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Abstract: This paper investigates the local and global character of the unique positive equilibrium of
a mixed monotone fractional second-order difference equation with quadratic terms. The correspond-
ing associated map of the equation decreases in the first variable, and it can be either decreasing or
increasing in the second variable depending on the corresponding parametric values. We use the
theory of monotone maps to study global dynamics. For local stability, we use the center manifold
theory in the case of the non-hyperbolic equilibrium point. We show that the observed equation ex-
hibits three types of global behavior characterized by the existence of the unique positive equilibrium,
which can be locally stable, non-hyperbolic when there also exist infinitely many non-hyperbolic and
stable minimal period-two solutions, and a saddle. Numerical simulations are carried out to better
illustrate the results.

Keywords: difference equations; center manifold; period-two solution; stability; global stability
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1. Introduction and Preliminaries

We consider difference equation:

Xptp1 = m, n=20,1,....
By substitution
Xn = g]/n
we get

B3
T YnYn—1+bF
Yn+1 = g3 > B ,n=20,1,....
2 Yn T FYnYna

So, we consider the simpler equation:

XnXpy—1+ F
Xpt1=—-—F—"—,n=01,..., 1
n+1 Ax% + XXy 1 ( )
where the parameters A, F are positive numbers and the initial conditions xg, x_; are
arbitrary non-negative real numbers such the denominator is defined.
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We can note that Equation (1) is the special case of the following general second-order
rational difference equation with quadratic terms

ax2 + bxpxy_1 +cx2_| +dx, +exy, 1+ f

Xp1q = ,n=01,...,
o Ax2 + Bxpxy_1+Cx%2 |+ Dxy+Ex,_1+F

where all of the parameters and the initial conditions are non-negative numbers such that:
a+b+c¢>0,A+B+C+D+E+F>0,n=0,1,..., which has caught the attention of
mathematical researchers over the last ten years. Over the past few decades, fractional-
order systems have been considered for the modeling of realistic phenomena since they
proved to be more practical to describe real-world processes compared to the classic integer-
order models. It was demonstrated that the fractional models are capable of describing
chaotic systems properly, so these models have appeared in different fields dealing with
chaos, like mechanics, biology, and finance (see [1,2]). Additionally, these models were
used for medical purposes such as for investigating the process of disease transmission and
control, virus transmission, and to describe the performance of the human liver (see [3,4]).

The corresponding associated map of Equation (1) is always decreasing in the first
variable and, it can be either decreasing or increasing in the second variable depending
on the corresponding parametric values. The investigation of second-order difference
equations with quadratic terms has intensified recently, and mostly equations whose
monotonicity depends exclusively on the parameters have been examined. Due to the
complexity, only a few authors deal with equations whose monotonicity depends on the
initial conditions (see [5-7]).

We show that Equation (1) exhibits three types of global behavior characterized by
the existence of the unique positive equilibrium, which is locally stable if A < 1, non-
hyperbolic if A = 1 when there also exist infinitely many non-hyperbolic and stable
minimal period-two solutions, and a saddle if A > 1.

This paper is organized as follows. In Section 2, we investigate the existence of the
equilibrium points and their local stability. Additionally, by center manifold theory (see [8]),
we investigate the stability of the non-hyperbolic equilibrium point X. In Section 3, we
investigate the existence of the minimal period-two solutions and their local stability. In
Section 4, we give several global results obtained using the theory of monotone maps after
we found an invariant and attracting interval on which the corresponding map does not
change its monotonicity. The unique equilibrium point is global and asymptotically stable,
in one case we have shown this by using the so-called “M-m theorem,” and for other cases,
we used some techniques of mathematical analysis.

Through our paper we will use the following results:

Let I be some interval of real numbers and let f € C'[I x I,I]. Let ¥ € I, be an
equilibrium point of a difference equation

X1 = f(xXn,xp-1), x_1,% €I, n=0,1,..., (2)

where f is continuous and decreasing in the first and increasing in the second variable.
There are several global attractivity results for Equation (2) that give the sufficient condi-
tions for all solutions to approach a unique equilibrium, such as:

Theorem 1. (see [9]) Let I = [a, b] be an interval of real numbers and assume that f : I x I — I
is a continuous function satisfying the following properties:

@  f(x,y) is non-increasing in the first and non-decreasing in the second variable.
(b)  Equation (2) has no minimal period-two solutions in I.

Then every solution of Equation (2) converges to X.

Theorem 2. (see [10]) Let I C R be an interval and let f € C[I x I,I] be a function that is
non-increasing in the first and non-decreasing in the second variable. Then for every solution of
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Equation (2) the subsequences {x2, }5>_ and {xo,11}5_ 4 of even and odd terms of the solution
do exactly one of the following:

(i)  Eventually, they are both monotonically increasing.
(i)  Eventually, they are both monotonically decreasing.

(iii)  One of them is monotonically increasing, and the other is monotonically decreasing.
We will use the following result from [11].

Theorem 3. Let [a,b] be a compact interval of real numbers and assume that f : [a,b] X [a,b] —
[a, b] is a continuous function satisfying the following properties:

(a)  f(x,y) is non-increasing in both variables in [a, b];
(b) If (m, M) € [a,b] x [a,b] is a solution of the system

fm,m)=M and f(M,M)=m, ©)]

then m = M.

Then
Xntl = f(xn,xn—l), n=20,1,... 4)

has a unique equilibrium X € [a, b], and every solution of Equation (4) converges to X.

The following result is also the global attractivity result in [9,12] for monotone maps
that we will use here.

Theorem 4. Assume that the difference equation
X1 =G(xp, ..., xyx), n=0,1,...,

where G is non-decreasing functions in all its arguments has the unique equilibrium x € I, where I
is an invariant interval, i.e., G : 'Y — I. Then X is globally asymptotically stable.

To obtain the convergence results, we will also use the following Lemma ([13], Theo-
rem 1.8).

Lemma 1. Consider the difference equation

X1 = f(Xn, Xn—1,- -, Xnk) ®)
where f € C[J*1,]] for some interval | of real numbers and some non-negative integer k. Let
{xn} ;. be a solution of (5). Set I = liyginf Xy and S = limsup x,,, and suppose that I, S € J.

°° n—00

Let Lo be a limit point of the sequence {xy}7"__,. Then the following statements are true.

1. There exists a solution {L, }y o, of (5), called a full limiting sequence of {x,}5"__,, such
that Lo = Lo, and such that for every N € Z, Ly is a limit point of {x, }5,__,. In particular

I<L,<S forall N €Z.
2. Forevery iy € Z, there exists a subsequence {xy,}3>, of the solution {x, }5’__, such that
Ly = lim x, | N for every N > iy.
1—00

2. The Equilibrium Point and Linearized Stability

This section proves that Equation (1) has a unique positive equilibrium that can be locally
asymptotically stable, non-hyperbolic, or a saddle point in a particular parametric space.
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Equation (1) has the unique positive equilibrium point X, which is the positive root of
the equation

p(x) = (A+1)x*—x2—F=0.

The equation ¢(x) = 0has only one real solution and two conjugate-complex solutions.

Notice that ¢(0) = —F < 0. The function ¢ has a local maximum at x = 0 and a local
e 4 .
minimum at x = 3(A+1) > 0 with q)( (A+1)) —F — ZAT < 0. It means that function
@ has only one positive root, i.e., Equation (1) has a unique positive equilibrium point.

Denote ir
uv
fwo) = Ry aw
A linearization of (1) is of the form
Tnt1 = STy + try—1, (6)
where
of (u,v) A+ 2A+1)F 1-(2A+1)x
S g —_ = — g — ,
U (u,0)=(%7) P(A+1)? X(A+1)
of (u,v) A¥*—-F  1-x

t = = = )
0V (u,0)=(xX) yB(A+1)2 (A+1)x

In the expressions for s and t we used relation F = (A + 1)¥> — X2 which follows from

p(x) =0.
We can see that |[f| < 1 and s < 0. Namely,

1-x 1
t| <1 -1 1 AX < 1and
] < <:>< <(A+1)<> ( X <1lan x>A+2>
which is true because 0 < F = ((A+1)¥ — 1)¥> = (A+1)x—1 > Oie, X > ALH > ﬁ
and A, ¥ are positive. Thus, the equilibrium is non-hyperbolic if it is satisfied —s =1 — ¢.
We get

QA+1)T -1 1-x 2AX

A+ LT ArE T RaArn e 4sL

—s=1—t<+—

IfA =1, thens = 15? and t = 12 so the characteristic equation of (6) has
eigenvalues:

sEvVs?+4t 1(1-3x  T+1
Ay = == —+ — ],
2 4 X X
ie, Ao =—-1, A4 = — Fromx>A_Hfzfollows)brf12XE—%—%<1—%:%.

Notice Ay > -1 & 2 =4 > -1 1-%> —2x & ¥ > —1, which is true. Similarly we
conclude that

/\+€(—1,0)<:>7>1:>O:g0(f)— ¥?(2x—~1)—-F>1—F,ieF>1,
A =0¢=x=1=0=¢(X)=%*(2x—1)—-F=1-F,ieF=1,
Ay € (0,%) = 1lex<l=0=9x =2(2x-1)-F<1-Fie,F<1.

The equilibrium point x is locally asymptotically stable if the condition

—s<1—t
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is satisfied so, we have

1-(2A+1)x 1-%
—s5<1—t < (AT —(A+f)y+l>0<:>A<l.

The equilibrium point ¥ is a saddle point if it holds —s < 1 —t <= A > 1. We proved
the next theorem:

Theorem 5. The unique equilibrium point X of Equation (1) is

(i) locally asymptotically stable (LAS) if A < 1,
(i)  asaddle point (SP) if A > 1,
(iii)  a non-hyperbolic (NH) if A = 1, with eigenvalues

x—1
2x

A= -1, = —

and we have
Are(-1,0)<=F>1(x>1),
A =0<=F=1(x=1),

Ay € (0,%)<:>F<1(%<§<1).

In the following analysis, we investigate the stability of the non-hyperbolic equilibrium
point .

Theorem 6. Assume that A = 1. Then the positive equilibrium point X of Equation (1) is unstable.

Proof. To prove that ¥ is unstable we will use center manifold theory. Equation (1) is of

the form +F
XnXn—1
Xy = 1T 7
n+1 x%+xnxn—l ( )

By the change of variable y, = x, — X, for F = 2%°> — ¥> we obtain the following

equation

— YnYn— +XYn *yzyn—l *Yy% 73?2%1 FXYn—1—XYnYn-1 (8)
Ynt1 G+ n) XYt 1)

which has a zero equilibrium. By the substitution y,,_1 = u,, y» = vy, Equation (1) becomes
the system

Up+1 = Un

Vp il +X0y — X2 Uy — K02 — 320, + Ty — X0 Ul . (9)

v — n“n n n n n n nin
n+1 (T+U11)(2?+Un+un)

The Jacobian matrix Jj at the zero equilibrium for (9) is

0 1
Jo=1 15 1.3%

2x 2x

and the corresponding characteristic equation has the form

1-3 1—%x
2 _ _
A 2x A 2x 0,

with 1
-x

M=—-1A="——.

1 7 V2 %

Now, the initial system can be written as

R a0
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where
’7(”/ Z)) =0,
g(u ZJ) — VU T —X2u—x02 —3F0+FuU—Xou _ 1 _yu _ 1- 3?0
4 (X+v)(2x+v+u) 2% 2% 4
ie.,
y(u,v) =0
g(u ZJ) _ —2uv® —ulo— 1T 30 F + 303 X4 12 X2 4+ 702 %2 — v° +4uvX? +-4uv? T+ 12 vx —2uvx (11)
A 2% (v+%) (u+v+2%)
We let now
u r
On Sn

b 1 1 ]
el 1-% ,
-1 =
such that -
p1_ & = 1
T+1| 1 1|
and
1 -1 0
P~ JoP = 0 L= | (13)
%

By (12) we have

Uy = —t +1_7xs
n — n 2f nrs
and by substitution in (11) we have
Y(tn, 0n) = 7 (rn, n),
C(”n/ vn) = Z(Vn/ Sn);

ie.,

7(7’11/571) - 0/
82RO (25 ¥y HARE )+ 21, X5 (3X—1) (=5 + X2, —8X2 4> ) +5% (¥—1)° (5, +¥5, +632 )

C(rn sn) = 422 (—2%r, +(1-%)s5,+2% ) (147)s, +4%7)

Thus, (10) can be written as

Tnt1l | _ Tn Y(rn,sn)
P[ Sn+1 ] ]OP{ Sn ] * [ Z(rnrsn) :|
or equivalently
2] -l 3}

Sn+1
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Using (13) we have

Tn+1 o -1 0 |: Tn :| —1|: i(”nrsn) :|
[Sn+1 ] _[ 0 12;‘1 Sn P C(rnssn) | 14)

R e

where R
Y(rn, 8n) = —C(rn,Sn),

and

~ 82 (14X)s,+2%(2%— 1))+ 2, ¥5 (37— 1) ((¥2—1) 5, +472 (T —2) ) 53 (7 —1)° (14750 +632)

V(rwsn) = = 2% (¥+1) (48245, (¥+1) ) ((1-%)s, — 2%, +2%7) ‘

We now let
s=x(r)=Y¥()+ O<r4),

where

Y(r)=ar* +Br°, a,BER
is the center manifold, and where map x must satisfy the center manifold equation (for
Ay = 1)

x(=r+7(rx(r))) = Aax(r) — &(r, x(r)) = 0. (15)

If we approximate 7(r, s) by a Taylor polynomial as follows

A(rs)—il 1’2 (OO)—i—s3 (0,0) i—i—O
T Al ar?\ 357\ +

we obtain

~ _ 3072 —(7a—4)7+2(a—1) 3 2%—1) 2 4
V() = _H(%H)( : (2#(7131) S é(;ﬂgr ) +O(r )

and

— (a—2Xa 472 B+2% B+ B ) P +X2a (¥ +1)°r? n O(r4).

X(=r+7(rx(r)) = 211

From (15) we have the following system

(+1)(5% — 2)a — 2F2 (T +1)°p =2(2x — 1)
ax(3% —1)(F+1)* =21

_ (7% — O AF2
whose solution is (D(, ‘B) _ ( 2x—1 (2x l)(6x +4% 7f+2>>

x(3x—1)(x+1)%’ 273 (7+1)%(37-1)
Lets = x(r) = ¥(r) + O(r*), where

. %1 2 (2x-1)(67°+472-7x+2) 3
¥(r) = f(3f—1)(f+1)27 223 (x+1)%(37-1)

In view of Theorem 5.9 of [14] the study of the stability of the zero equilibrium of
Equation (8), that is the positive non-hyperbolic equilibrium of Equation (7), reduces to the
stability of the following equation

tne1 = —tn + Y (tn,sn) = G(rn), (16)
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where
~ > 3 | AT2 L A7
Glr) = =+ 50, ¥(1) = —r - 2L (Egam2p y 2),
Since
aG0) _
dr !
d2(G) . 2x-1
dr? Rx+1)%
#(G0)  3(2x-1)(2%° +4%* +3x - 2)
dr3 2t (x + 1) ’

then the corresponding Schwarzian is of the form

#(G(0) 3 (d2<c<o>>>2

S6(0) =~ s 2 dr?
B 3(2x — 1) (2x% + 4x% + 3x — 2) 3 1-2% |\
2t (x + 1) 2\ 22(x+1)
32% —1)(2%2 + 2% — 1 1
— (2% 721(7)6 +3x ) > 0, sincex > —,
2x*(x +1) 2

and from Theorem 1.6 of [11], the zero equilibrium of (16) is unstable. Therefore, from
Theorem 5.9 of [14], the zero equilibrium of Equation (8), that is the positive non-hyperbolic
equilibrium of Equation (7) is unstable. [

3. The Minimal Period-Two Solutions

Now we present results about the existence and stability of minimal period-two
solutions of Equation (1).

Lemma 2. If A = 1, then Equation (1) has infinitely many minimal period-two solutions

{-.o0,¢,9,¢,...} (¢ #and d > 0and ¢ > 0) (17)

such that
¥ + (P> —)p —F =0. (18)

Proof. Suppose that there exists a minimal period-two solution {...,¢,¥,$,¢,...} of
Equation (1), where ¢ and ¢ are distinct non-negative real numbers. Then we have the

following system:
¢ = Pp-+F
APy Lo

— ¢yt
Y= Apren
App® + P = ¢+ F 19)
APY oyt =y +F [
It has to be ¢ # 0 and ¢ # 0. By subtracting equations of the system (19) we get
the following

PY(A(Y —¢) = (¥ —¢)) =0,
PPy —¢)(A—-1) =0.

For A =1, we have only one equation, which is the Equation (18). We conclude that
Equation (1) has infinitely many period two solutions of the form (¢, i), where ¢ and ¢ are
arbitrary positive numbers which satisfy Equation (18), i.e., that lie on the curve I shown
in the Figure 1. O
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0.0},
0.0

Figure 1. Visualization of Conjecture 3 with A = 1, F = 0.4 and initial conditions (x_1,xp) =
(1.3,0.2)—black, (x_1,x9) = (2.5,2.5)—green.

Theorem 7. If A = 1, then Equation (1) has infinitely many minimal period-two solutions which
are non-hyperbolic points with eigenvalues Ay = 1and A € (—1,1).

Proof. We have already proved that Equation (1) (from (18)) has infinitely many period-two
solutions (¢, ¥), (¥, ) of the form

1- (1-9)° + %
(@, 9) = 2¢+ ], v>0

Itis clear ¢ > max{0,1 — ¢}, soif ¢ = = X then¥ > %
By the substitution x,,_1 = u, and x, = v,, Equation (1) becomes the system

Uyl = Ony
_ upop+F
0 = 5.
n+1 U%‘H/‘nvn
Now we have
uv+F
[ v2+uv
u
Tz( 0 ) =T uo+ 1 = e +F ’
02+uv uv+F 2+uv+F
v2+uv vtu
ie.,
uv+F
(%) = o2 fuv _( h(u,v)
v = (F+Fu+Fo+uv)v?(u+0) = k(u ZJ) .
(F+uv?+uv+o3)(F+uv) !

Partial derivatives of the map T? are:

oh(u,v)  ©*—F 0Oh(u,v)  uv*+ Fu+2Fv

u  outv)? 0w 02 (u + v)?
ak(u, "U) 02 (vaz) (F2(2u+2v+l)+F(u202+2uzv+2uv3+2u02+2uv+v4)+u2v2)
ou (F2+Fuvz+2Fuv+Fv3+uzv3+u202+uv4)2 ’
ok(u,v) v-Y(u,v,F)

Jv (F + uv? 4+ uv + 03)*(F + uv)?’
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where
Y(u,0,F) = F(2u%+6uv+2u +40% + 30)
+F? (2143?} + u?0% 4 8u*0? 4 5u”v + 2uv* + 6uv® + 8uv® + 05)
+F<—u4v3 — 230t 4 2u%0% + 4P — u?0® + 200t + 7u203)
+uto +2ulot,
Since
p(1t,0,F) — ahg/;,v) L Bk(aL;,v)l 21,0, F) = ahgi,v) ' ak(ab;,v) B Bh(abgv) . ak(aLZv)f

from (18) we get

PP ¢ —p+3¢yp +1
(¢+y)°

P& 9, F) = p(9, 9,997+ ¢%p — o)
and

(p-1)(y-1)
(@+y)°

The characteristic equation of Equation (1) at an period two point is

7(0 9, 09% + 9% — pp) =

A —pA+g=0,

ie.,

NP E3epH 4l 9Dy -1
(9+9)° (9+9)°
with eigenvalues at the period two point (¢, ¢)

A=landr, = $— D@1

2
(¢+v)
2 2 2 2 2 2
Since ¢+ > 1, then 1 — A, = LYV HE T4 RN s i et R AT s N 0,
Py P (¢+0)” (9+9)
ie, Ay <l,and 1+ Ap = 7¢7¢+€'$f$;§ R +¢(3ll(7;3;)r2¢ 1 5 0. So we proved

that
A =Tland Ay € (—1,1)

atany point (¢, ). O
4. Global Results

From the partial derivatives

of(u,0)  (Avu?+2AFu+Fv) df(u,0)  Au?—F

ou u2(v + Au)? ' 0v u(v+ Au)?

we notice that the function f(u,v) is always decreasing in the first variable and can be
either non-decreasing or decreasing in the second variable, depending on the sign of the

9f(

nominator of %’U). Therefore,

9f(u,0) =0<=u=

F
80 Z/ (20)
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and the function f(u,v) is non-increasing in both variables if 1 < %, and decreasing in

the first variable and non-decreasing in the second variable if u > |/ %. Since

|F |F
— — = 1
f < A’ A) !
we can have three possible cases:

F

1 < \/Z@F>A,
| F

1 = — F=A
A<:> ,

1 > \/£<:>F<A
" .

F > A=—x>1,
F = A=x=1,
F < A=—x<1.

Notice,

41.Case1(A #1)

First, consider case 1 < 4/ % <= A < F. The function f(u,v) is decreasing in both

variables on interval [1, \/g ] .

Lemma3. f0<A<land A< F < %, then [1, ﬂ is an invariant interval of Equation (1),

| F | F
1, 1 1, a

Proof. Assume that A < F. By using (20) we have that

. a+F
min rf(u,v) —f(ﬁ,ﬁ) = Aé;ii =1

(u,v)e [1,@

ie.,
2

f:

and it contains the equilibrium point X.

and

1+F F
g = < —
max 2f(u,v) f(1,1) A 1 =\Va

Notice

2
1+F§ /F:)(l—l—l—") §£<:>(F A)(1 ;41—")20
A+1 A A A(A+1)
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The last inequality is satisfied for A < F < % and 0 < A < 1. Additionally, since
A < F we obtain

qo( i)qo(l) - <<A+1>i\/f—§—F><<A+1)—1—F>
= ;(A—F)(A+l)<\/j—l><0.

This means that the equilibrium point X belongs to the invariant interval [1, \/ i] . O

Now, consider the case \/ £ <1 <= F < A. The function f(u,v) decreases in the

first variable and increases in the second variable on the interval [\ /%, 1} .

Lemmad. IfF < A <1, then [ f‘,l} is an invariant interval of Equation (1), i.e.,

F ] F
o e
A’ A’

f:

and it contains the equilibrium point X.

Proof. First, assume that F < A. By using (20) we have that

+F
max Zf(u,v):f<\/;,> A\{:[

e stu (15 - L el

(u,v)e [\/g,l]

which is true for F < A < 1. Additionally, since F < A we obtain

(p( Z)(p(l) — Z(A—F)(AJrl)(\/j—l) <o.

This means that the equilibrium point ¥ belongs to the invariant interval {\ / %, 1] . O

and

Now we are going to prove that the intervals {1, \/g ] and [\/? , 1} are attracting.

Lemma 5. Let {x,};__; be solution of Equation (1). The following statements are true.
1. If A < F, then:

(@ifx, <1< \/gthen Xpy1 > 1)

(b) if xn > /5 then x4 < 1.
2. IfA>F, then:

(a) if x, < \/gthen Xpe1 > 1;
®)ifx, >1> \/gthen Xpy1 < L.
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Proof. We give the proof only for the first case.
Suppose that A < F.

(@Ifx, <1< ﬁ then Ax2 < F and

XpXy_1+F F— Ax2
il Ax2 + xpx,_1 xn(Axy + x,_1)
(b) If x, > 4/ %, then Ax2 > F and
XpXy_1+F F — Ax2
i Ax;zq + XnXp—1 xn(Axn + xnfl)

O

Lemma6. IfA < F < %, then {1, 1/ ﬁ} is an attracting interval, i.e., there exists Ny € 7t such
that x, € {1,1/1{;] forall n > Nj.

Proof. Let I = liminfx, and S = lim supx;.
n—oo n—oo

HIIe [1, \/E} and S € {1, ﬁ] , the proof is over (by Lemma 3).

(ii) Assume that I ¢ [1, \/E} . It follows from Lemma 5 that I < 1. Thus, there is an

open neighborhood O; containing I such that O; N |1, \/g = @. By Lemma 1, let ;14

be a full-limiting sequence such that 1i_r)n I,+1 = I. Thus, then exists a positive integer Ny,
n—oo

such that I, € Op for n > Nj. According to Lemma 5 if [, < 1 then I,,;1 > 1 whichis a
contradiction.

(iii) Assume that S ¢ [1, \/E} . It follows from Lemma 5 that S > \/g . Thus, there is

an open neighborhood O; containing S such that Oy N [1, \/E} = @. By Lemma,let 5,11

be a full-limiting sequence such that lgn Sp+1 = S. Thus, then exists a positive integer N,
n—oo

such that S, € Oy for n > N,. According to Lemma 5, if 5, > %, then S, 11 < 1, which
is a contradiction.

Thus, it must be the case I € [1, \/E} and S € [1, \/E] . O

The proof of the following lemma is analogous and we will omit it.

Lemma?7. If F < A <1, then {\/E, 1} is an attracting interval, i.e., there exists Ny € 7t such
that x, € {\/Z,l] forall n > Nj.
Now, we will formulate some results about global stability.

Theorem 8. If0 < A <land A < F < ﬁ, the equilibrium point X is globally asymptoti-

cally stable (see Figure 2).
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Figure 2. The area of the global asymptotic stability (GAS).
Proof. Consider the system
f(m,m) = M
21
F(M, M) = m =
that is,
2 — 2
Mm=(A+1) =m*+F 22)

mM?(A+1) = M>+F

If we subtract equations of the system (22), we get:
(m—M)mM(A+1)=(m—M)(m+ M),
so one solution of system (22) is (m, M) = (%, X). On the other hand
mM(A+1) =m+ M.
By adding equations of the system (22), we get:
(A +1)Mm(m + M) = m?> + M? + 2F.

Substitution mM = g and m + M = p leads the system

mM(A+1) = m+M
(A+1)Mm(m+M) = m?>+ M>*+2F
to the
g(A+1) = p
(A+1)pg = p?—2q+2F.

If we replace p = q(A + 1) in the second equation, we get
q=F
so it implies p = F(A + 1). Now, m and M are solutions of equation

? —pt+q=0. (23)
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We get

pi P —dg F(A+1):\JP(A+1)%—4F
2 = 2

F(A+1)+ \/F(F(AJrl)z f4)
2

t+

Equation (23) has no real solutions if F(A+1)* —4 < 0. For F(A+1)> —4 = 0,
ie, F = —2% the Equation (23) has solution m = M = A%rl = X. Therefore, the

(A+1)?

system (21) has the unique solution (m, M) = (X,%)if0 < A <land A < F < (Ail)z
_4 1 : F . . . . .

(because A7 < 4). Now, since {1, \/: ] is an invariant and attracting interval (by

Lemmas 3 and 6), Theorems 3 and 5, the conclusion follows.

Using Theorem 4, we can prove the theorem’s statement without using Lemma 6, i.e.,
the result of attractivity. Now, we will give another proof.

Every solution of Equation (1) satisfies the fourth order difference equation

Xnt1 = f(f(xn—l/x'Vle)/f(xan/ x'rl*3)) = fl(xn—ll Xn—2, xn73)r n= 0/ 1/ ceey (24)

where f; is increasing function in all its arguments. Simplifying the right hand side of
Equation (24) we obtain

_ Xp_o+Ax,_q ~
X1 = Fﬂ_xnilx;lz xnflGr (25)
where
é _ F2+Fxn—2(A2x3,1x11—2+Ax1171 (xn—an—l+x%72)+Xn71+xn73+xn71xn72xn73)+x7171x%,72xn73

F(Azx%,2+A(x$,_1 +Xp—2Xn—3 ) +Xp—1Xn—2 ) +Xp—1Xp-2 (Azx%,2+Ax1'173 (xp-1 +xn72)+xn—2xn—3) ’

The equilibrium solution of Equation (25) satisfies the equation
(F—Ax3—|—x2—x3) (—F+Fx—x2+AFx> =0.

We conclude that the equilibrium solutions of Equation (25) are either equilibrium
solutions of Equation (1) or the solutions of the quadratic equation

— F+Fx—x*4+ AFx =0. (26)

Equation (26) has no real solutions under the condition: 0 < A < land A < F <

ﬁ. Since [1, \/g} is an invariant interval for f, and so for fj, an application of

Theorem 4 completes the proof. [J

Theorem 9. If F < A < 1, then every solution of Equation (1) converges to the equilibrium point
X (see Figure 3).
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Figure 3. The area of the global asymptotic stability (GAS).

Proof. In this region, f(u,v) is decreasing in u and increasing in v. Additionally, by
Lemmas 4 and 7, %, 1| is an invariant and attracting interval that contains the equilib-
rium point ¥. By Theorem 1, the subsequences {x2,}, %5 and {xy,,1},5, are eventually
monotone. Since they are eventually monotone in [ %, 1} , a bounded interval, they must

converge. It is easy to show that in this case, there are no minimal period-two solutions (see
Section 3, Lemma 2). Thus every solution of (1) must converge to its unique equilibrium
point. [

In case A > 1, Equation (1) has a unique equilibrium point which is a saddle and
unbounded solutions, i.e., dynamic similar as the equation analyzed in [15]. Due to a
change of monotonicity, we can only state the following conjecture.

Conjecture 1. If A > 1, then every solution of the equation converges to either the equilibrium
point X or points (0,00), (00,0). More precisely, every solution which starts of the global stable
manifold of the equilibrium X converges to the points (0,00), (c0,0).

Conjecture 2. If0 < A < 1, then the equilibrium point X is globally asymptotically stable.

42 Case2 (A=1)
Assume that A = 1and F < A. The function f(u, v) decreases in the first variable and
increases in the second variable on the interval {\/f, 1} .

Lemma8. IfF < A =1, then [\/f, 1} is an invariant interval of Equation (1), i.e.,

2
f[vEA] — [VEA]
which contains the equilibrium point X.

Proof. Assume that F < A = 1. By using that

_\/?+F_l
F+VF

(u,y)tlﬁ;(f,lff(u’ v) = f(ﬁ,l)

and

_ F+VF
_1+\/?_\/f

min u,v) = , VF
(u,v)e[\/f,l]zf( ) f(l F)
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2
the conclusion that f : {\/f, 1} — {\/f, 1} follows from (20). On the other side, since
F <1 we obtain
o(VF)g(1) =2F(VE-1)(1-F) <.
This means that the equilibrium point X belongs to the invariant interval {ﬁ, 1} . O

Theorem 10. If 0 < F < A = 1, then every solution of Equation (1) converges to a minimal
period-two solution for x_1,x¢ € {\/f, 1} .

Proof. By Lemma 8, the function f(u, v) decreases in the first variable and increases in the
second variable on the invariant interval [\/f, 1} . Additionally, by Theorem 5, Theorem 6,

and Lemma 2, Equation (1) has unique non-hyperbolic equilibrium point ¥ which is
unstable and an infinitely many minimal period-two solutions with eigenvalues at the

period two point A; = 1 and A, € (—1,1). Notice that (\/f, 1) and (1, VE ) are minimal
period-two solutions, too. Since conditions of Theorem 2 are satisfied on a closed interval,
every solution must converge to a minimal period-two solution. [

Conjecture 3. Let A = 1. Then for the positive value of F, every solution converges to a minimal
period-two solution (see Figure 1).

43.Case A=F <1
If A =F, wehave

uv+ A
flw0) = Au? +uv

so the equilibrium point is (¥,%) = (1,1).

Lemma 9. Assume that F = A. Then the following statements are true:
@ ifx, <x=1thenx,;1 >x=1,
(b) fxy>x=1thenx, ;1 <x=1

Proof. (a) If x;, < 1, then holds

_ XnXp1tA | = Fn¥no +A— A2 —xpx, 1 A(l—x3)
AXE + XX N Ax2 + XXy _q CAXE + XXy

Xp+1 — 1 >0,
ie, x,41 > 1.
(b) The proof is analogous to the previous case. O

In view of Lemma 9if x, < 1thenx,11 > 1, x,00 <1, x,43>1,...forn=0,1,....
By straightforward calculation, we obtain

- o B F(x41) (F+xux,_1)P3(xn,x,—1,F)
xn+3 xn_l,_] - (xn 1) Xn (F+ann,1 +F2Xn +Fxn,1)(Fxn+xn,1)Q6(xn,xﬂ,l,F) 4
where
P3(xp,xy-1,F) = x%flxﬁ(F + xp)aq (F, xy) + xf,_lPxn(F + xn)a2(F, x,)

+x,_1F?a3(F, xn) + Fay(F, xy),

a1 (F,x,) = (F+1)x, + F(1 —3F),
w(F,xy) = x3(2F + 1) + x2F(1 — 6F) 4 x,(F +2) 4+ F(2 — 3F),
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a3(F,xu) = Fx§+x3F(1—2F) + i (2 — 4F> 4 2F ) + 2Fx} (1 - 2F)

+23(1- 4P +2P2) + F(3x, + F— F2),

as(F, xn) = xil—*(l - F2> +x4F(1—2F) + 23 (1 - F3) +xuF2(1—F) +F,

and

Qe(xn, xy-1,F) = rs (xn_l + FZ) xg + F(xfl_l + F(an_l + 3F2)xn_1 + F3>x2
x, (xﬁ,l + xn,lF(xn,l + 3F2) F2FX(F + 1))x3
+ (F(F +1)23_ +F(F+2)x2_ + F3)xg
2, 1F2(Bx,_1 4+ 1)x2 + F3(F 4 3xp%x,_1).

Using the inequality x, > 0, we get
a1(F,xy) = (F+1)x,+F(1—3F)>F(1—-3F)>0ifF < %
w(E,xy) = (x%(ZF +1) + x,F(1 — 6F) + (F+ 2)) +F(2—3F) > 0if F < %

since x3(2F + 1) + x, (F — 6F?) + F 4 2 > 0 because its discriminant is always negative for
F < 1. Itis obvious a3(F, x,) and ay(F,x,) > 0if F < % So, we have P3(x,, x,-1,F) > 0
for F < % IfF= % then

1 4 1
P (xn,xnl, 3> = §x‘:’l_1x;°’1(3xn +1)+ ﬁxiflxn (15xﬁ +2x3 +20x2 +10x, + 1)
1
T (9x2 +3x3 + 6824 + 633 +29x2 + 27x, + 2)
L (g5 a4 3
+755 (83 + 33 + 2633 + 23, +9),

so P3(xy,x,-1,F) > 0for F < % Additionally, Qg(xy, x,,—1, F) > 0 always.

Notice, if we assume
(a) xy, > 1then by Lemma 9 x,11 < 1, xy420 > 1, x443 < 1,...forn = 0,1,..., so
Xpa3 — Xpy1 > 0for F < % Namely, if xo > 1 the subsequence {x; 1} is increasing
and bounded above by ¥ = 1 and the subsequence {xy};_, is decreasing and bounded
below by x = 1.

(b) xp < 1then by Lemma 9 x;,41 > 1, x40 < 1, x443 > 1,...forn =0,1,..., so
Xpi3 —Xyy1 < Ofor F < % Namely, if xg < 1 the subsequence {xp1};. is decreasing
and bounded below by ¥ = 1 and the subsequence {xy };, is increasing and bounded
above by x = 1.

(© x, =1thenbyLemma9ux,,y=1fork>1,n=0,1,....

With previous analysis, we have proved the following lemma:

Lemma 10. Assume that A =F < % Then even indexed and odd indexed subsequences of every
solution of the equation are monotonic.

Now we can state the following theorem:

Theorem 11. If A =F < %, then unique equilibrium point X is globally asymptotically stable (see
Figure 4).
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Proof. The proof follows immediately from Lemmas 9 and 10 .
O

4l

h n n n n
0 1 2 3 4

Figure 4. The area of the global asymptotic stability proved by Theorems 8, 9 and 11.

Remark 1. If F > %, then even indexed and odd indexed subsequences of every solution
of the equation are eventually monotonic, but at this moment, we can not prove that.

So by Theorem 11 and the number of simulations, we can only state the following
conjecture:

Conjecture 4. If A = F < 1, then unique equilibrium point X is globally asymptotically stable
(see Figure 5).

3.0
L2

25

20r
2.0

15+
15

10+
1.0
05 05F
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25
(a) (b)

Figure 5. Visualization of Conjecture 4 with A = F = 0.5 and initial conditions: (a) (xo,x_1) =
(0.5,2.9), (b) (xg, x_1) = (0.5,0.4) .

Author Contributions: All three authors have made a significant contribution to this paper and the
final form of this paper is approved by all three authors. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was funded by FMON of Bosnia and Herzegovina, number 01-6260-1-1V /20.
Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the reviewers for his/her constructive com-
ments and suggestions.

Conflicts of Interest: The authors declare no conflict of interest.



Axioms 2021, 10, 288 20 of 20

References

1. Baleanu, D.; Sajjadi, S.S.; Jajarmi, A.; Defterli, O. On a nonlinear dynamical system with both chaotic and non-chaotic behaviours:
A new fractional analysis and control. Adv. Differ. Equ. 2021, 234, 1-7.

2. Baleanu, D.; Sajjadi, S.S.; Asad, J.H.; Jajarmi, A.; Estiri, E. Hyperchaotic behaviours, optimal control, and synchronization of a
nonautonomous cardiac conduction system. Adv. Differ. Equ. 2021, 157, 1-24.

3. Khalid, M.; Samikhan, F. Stability analysis of deterministic mathematical model for Zika virus. Br. . Math. Comput. Sci. 2016, 19,
1-10. [CrossRef]

4. Rezapour, S.; Mohammadi, H.; Jajarmi, A. A new mathematical model for Zika virus transmission. Adv. Differ. Equ. 2020, 589.
[CrossRef]

5. Kostrov, Y,; Kudlak, Z. On a second-order rational difference equation with a quadratic term. Int. J. Differ. Equ. 2016, 11, 179-202.

6.  Hrusti¢, S.; Kulenovi¢, M.R.S.; Moranjki¢, S.; Nurkanovi¢, Z. Global dynamics of perturbation of certain rational difference
equation. Turk. J. Math. 2019, 43, 894-915. [CrossRef]

7. Nurkanovi¢, Z.; Nurkanovi¢, M.; Gari¢-Demirovi¢, M. Stability and Neimark-Sacker Bifurcation of Certain Mixed Monotone
Rational Second-Order Difference Equation. Qual. Theory Dyn. Syst. 2021, 20, 1-41. [CrossRef]

8.  Bektasevi¢, J.; Kulenovi¢, M.R.S,; Pilav, P. Asymptotic approximations of a stable and unstable manifolds of a two-dimensional
quadratic map. J. Comp. Anal. Appl. 2016, 21, 35-51.

9.  Kulenovi¢, M.R.S.; Merino, O. A global attractivity result for maps with invariant boxes. Discret. Contin. Dyn. Syst.-B 2006, 6,
97-110. [CrossRef]

10. Camouzis, E.; Ladas, G. When does local asymptotic stability imply global attractivity in rational equations. J. Differ. Equ. Appl.
2006, 14, 863—885. [CrossRef]

11.  Kulenovi¢, M.R.S.; Merino, O. Discrete Dynamical Systems and Difference Equations with Mathematica; Chapman and Hall/CRC:
Boca Raton, FL, USA; London, UK, 2002.

12.  Kulenovi¢, M.R.S; Ladas, G. Dynamics of Second Order Rational Difference Equations with Open Problems and Conjectures; Chapman
and Hall/CRC: Boca Raton, FL, USA; London, UK, 2001.

13.  Grove, E.A.; Ladas, G. Periodicities in nonlinear difference equations. In Advances in Discrete Mathematics and Applications;
Chapman and Hall/CRC: Boca Raton, FL, USA; London, UK, 2005.

14. Elaydi, S. Discrete Chaos; Chapman and Hall/CRC: Boca Raton, FL, USA; London, UK; New York, NY, USA, 2000.

15.  Gari¢-Demirovi¢, M.; Hrusti¢, S.; Moranjki¢, S. Global dynamics of certain non-symmetric second-order difference equation with

quadratic terms. Sarajevo J. Math. 2019, 15, 155-167.


http://doi.org/10.9734/BJMCS/2016/29834
http://dx.doi.org/10.1186/s13662-020-03044-7
http://dx.doi.org/10.3906/mat-1812-102
http://dx.doi.org/10.1007/s12346-021-00515-4
http://dx.doi.org/10.3934/dcdsb.2006.6.97
http://dx.doi.org/10.1080/10236190600772663

	Introduction and Preliminaries
	The Equilibrium Point and Linearized Stability 
	The Minimal Period-Two Solutions 
	Global Results
	Case 1 (A=1)
	Case 2 (A=1)
	Case A=F<1

	References

