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Abstract: We introduce new necessary conditions for the existence and uniqueness of stationary weak
solutions and the existence of the weak solutions for the evolution problem in the system arising
from the modeling of the bioconvective flow problem. Our analysis is based on the application of
the Galerkin method, and the system considered consists of three equations: the nonlinear Navier—
Stokes equation, the incompressibility equation, and a parabolic conservation equation, where the
unknowns are the fluid velocity, the hydrostatic pressure, and the concentration of microorganisms.
The boundary conditions are homogeneous and of zero-flux-type, for the cases of fluid velocity and
microorganism concentration, respectively.
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1. Introduction

In this paper, we consider the analysis of the existence of solutions for the governing
equations modeling the bioconvective flow problem. In order to define the system, we
consider O C R3 a bounded and regular domain with rigid boundary dQ where the
outward normal unitary vector to 0Q) is given by n = (11, n2,n3). The flow induced by the
upward swimming of certain microorganisms in () and during an interval of time [0, T] is
given by the following system [1]:

M jAu+ (u- V)u+ Vg = —kmes +F, in Qr=0x[01, O
div (u) =0, in Qr, 2)

om om .
5 ~0bmtu-VmtUg = =0, in Qr, ®G)
u(x,0) =ug(x), m(x,0)=mp(x), in Q, 4)

u=0, on T':=adQx[0,T], ()

om

0— — Un3m =0,

on on T, 6)

where u = (uq, up, u_o,)t is the velocity of the fluid; g is related to the pressure and defined
by g = p + gx3 with p the hydrostatic pressure and g the acceleration gravity constant; m
is related to the local concentration of the microorganisms ¢ and defined by m = (gpc) /k
with k a positive constant; p is a positive constant defined as follows p = (pg — pm)/m
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with pp and p;,; the densities of the fluid and the microorganisms, respectively; u > 0
is the viscosity of the fluid; e = (0,0, 1)t is the unit vector in the vertical direction;
F = (F, i, F;)! is the external source; 6 is a constant defining the diffusion rate of microor-
ganisms; and U is the average velocity of swimming for the microorganisms. Moreover,
the notations V, A, div, and (u - V)u denote the gradient, Laplacian, divergence, and
convection operators, respectively.

The system (1)-(6) was derived by Y. Moribe [2] and independently by M.
Levandowsky, W. S. Hunter, and E. A. Spiegel [3] (see also [1,4,5] for the mathemati-
cal analysis). More recently, some new bioconvective flow models have been introduced,
for instance: [6] (see also [7]) considered a generalized model with a nonconstant viscosity
and the symmetric part of the deformation rate tensor, and Tuval et al. [8] constructed
a mathematical model by considering as an additional unknown variable: the oxygen
concentration (see also [9-11]).

In order to study the well-posedness of (1)-(6), we applied the Galerkin method twice.
Firstly, we study the existence and uniqueness of solutions for the stationary problem by
using the Galerkin method. Then, we study the existence of the evolution problem by
combining the Galerkin method and perturbation arguments in a neighborhood where
the stationary problem is well-posed. As a consequence of our analysis, we obtained the
two main results: (i) we proved the existence and uniqueness of weak solutions for the
stationary problem associated with (1)—-(6) (see Theorem 1); (ii) we proved the existence
of solutions of the evolution problem (see Theorem 3). We also proved the existence of
weak solutions of a transformed problem defined as a change of variable for the stationary
problem associated with (1)-(6) (see Theorem 1).

In this paper, we introduce two necessary conditions. The first one was assumed to
obtain the uniqueness of weak solutions of the stationary problem associated with (1)-(6),
and the second one is a necessary condition condition for the existence of weak solutions
of the evolution problem (1)-(6). To be more specific, we proved the existence of stationary
solutions assuming that the external force is of L?(Q)) regularity and the coefficients satisfy
the inequality:

2UCp < O, )

with Cp defined in (13) for p = 2.

To prove the uniqueness of weak stationary solutions, in addition to (7), we assumed
that the parameters U, 6, k, and y are small enough such that, for any stationary solution
u, m and some ¢( independent of Vu, the inequalities:

UCp

9_9—ucp

- CIZDHV“HLZ(Q) >¢€ >0,

kc5 (8)
z 0”vm|lL2(Q) >0,

—C2 - P
M CP”vu||L2(Q) (9_ UCP)€

are satisfied. To prove existence of weak solutions for the evolution problem, we considered
that the stationary problem is solvable, the external force is of L2(0, T; L?>(Q)) regularity,
and the constants U, Cp, and 0 are small enough such that:

1 ucp \?
0 0 — <1. 9
<yc§< e—ucp> = ©)

The condition (7) is the standard assumption considered for instance in [1,6,7]. How-
ever, to the best of our knowledge, the conditions (8) and (9) have not been considered
before. Moreover, we remark that the assumption (8) improves the recent result given in [6],
where the authors obtained the uniqueness assuming that stationary solution u, 7 is small
enough without a precise bound in terms of the parameters U, 6, k, 4 and the constant Cp.

On the other hand, we mention two facts. The conditions (7)—(9) are useful in several
situations, for instance in the implementation and analysis of the convergence for numerical
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methods approximating the stationary solution.However, we must clarify that there could
be some situations where these conditions may not be valid. The authors of [12] deduced the
existence of a weak solution for a generalized bioconvective model by uniquely considering
the condition UCIZ, < O instead of (7)-(9).

The paper is organized as follows. In Section 2, we introduce the notation, some
previous results, and the general assumptions. In Section 3, we study the well-posedness
and the stationary problem. In Section 4, we study the existence of weak solutions of the
evolution problem. Finally, in Section 5, we give some conclusions and challenges.

2. Preliminaries
2.1. Functional Framework

We use the standard notation of functional spaces, which are used in the analysis of
Navier-Stokes and the related equations of fluid mechanics; see for instance [13-15]. To be
more precise, we considered the Lebesgue, Sobolev, and Bochner spaces. The Lebesgue
space LP(Q)) for p > 11is defined by:

LP(Q) = {u : Q) — R 1 wuisLebesgue measurable, [[u|yq) < oo}

where:

)|Pdx) Y7,
1 AT
Q - .

We recall that the spaces LP(Q)) are Banach spaces with the norm given in (10) and
L%(Q) is a separable Hilbert space. For m € N and p > 1, the Sobolev spaces are defined
as follows:

WMHQ%:{MGMKD:D%eLNQLWMgm}

In particular, when p = 2, we use the notation W"™?(Q) = H™(Q). The spaces of
vector-valued functions are defined in the usual componentwise sense and are denoted
by bold symbols, for instance C*(Q) = [C®(Q)]3, LP(Q) = [LP(Q)]? and WP (Q) =
[wm.p (Q)}?’ Let X be a Banach space and r > 1. The Bochner spaces L" (0, T; X) are defined
as follows:

L'(0,T;X) = {u :[0,T] = X : wisstrongly measurable, [ul|;-r.x) < oo},

where:

1/p
il o10) = { (o te)iPaz) =, p e [l

esssuppp [u(B)l,  p=co.

Moreover, we considered the following spaces and notation:

5,(0) = {feCp(a): dive=o},
V the completion of C3 (Q)) in H!(Q),
H the completion of CS%’U(Q) inL2(Q), (11)
X the closed subspace of L2(Q)) orthogonal to the constants,
B=H'(Q)NX.

We notice that 3’ (Q) is the space of smooth solenoidal vector fields with compact
support on Q).
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2.2. Some Classical Inequalities
We use some classical inequalities and Sobolev embeddings with the appropriate
notation. To be more precise, we use the notation in the following three inequalities:

(i)  The Young and Cauchy inequalities. Let us consider p,q €]1,00[ such that p~! + ¢! = 1, then:
ab < ea? +Cb?, a,b>0, €>0, Ce=(p—1)elDp1, (12)

which are called the Young and Cauchy inequalities. We observe that, when (p,g,€) =
(2,2,1/2), the inequality (12) is reduced to the standard Cauchy inequality;

(i) The Poincaré inequality. Let Q C R3 be a connected, bounded Lipschitz domain, then
the estimate:

1, 3
Il < CollVullsy, w e W), pe i3 ae L2 ] a3
is satisfied for a positive constant Cp depending only on p and Q). For a generalized
version of the Poincaré inequality on W7 (Q), we refer to Proposition I11.2.39 in [14];
(iii) The Gagliardo-Nirenberg inequality. Let QO C R be a bounded Lipschitz domain, then
there exists a positive constant Cg,;, depending only on g and Q) such that:

1-3/ 3/
IVl oo < ConllVullaul3 ey, we HAQ), qel2eol  (4)

Other forms of the Gagliardo—-Nirenberg inequality were given for instance on Propo-
sition II1.2.35 of [14], and for a recent review, we refer to [16].

Moreover, we considered the continuous embedding of H?(Q) in L®(Q) for some
Q) C R3 to be a bounded Lipschitz domain, or equivalently, we have that the estimate:

[ull o) < CI‘Z;;;OHMHHZ(Q)r u € H(Q). (15)

is satisfied for a positive constant Cizr'l‘;o.

2.3. The Stokes Operator and the Friedrichs Extension

The notation A : D(A) := VN H?(Q) C H — H is used for the Stokes operator
defined Av = P(—Av) with P the orthogonal projection of L?(Q2) onto H induced by the
Helmholtz decomposition of L2(Q)). We recall that A has the following properties: linear,
unbounded, positive, self-adjoint, and characterized by the identity:

(Aw,v) = (Vw,Vv), YweD(A), vev, (16)

where (-, -) is the standard scalar product in L2(Q)).
The Friedrichs extension is denoted by A; and is defined from D(A1) to X by A1¢ =
P (—0A¢) for all ¢ € D(A;) with:

D(4A) := {4; € XNH*(Q): 9‘;% — Unzp =0 on BQ}

and P; the orthogonal projection of LZ(Q) onto X. The operator A; is an unbounded linear
and positive self-adjoint operator and satisfies the inequalities:

(A19,¢) > (6-UCP)IVOlTz i) CrlAigllizy = (6 —UC)IVela),  (17)

for all ¢ € D(A;). We refer to [1] for other properties on A and A;.
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2.4. The Trilinear Forms By and Bq

Let us consider By from V x V x V to R and B; from V x H'(Q) x H'(Q) to R.
defined as follows:

N ) ;
Bo(wv,w) = ((u-V)v,w)= /Q i,jz_‘lluj(x)(,éj(x)wi(x)dx, (18)
N a(p
Bi(w ) = (u-Ve,yp)= /Q ];uj(x)a—xj(x)lp(x)dx. (19)

The applications By and B; are well-defined trilinear forms with the following properties:

B()(u,V,W) - 7B0(ulwlv)l Bl(ulfp/lp) - 7Bl(urlp/¢)r (

By(u,v,v) =0, Bi(u,¢,¢) =0, (21)

|Bo(w, v, w)| < C3||Vullz(o [ VVIIi2 () [ VWIl2(0), (

B1(w, 9,9)| < CollVulliz() I V¢llizi) IVl 2 () (
forallu,v,w e V,and ¢, ¢ € Hl(Q).

3. The Stationary Problem

The stationary problem associated with the bioconvective system (1)—(6) is defined as
follows: given a > 0, find the functions (ug, 1y, g, ) such that:

—phAuy + (uy - V)ug + Vg = —kmesz + F; in Q, (24)
divu, =0 in Q, (25)
oMy .

—0Amy, +uy - Vg + U . 0 in Q, (26)

3
u, =0 on d(), (27)
02" _ Unsm, = 0 on 090, (28)

on
/ Mo (x)dx = &, (29)
Ja

Our analysis is based on recalling and adapting the results of Boldrini et al. [6] (see
also [1]). Indeed, we introduce the change of variable:

m = my, — E with E of the form E(x) = C, exp(Ux3/0) where: (30)
the constant Cy is selected such that [, E(x)dx = «,
and we obtain that the problem (24)—(29) can be rewritten as follows:
—uAuy + (uy - V)uy + V(go + kOUE) = —kifte3 + F; in Q, (31)
divu, =0 in Q, (32)
_ _ om
—9Am+ua-V(m+E)+u£ -0 in Q, (33)
3
u, =0 on dQ), (34)
oni _
02" Unsiii = 0 on 90,  (35)
on
/ i(x)dx = 0. (36)
o)

The deduction of (31)—(36) is straightforward by noticing that —AE + Ud, E = 0in Q)
and 00, E — UnzE = 0 on dQ). Then, we use the concept of the weak solution for (31)—(36).
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Definition 1. Let us consider Fs € H. Then, (uy, M) € V X B is called a weak solution of
(31)—(36) if the following identities:

u(Vug, Vv) + By(ug, ug, v) + (kries, v) = (Fs,v), (37)

0(Viii, V) + B (s, it + E, ¢) — U (ﬁa ;i) =0, (38)

are satisfied for all (v,¢) € V x B.
Theorem 1. Suppose that
2UCp < 6. (39)

If¥s € H, there is a weak solution of (31)—(36) in the sense of Definition 1.

Proof. The proof is made by using the Galerkin method. Let us consider a Schauder basis
(W/)$° for V and (¢/)° for B. For each n € N, we define the spaces W,, = span{w/ : 1 <
j<n}and M, = span{@z : 1 < ¢ < n} and consider the Galerkin approximations:

dp' € M, (40)

n
ul = Z cn,jW] €W,,, and m"'=
' 1

n
=1 =
satisfying the approximate problem:

u(Vul, VW) + Bo(ul, ul', W) + k(iii"es, W) = (Fs, W), j=1,...,n, (41)

—(
0(Vii", V') + By (u”, " + E, ') — u(ﬁ”,g‘ﬁ) =0, 0=1,...,n. (42
3

Applying the Galerkin method requires proving two facts: the existence of (ul!, m")
satisfying (41) and (42) for each n € N and the convergence of (u}, m") along subsequences
to the weak solution of (31)—(36).

We prove the existence of solutions for (41) and (42) by the application of Brouwer’s
fixed point theorem. Let (z,{) € W, x M,, and consider (v,¥) € W, x M, satisfying the
linearized equations:

1(Vv, VW) + Bo(z,v, W) + k(Yes, W) = (Fs, W), j=1,...,n, (43)
g’

O(VY, V') + Bi(z,¥ +E¢')— u(qf 8x> =0, (=1,...,n (44)
3

We note that (43) and (44) is a linear system with 2n equations where the unknowns

are the 2n coefficients of the expansion v = 27:1 c]-Wj and¥ =Y ;4 d@f. Thus, (v,¥)
is uniquely defined, since (v,¥) = 0 is the only solution of the homogeneous system,
i.e, when F; = 0 and E = 0. To prove this fact, we consider that (v, ¥) is a solution of
the homogeneous system. Then, multiplying (43) by ¢; and (44) by dy and summing on

je{l,...,n}and ¢ € {1,...,n}, respectively, we obtain:

u(Vv,Vv) + By(z,v,v) +k(¥es, v) =0, (45)

0(V¥,V¥) + By (2, ¥, ¥) — U (w W) 0. (46)

aX3
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Then, using (21) and the Holder and Poincaré-Friedrichs inequalities, we obtain:

HIVVIR2 i) < 1 —k(Yes, v)| < k¥l 20 1VIl2 (o)
< k(CP V¥l 20y | VVIi2 () (47)

oY
OV 0 < ]u(w )

<
3x; )| S UCPIVYIEq (48)

Then, from (48) and the hypothesis (39), we obtain |[V¥|[;2() = 0. This implies
that ¥ is constant and by a reformulation of (36), we deduce, that ¥ = 0. Now, replacing
[V¥|li2() = 0in (47), we obtain that || Vv||2() = 0, which implies that v = 0. Moreover,
from (43) and (44), we obtain the following estimate:

IV V120 + IV T2 () < CUIFsIT2 ) + IVEIR2 ) < B (49)

see the deduction of (54) for the details. Then, (43) and (44) define a continuous application
T:(z¢) — (V,‘I’) from W,, x M, to W, X M, such that the closed convex set {(z,¢) €
W, X M, : ||Vz|| o)+ HV€||L2 ) < Fi} is invariant. Thus, by Brouwer’s fixed point
theorem, we deduce that T has at least one fixed point, which is the solution of (41) and (42).

Let us prove the convergence of (u}, 71") along subsequences to the weak solution
of (31)~(36). Multiplying (41) by c,; and (42) by d,, s, summing on j € {1,...,n} and
¢ e {1,...,n}, respectively, and adding E to the second result, we obtain:

u(Vul, Vuy) + Bo(u),uly, ul) + k(m'"es, ul) = (Fs,u}), (50)

O(Vii", V(" + E)) + By (ul, " + E, " + E) — u(aa, %(ﬁa” + E)) —0. 1
3
From (21) and using the Holder and Poincaré-Friedrichs inequalities, we obtain:

IVl o) < | = K("es, uff) + (Fs,uf)|
< Kl | 2oy w2y + [ Fslliz ) s llez o
< k(Cp) (V" || 2oy | Vi 2 +CpHFsIILz @ IVuillizq)
0||Vit" %, < |—6(Vit", VE om’ i, OF
H m HLZ(Q) = [ ( m-, )+U mﬂu ax3 +U mﬂuaix?)
< 0[|Vm"|| 2 Q)”VEHLZ
+UC|| V" |3 ) + UCk|| V" || 2y  VEl 2y

< (0+ucy) ||vm"||Lz IVE 200y + UCH|| V|2,
Then, by the application of the Young inequality, we obtain:
(1= g2 (K2 +Co) ) IV ) < k(G T B+ eColl il (52)
—n
(9—ucp—4€(9+ucp))||v1n 122, <e<9+UCp)||VEHL2 Qy (53)

for any € > 0. Now, by (39), we can select:

2
k(CP) +Cp 9+UCP)} >0/

¢ >max{ 4 HO—UC
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such that by applying (53), we deduce an estimate for || V" |2, Q) and using this result

in (52), we can obtain an estimate for ||Vu} Hiz Q) Then, adding both estimates, we obtain:
IV ugliEz ) + IV 1720

- 4(6*)2 (9 + UCP) 4(€*Cp)2k
- 4€*(9 — UCp) — (9 + UCP) (46*}1 — (k(CP>2 + Cp)
4(6*)2(:17 2
" demn— (R(Cp)? 1 Cp) IFslfize:

+ 1) IVEIL ) (54)

Thus, the sequence {(u},m")} is bounded in V x B. Now, using the fact that V is
compactly immersed in H and B is compactly immersed in X, we can select a subsequence
of {(ull, m")} and (u,, ) € V x B such that:

ul — u, weakly in V and strongly in H,
m" — m weakly in B and strongly in X,
Vu! — Vu, weaklyin L?(Q),
Vil — Vit weakly in L2(QQ).

Thus, letting n — co in (41) and (42) and using the properties of By and B, we
conclude the proof of theorem. [

Theorem 2. Suppose (39) is satisfied. If Fs € H, there is the u, € H2(Q) NV, m, € H2(Q),
and g, € H'(Q) solution of the system (24)~(29). Moreover, if we consider Fs and E are such that
the condition:

the constants U, 6, k are small enough such that there is g
independent of Vug such that Iy > ey > 0and Iy > 0, where:

uCP 2
Hl =0 — m — Cp||Vua||L2(Q),
e
- 1Vmal| 2,

(6 —UCp)e
for any ug,, m, satisfying (24)—(29)

(55)
Iy =y — Cp[| Va2

is satisfied, u, and my are uniquely defined, and q, is uniquely defined up to an additive constant.

Proof. From Theorem 1, we have that there is (u,, ) € V x B satisfying the variational
formulation (37) and (38). Then, using (30) and applying regularity arguments similar
to the proof of Theorem 3.1 in [1], we follow the existence of the u, € HZ(Q) NV, my, =
i+ E € H?>(Q) and g, € H'(Q) solution of the system (24)—(29).

Let us consider that (u,j, m,;,q,,) for i = 1,2 are two solutions of (24)-(29). By
the application of Theorem 1, we have that u,; and m; = m,; — E for i = 1,2 are weak
solutions of (31)-(36). Then, we have that the functions z = u,; — u,p and ¢ = 1y — 1y,
satisfy the identities:

1#(Vz,Vv)+ By(z,u,1,V) + Bo(ugp,z,v) + (kges, v) =0, (56)
_ d
G(Vq), V(P) + B (Z,WI1 +E, gb) + B1(u,,¢,2, (p,(])) — U((p, axi) =0, (57)

for all (v,¢) € V x B. In particular, considering (v,$) = (z, —A1¢), we deduce some
useful estimates. Indeed, from (56), using the properties of By given in (20)—(23) and (17),
we deduce that:
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1llVzlitz o) < GBIVl o) [Vasillizio) + kel lzlien)

C?) (58)
< {c%|\Vz\|Lz<Q)||Vua,1||p(m oy 1419l HIVElq)

Similarly, from (57) and the properties for By given in (20)-(23) and (17), we obtain:

0l A1glT i) < ChlIVEl o)l Vil + VEI 2(q) | A19ll 2

Uucp

+C12’||Vu04,2”L2(Q) HA1€0||%2(Q) + 69— UCp

lArgl2 0
Now, using (55), we have the bound:
C3 _
1A19llizi0) = 2 IVZIzo) [V + VE 2 (). (59)

Replacing (59) in (58) and simplifying, we obtain that I, || Vz||?, (o) < 0or equiva-
lently, that ||Vz\| = 0. Consequently, (59) implies |A1¢| = 0, and hence, [V¢| = 0
by (17). Thus, frorn (34), (36), and ||Vz||iz(0) = [[Vel2@q) = 0, we deduce that

(z,¢) = (0,0) or equivalently that (u,,1,1,1) = (ug2,M42). The uniqueness of g, up to a
constant follows by standard arguments in the Stokes equation; see [17] for the details. [

Remark 1. By applying similar arquments to those used in the proof of Theorem 4.1 in [6], we can
deduce the existence of:

(Ua, My, qo) € (VAHA(Q)) x (XN H*(Q)) x (HY(Q) N LE(Q))

with L3(Q) = {h € L2(Q) : h(1,0) = 0}, such that:

p[— AU, + (g - V)uy + kimes — F} =0 in L2(Q),  (60)
P, [ — OAN + Uy - Vit + u%m"‘} —0 in L2(Q), 61)

x3
—ulAuy + (uy - V)uy + kmes — Fs = —Vq, in Q, (62)

that is the existence of strong solutions of (24)—(29). To prove (60) and (61), we introdytce the
following modifications in the proof of Theorem 3: (i) we consider that (W) for V and (¢/ )T for
B are given by the eigenfunctions of A and Ay, respectively; (ii) using the identities (Av, w/) =
(Vv, VW) (Ayv,¢t) = (Vv, V'), multiplying (43) by c; and (44) by d,, and summing on
je{l,...,n}and £ € {1,...,n}, respectively, we deduce the system:

#(Av, Av) + By(z,v, Av) + k(¥e3, Av) = (F;, Av), (63)
0(A1Y, A1Y) + B1(z, ¥ + E, A1Y) — U(g‘F A1‘Y> =0; (64)

(iii) from (63) and (64), applying the Holder, Poincaré-Friedrichs, and Cauchy inequalities, and
using the equivalence of the L?(Q))-norm of operator A (respectively the L*>(Q)-norm of operator
A1) and the norm of V. N\ H2(Q) (respectively, the norm of X N H?(Q))), we deduce the estimates:

HllavIZy o) < C(11Azllgz(q) + 2 +2) 11AVI2y ) + 2K ATE (122 ) + 20Fsl 2

(6 - UCp) [ 41¥1132 0 < CllA2llpze (||A1‘f\|Lz(Q) - ||VE||L2(Q>),
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which implies that:

|AVIR ) + 1411 ) <C (142200 +zk+z)(||Av|| +\|A1T||LZ<Q)
+Cl| Azl 20y | VEI ) +211Fs 2

(65)

with C a generic positive constant; (iv) using (65) we can define appropriately F,, such that we
can apply Brouwer’s fixed point theorem to the operators T, : G, — G, with G, = {(z,§) €
W, X My, : ||Az||%2(0) + \|A1§||i2(0) < B}, and also, we can deduce that the approximate

solutions of (41) and (42) are uniformly bounded in H?(Q) x H?(Q); and (v) taking the limit
when n — oo, we conclude the proof of the required statements. Meanwhile, we can deduce the
equation in (62) by the standard arquments, which were given for instance in [17].

4. The Evolution Problem

Let us consider {u, m, q} satisfying the bioconvective system (1)—(6) with the initial
condition fQ modx = « and {uy, My, g} a solution of the stationary problem (24)—-(29).
Then, we analyze the relation of the evolution problem and the corresponding stationary
problem by studying the perturbations of the stationary problem. Indeed, let us consider
the change of variable:

V=u—U,, 7§ =1m—1, (66)

which satisfies the following relations:

0
a‘t’ UAV + (V- V)V + (v - V)ug + (ug - V)V

V(g —ga) = —kmes +F —F; in Or, (67)
divv =0 in Qr, (68)
an o .
o —0An+v-Vy+v-Vmy+u, - Vi + Uax =0 in Qr, (69)

3
v(x,0) =vo(x) #(x,0)=rno(x) in Q. (70)
v=0, on T, (71)
0

9% — Unzp =0 on T. (72)

Definition 2. Let us consider F € LZ(O, T;H) and Fs; € H. Then:
(v,n) € L*(0,T,V)NL®(0,T,H) x L>(0,T,B) N L*(0, T, X)

is called a weak solution of (67)—(72) if the following identities:

(?;tl' w) + u(Vv,Vw) + By(v,v,w) + By(v,uy, W) 73)

+ Bo(uy, v, w) + (knes, w) = (F — F;,w),

d
(52.0) + 0070, 90) + Ba(v,1,9) + Ba(v, 10, 9) + Br (a1,

9\
”("'axg) =0

are satisfied for all (w,¢) € L%(0, T; V) N L®(0, T; B).

(74)
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Theorem 3. Suppose F € LZ(O, T;H),Fs € H, a € R, the hypotheses (39), (55) are satisfied,
and {uy, my, g } is the solution of the stationary problem (24)-(29) corresponding tox = |, o Modx.
Moreover, we assume the constants U, Cp and 6 are small enough such that:

1 uce \?
— <1 7
0<VC1%(9 9_ucp> <1, 75)

Then, for all (vo,10) € H x X, there is (v,1), a weak solution of (67)—(72). Furthermore,
the weak solution is such that ||v(-,t) — vo|lg — O and ||5(-,t) — 1o||x — O when t — 0.

Proof. The proof is performed by using the Galerkin method. Indeed, let us consider
a Schauder basis (W/)$° for V and (4)/ )§° for B. For each n € N, we define the spaces

W, = span{Wj 1 <j<n}and M, = span{cp : 1 < ¢ < n} and consider the
Galerkin approximations:

n
ch] x) € W,, and 7"( Z x) € My,

satisfying the approximate problem:

. ' ' 4
(aV /W]) + pu(Vv", VW) + Bo(v",v", W) + Bo(v", uy, W)

ot | ‘ ‘ (76)
+ Bo(ug, v, W) + (ky"es, W) = (F — Fo, W),
(%59 ) + 000 99) 4 B v ) + Bl i, )
_ 77
v'(x,0) = Pyvo, 1"(x,0) = Puno, (78)

where P, and P, are orthogonal projections on W,, and M,,, respectively. We note that
the system (76) and (77) is a system of ordinary differential equations for the coefficients
cn,j and d, o with the initial conditions ¢, ;(0) = (vo,W!) and d,, ,(0) = (110,55). The initial
value problem for Cn,j and d, y has a maximal solution on the interval [0, tn] for some
tp, < T. Moreover, we note that we can choose t, = T as a consequence of the fact that
the properties:

{(v", ™)} is bounded in L?(0, T, V) N L®(0, T,H) x L>(0, T, B) N L*(0, T, X);  (79)

n
{ (a;t agt > } is bounded in L1 (0, T, V') x L(0, T, B'). (80)

are satisfied. Indeed, we detail the proofs of (79) and (80).

Proof of (79). Multiplying (76) by ¢, ; and (77) by d,, ; and summing on j € {1,...,n} and
¢ e {1,...,n}, respectively, we obtain:

n
(aa‘;,v”> + u(Vv", Vv") + By(v", v",v") @)

+ Bo(v", ug, v") + By(ug, v", V") + (kn"es3, v"") = (F — F;, v"),
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d
( ; %z ) +O(Vy", V") + B (v ", ")
(82)

a n
+ B1(v",ma, ") + By (ua, 7", ") — U(W”, a;7x3> =0.

Using the properties of By and B given in (20)-(23) and the Poincaré inequality,
we obtain:

LIV ey IV 0

< GBlIVv'(, )H (oI Vuelliz (o) +ka||;7 GOl IV D), 63)
+CplE(, 1) = Fs() |2y IVV" (- D) |2 ()
2
< C2||VV ( )HLZ ) ||Vma||L2(o)||V77 (- Dll20) + UCPIVY ()12

By applying Young's inequality, we obtain:

1d
SV D) + M@ IVY DI g )
ekC eC
< ZPIIW”(-,tMIiz PIIF( ) —Fs()l2
1d eC3
527" CD R0y + 12V 1)) < SEIVC IR ) (86)

for any € > 0, where:

(k+1)C1%

CZ
e , 72(€) =0 —-UCp — Tg|lvma||%2(0)

711(€) = 1 = C3|| Vual |2

Now, noticing that IT; > 0in (55) and (75) implies that u > C3||Vu, ||Lz () We can select:

_ (k+1)C2 C127||vleHi2(Q) 50
€ = € = maxX ’ ’
20— ColVual )20~ UCH)

such that 1 (€) > 0 and ;(€) > 0. Consequently, by adding (85) and (86), we deduce that:

32 (Ve + 1 D))
+mm{71<m &)} (199" (0 Ry + 1977 Ol )

eC (87)
<57 maxth o} (IO + I <»f>lle<m)
€Lp

Then, from the Gronwall inequality, the initial condition (78) and recalling that P and
P are orthogonal projections, i.e., || P,|| < 1and ||P,|| < 1, we have that:

eCp
V" ()2 + 0" (D) 22y < xp (Tmax{k cp}t)

eC
x [V, 0) 2 ) + 1" (- 0) o ) + 55 / IEC,8) ~ Fe()laqys]  ®

< G(t)r
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with G : [0, T] — R™ a continuous function independent of n and defined by:

G(t) = exp (% max{k, Cp}t)
eC
x [Ivolizay + Mol + 552 [ IFC,9) — Eella ) ds]
Thus, the estimate (88) implies (79).

Proof of (80). Let us consider the orthogonal projectors P, and P, defined on L(V,V)
and L(B, B), respectively, with norms less than or equal to one, and also, we define the
following operators:

(A(u),w) = (uVu, Vw), (Bo(u,v),w) = By(u,v,w),
(B1(u,m),¢) = By(u,m, ), (H(m),w) = (kmes, w) + (F — Fs, w),

(A(m),¢) = (6Vm, V) —9/ 2 gus u/ midx+u/ mnds.

Then, from (76) and (77) and using the arguments of Lions [18], we obtain:

a n

E;’t =-P; (A(v”) + Bo(v",v") + Bo(v", uy) + Bo(ug, v*) — H(U”)),
9 _

% —P (A(}y”) + By (v", ") + B (v", my) + By (ug, 77")),

where P} and P, are the adjoint operators of P; and P,,, respectively. Now, noticing that:

IA@)lv < 1l Vali
Hmmvmw<cnvmm I9¥lz()
IB1 )l < CBlI Vg [ 9] 2y
B v < Co (Kllmll iz + IIF = Belliagey )
[& ()l < 011Vl () + Ul g2y,

we deduce that (80) is satisfied.

From (79) and (80) and applying Corollary 6 of [19], we conclude that the sequence
{(v", ™)} is relatively compact in L7(0, T, H) x L7 (0, T, X) for all 4,4/ € [1,00[. Then,
there is a subsequence of {(v",#")} labeled again by {(v",%")} and (v, 1) such that:

(v,7) € L2(0,T, V) N L®(0, T, H) x L(0, T, B) N L*(0, T, X)
(v, 4") — (v,;7) weakly in L?(0,T;V x B),

(v",4") — (v,n) weakly *in L*(0, T; H x X),

(v",7") — (v,57) strongly in L?(0, T; H x X),

(Vv", V") — (Vv,n7) weaklyin L2(0, T; L>(Q) x L?(Q))),

n

" =1y ctp.inQx[0,T].

Moreover, we can deduce that (v, 7) is a weak solution of (67)-(72). Indeed, multiply-
ing (76) and (77) by a function ¢ € C!(]0, T]) such that (T) = 0 and integrating on [0, T},
we have that:
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T . T . T .
—/ (v”,wf)zp’dt+y/ (vv”,VWJ)¢dt+/ Bo(v",v", W/ )yt
0 0

0

+/OT BO(Vnrua/Wj)lpdt+/[)T BO(ua/vn/Wj)¢dt+AT(knne3'Wj)¢dt
= /OT(F — Fs, W )pdt + (Pyvo, W)1(0),
T T T
— [ (g Yo [ (V@ et + [ By g i
0
,@
+/ Bi(V", mg, ¢dt+/ By (uy, 7", ¢ ¢dt—u/ ( >1pdt

= (Po, @) (0).

Then, letting n — oo and using the standard density arguments, we obtain that (v, 7)
satisfy the variational relations in Definition 2.
On the other hand, for n = 3, we have that v(-,t) € C([0, T|; V). Then:

v(-,t) = vo weakly in H when t — 0. (89)
Similarly:
(-, t) — no weakly in X when t — 0. (90)

From (88), we have that |v(, )||L2(Q + ||;7(~,t)||%2(0) < G(t). Then,
timsup [v(, )22y + 110Dy < [0llZ + Ioll2q) when £ = 0%, More-
over, we recall that H is a uniformly convex space, since the square of the norm

is a semicontinuous functional in the weak topology. Then, we conclude that
Hv0||L2 ot H170||L2 Q) < liminf ||v(-,t HL2 o+ ||r](~,t)||%2(0) when t — 07. Thus,

G By + 17Dl ey = 10l + 10125y see 1201 Thus, by (59) and (),
we obtain that (v(-, t),n(-, 1)) — (vo,iyo) strongly inHx Xwhent —0". O

Remark 2. Recently, in [12], the authors considered a generalized bioconvective problem and
obtained the existence and uniqueness over two-dimensional domains and the existence over three-
dimensional domains. They applied the Galerkin method without using the perturbation of steady
states and deduced their existence result requiring uniquely that UC% < 6 (see Theorem 3.5 in [12]).

5. Conclusions and Future Work

This paper presented new necessary conditions to obtain the existence and uniqueness
of stationary weak solutions and the existence of the weak solutions for the evolution
problem of the bioconvective system introduced in [1]. The new conditions were formulated
in terms of the Poincaré constant, the coefficients, and the external force of the system (see
(7)-(9)). The conditions introduced in the paper generalize the assumptions given in [6] for
the stationary problem and differ from the hypothesis considered in [1] for the evolution
problem. In [1], the authors considered a different smallness condition for the solution of
the stationary problem and did not consider any relation between the parameters of the
system as those considered in (75). The relation (75) is easy to verify, for instance, in the
case of the implementation of numerical methods.

In our future work, we plan to continue the research of bioconvective system in at
least three ways. First, we plan to study other analogous new conditions for the case
of the generalized bioconvective system studied in [7]. The second idea is to apply the
Galerkin methodology to the generalized bioconvective system introduced in [8] (see
also [9] for stationary problem results). Moreover, we expect to develop an analysis of the
bioconvective system of this paper, under the methodology and the conditions considered
in [12].
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