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Abstract: In this article, we introduce the concept of general L,-mixed chord integral difference of
star bodies. Further, we establish the Brunn-Minkowski type, Aleksandrov—Fenchel type and cyclic
inequalities for the Lp—mixed chord integral difference.
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1. Introduction

The setting for this paper is n-dimensional Euclidean spaces R" (n > 1). Let K and L
be two convex bodies (compact, convex subsets with nonempty interiors) in R”. V denotes
the volume. If K is a compact star-shaped (about the origin) set in R”, then its radial
function, px = p(K, -) : R"\{0} — [0, ), is defined by (see [1]):

p(K,u) = max{A >0,Au € K}, uec S

If px is positive and continuous, K is called a star body (about the origin), and S"
denotes the set of star bodies in R". Sjj is the subset of S containing the origin in their
interiors. The unit sphere in R” is denoted by S"~!, and B denotes the standard unit ball
in R".

The classical Brunn-Minkowski inequality is (see [2])

1

V(K+L)7 > V(K)" + V(L)
where + denotes vector or the Minkowski sum of two sets,i.e, A+ B={a+b:a € A,b € B}.

In 2004, Leng (see [3]) presented a new generalization of the Brunn-Minkowski
inequality for the volume difference of convex bodies.

Theorem 1. Suppose that K,L and D are compact domains, and D C K, D' ' c L, Disa
homothetic copy of D. Then

[V(K+ L) —V(D+ D')]

The equality holds if and only if K and L are homothetic and (V(K), V(D)) = u(V(L), V(D")),
where p is a constant.

Leng’s result is a major extension of the classical Brunn-Minkowski inequality and
attracts more and more attention (see [4—6]).

In 1977, Lutwak introduced the notion of a mixed width-integral of convex bodies
(see [7]), and the dual notion, mixed chord-integrals of star bodies was defined by Lu
(see [8]). Later, as a part of the asymmetric L, Brunn—-Minkowski theory, which has its
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origins in the work of Ludwig, Haberl and Schuster (see [9-13]), Feng and Wang general-
ized the mixed chord-integrals to general mixed chord-integrals of star bodies (see [14]).
For Ky,---,K, € S§ and T € (—1,1), the general mixed chord-integral c(® (Ky,---,Ky)is

defined by

CO(Ky, -, Ky) = %/S*H O (Ky,u) -+ (K, u)du,

here, c(*)(K, ) = fi(7)p(K, ") + fo(r)p(~K, ), and the functions f(t) and () are de-
fined as follows (1+1)2 (1-1)2
fi(t) = m/ fa(t) = m

In 2016, Li and Wang extended the general mixed chord-integral to the general L,,-
mixed chord integral of star bodies (see [15]): For Ky,--- ,K, € S§, p > 0and T € (-1,1),

the general L,-mixed chord integral C,(,T) (Ki,---,Ky) of Ky, - - -, Ky is defined by
C;r)(Kll. L Ky) = %/gw c;T)(Kl,u) . .,C;(jﬂ(Kmu)dw (1a)
Here, c;(f) (K, -) is defined by
o (K,u) = (fi(D)oP (K, ) + fa(2)oP (—K,m)) 7,

for any u € S"1, and f1(7) and f,(7) are chosen as (see [16])

B (1+1)P _ (1-1)”
Alr) = A+ + (1 -1 f2(7) = 1+ +(1-1)P

Obviously, f1(7) and fo(7) satisfy
Al + fo(t) =1,
[(=1) = fa(7), fo(=7) = A(7).

C ;(7 Z) (K, L) denotes that K appears n — i times, and L appears i times, which is

1 n—i i
c(K,L) = /S DK (L u)idu,

If constants Aq,- -+, A, > 0 exist such that Alcgf) (Ky,u) = -+ = )\ncy) (Ky, u) for
all u € 8" 1, star bodies Ky, - - - , K, are said to have a similar general L,-chord. For this
general L,-chord integral, Li and Wang gave the following inequalities (see [15]).

Theorem 2. IfK,L € Sl'and T € (—1,1), p >0, thenfori <n—p,

forn—p<i<nori>n,

~ P
DKL 2 DS + L)) 19

v

with equality in each inequality if and only if K and L have a similar general L,-chord. Here and in
the following Theorems, K+, L denotes the Ly-radial Minkowski combination of K and L.
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Theorem 3. IfKy,--- , K, € Sfand T € (—1,1), p >0, thenforl <m <n,

CF(JT) (Klr e /Kn—m/Kn—i—l—HKn—i—H/ e /Kn—i+1>/ (1d)

=

C;IT) (Kl/ e /Ki’l)m S

Il
-

with equality if and only if K,y 1, - - -, Ky all have a similar general Ly-chord.
Theorem 4. IfK,L € S} and T € (—1,1), p> 0, thenfori < j <k,

(K, L), (le)

(1) k—i (1) k—j
C, (KL < (K L)Ic)

with equality if and only if K and L have a similar general Ly-chord.

2. Main Results

Inspired by Leng’s idea, this article deals with the general L,-chord integral of star
bodies and gives some inequalities for the general L,-chord integral difference.

Theorem 5. Let K, L, M,M' € S}l and T € (—1,1), p > 0. If K and L have similar general
L,-chord and M C K, M' C L, then fori < n —p,

(o (KFpL) = G (T, MO]5 > [ (K) = € ()] 75 + (G (1) — ) ()5, (1)
and forn —p <i<mnori>n,
T - - P P £
[CU7 (KFpL) — COF (MF, M)} < [C7 (K) = CF (M) + [CL) (L) — €17 (M1)]55, (1g)

with equality in each inequality if and only if M and M’ have a similar general Ly,-chord.

Theorem 6. Let Ky,--- Ky and My,--- ,M,, € S!',and T € (-1,1), p > 0. If M; C K;,
i=1,2,---,n,Ky,- - Ky have similar general L,-chord, then for 1 < m < n,

[C;T)(Klr' .. ,Kn) — C;T)(Ml, s /Mn)]m >

m
H[C]SJT) (Kll o Knem, Ky—iv1, Kp—ip1, -+ rKn7i+l) - C]SJT) (Ml/ o My, Ky—iv1, My—i1, -+ -, MnfiJrl)]/ (1h)
i=1

with equality if and only if My, - - - , My, all have a similar general Ly-chord.
Theorem 7. Let K,L,M,M’' € S!' and Tt € (—1,1), p > 0. If K and L have similar general
Ly-chord, then fori < j <k,

(K, L) — i (v, M7 > (VD (K, L) — ¢ (v, MO TS (K, L) — ) (v, M), (10)
with equality if and only if K and L have a similar general Ly-chord.

3. Preliminaries

For K, L € S", the radial Blaschke linear combination K+L and the radial Minkowski
linear combination are defined by Lutwak (see [17]), respectively:

v

p(KTL,u)"™ = p(K,u)"™ + p(L,u)" ", (2a)

and
p(KFL,u) = p(K,u)+ p(L,u). (2b)

In 2007, Schuster introduced the notion of radial Blaschke-Minkowski homomorphism
(see [18-22]) as follows.
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Definition 1. Amap ¥ : S* — S" is called a radial Blaschke—Minkowski homomorphism if it
satisfies the following conditions:

(1) Y is coninuous;

(2) ¥ is radial Blaschke Minkowski additive, i.e., ¥ (K+L) = YK+YL forall K,L € S";

(3) Y intertwines rotations, i.e., ¥ (¢K) = ¢¥K, forall ¢ € SO(n) and K € S".

Here, YKFYL denotes the radial sum of YK and YL, and KL is the radial Blaschke
sum of the star bodies K and L.

In 2011, Wang et al. (see [23]) extended the notion of radial Blaschke-Minkowski
homomorphism to L,-radial Minkowski homomorphism as follows.

Definition 2. Amap Y, : S" — S" is called an L-radial Minkowski homomorphism if it satisfies
the following conditions:

(1) ¥p is coninuous;

(2) Y is radial Minkowski additive, i.e., ¥ p(K+y—pL) = YK+ p¥pL forall K, L € S™;

(3) ¥ intertwines rotations, i.e., ¥, (¢K) = ¢¥ K, for all ¢, € SO(n) and K € S".

Here, ‘FPK—T—n_p‘YPL denotes the L, radial sum of ¥,K and ¥, L, i.e., (see [9,24])
p(YpKFu—p¥pL,u)" P = p(¥YpK,u)" P+ p(¥pL,u)"F. (2c)

For 0 < p < n, the Lp-radial Blaschke linear combination K+ pL was defined by Wang
(see [25]):
p(K—VFpL,u)”_p =p(K,u)"" P +p(L,u)*". (2d)

From Equations (2¢) and (2d), we easily obtain
K+, pL = K+,L. (2e)

Here, we recall a special L,-radial Minkowski homomorphism. In 2007, Yu, Wu and
Leng (see [26]) introduced the quasi-L, intersection body I,K of a star body. Let K be a star
body in R", then the quasi-L,, intersection body I,K of K is defined by:

p(IpK,u)f = /3n—1 At o(K,u)*"Pdu.

Further, Wang (see [23]) proved that the operator I, : S" — S" has the following
properties: (1) I, is continuous with respect to radial metric; (2) I, (K+,—pL) = [,K+,I,L
forall K, L € S"; (3) I, intertwines rotations, i.e., ¥, (¢K) = ¢¥ K, for all ¢, € SO(n) and
K € S§", which means that the operator I, is a special L,-radial Minkowski homomorphism.

Now, we list three Lemmas useful in the proof of Theorems 5-7.

In 1997, Losonczi and Péles (see [27]) extended Bellman’s inequality as follows:

Lemmal. Leta = {ay,ap,- - ,a,}andb = {by, by, - ,bp} (n > 1) be two sequences of positive
real numbers and p > 1 such that af - 2“5] > 0and bf — Z?zzbf > 0. Then

==

1 1
(af —zpaal)” + (8 —Zipbl) " < (e +b0)" —Zip(a+0)7) ", (26)
Ifp <0o0r0 < p<1,then
1 1
((af = Zipal)? + (b = 2,00) 7)) > (a1 + b1)P — 2, (a; + i),

with equality if and only if a = vb, where v is a constant.
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(€L (¥ (KFpL)) —

pi

CA7 (8 (M, M) ]

Lemma 2 ([28], p.26). Ifx; > 0,y; > 0,i =1,2,--- ,n, then
1 % 1 n 1
(TTexi+va)" = sz o+ ([ Tv)", (28)
i=1

i=1

j ity 1 FAa X =X
with equality if and onl]/zfy1 =g= =

Lemma 3 ([5]). Suppose that f;, ¢; (i = 1,2) are non-negative continuous functions on S"~1
such that

S S

[ fidu= [ Bodu
t t

o siwan= [ b,

fors > 1,%—}-% =1, and
£ (u) = Agh(u),Yu € 8",

where A is a constant. Then

([ G- man) ([ (sh - shyn)

with equality if and only if f3(u) = Agh(u) for any u € S"~ 1.

~l=

< /M (f181 — fag2)du, (2h)

4. Proofs of Main Results

In this section, we prove Theorems 5-7.

Proof of Theorem 5. We only prove Equation (1f). The proof of Equation (1g) is similar to
Equation (1f). Leti < n — p. Since K and L have similar general L,-chord, by Equation (1b),

Gy (KFL) 77 = G + L), (32)
for M and M/,
L T P T P
C( )(M—I—le) £ Cr(”)(M) n—i +C}(7,i)(M/)n—r, (3b)

Let a; = C\J(K)i,ay = C\(M)77 and by = C{7(L)7,by = C\7(M')7=,
then from Equations (3a) and (3b) and Lemma 1, we have

T N L T _pP _p o\ BIN T
> ((c;f)(K)w +C (L)) 7+ () ()5 + L) (M) )
S CHURET B CHOREHUD)

This gives the desired inequality of Equation (1f) and according to the equality condition
of Lemma 1, we obtain that equality holds if and only if M and M’ have a similar general
Ly-chord. O

Notice that from the notion of Ly-radial Minkowski homomorphism and Equation (2e),
we have the following direct Corollary 1.

Corollary 1. Let K, L, M,M' € S}l and T € (—1,1), p > 0. ¥, is a radial Blaschke-Minkowski
homomorphism. K and L have a similar general L,-chord and M C K, M' C L, thenfori <n-—p,

L L

> (€7 (%K) — CLF (M5 + (L (L) — L7 (7, M),
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[C,(,,Ti) (¥p(KF,L)) — C,(J/Ti) (¥p(MT,M'))] 7=

[C (I (KFpL)) — C (1, (MF, M)} 7=

[CU (I (K¥pL)) — C (1, (MTpM"))] 7

and forn —p <i<mnori>n,

< [C7 (%K) — CF) (¥, M)] 75 + [CL) (¥, L) — ) (%, M')] 75,

L L

with equality in each inequality if and only if M and M’ have a similar general Ly-chord.

Further, since the L, intersection map is a special L,-radial Minkowski homomor-
phism, we have the following corollary

Corollary 2. Let K,L, M, M’ € Sl and T € (—1,1), p > 0. If Kand L have a similar general
Ly-chord and M C K, M’ C L, then fori <n —p,

P T T L T P
5 > (V) (1K) — 7 (1,M)] 75 + pCl (1,L) — €7 (1,M")]75,
and forn —p <i<mnori>n,

P

P < O (1K) — CF (1,M)] 75 + [CU) (1,L) — € (1,M")] 75,

L L

with equality in each inequality if and only if M and M’ have a similar general Ly-chord.

Proof of Theorem 6. Since Ky, - - - , K;; have a similar general Ly-chord, from (1d) we have
forl<m<mn,

m

C;(ﬂT) (Kll -, K H C](7T Kl/ ' , Ki—m, Kn7i+1r K?’l*i‘l’l/ Tt K?l*i#»l)' (3C)
i=1
FOr er e /Mi’l/
m
Cr(JT) (er o, M 1_[ ;(7 Mll o, My, M?I*i*%l/ Mn7i+1r U rM'rlfi+1)' (3d)

The condition M; C K;,i = 1,2,--- ,n means that C,E,T) (Ky, -+, Ky)™ > C,(,T)(Ml,~ <, My)™.
From Equations (3¢c) and (3d) and Lemma 2, we obtain

C}(ﬂT) (Kll e /K}’l> - C;JT) (er e /Mi’l)

1

m

m
Z (1—{ C;JT) (Klr Tty anm/aniqu/ Kﬂ*l:kl/ e /Kn7i+l))
i=

1

m

m
- (HC;T)(ML' o My, My i1, My iy, /Mn—i+l)>

Let x + vy = C;(JT)(KL' o Ky, Ky—iv1, Ky—iv1, -+, Ky—ip1)  and

yi = C}(f) (M1, , My—m, My_i11,My_it1, -+ ,My_j11) in Lemma 2. Then by Equa-
tion (2g)

C Ky, K) = CO (M, -+, My)

m 1
m

2 (H [C;(;r) (Klr e /Kn—m/aniJrl/ e ranH»l) - C;T) (Ml/ e /MTI—WU Mnfiﬁ»l/ e rMn7i+1)}> ’
i=1
which implies that Equation (1h) is proved. According to the equality condition of
Lemma 2, we know that equality holds in Equation (1h) if and only if My, - - - M, all have a
similar general Ly-chord. [

Proof of Theorem 7. Fori < j <k, lets = k—_;,t k=i Then,s > 1and 1 L4l =1 Let

fi =& (Kl (Lu), 5= c;”(M,u)"-icé”(M',u)f
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and
g = C;T)(K,u)"*kc;T)(L,u)k, gh = c](f)(M,u)”*kc,E,T) (M, u)k.

After a simple calculation, we obtain

/S B (f1g1 —fzgz)du = /S . (C;,T) (K,u)”—jcgf)([,,u)j — C;T)(M,u)”—jC;T)(M/,u)j)du
=Ci(K L) — (7 (M, M),

1
s

: : (1) (1)
The left-hand side of Equation (2h) leads to [C,/(K,L) — CPZ (M, M")]
1
Ci (M, M),
By Lemma 3, Equation (1i) immediately holds.

€ (K L) —

s () K 3
The equality condition of Equation (2h) means that g—} = (C?T)ELM; )k 'is a constant,
1 Cp JU

that is, K and L have a similar general L,-chord. This completes the proof. []

5. Conclusions

The asymmetric operators belong to a new and rapidly evolving asymmetric Lj,-
Brunn-Minkowski theory that has its origins in the work of Ludwig, Haberl and Schuster
(see [9,11,12,16,18-20]). The general L,-mixed chord integral difference of star bodies
was motivated by the notion of mixed width-integrals of convex bodies. We hope that
besides the inequalities mentioned in this article, we can deduce some other inequalities in
the future.
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