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1. Introduction

Wilson bases were constructed by I. Daubechies, S. Jaffard, and J. Journé in [1] to
overcome constraints arising from the Balian-Low theorem, and soonafter shown to be
unconditional bases for modulation spaces, see [2]. By combining the Wilson bases and
tools from a time—frequency analysis, approximate diagonalization of different classes of
pseudodifferential operators is obtained in [3,4]. Wilson bases of Meyer type were used
in the study of gravitational waves, cf. [5,6]. We refer to [7] for recent construction of
orthonormal Wilson bases in the multidimensional case, which overcomes a deficiency of
the tensor product construction used in, e.g., [4,8].

Gelfand-Shilov spaces were initially introduced for the analysis of solutions of certain
parabolic initial-value problems [9] and thereafter applied in different contexts when
precise estimates of global decay and regularity are needed, see [10] for an overview.
Recently, Hermite expansions of Fourier transform invariant Gelfand-Shilov spaces, and
more generally Pilipovi¢ spaces, are considered in [11], see also [12,13].

In this paper, we give a description of Gelfand-Shilov spaces and their dual spaces of
tempered ultradistributions in terms of Wilson bases. This extends some results from [14]
given for Beurling type Gelfand-Shilov spaces. Both Wilson bases and Hermite functions
are orthonormal bases for L%(R?) consisting of functions that are well localized in phase—
space (time—frequency plane). From such perspective, our results are expected. However,
due to the specific structure of Wilson bases, the proofs are based on entirely different
arguments than those related to the Hermite basis, which utilize recursive relation between
Hermite functions and the fact that they are eigenfunctions of the harmonic oscillator.

Instead, we apply the powerful general theory of coorbit spaces [15,16]. The key
auxiliary result is the fact that Wilson bases are unconditional bases for coorbit spaces [2].
We modify and simplify the approach from [14] related to the Beurling case and provide
detailed proofs since the more involved Roumieu case contains nontrivial modifications
of arguments given there. As a consequence of our results, we recover the well-known
relation between Gelfand-Shilov spaces and modulation spaces. Furthermore, if that
relation is taken for granted, we give an alternative proof of our main results without an
explicit reference to coorbit spaces.

Since both proofs are essentially based on the exponential decay of elements of Wilson
bases and asymptotic behavior of the STFT, the techniques from the present paper can be
modified to include other time—frequency representations and also more general (for exam-
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ple anisotropic) spaces of test functions and their distribution spaces. Such investigations
are out of the scope of the present paper and will be the subject of our future work.
We end the introduction by recalling basic notation that will be used in the sequel.

Notation

Operators of translations and modulations of a given function f are, respectively,
givenby Ty f(-) = f(- —x) and My f(-) = e¥™¥ f(-), x,y € R?. The notation A — B means
that the topological spaces A and B satisfy A C B with continuous embeddings. We write
A(0) < B(9), 0 € Q, if there is a constant ¢ > 0 such that A(6) < ¢B(6) forall 8 € Q.

The scalar product in L2(R¥) is given by

(fg)= [, Fx)gC)ax,

and |- [* = ().
The Fourier transform of an absolutely integrable function f is given by

@) =@ = [, e (), ¢ e B,

It extends uniquely to a unitary operator on L2(R%).
Let ¢ € L?(RY) be fixed. Then the short-time Fourier transform (STFT) Vyf of f €
L%(R%) with respect to the window function ¢ is defined by

Vof(x,8) =F(fo(- —x))() = (f - Txp) ($)
= /Rdf(y)4>(y —x)e MY dy = (f, MsTx¢p), x,E€RL (1)

Let f1, f2,¢1, 2 € L*(R?). Then Vo, fi € L?(R?¥), j = 1,2, and it satisfies the orthogo-
nality relation ([Theorem 3.2.1] in [17]):

<V‘P1f1/V¢2f2> = (¢2, 1) (f1, f2), 2)

whence ||V f[| = [[¢]| - || f]|. The following fundamental identity of the time—frequency
analysis ([17,18]) is often used:

Vof(x,8) = e V(8 —x), x,& € R ®)
By X (RY) we denote the Gelfand-Shilov space of smooth functions given by:
fetiRY < [|f(x)e" M| e < 00 and ||f(w)e!¥l|| o < 00, Vi >0, 4)

and its dual space is denoted by Z/ (RY).
If ¢ € £1(RY), then M;Tx¢p € Z1(R?), so by (1) it follows that the STFT can be
extended to £} (R?), and restricted to X; (R).

2. Preliminaries

In this section, we recall the Wilson bases, weight functions, coorbit spaces and
Gelfand-Shilov type spaces. We also prove some auxiliary results (Lemmas 1 and 2 and
Theorem 2), which will be used in Sections 3 and 4.
2.1. Wilson Bases

Following the idea of K. Wilson [19], Daubechies, Jaffard and Journe constructed a
real-valued function ¢ such that

[p(x)] < Ce ™, (@) < ce x,g e R, ®)
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for some constants a,b, C > 0, and obtain an orthonormal basis (ONB) { ¢, }1en, nez, Of
L*(R), where

¢0,n(x) = Tan(x),
Yra(x) = V2R(MT,2(x)), 1+n€2Z,1#0, 6)
Pra(x) = V2I(M T, 09(x)), 1+n€2Z+1,1+£0,

see [1]. From (5), it follows that
[91,0(0)] < Cem ™, [1,,(0) < Ce™™, x,g € R, (Ln) €Nox Z, @)

for some constants a,b,C > 0 depending on ! and n, and {; ,} is therefore called the
Wilson basis of exponential decay.
Equivalently, (6) can be written as ¢, = T, and

ﬁcosanxv,b(x —3), l+n€2Z,1#0,
¢l,n(x) = : _n
V2sin2nlxp(x — %), 1+n€2Z+1,1#0.

Moreover, following Grochenig [17], we may rewrite (6) as

Yon(x) = Tup(x), and
P (x) = \}iTn/Z(Ml + (=)' M_)y(x), (Ln)eNxZ.

To obtain an orthonormal basis of L?(R?), Tachizawa in [4] considered the d —dimensional
Wilson basis given by the tensor product

Yin(X) = Pry 0, (X1) @ iy, (X2) @ -+ @ Py, 0, (Xa),

X = (xl,xz, .. .,xd) S Rd, I = (ll,lz, .. .,ld) S Ng, n= (711,712, .. .,Vld) e 74, 1f {l[)lk’nk(xk)},
k=1,...,d, are Wilson bases of exponential decay, then we have

|1, (x)] < Ce™ ¥, [y ,(8)] < Ce P8l x, & € RY, (1,n) € N§ x 77, ®)

for some constants a,b, C > 0, depending on ! and 7.

The tensor product Wilson bases are 24 _modular, i.e., their elements have 24 peaks in
frequency, which may have undesirable consequences in applications, see [7] for details.
That motivated Bownik et al. [7] to construct a family of orthonormal Wilson bases with
2k —modular covering of the frequency domain with k = 1,...,d. The tensor product
Wilson bases turned out to be the special case of their construction.

2.2. Weight Functions
A weight on R? is a positive function w € L (RY) such that 1/w € LT, (RY). The

lo
weight w on R is called moderate if there is a positive locally bounded function v on R¥
such that

w(x+y) < Cwlx)oly), xye R, ©)

for some constant C > 1. If w and v are weights on R? such that (9) holds, then w is
also called v-moderate. If v can be chosen as a polynomial, then w is called a weight of
polynomial type. The set of all moderate weights on R is denoted by Pr(R?).

The weight v on RY is called submultiplicative, if it is even and (9) holds for w = v.
From now on, v always denotes a submultiplicative weight if nothing else is stated. In
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particular, if (9) holds and v is submultiplicative, then it follows by straight-forward
computations that

w()
oy Sl ty) S @), w0

o(x+y) So(x)o(y) and o(x) =o(—x), xy€R

If w is a moderate weight on R?, then there is a submultiplicative weight v on R such
that (9) and (10) hold, see [20,21]. Moreover if v is submultiplicative on RY, then

1S o(x) e (1)
for some constant r > 0 (cf. [20]). In particular, if w is moderate, then
wix+y) Sw)e and e <w(x) <P, x,y e RY (12)

for some r > 0.

We will consider only weight functions w satisfying Beurling-Domar’s non-quasiana-
lyticity condition

n~2logw(nx,ny) < oo, x,y€ R4 (13)
n=1

The most important examples of weight functions that satisfy (13) are (1 + |x|)°,
(L4 [y1), (1 |x] + [y, P, 2y € RY, 5 > 0,9 € (0,1).

If w € Pp(R?) then the weighted L?(R?) space, L% (R?) is given by

feLZ®) & lIflp = llfwlls < . (14)

2.3. Coorbit Spaces
For the purpose of this paper, we focus our attention to subexponential weights of the
form wy, 5(-) = eh"‘l/s, s > 1, h > 0. Such weights satisfy the condition (13).

Definition 1. Let there be given s > 1,h > 0and ¢ € L1(R%) \ 0. The coorbit space CoY"*(R%)
is defined by

CoY™(RY) = {f €X{(R") |
Flleasss = [, [, IVof(x,0)Pax)e I az < o} 15)

In other words, f € CoY"*(R?) if F(§) = ||Vpf (-, )ll;2 € L2, (RY) (cf. (14)).

This terminology (and notation) is justified by the general theory of coorbit spaces
developed in [15,16], see also [22] for a more recent survey.

From the results given there, it follows that CoY"*(R?) is a Banach space invariant
under translations, modulations, and complex conjugations. Moreover, CoY"*(R¢) is
independent on the choice of ¢ € £1(R%) \ 0, see e.g., [Proposition 3.2 (ii)] in [22].

We will use the following simple results.

Lemma 1. Lets > 1,h > 0,and ¢ € £1(R%) \ 0. Then f € CoY"*(R?) if and only if

Lo Vo oo™ dy < . (16)
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Proof. Since different elements ¢ € X1 (R ) \ 0 give rise to the same space CoY"*(R) we
may take the Gaussian ¢(x) = ¢(x) = e —? . By (3) and the change of variables we have:

/Rd(/w Ve f(x,€)dx)e? e ag

= [, 1V o o) Py ag

_ Rd(/R Vo (=g, x) Py e
- Rd(/Rd Vi f (v, 1) P21 ay,

Thus f € CoY"$(R?) if and only if (16) holds true. [J

We write
feFCoY™(RY if feCoY"(RY). (17)

(According to the general theory of coorbit spaces it follows that FCoY"*(R?) is a
coorbit space as well.)

Lemma 2. Let there be given s > 1 and h > 0. Then we have
(@) f € CoY"s(RY) if and only if f(x)e"*'" € L2(RY).
(b)  f € FCoY"s(RY) if and only if f(&)eMEI"" € L2(RY).

Proof. We again choose ¢(x) = e~ in the definition of CoY”*(R%) and follow the idea of
the proof of [17] (Proposition 11.3.1). By (1) and the Plancherel theorem, we formally have

L Vol )Pz = [ 1F(0)Plg(t—x) .

2h|x|1/s

Since e is a moderate weight, it follows that

e~ 2hlul/* 2n|t]1/s < 2hlt—ul!/s < e2h\t\1/se2h|u|1/5, tueR?
cf. (10). Therefore,

2 2h|ts 4, f 2 ,—2h|u|l/s
L RO P e [ ()2 d

< [ L FOPIpRE - dra
_/Rd/ B)2[p(t — x) 221" dtdx

/ ()| Zh\t\l/‘dt/ )| 2hfults g,
and (a) follows.

Part (b) follows from (a) and (17). O

From the general theory of coorbit spaces it follows that Wilson bases of exponen-
tial decay are unconditional bases for CoY"*(R?) and FCoY"*(R?), [2,14]. The precise
statement is the following.

Theorem 1. Let there be given s > 1, h > 0, and the Wilson basis of exponential decay
{lpl,n}leNg,neZd' Let CoY"s(R%) and FCoY"* (R¥) be given by (15) and (17), respectively. Then

we have:
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(a)  The Wilson basis {1y ,, }, Nt ez of exponential decay is an unconditional basis for the coorbit

spaces CoY"s(R?) and FCoY"*(RY).
(b)  Every function f € CoY"*(R?) has the unique expansion

f = Z Cl,nlpl,n where Cln = <fr lPl,n>r le Ndrn € Zdr (18)

1eNd nezl

and

). ( Y lcz,nlz)e”l"”s < co. (19)

1N \nez?

(c) Ewvery function f € FCoY"*(R?) has the unique expansion of the form (18) and

). < Y ICZ,nF)eZ”'?”‘“ < co. (20)

1eNd \nez?

Proof. The proof is omitted since it follows the arguments given in the proof of Theorem 4
in [2], where polynomial type weights are considered instead, see also [4]. The subexpo-
nential type weights considered here are treated in [14], see in particular [Theorem 4.4,
Remark 4.5]in [14]. O

2.4. Gelfand—-Shilov Spaces

Gelfand and Shilov introduced the spaces of type S, for the analysis of solutions of
certain parabolic initial-value problems. A comprehensive study of those spaces, which
are afterward called Gelfand—-Shilov spaces, is given in [9]. We focus our attention on the
case when regularity and decay are controlled by the so-called Gevrey sequences M, = p!®,
when s > 0 and refer to, e.g., [23] for an overview of a more general situation.

Let 0 < s be fixed. Then the (Fourier invariant) Gelfand-Shilov space Ss(R%) (Xs(R%))
of Roumieu type (Beurling type) consists of all f € C*(R¢) such that

|x*0Pf (x))|

Iflls,, = sup sup = (21)
o a,BeNd xeR4 hlapl (M ﬁ!)s
is finite for some i > 0 (for every h > 0). The semi-norms || - ||s,, induce an inductive

limit topology for the space Ss(R?), and a projective limit topology for Xs(R%). Thus, the
former space becomes an LS space, while the latter space is an FS space (Fréchet-Schwartz
space) under these topologies.

The space Ss(RY) # {0} (Z5(R?) # {0}), if and only if s > 1 (s > 1).

The Gelfand-Shilov distribution spaces Si(R¥) and X! (R?) (also known as spaces of
tempered ultradistributions) are the dual spaces of S5(R?) and %s(R?), respectively.

We have

S1/2(RY) = Zg(RY)  S5(R?) — Z4(RY)

— 8(RY) — 8'(R?) — Z/(R?) (22)
o SURY) o HYRY o 5] (R, <s<t

The Fourier transform J extends uniquely to a homeomorphism on SZ(R?) and on
¥!(R%). Furthermore, J restricts to a homeomorphism on Ss(R?) and on Xs(R?). Similar
facts hold true when the Fourier transform is replaced by a partial Fourier transform.

The Fourier transform invariance of Ss(R?) and Zs(R¥) follows from the following re-
sult, which also gives a characterization of Gelfand—Shilov spaces in terms of coorbit spaces.
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Theorem 2. Let there be given s > 1. The following conditions are equivalent:
(@) feSs(RY)(f € Xs(RY));
(b)  There exists h > 0 (for every h > 0)
sup |f(x)|eh‘x‘1/s < oo and  sup |f(<§)|eh‘§|l/S < o; (23)
xeR4 ceRr4

(c) There exists h > 0 (for every h > 0) such that
f e CoY™ (RT) N FCoY"s (RY).

Proof. (a) < (b) is well known and holds for all s > 0, [24,25].

(b) < (c). We first consider the Beurling case. By the d—dimensional version of [14]
(Theorem 2.2), it follows that the sup-norms in (23) can be replaced by Lg,ks—norms, i.e., for
every k > 0, we have '

/R f@)PA ax < oo and /R NF@PE g < oo (24)
This, together with Lemma 2 gives
feZ(@®RY o fecCoY™(RY)NFCoY" (RY)

for every h > 0.

For the Roumieu case, by slight modifications of the proof of [Theorem 2.2] in [14], it
also follows that (23) holds for some & > 0 if and only if (24) holds for some k > 0. Again,
Lemma 2 implies that this is equivalent with f € CoY™*(R?) N FCoY"* (R?) for some 1 > 0,
and the proof is finished. O

Note that, since the equivalence between a) and b) in Theorem 2 holds even if s = 1, if
Y satisfies (5), then the Wilson basis elements ; ,,, | € Nd nezd, given by (6) belongs to
S1(RY), cf. (7).

The restriction s > 1 when proving b) < c) in Theorem 2 comes from Definition 1. In
fact, in the general theory of coorbit spaces, as presented in [15,16], an important role is
played by BUPUs (bounded uniform partitions of unity) consisting of compactly supported
smooth functions. In such setting, coorbit spaces consist of non-quasianalytic functions.

From the definitions of CoY"s(R%), FCoY"*(R) and Theorem 2 (c) it follows that the
Gelfand-Shilov spaces are essentially characterized by the decay estimates of the short-
time Fourier transform. Note that the estimates given in Proposition 1 below employ
the sup-norm (L*-norm) whereas in Theorem 2 (c) the L?>-norm related to CoY"*(R)
and S’CoYh's(]Rd ) is considered instead. (In fact, any LP-norm (1 < p < c0) can be used,
see [13].)

Proposition 1. Lets > 1 (s > 1), ¢ € Ss(RY) \ 0 (¢ € Zs(R?) \ 0) and let f be a Gelfand—
Shilov distribution on R?. Then the following is true:

(@) f € Ss(RY) (f € Zs(R?)), if and only if

1 1
Vo f(x,8)] S e REHER) -y z e RY, (25)

for some v > 0 (for every r > 0).
(b) feSURY) (f € XL(RY)), if and only if

1 1
Vo f(x, &) S e FSHEIT) -y @ e RY, (26)

for every r > 0 (for some r > 0).
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We omit the proof since the first part follows from [24] (Theorem 2.7) and the second
part from [11] (Proposition 2.2). See also [26] for related results.

From these investigations and by [21] (Theorem 2.3) it follows that the definition
of the map (f,¢) — Vyf from L2(RY) x L2(R?) to L2(R??) is uniquely extendable to a
continuous map from S (R%) x S!(R?) to S!(R??), and restricts to a continuous map from
Ss(R?) x S5(R?) to S5(R?*). The same conclusion holds with X in place of S;, at each
place. Therefore, Definition 1 can be appropriately modified to include ultradistributions
f € SIRY) (or f € ZL(RY)), and we will use such extension from now on.

3. Main Results

In this section, we discuss Wilson base expansions in the context of Gelfand-Shilov
spaces and their dual spaces of tempered ultradistributions.

Theorem 3. Let s > 1 and let there be given a Wilson basis of exponential decay {1y, }, eNd nezd”
(@) Iff € Ss(RY) (f € Z5(RY)) then

f=% Y v (27)

1eNd nezd
with the unconditional convergence in Ss(R?) (in Zs(R?)) and

1/
Yo o PRI < oo, for some (for all) k > 0,
1eNd nezd

where c;, = (f, Y1), | € N4, n e 74,
(b)  Conversely, if (c; ), Nt ez is a (double) sequence such that

1/
Z ‘Cl,n|262k(|n/2|+|”) s <, (28)
1eNd nezd

for some (for all) k > 0, then there exists a function f € Ss(RY) (f € Ls(R?)) such that (27)
holds with ¢;, = (f, 1), 1 € N&, n € Z4.

Proof. (a) We prove the Roumieu case, since the Beurling case is given in [14] (Theorem
5.1 (a)). Let f € Ss(R%). By Theorem 2 (c), we have that

f e CoY"s (RY) N FCoY™ (RY)

for some i > 0. Then, from Theorem 1 it follows that (19) and (20) hold for that constant
h > 0. Therefore,

2 |Cl,n|2€2%(|ﬂ/2|+|”)1/s

1eNd nezd
< Y el gy, 2
1eNd nezd
1/s 1/s
S I i R G D e
1eNd nez? 1eNd nez?

so that y
S
Z |Cl’n|262k(\n/z\+|l\) < o0
1eNd nezd

for k = h/2. The unconditional convergence follows from Theorem 1 (a).
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To prove (b), we note that (28) obviously implies

Y Iy 22/ 21 < oo
1eNd nezd

and y
S
) |cl,n|2e2k“| < oo
1eNd nezd

This, together with Theorem 1 gives

=YY c.pi, € CoY" (R nFCoY"* (R?),
1eNd nezd

and since the Wilson basis is an ONB we have that ¢; , = (f, ¢, ,),] € N4, n € Z%. Now, by
Theorem 2, we conclude that f € Ss(R?), and the proof is finished. [J

Theorem 4. Let s > 1and let there be given a Wilson basis of exponential decay {4, }, eNd nezd”

(a) Every f € SI(R?) (f € ZL(RY)) has a unique expansion

f= Y (i

1eNd nezd
in SI(RY) (in TL(RY)) and

_ 1/
Z \Cl,n|2€ 2h(|n/2]4 1)) < o, (29)
1eNE nezd

for every (for some) h > 0, where ¢; , = (f, ¥1,),1 € Nd,n € 7.
(b)  Conwversely, if (29) holds for some sequence (c; ), eNd ez and for every (for some) h > 0,

then there exists f € SI(R?) (f € Z/(R)) such that

f = Z Cl,nlpl,n

1eNd nezd
in SI(R?) (in £L(R)).

For the proof of Theorem 4, we need a simple lemma on divergent series. We note that
a similar argument is used in the proof of [27] (Theorem 9.6-1). To be self-contained, we
provide the proof in Appendix A.

Lemma 3. Let (a,)nen, be a zero convergent sequence of non-negative numbers such that

2 a; = +00.

neNy
Then there exists an increasing sequence of integers my, | € N, such that

ml—l
1< ) a,<3

n=mj_1

Proof. The Beurling case can be proved by making appropriate changes if the proof
of [27] (Theorem 9.6-1), cf. [28]. However, since the proof for the Roumieu case contains
nontrivial modifications of Zemanian’s proof, we provide it here. We also consider d = 1
for simplicity.
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(b) Let (29) hold for some i > 0, and let f = Z C1aPln.

1eNg,nez
Let ¢ € Ss(R). Then we have
(Foo) =10 Y cntpind)l
1eNg,nez
—h(ln 1/s n 1/s
<Y e h(|3 1+ 1IDYE h(17 1+11) VL ®)|
ZEN(),I’IGZ
_K(ln 1/s n 1/s
< Z L h(I 51+ (1 51+ (W10, )|
1eNg,nez

n sy 1 n sy L
<( Y lan 26—2h(\z|+\1\)“)z( y |<lP1,n,<P>|2€2h(‘2M”)l/)2~

leNy,neZ leNy,neZ

Since ¢ € Ss(R), by Theorem 3 (a) it follows that we can choose h > 0 such that

Y (0 ) 2D < o

1eNy,neZ

and for such choice of I > 0, by (29) it follows that

— n 1/
Z |Cl,1’l|26 2h(‘g|+|l‘) s < o0
1eNg,nez

and we conclude that | (f, ¢)| < oo, so that f € S/(R), and b) is proved.
Before we proceed to prove a) we note that (29) implies that |c; ,,| < Cel 151+ for
every h > 0, and all I € Ny, n € Z, that is, the (double indexed) sequence

EVETERISY, .
(g e mUZHII7), ) nez is bounded for every h > 0.

(a) Let f € S/(R) and consider Z ClntPry Withep, = (f, ¢1,),1 € No, n € Z. If
1eNg,nez
¢ € Ss(R) then by (27) we have

Y antin®|=1 Y. cnlPind)l

1eNy,neZ 1eNy,neZ
= Y L@l =1 Y (i) il
1eNy,nez 1eNy,nez
= [{f.¢)] <o,

so that the expansion is unique and

< Z <fr lPl,n>lPl,n/ Z <¢r lPk,m>lPk,m> = Z Wcl,n < o,
1eNg,neZz keNg,meZ 1eNg,nez
where a;,, = (¢, ¢;,),1 € No, n € Z.

Next we prove that the sequence (e k(I3 |+‘”)1/Scl,n)leN0,n€Z is bounded for every k > 0.
We give the proof by contradiction: suppose that there exists kg > 0 such that the se-

quence (e ko(l3| HIPY* C1.n)1eN0nez is unbounded. Then there exists a sequence of increasing
(by components) indices (I, 1y )men such that

_ nm (\1/s
e Ko ([lm|+|754]) |Clmrnm| >m meéeN.

Next we consider the sequence (a; ) with the following properties
(a) ajuClpy = al,ncl,n|/
1

©) [y, | = e ol L
msttm m
(c)a;, = 0when (I,n) # (I, nm).
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This gives
‘eko(\%|+|l\)l/sal’n|2
1eNg,nez
= Y ool ) g2kl + ) Lz - LZ < oo
m m
meN meN

By Theorem 3 (b) it follows that ¢ = Yienjnez@nPin € Ss(R), so that
YieNgnez ,nCln < . On the other hand,

— - mt/s 1
Yo TaCin = Y, |anucia Y e ko[l |+171) S~%\cl,n > Y 1 =0,

1eNy,nez 1eNg,nez meNy meNy

which gives the contradiction.

Thus, we conclude that the sequence (e‘k(%'“l Dl/scl,n) leNy,nez 18 bounded for every
k> 0.

Finally, we prove that (29) holds for every & > 0. Again we give the proof by
contradiction. Suppose that there exists ljp > 0 such that

2,—2ho (| &|+|1[)1/s
b= Y lopPe 2z = oo (30)
1eNg,nez 1eNg,ne’z

Since (e*h(|%lﬂ")]/scl/n)leNMeZ is bounded for every i > 0, then it follows that (b; ,,)
is a zero convergent sequence (e.g., by taking /1 = hp). By Lemma 3 it follows that there is
an increasing sequence of indices (I, 11y ) ey such that

=1 nyu—1

1< Z Z |Cj,k

j:lm—l k=ny,_1

22§+ < 3, G

By choosing
—2ha (1K 41i)1/s 1 .
llj,kIerke o(lz1+1il) a, ]:lm_l,...,lm—l, k:nm_l,...,nm—l,
we obtain
Im—1 ny-—1 Im—1 ny-—1
2 2h0 (1K1 +DYs 2 2|51 +1j)1/s L 3

Yy ) ;]2 oz I+1iD) = Y Y lcjkl%e ol z[+1il) — <
j=ln—1 k=ny_4 J=ln—1 k=ny

for every m € N, where we used (31). Thus,

y |y | 22051+

[EN(),HEZ
— Z Z |aln|262h0(|%‘+|l|)1/s+ Z Z |a1n\232h0(‘%|+|”)1/5
j<lpk<ng i=lo kK=o
3
<C+H+ Z W < 0.

meN

By Theorem 3 (b) it follows that }jcn, nez 31,010 € Ss(R), and therefore

Y. @, < . (32)
1eNy,neZ
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However, by using the left hand side inequality in (31) we obtain

lm 1 nmfl lmfl l’lm*l 1 1

o] = 12p=2ho(151HIDYE L s 2

Yo X lakejul = , Yo X el : pt
J=ln—1 k=ny J=ln—1 k=ny 1

for each m € N, so that

1
2 AnCln = Z |ag e n| > 2 laj nCpnl > 2 Pl 0.

1eNy,neZ 1eNy,neZ 1>lgn>ng meN

This is a contradiction with (32). We conclude that the assumption (30) cannot
hold. Therefore
Z |Cl,n|26*2h(\%|+\l\)”5 < o0
leNg,nez

for every h > 0, which completes the proof. [

4. Alternative Proof via Modulation Spaces

Modulation spaces, originally introduced by Feichtinger in [29], are recognized as
an appropriate family of spaces when dealing with problems of time-frequency analysis,
see [17,18,29,30], to mention just a few references. A broader family of modulation spaces,
including quasi-Banach spaces when the Lebesgue parameters p, g belong to (0,1) is
studied in, e.g., [31].

Let there be given ¢ € 21(R%)\ 0, p,q € [1,00] and w € Pr(R??). Then the modulation
space ML, (R) consists of all Gelfand-Shilov distributions f € X} (R%) such that

s = ([ ([ Voot opp dx)WPdér>1/‘7 < oo (33)

(with the obvious changes if p = oo and/or g = o). If p = g we simply write M/, instead
of MI)P, and if w = 1, then we set MP1 = MF7 and MP = M?,.

If w is v-moderate, then the spaces M/, are (quasi-)Banach spaces and different choices
of ¢ € M} \ 0 give rise to equivalent (quasi-)norms in (33), and so M7 is independent on
the choice of ¢ € M [31] (Proposition 2.1).

/Ll

For p,q € [1,00) and w € Pr(R*) the dual of M!,(R?) is Mf/ZJ (R%), where
Tq g T

For a given weight w € P (R*?), we put @ for the (double) sequence @(n, 1) = w(%,1),
(n,1) € Z4 x N&. By 12, p,q € [1,0], we denote the space of sequences (“l,n)(l,n)eNngd

R

=

for which the norm

laallps = (32 (X \a [P (n, 1)P)1/P) 1P

lIeNg nez?
is finite.
The next theorem is analogous to Theorem 1. It follows from [17] (Chapter 12.3), so
we omit the proof.

Theorem 5. Let p,q € [1,00], w € Pr(R?), and let there be given a Wilson basis of exponential
decay {; n}1engnez. Then the Banach spaces MY, (R?) and 1% are isomorphic. An explicit

isomorphism is provided by the coefficient operator Cy : MET(RY) — 127 given by

Cyf = ((f, lpl,n>)(l,n)eNgxzd- (34)



Axioms 2021, 10, 241

13 of 16

By Theorem 5 it follows that

f= Y ()b

1eNd nezd

with the unconditional convergence in Mf,’q(]Rd) if 1 < p,g < o0, and weak* convergence
in MY, ,(R?) otherwise.

Gelfand-Shilov spaces and their dual spaces can be described as projective or inductive
limits of modulation spaces as follows.

Theorem 6. Let1 < p,q < 00,5 > 1/2, and set

wy(x,w) = Y S0, x,E € R (35)
Then
Z(RY) = () MR, (Z)'(RY) = |J M7, (RY),
h>0 h>0
Ss(RY) = |J METRY), (Ss)'(RT) = () MY, (RY).
h>0 h>0

Proof. The proof is well known, see e.g., [21] (Theorem 3.9) and [32].

However, we may give a simple independent proof based on Theorem 2 when p =
g = 2. Namely, if we put wy (x) = MY and wy () = ehml/s, x,f€RYs>1,and h >0,
then by definition we have

M}y, (RY) = CoY"*(RY)  and Mi@l(Rd):S"CoYh's(Rd),

see also [14], and the claim follows directly from Theorem 2. The same conclusion for
general 1 < p, g < oo holds from embedding properties of modulation spaces and certain
equivalence properties of norms for Lebesgue spaces. We omit details, and refer the reader
to,e.g., [32]. O

Asnoted by Grochenig, the isomorphism in Theorem 5 can be formulated in a different
mathematical language. For example, in combination with Theorem 6 we conclude that
there exists a tane isomorphism between FS spaces s(R?) and ﬁh>ol£’: and between LS
spaces Ss(R?) and Uy, ! gg We refer to [12] for the precise definition of tame isomorphisms
and related considerations in the context of Hermite functions expansions instead of
Wilson bases.

Now we can present an alternative proof of our main results.

Proof. (Alternative proof of Theorems 3 and 4) We give the proof for the Roumieu case Ss(R%)
and (S;)’(R?). The Beurling case can be proved by using similar arguments.

Let f € Ss(R?). By Theorem 6 it follows that there exists i > 0 such that f € M2, (R%),
where wy, is given by (35). Now, Theorem 5 implies that

f= Z CLn¥Ln, where Cln = <f/l/JT,n>/

1eNE nezd
22 .
andc;, € lwh, ie.,

1/s
Z |Cl,n\2€2h(|n/2|+|”) " < oo, forsome h>0,
1eNd nezd

which proves Theorem 3(a).
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The converse part follows from the fact that under the assumption of Theorem 3(b)
we have
Z Cl,nlpl,n € MZZJ/:,I

1eNd nez?

for some i > 0. Therefore, by Theorem 6 it follows that the sum represents a unique
element f € S;(R?), and since the Wilson basis is an ONB it follows that ¢; , = (f, §;,),
and we are done.

Theorem 4 follows by duality. O

5. Discussion

The proof of Theorems 3 and 4 given in Section 4 does not use any reference to the
coorbit space theory employed in Section 3. It essentially used representation of modulation
spaces by means of Wilson bases, which follows from the relation between Wilson bases
and Gabor frames, cf. [17]. Another ingredient is Theorem 6, which can be proved without
the coorbit space theory, see [21] (Theorem 3.9).

On the other hand, the proof presented in Section 3 is based on direct estimates, and
does not rely on other results, apart from checking whether the construction of Wilson
bases fits well to the general theory of coorbit spaces, which is done in [2,14].

We note that in the background of both proofs are decay properties of the STFT and
the exponential decay property of the considered Wilson bases. Therefore, the techniques
from the present paper can be modified to include other time—frequency representations
and also more general (for example anisotropic) Gelfand-Shilov type spaces, cf. [23].
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Appendix A

Since };” ; a4, = oo, by a small abuse of notation, we consider the subsequence so that
ay > 0,Vn € N. Consider the partial sum s;,, = Zzlil an, = M, where m is chosen such
that a, < 1 for all n > my — 1. Then we have:

M—1§sm0_1<M§sm0<M+1,

Sy — Smp—1 = Amy < 1 and Smg—1 — Smg—2 = Amy—1 < 1.

Moreovet, sy, 11 < M + 2.
Now choose m; € N as the minimal index such that

Smy = M+ 3.

Thus, we have M +3 > s, 1 > M+ 2, and m; — 1 > mo Moreover, sy, = Sy, —1 +
am, < M+ 4.
Therefore, we have the following situation:

M<spy <M+A1T<M+2<58y,1 <M+3< sy <M+4,
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wherefrom
1 <spy—1—8my <3.

We continue as follows: choose m, € N such that my — 1 > m and
M+3<sy, <M+4<M+5<5,, 1 <M+6<sy, <M+7.

This gives 1 < s;,_1 — s, < 3.

By choosing m;, | > 3, in an analogous way, we obtain an increasing sequence of
integers such that

mlfl
1< Y an<3,
n=mj_

which proves the claim.

The same arguments show that for any given &€ > 0 there exists an increasing sequence

of integers m;, I € N, such that
mlfl

< ) a<e

n=mjp_,

@[ m
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