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Abstract: The only parameters of the original GM(1,1) that are generally estimated by the ordinary
least squares method are the development coefficient a and the grey input b. However, the weight of
the background value, denoted as λ, cannot be obtained simultaneously by such a method. This study,
therefore, proposes two simple transformation formulations such that the unknown parameters a, b
and λ can be simultaneously estimated by the least squares method. Therefore, such a grey model is
termed the GM(1,1;λ). On the other hand, because the permission zone of the development coefficient
is bounded, the parameter estimation of the GM(1,1) could be regarded as a bound-constrained least
squares problem. Since constrained linear least squares problems generally can be solved by an
iterative approach, this study applies the Matlab function lsqlin to solve such constrained problems.
Numerical results show that the proposed GM(1,1;λ) performs better than the GM(1,1) in terms of its
model fitting accuracy and its forecasting precision.

Keywords: grey model; inequality constraints; least squares; parameter estimation

1. Introduction

Uncertain systems with small samples and poor information exist commonly in the
real world. Among them, a system with partially known (white) and partially unknown
(black) information is generally regarded as a grey system. Grey system theory, introduced
by Deng in the early 1980s, is a methodology that focuses on the study of uncertain
systems through generating, excavating, and extracting useful information from what is
available [1,2]. The research areas of the grey system theory can generally be categorized
into the following six fields: grey generating, grey relational analysis, grey models, grey
prediction, grey decision making and grey control [3]. The grey model is the kernel of
grey prediction, where the latter is one of the most important and widely used fields in the
grey system theory. In the class of grey models, the GM(1,1), namely the first-order and
single-variable grey model, is the most basic and widely used model. It requires a relatively
small amount of data (typically four or more) to construct a mathematical model, and
then employs a simple calculation process to estimate the behavior of unknown systems.
Generally speaking, the GM(1,1) has a high forecasting accuracy and has been successfully
applied to many fields, such as prediction control [4], power load forecasting [5], fuel
production prediction [6,7], agricultural output [8], energy demand forecasting [9–11], etc.

The response of the classic GM(1,1) is essentially an exponential model with two inter-
nal parameters: the development coefficient a and the grey input b. Generally speaking,
these internal parameters are estimated by the least squares method with the background
values being part of the observed data. In the grey model, the background values are
obtained by a mean generating operation, which is generally defined as the equal-weighted
average of two selected data. Such an equal-weighted average formula also gives rise to
the motivation to optimize the weight of the background value, hereafter denoted as λ, to
improve the precision of the fitting and prediction of GM(1,1) [12–14]. Until now, many
researchers have proposed improvements to GM(1,1) to overcome these problems. The
improved methods can generally be divided into the following three categories: (i) compen-
sation with a residual GM(1,1) model [2], (ii) a combination with different expert schemes,
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e.g., fuzzy control [15], (iii) optimization of internal parameters a, b, and/or λ by evolu-
tionary algorithms, such as the genetic algorithm (GA) [8,12,14] and differential evolution
(DE) [13]. Rather than using the classic GM(1,1), the adaptive GA-based optimization
approach proposed in [7] has been employed to simultaneously optimize the parameters a,
b and λ of GM(1,1;λ) to improve accuracy compared with the traditional GM(1,1).

Linear regression models are often fitted using the least squares approach. Thus, the
internal parameters of a classic GM(1,1), i.e., the development coefficient a and the grey
input b, are generally estimated by the ordinary least squares method. Since both a and
b are bounded [16], the parameter estimation could be regarded as a bound-constrained
least squares problem. Linear least squares problems with bound constraints are com-
monly solved to find model parameters within bounds based on physical considerations.
Common algorithms include bounded-variable least squares (BVLS) and the Matlab func-
tion lsqlin [17]. While the parameter estimation of the GM(1,1) also takes the weight of
the background value λ into consideration, the issue will become a nonlinear regression
problem. Since some nonlinear regression problems can be moved to a linear domain by a
suitable transformation of the model formulation [15], this study, therefore, proposes two
simple transformation formulations to solve this problem. By the proposed transformation,
the unknown parameters, a, b and λ, can also be estimated by the ordinary least squares
method. In addition, this study also attempts to improve the precision of the fitting and
prediction of the GM(1,1) by the proposed parameter estimation approach.

The remainder of this paper is organized as follows. Section 2 briefly describes the
GM(1,1) and linear least squares problems. The proposed GM(1,1;λ) with constrained
linear least squares is given in Section 3. Section 4 presents the simulation results on two
numerical problems. Finally, Section 5 contains some conclusions of this study.

2. GM(1,1) and Linear Least Squares Problems
2.1. GM(1,1)

Assume that the raw data sequence is x(0) =
(

x(0)(1), x(0)(2), . . . , x(0)(n)
)

, where

x(0)(k) ≥ 0, ∀k. Performing the accumulated generating operation (AGO) on x(0) yields a
new generated sequence x(1), where the AGO is defined by

x(1)(k) = ∑k
i=1 x(0)(i), k = 1, 2, . . . , n, (1)

and x(1) is termed the first-order accumulated generating sequence of x(0). While x(1) is
obtained, the whitenization function of the traditional GM(1,1) can be defined as:

dx(1)

dt
+ ax(1) = b, (2)

where a and b represent the development coefficient and grey input (control variable),
respectively [2,3]. In the GM(1,1), the forecasting value of x(1)(k) can be determined by the
time response function of (2) with an initial condition x(1)(1) = x(0)(1), that is,

x̂(1)(k) =
(

x(0)(1)− b
a

)
e−a(k−1) +

b
a

, k = 1, 2, . . . , n. (3)

In addition, the grey differential equation corresponding to the whitenization function
given in (2) is

x(0)(k) + az(1)(k) = b, k = 2, 3, . . . , n, (4)

where
z(1)(k) = λx(1)(k) + (1− λ)x(1)(k− 1). (5)

Herein, z(1)(k) is termed the background value and λ ∈ [0, 1]. The matrix form of the
grey differential Equation (4) is

Bp = Y, (6)
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where

B =


−z(1)(2) 1
−z(1)(3) 1

...
...

−z(1)(n) 1

, (7)

p = [a, b]T , (8)

Y =
[

x(0)(2), x(0)(3), . . . , x(0)(n)
]T

. (9)

Then, a and b could be determined by using the ordinary least squares method:

[a, b]T =
(

BTB
)−1

BTY. (10)

The forecasting value of x(0)(k) can be obtained by applying the inverse AGO (IAGO)
to x̂(1)(k) as follows.

x̂(0)(k) = x̂(1)(k)− x̂(1)(k− 1), k = 2, 3, . . . , n, (11)

Then, substituting (3) into (11) yields

x̂(0)(k) = (1− ea)

(
x(0)(1)− b

a

)
e−a(k−1), (12)

where k = 2, 3, . . . , n, and x̂(0)(1) = x(0)(1). Finally, it should be noted that the GM(1,1)
with a constant parameter λ, usually specified to 0.5, is the so-called classic GM(1,1), while
the GM(1,1) with the adjustable parameter λ is denoted as GM(1,1;λ) for differentiation.

2.2. Linear Least Squares Problems

As far as the linear system given in (6) is concerned, a classic approach to choosing p
is to minimize the least squares (LS) error between Y and Bp:

min‖Bp− Y‖2,α ≤ p ≤ β (13)

where α and β are given constant vectors and ‖·‖ denotes the Euclidean distance. The
previous linear least squares problem with an additional constraint on the solution is termed
the bound-constrained least squares problem. Generally speaking, the solution methods
for the bound-constrained least squares problems of the form (13) can be categorized
as active set or interior point methods [17]. In the active set methods, a sequence of
equality constrained problems is solved with efficient solution methods. The interior
point methods use variants of Newton’s method to solve the Karush–Kuhn–Tucker (KKT)
equality conditions for (13).

Without considering the constraints α ≤ p ≤ β, the ordinary least squares method
given in (10) represents a simple method for solving the LS problem of (13). However,
while the parameter estimation of the GM(1,1) takes the weight of the background value λ
into consideration, the parameter estimation will become a nonlinear regression problem.
Even so, some nonlinear regression problems can be moved to a linear domain by a suitable
transformation of the model formulation [18–20]. With the help of suitable transformation,
this study could apply the Matlab function lsqlin to solve the constrained problem as given
in (13). Note that the Matlab function lsqlin is a linear least squares solver with bounds or
linear constraints.

3. GM(1,1;λ) with Constrained Linear Least Squares

Upon inspection of (4), the grey differential equation of the GM(1,1) only contains two
undetermined parameters (a and b), but does not contain the weight of the background
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value λ. This is also the main reason that the weighting factor λ cannot be determined by
the least squares method given in (10). Substituting (5) into (4) yields

x(0)(k) + aλx(1)(k) + a(1− λ)x(1)(k− 1) = b, k = 2, 3, . . . , n. (14)

As can be seen, two nonlinear terms, aλ and a(1− λ), appear in the new equation (14),
hereafter termed the grey differential equation of the GM(1,1;λ). Unfortunately, a and λ are
not independent variables and they are inseparable. The current grey differential equation
of the GM(1,1;λ), therefore, is not in the form of a nonlinear regression model. Hence, it
is difficult to apply the method of least squares to estimate the values of the unknown
parameters in (14). Thus, the main issue to be solved in this study is how to simultaneously
estimate the unknown parameters a, b and λ by the least squares method.

3.1. Parameters Estimation of GM(1,1;λ)

A nonlinear model can sometimes be transformed into a linear one. For example, an
exponential model, say y = αeβx, where α and β are unknown parameters, can be trans-
formed into a linear model by taking logarithms, i.e., ln y = ln α + βx. Then, the unknown
parameters can be estimated by the ordinary least squares method [18–20]. The main
purpose of this section is how to find a suitable transformation of the model formulation
(14) such that the nonlinear regression problems can be moved to a linear domain.

Let a1 = aλ and a2 = a(1− λ), where a1 and a2 are the components of the develop-
ment coefficient a. Then, (14) becomes

x(0)(k) + a1x(1)(k) + a2x(1)(k− 1) = b, k = 2, 3, . . . , n. (15)

Obviously, (15) is a linear model. The corresponding matrix form is

Bλpλ = Y, (16)

where

Bλ =


−x(1)(2) −x(1)(1) 1
−x(1)(3) −x(1)(2) 1

...
...

...
−x(1)(n) −x(1)(n− 1) 1

, (17)

pλ = [a1, a2, b]T . (18)

According to the ordinary least squares method, a1, a2 and b can be estimated by

[a1, a2, b]T =
(

BT
λBλ

)−1
BT

λY. (19)

Once the components a1 and a2 are determined, the development coefficient a and the
weighting factor λ are obtained by

a = a1 + a2, (20)

λ = a1/(a1 + a2). (21)

With the proposed simple transformation, the development coefficient a, the grey
input b, and the weight of background value λ can be simultaneously obtained from the
ordinary least squares method (19) and the transformation formulations given in (20)
and (21).

3.2. Boundary Constraint on Estimated Parameters

Generally speaking, the parameter estimation of the classic GM(1,1) is solving a linear
least squares problem without any additional constraint on the solution, i.e., a simple
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unconstrained linear least squares problem. Let λ = 0.5, and then substituting (1) and (5)
into (10) will yield [16]

a =
[
∑n

k=2 z(1)(k)∑n
k=2 x(0)(k)− (n− 1)∑n

k=2 z(1)(k)x(0)(k)
]
/∆, (22)

b =
[
∑n

k=2 z(1)(k)2 ∑n
k=2 x(0)(k)−∑n

k=2 z(1)(k)∑n
k=2 z(1)(k)x(0)(k)

]
/∆, (23)

∆ = (n− 1)∑n
k=2 z(1)(k)2 −

(
∑n

k=2 z(1)(k)
)2

. (24)

Assume that the length of the raw data sequence x(0) used to construct a clas-
sic GM(1,1) is n and the sequence x(0) is bounded, i.e., 0 ≤ x(0)(k) ≤ x(0)max, where
x(0)max = max

k
x(0)(k) and k = 1, 2, . . . , n. Then, it can be derived from (22), (23) and (24)

that [16]
− 2/(n + 1) < a < 2/(n + 1), (25)

− x(0)max ≤ b ≤ x(0)max. (26)

It is obvious that (25) and (26) are the boundary constraints on a and b, respectively.
However, these two constraints are neglected while estimating the parameters a and b

by the least squares method (10). Moreover, while taking the weight of the background
value λ into consideration, the parameter estimation of the GM(1,1;λ) will become a linear
least squares problem with the newly added constraints on the parameters a1 and a2. The
main issue of this section is how to properly determine the newly added constraints on the
estimated parameters.

It can be inferred from the boundary constraint (25), the condition 0 ≤ λ ≤ 1, and the
proposed transformations, a1 = aλ and a2 = a(1− λ), that −2/(n + 1) < ai < 2/(n + 1),
i = 1, 2. In addition, the condition 0 ≤ λ ≤ 1 also implies that a1, a2 and a must have the
same sign. Then, the parameter estimation of the GM(1,1;λ) can be obtained by one of the
following two bound-constrained least squares problems:

(i). a ≥ 0:

min ‖Bλpλ − Y‖2

subject to 0 ≤ ai < +C/(n + 1), i = 1, 2,

0 ≤ a < +C/(n + 1),

−x(0)max ≤ b ≤ x(0)max,

(27)

(ii). a < 0:

min ‖Bλpλ − Y‖2

subject to −C/(n + 1) < ai < 0, i = 1, 2,

−C/(n + 1) < a < 0,

−x(0)max ≤ b ≤ x(0)max,

(28)

where C = 2. Our experiences show that the development coefficient a is generally
bounded in (−1/(n + 1),+1/(n + 1)), i.e., C = 1 [16]. This fact reveals that the constant C
could take a value from the interval [1,2]. Generally, C = 1.5 or 2.0 in the simulation. Note
that this study also applies the Matlab function lsqlin to solve such constrained problems.

4. Simulation Results

The study selects two numerical examples to verify the effectiveness of the proposed
GM(1,1;λ) against the original GM(1,1) and GA-based GM(1,1). In addition, the MAPE
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(mean absolute percentage error) was employed to measure fitting/forecasting perfor-
mance as follows [21]:

MAPE =

 1
n− 1 ∑n

k=2

∣∣∣x(0)(k)− x̂(0)(k)
∣∣∣

x(0)(k)

× 100%. (29)

The lower the MAPE value, the more accurate the grey model. Table 1 lists the MAPE
criteria for evaluating a forecasting model [22].

Table 1. MAPE criteria for model evaluation [22].

MAPE (%) Forecasting Ability

<10 High
10–20 Good
20–50 Reasonable
>50 Inaccurate

4.1. Example 1

Example 1 takes inbound tourists’ arrivals in Taiwan from 2003 to 2014 as an ex-
perimental example [12]. Table 2 lists the corresponding real values. The fitting values
obtained by the original GM(1,1), GA-based GM(1,1) [12] and the proposed GM(1,1;λ)
are also given in the same table. Figure 1 also depicts the real and forecasting values of
different forecasting models. As can be seen, the original GM(1,1), i.e., λ = 0.5, has a MAPE
of 6.67%.

Table 2. Real values of inbound tourists’ arrivals in Taiwan from 2003 to 2014 and fitting values obtained by the GM(1,1),
GA-based GM(1,1) and the proposed GM(1,1;λ).

Model GM(1,1) GA-Based GM(1,1) Proposed GM(1,1;λ)

Development coefficient a −0.1313 −0.1317 −0.1154
Grey input b 2,038,364.36 2,045,775,78 2,334,485.66

Background value λ 0.5 0.47323 0.6667
Year Real value Fitting value Relative error (%) Fitting value Relative error (%) Fitting value Relative error (%)
2003 2,248,117 2,248,117 0 2,248,117 0 2,248,117 0
2004 2,950,342 2,493,504.536 15.48 2,503,172.299 15.16 2,749,456.515 6.80
2005 3,378,118 2,843,239.684 15.83 2,855,549.389 15.47 3,085,728.822 8.65
2006 3,519,827 3,242,028.150 7.89 3,257,531.379 7.45 3,463,128.918 1.61
2007 3,716,063 3,696,750.079 0.52 3,716,101.261 0.00 3,886,686.936 4.59
2008 3,845,187 4,215,250.612 9.62 4,239,225.037 10.25 4,362,048.222 13.44
2009 4,395,004 4,806,475.241 9.36 4,835,990.102 10.03 4,895,548.575 11.38
2010 5,567,277 5,480,624.135 1.56 5,516,763.102 0.91 5,494,298.694 1.31
2011 6,087,484 6,249,328.127 2.66 6,293,370.020 3.38 6,166,278.953 1.29
2012 7,311,470 7,125,849.368 2.54 7,179,301.608 1.81 6,920,445.764 5.34
2013 8,016,280 8,125,310.144 1.36 8,189,947.741 2.17 7,766,850.955 3.11
2014 9,910,204 9,264,953.766 6.51 9,342,864.761 5.72 8,716,775.741 12.04

MAPE (%) 6.67 6.58 6.33

Note: MAPE without taking the first data (year 2003) into consideration.

In [12], the parameter settings of the GA-based GM(1,1) are given as follows: popula-
tion size = 70, number of generations = 100, reproduction probability = 0.85, and mutation
probability = 0.005. With the previous parameter settings, the optimal weight of the back-
ground value obtained by GA is λ = 0.47323 with a minimum MAPE of 6.58%. While
applying the proposed GM(1,1;λ) with C = 1.5 to solve the same problem, the estimated
parameters are a1 = −0.0769, a2 = −0.0385 and b = 2, 334, 485.66. Then, it can be obtained
from (20) and (21) that a = −0.1154 and λ = 0.6667. The corresponding overall fitting result
(MAPE) is 6.33%. Although all the grey models could provide highly accurate forecasting
according to MAPE criteria, the proposed GM(1,1;λ) has the best fitting ability. This fact
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also reveals that the proposed approach actually improves the model fitting precision of
the original GM(1,1).

Figure 1. Real and forecasting values of different forecasting models for Example 1.

4.2. Example 2

Example 2 takes the processing volumes of crude oil given in [7] as an illustration. In
the example, the processing volumes from 1983 to 1992 are selected as the fitting (in-sample)
data to examine model fitting ability, whereas the volumes from 1993 to 1994 are selected
as the predicting (out-of-sample) data for the ex post testing. The real values and the
corresponding fitting and forecasting results obtained by the GM(1,1), GA-based GM(1,1)
and the proposed GM(1,1;λ) with C = 1.5 are depicted in Table 3 and Figure 2.

Table 3. Fitting and forecasting results of Example 2.

Model GM(1,1) GA-Based GM(1,1) Proposed GM(1,1;λ)

Development coefficient a −0.03897 −0.03879 −0.03841
Grey input b 7631.41 7632 7475.61

Background value λ 0.5 0.46 1.0
Year Real value Fitting value Relative error (%) Fitting value Relative error (%) Fitting value Relative error (%)
1983 7490 7490 0 7490 0 7490 0
1984 7665 8079.68 5.41 8052 5.04 7914.36 3.25
1985 7904 8400.75 6.28 8370 5.89 8224.29 4.05
1986 8565 8734.58 1.98 8700 1.57 8546.36 0.22
1987 9718 9081.67 6.54 9444 2.81 8881.05 8.61
1988 10,164 9442.56 7.09 9802 3.56 9228.84 9.20
1989 10,528 9817.78 6.74 9983 5.17 9590.25 8.91
1990 9783 10,207.92 4.34 10,158 3.83 9965.82 1.87
1991 10,250 10,613.56 3.54 10,560 3.02 10,356.09 1.03
1992 10,815 11,035.32 2.03 10,977 1.49 10,761.65 0.49

MAPE (%) 4.89 3.60 4.18
1993 11,290 11,473.84 1.62 11,412 1.08 11,183.09 0.95
1994 11,000 11,929.78 8.45 11,946 8.60 11,621.03 5.65

MAPE (%) 5.04 4.84 3.30

Note: MAPE without taking the first data (year 1983) into consideration.

It can be seen from Table 3 that the MAPEs of the GM(1,1), GA-based GM(1,1) and the
proposed GM(1,1;λ) for model fitting were 4.89%, 3.60% and 4.18%, respectively, whereas
the MAPEs were 5.04%, 4.84% and 3.30%, respectively, for the ex post testing. According to
the MAPE criteria, all the grey models can attain high forecasting ability in both in-sample
and out-of-sample data. The GA-based GM(1,1) has the best fitting accuracy, whereas the
proposed GM(1,1;λ) performs the best forecasting accuracy. In addition, the proposed
GM(1,1;λ) also performs better than the original GM(1,1) in terms of both fitting and
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forecasting abilities. That is to say, the proposed constrained least squares method can
effectively enhance the fitting and forecasting accuracies of GM(1,1).

Figure 2. Real and forecasting values of different forecasting models for Example 2.

5. Conclusions

This study proposes two simple transformation formulations such that the devel-
opment coefficient a, the grey input b, and the weight of the background value λ can
be simultaneously obtained from the ordinary least squares method. The corresponding
boundary constraints are also derived in the study. With the help of the estimation of λ,
the proposed approach could also be applied to improve the precision of the fitting and
prediction of the original GM(1,1). Two real cases, the inbound arrivals in Taiwan and the
processing volumes of crude oil, were used to evaluate the model fitting and forecasting
performances of the proposed GM(1,1;λ). Numerical results showed that the GM(1,1),
GA-based GM(1,1) and the proposed GM(1,1;λ) could provide highly accurate forecasting
according to the MAPE criteria. In particular, the proposed GM(1,1;λ) performs better than
the traditional GM(1,1) in terms of its accuracy in performing model fitting and forecasting.
That is to say, the proposed approach actually improves the model fitting and forecasting
precision of the original GM(1,1).
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