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Abstract: In this work, a new numerical method for the fractional diffusion-wave equation and
nonlinear Fredholm and Volterra integro-differential equations is proposed. The method is based on
Euler wavelet approximation and matrix inversion of an M x M collocation points. The proposed
equations are presented based on Caputo fractional derivative where we reduce the resulting system
to a system of algebraic equations by implementing the Gaussian quadrature discretization. The
reduced system is generated via the truncated Euler wavelet expansion. Several examples with
known exact solutions have been solved with zero absolute error. This method is also applied to
the Fredholm and Volterra nonlinear integral equations and achieves the desired absolute error of
0.x 1073 for all tested examples. The new numerical scheme is exceptional in terms of its novelty,
efficiency and accuracy in the field of numerical approximation.

Keywords: time-fractional diffusion-wave equations; Euler wavelets; integral equations; numerical
approximation

MSC: 26A33, 35R11, 45B05

1. Introduction

Fractional calculus is very useful and widely used in many applications in science,
numerical computations and engineering, where the mathematical modeling of several real
world problems is presented in terms of fractional differential equations, see, e.g., [1-8].
For example, the authors in [8] approximated the Caputo fractional derivative by quadratic
segmentary interpolation. That raised a new approach of approximating fractional deriva-
tives and provides some insights for a new applications where the numerical resolution of
ordinary fractional differential equations is achieved.

The definition of such fractional order involves an integration represented as a non-
local operator. This important feature allows to capture the previous history (memory)
when calculating, for example, the time-fractional diffusion wave derivative value of a
given function within certain period of time. This could not be achieved based on the
classical (integer) derivative order.

The fractional diffusion-wave equation and some types of integral equations, as
a mathematical models, are widely used in many physical phenomena, where the exact
solution usually is difficult to obtain. Note that the authors of [9] introduced a mathematical
model that intermediates between the wave, heat, and transport equations, both time and
spatial variations of the corresponding dynamical law are expressed in fractional form
(Caputo derivative for the time-variable and Riesz pseudo-differential operator for the
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spatial one), so that pure wavelike propagation is connected with pure diffusion and
transport processes in unified form.

Several authors have reported the higher precision numerical solution with absolute
error of 1071°~1072° for nonlinear Volterra integral equation as in [10] and for fractional
diffusion wave equation in [11]. They used the popular collocation method based on some
wavelet systems to solve the nontrivial mathematical problems.

Since the number of collocation points is limited by 16 for 1-dimensional or 4 x 4 for
2-dimensional problems, we have noticed kind of a numerical phenomenon for each case
and specifically for the absolute error. In this paper, we propose a novel numerical method
to solve the fractional diffusion-wave equations and nonlinear Fredholm and Volterra
integro-differential problems with zero absolute error. We also discuss the proposed
method in [10] and proposed a new one to solve the nonlinear Volterra integral equation
with absolute error of 0 x 10731, As it has been shown, in every case, there is a numerical
phenomenon of error cancellation.

2. Fractional Diffusion-Wave Equation

We consider the following fractional diffusion-wave equation involved by the Caputo
fractional derivative of order a > 0:

Diu+puy —uxy = Q(x,t), 0<x,t<1, (1)

where u = u(x,t), p is a damping parameter, and the Caputo fractional derivative for this
work is defined as

Dpu = 1 e (x, T)

r2-«) Jo (t-1)2=%

The initial and boundary conditions for Equation (1) is given as follows

dr, 1<a<?2. )

u(x,0) = fo(x), ur(x,0) = fi(x), u(0,£) =go(t), u(l,t)=gi(#), ®)

where «, fo, f1,20, g1, Q are known functions.

We simulate the problem defined in Equations (1)—(3) based on these given functions.
We propose a new numerical method based on Euler wavelets with different sets of
collocation points. Surprisingly, the numerical scheme used in this paper achieved zero
absolute error. The absolute error of the numerical algorithm is defined on the grid
only, which is why we were able to estimate zero absolute error. All examples in the
manuscript are not trivial, which is why we believe that this method can be interesting to
the international community.

3. The New Numerical Scheme

Wavelets are basis set, very well localized functions, and known as a useful tool
for solving various types of differential and integral equations. In particular, orthogonal
wavelets are used extensively to approximate different types of fractional differential
equations in the literature. To solve the proposed problem in Equations (1)—(3), we use
wavelets based on Euler polynomials. We define the Euler polynomials E; (x), E(x) and
the needed functions for our novel numerical algorithm as follows:
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Ei(x) = —%+x, Ez(x):—x+x2, 4)

I - fo El(t)dt_—g x; ®)

I - fo Ez(t)dt——%z x; ©)

B = [0 Il(t)dt——xzz "63 )

L = [O Iz(t)dt-—x; % 8)

2
- x(xE—lgg “dé:;(—Z(Jri)Jr(f;rzfc; ©)
1 * Ey¢) X378 (—4 + a +2x) (10)

=02 T e (-1 —6(a-12+ (a =1

Define ¥ to be the set of all functions given in Equations (4)—(10). For any function
f €¥, we define the function ¢(x) as follows

P(x) = f(x),on [0,1],

0, otherwise.

Now, assume that

V1=E¥a=Ep,pr1=0,901=0,910=,20=13,1, = [, 20 = I3,

we define the following set of functions (wavelets) depending on j, k € Z as

ik x) = pi(Px-k),

(i kx) = ¢a(2x-k,),

Yl kx) = (P10 kx) + () k, X)),
PGk x) = 1 (2x-k),

Y2k x) = pia(@x-k),

Pk x) = 1 (Dx-k),

Y2 kx) = aa(2x-k),

P Gkx) = @Gk x) + 9P (kX))
PG kx) = (@7 Gkx) + 9>k X))/
PGk x) = Pra@x-k),

PRk x) = Poa(@x-k),

PrGokx) = (MG k) + 9P (kX)) [

Recall that, see, e.g., [12], a function f € Ly (R) can be expanded using the following series,
2 o
fe) =3 X 0GRy (i kx), (11)
=1 jkeZ

where,

4Gk = (£ Gk ) = [ FC Gk (o,
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for which (-, -) denotes the usual inner product over the space L,(R) and w is a proper
weight function. One may truncate Equation (11) by f,, » as

2 n M-1
=33 Y G Yk x). (12)
0=1j=0 k=0

In order to solve the proposed problem, we construct a vector ¥y of length M =
2"*+1 1 e N, such that

¥r= (s, 0°(1,0,%),...,0°2,kx),...,0°(2",2" " x)),j=0,1,2,...,m;k=0,1,2,...,27", (13)
where,
Yr=10"=9¢ iff—El,Ez,pzl
pr=x,0f =yl if f=I,1;, p= i
yr=22[2,00 =y* if f= 12,12, p=7
pr=Ii(x),0f =¢* if f=1},13, p=j7
For example, for n = 2,& = 3/2, we have the following:

e  When Pr= 1,0 =1, we have

(1,0,0,0,0,0,0,0) x>1orx<0
(1, x2 1,0,(2x-1)2-1,0,0,0,(4x-3)2-1) 3<x<1
=1(1L,x*-3,0,(2x-1)>-1,0,0,(4x-2)>-1,0) 1<x<3
(1x—f4x—100(4x 1)2-1,0,0) T<x<}
(1,x2-1,4x* - 3,0,16x* - 3,0,0,0) True

*  Whenyr=x,p=j,wehave

(x,0,0,0,0,0,0,0) x>10rx<0
(x,#x(2x2-3),0, {5(16x% - 24x2 + 6x +1),0,0,0, 5 (4x -3)> + £ (3-4x)) 3 <x<1
¥ = (x,gx(sz—B) 0, 112(16x3—24x +6x+1) 0,0, 5 (64x> —96x% +42x -5),0) 1 <x<?2
(x,%x(2x2 3),%9(( -3),0,0, 16" —4x?+ 5+ 214,0 0) %§x<%
(x,2x(2x2-3), £x(8x2-3),0, tx (32x -3),0,0,0) True
*  When yy = x2/2,p = j?, we have
(%,0,0,0,0,0,0,0) x2lorx<0
(5, 522(x*-3),0, 4 (1- 202 (2% - 26 -1),0,0,0, & (3 - 4x)*(82% - 12v +3))  F<x<1
¥y =1 (5, 5237 -3),0, 4(1-20)%(2% -2v-1),0,0, k(1 -20)*(16x* ~16x +1),0) L<x<}
(%, 52(x2 - 3), 52?(42% - 3),0, 0,916(1 47)%(82% - 4x - 1,0,0) lexel
(5, H22(x-3), 523(42% -3),0, %" - 1,0,0,0) True
* Whenyy=1If,p=j" -2, we have
(2v/%,0,0,0,0,0,0,0) x>1orx<0
(2vx x?- 1,0, 8"\/8_x+100032x2—48x+17) Scx<l
¥, = (2vE 2 - 108"f;+10032x2—32x+70) lex<?
(2\/_x—1,8"‘10032x ~16x+1,0,0) lex<!
(Zﬁx -4 8" =1,0,30x2 - 1000) True




Axioms 2021, 10, 165 50f 16

Now, define the solution of the proposed system given in Equations (1)-(3) in the form
of a matrix system by the following equation,

Uxxtt ® IIIg(x) “U-YEe(1), (14)

where U is a matrix of order M x M that should be determined using some collocation
points, ‘I’E is the transpose of the vector Y and E denotes the set of both functions E; and
E7 that are defined earlier.

Integrating Equation (14) step by step two times with respect to ¢ yields:

YI(x)-U-¥p(t) + F (x),
YL(x) - U-¥p(t) + tF (x) + F (x),

R

uxxt(xrt)

Uxx(x, 1)

Q

Now, integrating Equation (14) step by step two times for x, reveals the following:

we(x,t) m YhH(x)-U-¥p(t) +H(F (x) - F(0) + B(x) - B(0) + F(1),
u(x,t) x Fh(x)-U-¥p(t)+H(F (x) - F(0) - xF;(0)) + Fa(x) - F2(0) = xFy (0) + xF3(£) + Fy(t),

ed

where
={I,n},*={ 1},
and F;(x), F2(x), F3(t), F(t) are arbitrary functions that can be determined using the initial

and boundary conditions given in Equation (3).
Hence, we have

w(xt) m ¥h(x)-U-¥p(t) +H(fi(x) - (xF5(0) + F4(0))) + fo(x) - xF3(0) - F4(0) + xF3(£) + go(£),
ur(x, )~ ¥h(x)-U-¥n(t) + fi(x) - xF5(0) - Fy' (0) + xF5(t) + go(t),

e (1) & WE(R)-U-¥p(t) +Hf; (%) + fo (x),

u(x, ) m Fh(x)-U-¥e(t) +xF (£) + o (£),
Dlu(x,t) = F(zl_a)(—x‘I’ITz(x) U-¥iu(t) +¥h(x) - U- ¥ (t) + Fs(t) + xFe(t)),
where

={1, 2}.

Here, we define the functions F; as follows

Fg(t) = go(t),
EB(t) = &(t)- go(t) Yo(t) - U-¥p(t)+tey +co,
g (1)
Fs(t) = (t_"mdff
o - (5
co = §(0)- 280(0)+f0(1)r
cr = —f1(1)+co/2+g0(0),
2 = —fo(1)+co/2+go(0).

Now, we have all functions needed for the numerical simulation. Let us define
M= 21+”, n=1,2,.. as a collocation points and

1
Ax=1/M,sp=0,s; =s;_1+Ax,i=1,2,.., M;x; =t; = E(SH +s;),i=1,2,..., M.
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Then, we substitute the above equations into the propose system and calculate
Equation (1) for each pair of the collocation points as follows

Dg“u(xi, tj) + e (xg, t]') — tyx (X, t]‘) =Q(x;, t]'), i,j=1,2,.., M. (15)
Therefore,
F(Zl_ ) (~x ¥R (x)-U-¥re(ty) + ¥ (xi) - U- ¥ (k) + Fs(t)) + xiFe () +  (16)
p(¥h () - U () + fi(xi) - xiF3(0) - By (0) + xiF3 (1) + go() ) - (17)
(YEQ)-U-Fp(t) +tf; () + fo () = Qi ty) (18)

Note that Equations (16)—(18) generates an M x M system of algebraic equations in
order to produce our matrix U.

4. Numerical Performance

In this section, we present some examples of the problem proposed in Equations
(1)=(3). The numerical solution demonstrated here achieved a zero absolute error and
that was independent from the number of collocation points, damping parameter # and
fractional value a. We noticed that there is a numerical phenomenon behind the error
cancellation in this method.

The generated system of algebraic equations given in Equation (15) is not so simple
and it is also a matrix; however, for all examples that we consider, the numerical solution is
not different from the exact solution in all collocation points and that makes this technique
a special and powerful tool capable of achieving such an excellent order of accuracy.

Example 1. Consider the equation

Dyu(x,t) + pue(x,t) —uxx(x,t) = Q(x, ), (19)
where, (5,7)
_ 1 Eer(x, T
Q(x,t) = T@-a) Jo (t—T)Z—“dT’1<(X§2’

with the following initial and boundary condition given as
u(x,0) = x,ur(x,0) = 0,u(0,£) = (2— )2, u(1,t) =1+ (2-a)t>. (20)
The exact solution for this formulation is
ue(x, 1) = x + (2 - ) 2.

Applying our algorithm, Figure 1 presents the exact solution (left) and exact solution with
numerical solution (middle and right) computed at M = 8,y = 1, = 3/2. The maximum absolute
error for the numerical solution is calculated by Mathematica as zero and so it is less than the
minimal machine number 2.22507 x 10739 which means

maxfu(x;, tj) = ue(x;, 1)) < 2.22507 x 107°% 1, =1,2, ..., M.

Figure 2 shows the visual representation of the values of elements in the matrix generated
during solving the related system of algebraic equations for this example.
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r — t=0.0625
r—— t=0.1875
P —— t=0.3125

[ — t=04375
[ — t=05625
[ — t=06875
[ — t=08125

08F — t-09375

06l
0.4f

02f

o.of

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 1. The exact solution (left) and numerical solution (points) with exact solution (middle and right) computed for
Example 1 when M =8, =1,a =3/2.

1 20 40 64

20 — .4 I —20

Lig
| ] |

40 .' I_ .' I I -{40
l. I.l.. I
| | | |

| |
[ ]
64 rl L ‘ i

| ! !
1 20 40 64

Figure 2. The visual representation of the matrix coefficient computed for Example 1 when M =8,
p=1a=3/2.

Example 2. Consider the equation
Diu(x, t) + pup(x, t) — g (x, 1) = 0. (21)
with the following initial and boundary condition given as

x? 1 t 1t
u(x,0) = 7,ut(x,0) = ﬁ,u(O,t) = ﬁ,u(l,t) =5+ ﬁ (22)

The exact solution for this formulation is

2
t
ue(x,t) = % + ;

In Figure 3, we show the exact solution (left) and exact solution with numerical solution
(middle and right) computed at M = 16, = 1,a = 19/10. Again, the maximum absolute error
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for the numerical solution is recognized by Mathematica as zero. Thus, it is less than the minimal
machine number 2.22507 x 1073%,

15| — t=008125 — 1053125
1009375 — t=059375
12015625 — t=065625
—— 12021875 — t=071875
—— t=028125 — t=078125
—— 12034375 — t=084375
—— 1=040625 — t=090625
1046875

-~

0.4 06 0.8 1.

o
°
o
©
o

Figure 3. The numerical solution (points) with exact solution computed for Example 2 when M =16, y = 1, = 19/10.

Figure 4 shows the visual representation of the values of elements in the matrix
generated during solving the related system of algebraic equations.

100 200 256
T T T

-

100

200

11
1 ] |
i

I

1 L] ‘ ‘ 256

1 100 200 256

256

Figure 4. The visual representation of the matrix coefficient computed for Example 2 when M = 16,
p=1,a=19/10.

Example 3. The numerical phenomenon of the error cancellation also occurs for the wave equation.
In this case, we have a = 2, and so Equation (1) turns to the common form of the wave equation
given by

wp(x, 1) + pue(x, 1) —uxe (x, 1) = Q(x, 1), (23)

where,

Q(x,t) = p.
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The initial and boundary conditions are given as
u(x,0) =x,u(x,0) =1,u(0,¢) =t,u(l,t) =1+t (24)

The exact solution of this problem is u.(x,t) = x +t. In Figure 5, we present the exact solution
(left) and exact solution with numerical solution (middle and right) computed at M =8, =1,a = 2.
The maximum absolute error for the numerical solution is zero for this case as well.

a

20f" %0065 T T T

t=0.1875
— t=03125
— t=04375
— t=0.5625
— t=0.6875
— t=08125
t=09375

0.5

0.0

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 5. The exact solution (left) and numerical solution (points) with exact solution (middle and right) computed for
Example 3withM =8,y =1,a =2.

Example 4. The numerical phenomenon of the error cancellation also occurs for the wave equation.
In this case, we choose a = 3/2, and so Equation (1) turns to the common form of the wave equation
given by
Diu(x, t) + pup(x,t) —uxe(x,t) = Q(x, ), (25)
where,
Q(x,t) = ux.

The initial and boundary conditions are given as
u(x,0) =0,us(x,0) =x,u(0,t) =0,u(l,t) =t (26)

The exact solution of this problem is u.(x,t) = xt. In Figure 6, we present the exact solution
(left) and exact solution with numerical solution (middle and right) computed at M =8, =1,a = 2.
The maximal absolute error for the numerical solution is zero. This result does not depend on the
number of collocation points, nor the fractional parameters « and p.
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— t=0.0625
—— t=0.1875
— t=0.3125
— t=04375
— 1=05625
— t=06875
06r — t=08125
t=0.9375

0.8

0.4

0.2

0.0

0‘.0 — U‘.Z — 0‘,4 — 016 — 0.‘8 — 1.‘0
Figure 6. The exact solution (left) and numerical solution (points) with exact solution (middle and right) computed for
Example 4 with M =8,y =1,a =3/2.

Example 5. Let us consider another example by involving the fractional parameter w in the function

Q as follows
2X(1 - X)t2_a 2
D t - t)= ——————+2tx(1- 2t°. 27
cu(x, ) + pue(x, ) = uxx(x, ) 2-aT-a) " x(1-x)+ (27)
The initial and boundary conditions are given as
u(x,0) =0,us(x,0) =0,u(0,t) =0,u(1,t) =0. (28)

This example has been considered and discussed for y = 1 by many authors, see, e.g., [11,13,14].
The exact solution for this case has the following form u, = t*x(1 - x). Using our technique, we
are able to solve it with a proper setting of precision of the numerical technique. For instance, in
Figure 7, we provide the exact solution and numerical solution (points) computed with machine
precision of 1.11022 x 1071¢ ( shown in Figure 8, left). Increasing precision up to 1073, we get the
numerical solution with zero absolute error (as it shown in Figure 8, right).

— t=0.0625
—— t=0.1875
020F — t=03125

—— t=0.4375
—— t=0.5625

0.0 0.2 04 0.6 08 1.0

x

Figure 7. The exact solution (left) and numerical solution (points) with exact solution (middle and right) computed for
Example 7 for M =8,u =1,a = 3/2.
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Au

1.%x1073%0 =
e t=0.0625 v ] | o t=0.0625
8.x 1010 :fg;f;g : [ rm o ]
| =0. 8.x107301 - t=0.3125 1
| A t=0.4375 Y A t=0.4375 1
| v t=0.5625 [ v t=0.5625
6.x10-18] O t=0.6875 1 6 x 10301 © t=0.6875 |
F O t=08125 I ' L O t=08125
| © t=0.9375 t=0.9375
4'x10_16j i o v 1 4. x10-301 L 1
o v r )
L o ¥ -] o) V.
2.x10 16f . ] 2 %10°301 | 1
1 I |
A ¢ &
o, ¥, .5 < o, . .9 e e
0.0 0.2 04 06 0.8 0.0 02 o4 06 0.8 ]

Figure 8. The absolute error computed for Example 5 given that M = 8, u = 1, & = 3/2 with machine precision (left sub-figure)

and with double precision (right sub-figure).

5. Numerical Technique for Nonlinear Fredholm and Volterra Integral Equation

Let us now consider the following form of Volterra integral equation of the second kind

u(x) :g(x)+/0x1<(x,t,u(t))dt,0§xg1, 29)

where ¢ and K (the kernel) are known functions. It is well known that Equation (29) has a
unique solution under following conditions [15]:

(1) g(x) is continues and bounded on 0 < x < 1;

(2) The kernel K(x,t,u) is bounded and uniformly continuous in both x and ¢, for all
finite u where 0 <t <x <1;

(3) The kernel K(x, t, u) satisfies the uniform Lipschitz condition

|K(x,t,u1)—K(x,t,up)| < Lluy —uy|, (30)

for all finite 1o and 0 <t < x < 1.

To solve Equation (29), we use Euler wavelets in the form of vector Y that we defined
earlier. Then, we proposed that the numerical solution has the following setting:

u(x) =A-¥e(x), (31)

where the vector A = (ay,4y,...,ap) can be computed using the collocation technique
such that
M=2""n=1,2,.,

and Yg(x) is defined considering p(j) = 2.
To do this, we first transform the integral in Equation (29) by substituting

t:%(s+1),—1§s§1.
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0.8

0.6

0.4

0.2

e Numeric

— Exact

Then, this integral turns to the fixed limit integral, and so it can be approximated by a
finite sum using the Gauss quadrature rule as follows:

x X 1
[0 K(x,t,u(t))dt 511 K(x,x(s+1)/2,u(x(s+1)/2))ds (32)

£ 2M
> > wiK(x, x(s; +1)/2,u(x(s; +1)/2)) + A, (33)
i=1

where w; are weights, s; are points of the Gauss quadrature rule defined on (-1,1), and
A is the error of approximation. Substituted Equations (31) and (32) in Equation (29) and
using the assumed collocation points, we get a system of algebraic equations:

. 2M
AFE(x) = g(x) + % S wiK(x),x,(s; +1)/2, A~ e (xi(5: +1)/2)), (34)
i=1

forj=1,2,..,Mand A=0.
The system of nonlinear algebraic equations given in Equation (34) can be solved by
using several method. In this work, we use Newton'’s iterative technique.

6. Numerical Examples

The parameters of the Gauss quadrature rule are not exact; however, it can be calcu-
lated with high precision of 107, it is possible to solve the system in Equation (34) with
absolute error of 0. x 10731, We can consider this solution as a numerical solution with zero
absolute error without future estimation. For the examples in this section, the numerical
solution has absolute error as of 0. x 1073}, Furthermore, we consider some intermediate
results computed with machine precision as of 1.11022 x 10716.

Example 6. This example has been discussed by many authors, see for example [16-18]:

u(x) = xzz(l+cosx2)+foxtxzsin(u(t))dt (35)

The exact solution of this equation is given by u = x*. Using an iterative multistep kernel
method [16] it is possible to get the numerical solution of Equation (35) with absolute error of
7.8974 x 10719, and using the method proposed in [17], the best result has absolute error of 107°.
Using our method, we get numerical solution with maximum absolute error of 2.77556 x 1077
computed with the machine precision (Figure 9, left and middle) and of 0 x 1073! computed with
double precision and with precision of 107 for the Gauss quadrature rule parameters w;, s; (Figure
9, right). Note that, we have used p(j) = 2 for this case.

0.2

0.4

0.6

0.8

1.x10731-
2.5x107"7}
8.x10732}
2.x107"7H
6.x10732}
15x10717}
o 4.x107%2}
x107F
5.x10718} 2.x107%2}
X 0.2 0.4 0.6 0.8 : - N :
1.0 0.0 0.2 0.4 0.6 0.8

Figure 9. The numerical solution (points) with exact solution (left) and the absolute error computed for Example 6 with

machine precision (middle), and with double precision (right).



Axioms 2021, 10, 165

13 of 16

2.0

e Numeric

— Exact

Example 7. Now, we consider the following nonlinear Fredholm integral Equation [19,20]:

u(x):—xz—g(Z\/E—l)+2+f01xt\/u(t)dt (36)

The exact solution for this problem is u(x) = 2 — x2. This problem can be solved by the Haar
wavelets method as in [19,20] with absolute error of 3.1 x 107>, 4.2 x 107, respectively, where they
used 128 collocation points to get into these bounds. With our method, with only 16 collocation
points, we have achieved a numerical solution with absolute error of 6.64685 x 10720 computed
using the machine precision, and as of 0 x 1073 computed using a double precision as shown in
Figure 10.

7.x10°% 1.x107%

6.x10°%
8.x1072

5.x10720 °

4.x107% L4 6.x 10732

3.x10°%
4.x107%2

2.x1020 °

2.x107%2
1.x102° *

0.2

0.4

0.6

0.8

1.0 0.2 0.4 0.6 0.8 .
. 0.0 0.2 0.4 0.6 0.8

Figure 10. The numerical solution (points) with exact solution (left) and the absolute error computed for Example 7 with
machine precision (middle), and with double precision (right).

Example 8. We consider now the following nonlinear Volterra integral equation based on two
parameters such that
xO+B+Y

u(x) =x?-

Y B2 d

+ xPtTu(t)dt. 37
Sl a0 37)
The exact solution of this equation is u = x>. Numerical experiments with different B,y
shown that for any integer B,y =0,1,2,...,27 the numerical solution has zero absolute error for all
collocation points and for n = 3. For integer v = 0,1,2,...,27 and for some 1 < B < 27 including
7t and e the numerical solution has zero absolute error. For non integer B,y > 1 there is absolute
error that varies from zero up to 101>, However, we cannot check every B,y due to numerical

limitations. The graphs of the exact, numerical and error results are depicted in Figure 11.
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Absolute error

— 1.x10720
1.0t

L x -201 |
0.8 8.x10 7
06l — Exact 6.x 107201 -
* Numeric I
04" 4.x107201
0.2 2.x10°201
L Il " " " Il " " " Il " " " Il " " " Il X a

0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8

Figure 11. The numerical solution (points) with exact solution (left) and the absolute error computed for Example 8 (right).
Example 9. Finally, we consider the generalized form of Equation (35) based on two parameters as

3+7.3 7+7.
1B 5

3+

x4

u(x) = x> - 4 )x3+ﬂ+7 + fox xPEV sin(u(t))dt, (38)
where 1F>(a; b; z) is the generalized hyper-geometric function. The exact solution of this formulation
is u = x2. Note that, Equation (35) is a special case of Equation (38) when B = 2,7 = 1. The
numerical experiments for any integer B,y =0,1,2, ...,80 demonstrate a numerical solution with
zero absolute error up to B = 30, = 30, and then maximum absolute error increases from 9 x 107>
for B =31, =31to1.01 x 10728 for B = 80,7 = 80. For any integer v = 0,1,2, ...,30 and real
0 < B < 30, the numerical solution has zero absolute error for all tested points including 7 and e.
We present the exact, numerical and error results in Figure 12.

N 1.x1072%0
1.0r r
L 8.X10_251 : :
0.8r r ]
L 6.X10_251 : :
06 — Exact | |
* Numeric L i
I 4.x107%1 ¢ 1
0.4r L i
i 2.x10251 | |
0.2+ | i
Il " " " Il " " " Il " " " Il " " " Il O ‘ ‘ = = ‘ ‘ ‘ = = ‘ ‘ ‘ N = ‘ ‘ ‘ = = ‘
‘02 04 06 0.8 1 OX 0.0 0.2 0.4 0.6 0.8

Figure 12. The numerical solution (points) with exact solution (left) and the absolute error computed for Example 9 (right).
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7. Conclusions

In this work, a novel numerical method based on a proper wavelet systems generated
via Euler functions is proposed. The collocation algorithm based on Euler wavelets has
been applied to the time-fractional diffusion wave and nonlinear Fredholm and Volterra
integral equations. We used some truncated representations based on Euler wavelets
to convert the proposed equations to a system of algebraic equations based on specific
discretization. The reduced system was converted to a matrix form and simulated using
Mathematica software.

We numerically solved a series of examples related to the proposed equations, where
the numerical results achieved an exceptional absolute error among other numerical
schemes in the literature. We provided some graphical illustrations to show the efficiency
of the method.
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