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Abstract: We introduce the fourth fundamental form of a Dini-type helicoidal hypersurface in the
four dimensional Euclidean space E4. We find the Gauss map of helicoidal hypersurface in E4.
We obtain the characteristic polynomial of shape operator matrix. Then, we compute the fourth
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1. Introduction

Rotational and helicoidal hyper-surfaces have attracted the attention of scientists such
as architects, biologists, physicists, mathematicians, and especially geometers for almost
300 years.

Let us review some works about rotational and helicoidal characters in chronologi-
cal order.

Catenoid is a minimal rotational surface described by Euler [1] in 1744. Helicoid is a
ruled minimal surface, described by Euler in 1774 and by Meusnier [2] in 1776. Bour [3] gave
isometric deformation formulas of catenoid–helicoid. Dini [4] obtained a helicoidal surface.

Moore [5] introduced rotational surfaces in a four dimensional space E4. Moore [6]
considered rotational surfaces of constant curvature in E4.

Do Carmo and Dajczer [7] worked on helicoidal surfaces with constant mean curva-
ture CMC. Chen [8] gave submanifolds of a finite type in his books. Hano and Nomizu [9]
considered surfaces of revolution with CMC. Roussos [10] studied helicoidal surfaces as
Bonnet surfaces. Ripoll [11] introduced helicoidal minimal surfaces in hyperbolic space.
Dillen [12] worked on ruled submanifolds of finite type. Baikoussis and Verstraelen [13] fo-
cused on the Gauss map of helicoidal surfaces. Hoffman, Wei, and Karcher [14] considered
adding handles to the helicoid. Gray [15] gave details of helicoidal–rotational surfaces in
his book. Baikoussis and Koufogiorgos [16] obtained helicoidal surfaces with prescribed
mean or Gaussian curvature. Dillen and Kühnel [17] examined ruled Weingarten surfaces
in Minkowski 3-space.

Ikawa [18] introduced Bour’s theorem and Gauss map. Sasahara [19] worked on
spacelike helicoidal surfaces with CMC in a Minkowski 3-space. Ikawa [20] focused on
Bour’s theorem in Minkowski geometry. Choi and Kim [21] characterized the helicoid as
a ruled surface with pointwise 1-type Gauss map. Yoon [22] studied rotational surfaces
with finite type Gauss map in E4. Beneki, Kaimakamis, and Papantoniou [23] indicated the
Minkowski 3-space of helicoidal surfaces. Güler and Vanlı [24] considered Bour’s theorem
in Minkowski 3-space. Güler and Vanlı [25] classified the mean, Gaussian, 2nd Gaussian
and the 2nd mean curvatures of the helicoidal surfaces with light-like axis in Minkowski
3-space.
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Stamatakis and Al-Zoubi [26] considered surfaces of a revolution satisfying ∆I I I x = Ax.
Ji and Kim [27] worked on helicoidal CDPC-surfaces in Minkowski 3-space. Ji and Kim
[28] introduced mean curvatures and Gauss maps of a pair of isometric helicoidal and
rotation surfaces in Minkowski 3-space. Güler, Yaylı, and Hacısalihoğlu [29] used Bour’s
theorem on the Gauss map in 3-Euclidean space. Arslan et al. [30] studied rotational
embeddings with pointwise 1-type Gauss map in E4. Dursun and Turgay [31] worked
on general rotational surfaces with pointwise 1-type Gauss map in E4. Arslan et al. [32]
focused on generalized rotation surfaces in E4.

Dursun and Turgay [33] studied minimal and pseudo-umbilical rotational surfaces
in Euclidean space E4. Perdomo [34] provided helicoidal minimal surfaces in R3. Ji and
Kim [35] considered isometries between minimal helicoidal surfaces and rotation surfaces
in Minkowski space. Kim and Turgay [36] introduced surfaces with L1-pointwise 1-type
Gauss map in E4. Kim and Turgay [37] classified helicoidal surfaces with L1-pointwise
1-type Gauss map. Güler [38] introduced a new type of helicoidal surface of value m.
López and Demir [39] worked on helicoidal surfaces in Minkowski space with CMC and
CGC. Arslan, Bulca, and Milousheva [40] studied meridian surfaces with pointwise 1-type
Gauss map in E4. Ganchev and Milousheva [41] considered general rotational surfaces in
4-dimensional Minkowski space. Babaarslan and Yaylı [42] gave space-like loxodromes
on rotational surfaces in Minkowski 3-space. Güler and Yaylı [43] introduced generalized
Bour’s theorem. Senoussi and Bekkar [44] considered helicoidal surfaces with ∆Jr = Ar
in E3.

Hoffman, Traizet, and White [45] gave helicoidal minimal surfaces of a prescribed
genus. Kim, Kim, and Kim [46] focused on the Cheng-Yau operator and Gauss map of
surfaces of revolution. Güler, Magid, and Yaylı [47] focused on the Laplace Beltrami op-
erator of a helicoidal hypersurface in four space. Hieu and Thang [48] considered Bour’s
theorem in 4-dimensional Euclidean space. Arslan, Bulca, and Kosova [49] studied gen-
eralized rotational surfaces in Euclidean spaces. Babaarslan and Kayacık [50] considered
time-like loxodromes on helicoidal surfaces in Minkowski 3-space. Güler, Hacısalihoğlu,
and Kim [51] gave the Gauss map and the third Laplace–Beltrami operator of the rotational
hypersurface in 4-space. Aleksieva, Milousheva, and Turgay worked on [52] general rota-
tional surfaces in pseudo-Euclidean 4-space with neutral metrics. Goemans [53] introduced
flat double rotational surfaces in Euclidean and Lorentz–Minkowski 4-space. Güler and
Turgay [54] obtained a Cheng–Yau operator and Gauss map of rotational hypersurfaces in
4-space. Güler and Kişi [55] indicated Dini-type helicoidal hypersurfaces with timelike axis
in E4

1. Yoon, Lee, and Lee [56] constructed helicoidal surfaces by using curvature functions
in isotropic space. Güler [57] worked helical hypersurfaces in E4

1.
Dursun [58] introduced rotational Weingarten surfaces in hyperbolic 3-space. Güler [59]

focused on the fundamental form IV and curvature formulas of the hypersphere. López and
Pámpano [60] classified rotational surfaces with constant skew curvature in 3-space forms.

In this paper, we study the fourth fundamental form of the Dini-type helicoidal
hypersurface in Euclidean 4-space E4. In Section 2, we offer some basic notions of four-
dimensional Euclidean geometry. In Section 3, we define helicoidal hypersurface. In
Section 4, we give Dini-type helicoidal hypersurface and calculate the fourth fundamental
form. In addition, we provide a conclusion in the last section.

2. Preliminaries

In the rest of this paper, we identify a vector (a,b,c,d) with its transpose (a,b,c,d)t.
In this section, we will introduce the first, second, third, and fourth fundamental

form matrices, matrix of the shape operator S of hypersurface x = x(u, v, w) in the four-
dimensional Euclidean space E4.

Let x = x(u, v, w) be an isometric immersion of any hypersurface M3 in E4. Let
{e1, e2, e3, e4} be the standart base vectors of E4. The inner product of −→x = (x1, x2, x3, x4),−→y = (y1, y2, y3, y4), and the vector product of −→x , −→y , −→z = (z1, z2, z3, z4) on E4 are defined
as follows
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−→x · −→y = x1y1 + x2y2 + x3y3 + x4y4,

−→x ×−→y ×−→z = det


e1 e2 e3 e4
x1 x2 x3 x4
y1 y2 y3 y4
z1 z2 z3 z4

,

respectively.
In 4-space, the first and the second fundamental form matrices of hypersurface

x(u, v, w) are given as follows

I =

 E F A
F G B
A B C

, I I =

 L M P
M N T
P T V

,

where
E = xu · xu, F = xu · xv, G = xv · xv,
A = xu · xw, B = xv · xw, C = xw · xw,
L = xuu · G, M = xuv · G, N = xvv · G,
P = xuw · G, T = xvw · G, V = xww · G,

and the Gauss map G = G(u, v, w) of x is defined as follows

G =
xu × xv × xw

‖xu × xv × xw‖
.

Theorem 1. The shape operator matrix S of any hypersurface x(u, v, w) in 4-space is given
as follows

S =
1

det I

 s1 s2 s3
s4 s5 s6
s7 s8 s9

,

where
det I = (EG− F2)C− A2G + 2ABF− B2E,
s1 = ABM− CFM− AGP + BFP + CGL− B2L,
s2 = ABN − CFN − AGT + BFT + CGM− B2M,
s3 = ABT − CFT − AGV + BFV + CGP− B2P,
s4 = ABL− CFL + AFP− BPE + CME− A2M,
s5 = ABM− CFM + AFT − BTE + CNE− A2N,
s6 = ABP− CFP + AFV − BVE + CTE− A2T,
s7 = −AGL + BFL + AFM− BME + GPE− F2P,
s8 = −AGM + BFM + AFN − BNE + GTE− F2T,
s9 = −AGP + BFP + AFT − BTE + GVE− F2V.

Proof. We compute I−1.I I, and it gives the shape operator matrix S.

Theorem 2. The third fundamental form matrix I I I of any hypersurface x(u, v, w) in 4-space is
given as follows

I I I =
1

det I

 Γ Φ Ω
Φ Ψ Θ
Ω Θ ∆

,

where Γ = (Gu · Gu)det I, Φ = (Gu · Gv)det I, Ω = (Gu · Gw)det I, Ψ = (Gv · Gv)det I,
Θ = (Gv · Gw)det I, ∆ = (Gw · Gw)det I, and
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Γ = −A2M2 − B2L2 − F2P2 + CGL2 + CEM2 + GEP2

+2(ABLM− EBMP− CFLM + AFMP− GALP + BFLP),

Φ = ABM2 − CFM2 − B2LM− A2MN − F2PT + CMNE

−BNPE− BMTE + GPTE + ABLN − CFLN + CGLM

+AFNP− AGMP + BFMP + AFMT − AGLT + BFLT,

Ω = −AGP2 − B2LP + BFP2 − A2MT − F2PV + CMTE

−BMVE− BPTE + GPVE + ABMP + ABLT − CFMP

+CGLP− CFLT + AFMV − AGLV + BFLV + AFPT,

Ψ = −A2N2 − B2M2 − F2T2 + CGM2 + CEN2 + GET2

+2(ABMN + AFNT − GAMT + BFMT − EBNT − CFMN),

Θ = AFT2 − B2MP− A2NT − F2TV − BT2E + CNTE

−BNVE + GTVE + ABNP + ABMT − CFNP + CGMP

−CFMT + AFNV − AGMV + BFMV − AGPT + BFPT,

∆ = −A2T2 − B2P2 − F2V2 + CGP2 + CET2 + GEV2

+2(ABPT + AFTV − GAPV + BFPV − EBTV − CFPT).

Proof. We compute I I.S, and this gives the matrix of the third fundamental form I I I.

Theorem 3. Matrix of the fourth fundamental form IV where the coefficients depends on I and I I
of a hypersurface x(u, v, w) in 4-space is given as follows

IV =
1

(det I)2

 α β δ
β ε ξ
δ ξ η

,

where

α = Γs1 + Φs4 + Ωs7,

β = Γs2 + Φs5 + Ωs8 = Φs1 + Ψs4 + Θs7,

δ = Γs3 + Φs6 + Ωs9 = Ωs1 + Θs4 + ∆s7,

ε = Φs2 + Ψs5 + Θs8,

ξ = Φs3 + Ψs6 + Θs9 = Ωs2 + Θs5 + ∆s8,

η = Ωs3 + Θs6 + ∆s9,

Proof. We compute I I I.S, then it gives the fourth fundamental form matrix IV.

3. Helicoidal Hypersurface

Let γ : I −→ Π be a curve in a plane Π in E4, and let ` be a straight line in Π for an
open interval I ⊂ R. A rotational hypersurface in E4 is defined as a hypersurface rotating
a curve γ (i.e., profile curve) around a line (i.e., axis) `. Suppose that when a profile curve
γ rotates around the axis `, it simultaneously displaces parallel lines orthogonal to the axis
`, so that the speed of displacement is proportional to the speed of rotation. The resulting
hypersurface is called the helicoidal hypersurface with axis ` and pitches a, b ∈ R\{0}.

We can suppose that ` is the line spanned by the vector (0, 0, 0, 1)t. The rotation matrix
is given by

Q(v, w) =


cos v cos w − sin v − cos v sin w 0
sin v cos w cos v − sin v sin w 0

sin w 0 cos w 0
0 0 0 1

,
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where v, w ∈ R. The matrix Q supplies the following equations

Q.` = `, Qt.Q = Q.Qt = I4, det Q = 1.

When the axis of rotation is `, there is an Euclidean transformation by which the axis
is ` transformed to the x4-axis of E4. Parametrization of the profile curve is given by
γ(u) = (u, 0, 0, ϕ(u)), where ϕ(u) : I ⊂ R −→ R is a differentiable function for all u ∈ I.
Therefore, the helicoidal hypersurface, spanned by the vector ` = (0, 0, 0, 1), is given as
follows

H(u, v, w) = Q.γt︸︷︷︸
rotation

+ (av + bw).`t︸ ︷︷ ︸
translation

,

where u ∈ I, v, w ∈ [0, 2π], a, b ∈ R\{0}. We can also write the helicoidal hypersurface
as follows

H(u, v, w) =


u cos v cos w
u sin v cos w

u sin w
ϕ(u) + av + bw

.

When the pitches a = b = 0, helicoidal hypersurface transforms into a rotational hypersur-
face in E4.

4. Dini-Type Helicoidal Hypersurface and the Fourth Fundamental Form

Next, for the sake of breviety, we use Su = sin u, Cu = cos u, Tu = tan u, Cu = cot u.
We consider Dini-type helicoidal hypersurface (see Figure 1) as follows

D(u, v, w) =


SuCvCw
SuSvCw
SuSw

Cu + log(Tu/2) + av + bw

, (1)

where u, a, b ∈ R\{0} and 0 ≤ v, w ≤ 2π.

Figure 1. Projections of Dini-type hypersurface D into (Left) x1x2x3 space, (Right) x1x2x4 space.

Using the first differentials of (1) with respect to u, v, w, we get the first quantities

I =

 C2
u aCuCu bCuCu

aCuCu S2
uC2

w + a2 ab
bCuCu ab S2

u + b2

,

and its determinant
det I =

((
b2 + 1

)
C2

w + a2
)
S2

uC2
u.
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The Gauss map of (1) is given by

G =
1

W1/2


aSv − (bSw − CuCw)CvCw
aCv − (bSw − CuCw)SvCw

(bCw + CuSw)Cw
−SuCw

, (2)

where W =
(
b2 + 1

)
C2

w + a2. Taking the second differentials of (1) with respect to u, v, w,
with (2), we have the second quantities as follows

I I =
1

W1/2

 CuCw aCuCw bCuCw
aCuCw (bSw − CuCw)SuC2

w −aSuSw
bCuCw −aSuSw −SuCuCw

.

Computing product matrix I−1.S, we obtain the shape operator matrix of (1) as follows

S =
1

W1/2


SuCw
Cu

aCw
Cu

a2(bCw+CuSw)+b(b2+1)C3
w

WCu

0 bSw−CuCw
Su

− a(b2+1)Sw
WSu

0 − aSw
Su

a2(bSw−CuCw)−(b2+1)CuC3
w

WSu

.

Theorem 4. Let D : M3 −→ E4 be an immersion given by (1). Then, characteristic polynomial of
S is given as follows

x3 + rx2 + sx + t = 0.

where

r =

{ (
b2 + 1

)
C2

uC3
w −WS2

uCw
−
(
W + a2)(bSw − CuCw)Cu

}
W3/2SuCu

,

s =


+
(
W + a2)(bSw − CuCw)S2

uCw
−2a2bC2

uSwCw + a2Cu
(
C2

uC2
w − S2

w
)

+
(
b2 + 1

)
(C2uCw − bCuSw)CuC3

w


W2S2

uCu
,

t =

{
a2(S2

w − C2
uC2

w
)
+ 2a2bCuSwCw

+
(
b2 + 1

)
(bSw − CuCw)CuC3

w

}
Cw

W5/2SuCu
.

Proof. Computing det(S− xI3) = 0, we get r, s, and t.

Corollary 1. Let D : M3 −→ E4 be an immersion given by (1). Then, D has the following
principal curvatures

k1 =
SuCw

W1/2Cu
,

k2 =
℘1/2 − 2WCuCw +

(
W + a2)bSw

2W3/2Su
,

k3 =
−℘1/2 − 2WCuCw +

(
W + a2)bSw

2W3/2Su
,
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where

W =
(

b2 + 1
)
C2

w + a2,

℘ =

(
4a2W + b2

(
W + a2

)2
)
S2

w +
(

b2 + 1
)2
C2

uC6
w

+2
(

b2 + 1
)(

W − a2
)
(CuCw + bSw)CuC3

w

+
(

a2 −W
)2

(CuCw − 2bSw)CuCw.

Proof. Solving characteristic polynomial of S, we obtain eigenvalues ki.

Hence, we can see the curvatures of (1), using the following formulas

C0 = 1,

C1 =
k1 + k2 + k3

3
,

C2 =
k1k2 + k1k3 + k2k3

3
,

C3 = k1k2k3,

easily. See [59] for the formulas of the curvatures Ci.

Corollary 2. Let D : M3 −→ E4 be an immersion given by (1). Then, (1) has the third funda-
mental form matrix as follows

I I I =


C2

w
W

aSuC2
w

W
bSuC2

w
W

aSuC2
w

W
(bSw−CuCw)

2C2
w+a2

W
a(bC2w+CuS2w)

W
bSuC2

w
W

a(bC2w+CuS2w)
W x33

,

where

W =
(

b2 + 1
)
C2

w + a2,

x33 =
a2(b2 + 1− C2

wS2
w
)
+
(
b2 + 1

)(
b2 + C2

u
)
C4

w
W

.

Proof. Using I I.S of (1), we have the third fundamental form matrix.

Corollary 3. Let D : M3 −→ E4 be an immersion given by (1). Then, D has the fourth funda-
mental form matrix

IV =
1

W3/2

 f11 f12 f13
f21 f22 f23
f31 f32 f33

,

where
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W =
(

b2 + 1
)
C2

w + a2,

f11 =
SuC3

w
Cu

,

f12 = f21 =
aS2

uC2
w

Cu
,

f13 = f31 =
bS2

uC2
w

Cu
,

f22 =

{
a2[S2

uC2
w −

(
1 + 2S2

w
)
C2

u
]
Cw

+2a2bCuS3
w + (bSw − CuCw)

3CuC2
w

}
SuCu

,

f23 = f32 =



2a(bSw − CuCw)C2
uSwCw

+


ab2
{
−
(
b2 + 1 + C2

u
)
C4

w
+C2w

}
−a
{

a2(b2 + S2
w
)

+
(
a2 + C2

w
)
C2

uC2
w

}
CuSw

+ab
(
−C2

uC2
w + C2

uS2
w + C2

w
)
Cw


SuCu

,

f33 =



−a2b2



{
2
(
C2

u + 1
)
C2

uC4
w

+2
(
C2

w + 1
)
C2

uS2
w

}
Cw

+


−a2(S2

w + 1
)

−b2(2C2
w + S2

w
)
C2

w
+S2

uC2
w

C2
uCw


+a2b


b2(2b2 + C2

u + C2
w
)
C4

w
+a2(1− S2

uC2
w
)
+
(
b2 + 1

)
S2

w
+2a2b2 + S2

uC2
uC2

w

CuSw

−a2
{

a2(S2
w + C2

uC2
w
)

+2C2
uC4

w +
(
C2

w + 2
)
S2

w

}
C2

uCw

−
(
b2 + 1

)2(b2 + C2
u
)
C2

uC7
w

+b2(b2 + 1
)
S2

uC5
w


WSuCu

.

Proof. Using product matrix I I I.S of (1), we get the fourth fundamental form matrix.

Example 1. When a = b = 0 in hypersurface (1), we obtain Dini-type rotational hypersurface
(see Figure 2) as follows

R(u, v, w) =


SuCvCw
SuSvCw
SuSw

Cu + log(Tu/2)

.

Then its fundamental form matrices I, I I, Gauss map G (see Figure 3), shape operator matrix S,
fundamental form matrices I I I, IV, and curvatures Ci are given by as follows
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I = diag
(

C2
u,S2

uC2
w,S2

u,
)

,

I I = diag
(

Cu,−1/2 S2uC2
w,−1/2 S2u

)
,

G = (CuCvCw, CuSvCw, CuSw,−Su),

S = diag(Tu,−Cu,−Cu,),

I I I = diag
(

1, C2
uC2

w, C2
u,
)

,

IV = diag
(

Tu,−CuC2
uC2

w,−CuC2
u,
)

,

and

C0 = 1,

C1 = 1/3 Tu − 2/3 Cu,

C2 = C2
u − 2/3 S−2

u ,

C3 = Cu,

where Su = sin u, Cu = cos u, Tu = tan u, Cu = cot u.

Figure 2. Projections of R(u, v, w) into (Left) x1x3x4 space, (Right) x2x3x4 space.

Figure 3. Projections of G of R into (Left) x1x3x4 space, (Right) x2x3x4 space.

5. Conclusions

In this paper, we introduce the fourth fundamental form of Dini-type helicoidal
hypersurface D(u, v, w) in the four dimensional Euclidean space E4. We compute its Gauss
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map G. We obtain the characteristic polynomial of shape operator matrix S. We calculate
the fourth fundamental form matrix IV of hypersurface D. Taking pitches a = b = 0 of
helicoidal hypersurface D, we have a Dini-type rotational hypersurface R(u, v, w), and
reveal its differential geometric objects. Therefore, it can be seen that objects of D and R

supply the following relation C0 IV − 3C1 I I I + 3C2 I I − C3 I = 0.
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