + || |M] [m+z%p(1+sinh—1(1))]'
where

Yio(p, &, z0) = <o¢p (1 + sinhfl(w(zo))) (w(z0))* +1+ Dczw/(zo))

e Yi1(p,a,e) = (p|1x| (1 +sinh_1( e’ )) Vet +1+ |oc|m).
Now, let
o) & (m —22p(1+sinh (1))

23p(L— M) (1 +sinh—1(1))3+ | M| [m +23p(1 +sinh—1(1))}'

then,

o) 25 |a|p(L — M) (1+sinh’l(l)>2+\M||oc|22%p(1+sinh’l(1))
(2%p(L —M)(1+sinh*1(1))3+ || M]| [m+2%p(1+sinh1(1))}>2
> 0.

Clearly, k(m) is an increasing function; so,
maxk(m) > k(1) (m>1)

and

‘ h(ZO) -1
L— Mh(Zo)

& (1-22p(1+sinh (1))
 2ip(L— M) (1 + sinh—l(l))3 + || M| [1 +z%p(1 + sinh—1<1))] '

From (17), we have

>1

]’l(Zo) —1
‘L—Mh(zO)

which is contradictory to the fact that h(z) < fj £2 . Thus, |w(z)| < 1, and so, we obtain
our desired result. [

4. Conclusions

In this article, a subclass of regular multivalent functions in petal-shape domain has
been introduced. These functions are then characterized with the help of some useful
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properties such as Fekete-Szego problems and consequences to some special cases are dis-
cussed. We also derived some differential subordination implementation results involving
14 sinh~!(z). These results can be generalized if we consider some other regions such
as Lemniscate of Bernoulli region, cardioid region, nephroid domain, etc., instead of the
Janowski domain.

In concluding our present investigation, we draw the attention of the interested
readers toward the prospect of studying the basic or quantum (or ¢-) generalizations
of the results we have developed in this paper. This direction of research was indeed
influenced and motivated by a recently published survey-cum-expository review article by
Srivastava [18]. However, as already demonstrated by Srivastava (see [18], p. 340; ([28],
Section 5, pp. 1511-1512)), the (p, g)-variations of the proposed g-results will lead trivially
to inconsequential research, because the forced-in parameter p is obviously redundant.
Furthermore, in light of Srivastava’s more recent expository article [28], the interested
readers should be advised not to be misled to believe that the so-called k-Gamma function
provides a “generalization” of the classical (Euler’s) Gamma function. Similar remarks
will apply also to all usages of the so-called k-Gamma function, including (for example)
the so-called (k, s)-extensions of the Riemann-Liouville and other operators of fractional
integral and fractional derivatives.
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