@ axioms

Article

New Results on the SSIE with an Operator of the form
Fp C &€ + FE] Involving the Spaces of Strongly Summable and
Convergent Sequences Using the Cesaro Method

Bruno de Malafosse

check for

updates
Citation: de Malafosse, B. New
Results on the SSIE with an Operator
of the form Fy C € + F| Involving the
Spaces of Strongly Summable and
Convergent Sequences Using the
Cesaro Method. Axioms 2021, 10, 157.
https://doi.org/10.3390/axioms
10030157

Academic Editor: Silvestru Sever

Dragomir

Received: 18 June 2021
Accepted: 15 July 2021
Published: 19 July 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2020 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Université du Havre, 76600 Le Havre, France; bdemalaf@wanadoo.fr

Abstract: Given any sequence a = (a,),>1 of positive real numbers and any set E of complex
sequences, we can use E, to represent the set of all sequences ¥y = (yn),>1 such that y/a =
(yn/an)n>1 € E. In this paper, we use the spaces we, wp and w of strongly bounded, summable
to zero and summable sequences, which are the sets of all sequences y such that (nfl Yioilvkl),
is bounded and tends to zero, and such that y — le € wy, for some scalar! . These sets were used
in the statistical convergence. Then we deal with the solvability of each of the SSIE Fx C £ + F,
where € is a linear space of sequences, F = ¢, ¢, fo, Wy, W O Weo, and F/ = ¢y, ¢ or le. For

instance, the solvability of the SSIE wp C wq + s,(f)

relies on determining the set of all sequences
x = (xp),»; € UT that satisfy the following statement. For every sequence y that satisfies the
condition limy 00 171 YF_; [yk — Y51 — I| = O, there are two sequences u and v, with y = u + v such

that limy,_yeo 71! Y1 lug| = 0and limy, e0(vy/x,) = L for some scalars ! and L.

Keywords: BK space; matrix transformations; multiplier of sequence spaces; sequence spaces inclu-
sion equations

MSC: 40C05; 46A45

1. Introduction

We write w for the set of all complex sequences iy = (Vi )k>1, {oo, ¢ and cg for the sets of
all bounded, convergent and null sequences, respectively; and /¥ = {y € w : 1324 |yi|" < oo}
for1 < p < 0. Ify, z € w, then we write yz = (yuzu),~;- Let U = {y € w :y, #0};
Ut ={y € w:yn > 0}. We write z/u = (2 /1), forall z € w and all u € U, in partic-
ular, 1/u = e/u, where ¢ is the sequence with e, = 1 for all n. Finally, if a € Ut and E is
any subset of w, then we put E, = (1/a) '+ E = {y € w : y/a € E}. Recall that the spaces
Weo and wy of strongly bounded sequences that are summable to zero sequences using the
Cesaro method, are the sets of all y such that (n~1 Y}, |yk|) , is bounded and tends to zero.
In this way, Hardy and Littlewood [1], defined the set w of strongly convergent sequences
using the Cesaro method for real numbers as follows. A sequence v is said to be strongly Cesaro
convergent to L, if y — Le € wy. These spaces were studied by Maddox [2], Malkowsky
and Rakocevi¢ [3] and Malkowsky and Basar in [4]. In [5], we gave some properties of
well known operators defined by the sets W, = (1/a) " % we and WO = (1/a) ' % wp. In
this paper, we deal with special sequence spaces inclusion equations (SSIE) (cf. [5,6]), which
are determined by an inclusion, for which each term is a sum or a sum of products of sets of

the form (Eg) and( E f(x)) . where f maps U™ to itself, E is any linear space of sequences

and T is a triangle. In [5], we dealt with the class of SSIE of the form F C E, + F,, where
F € {cp, t?,wp, W }, and E and F’ are any of the sets cy, ¢, 51, £¥, wy or we with p > 1.
Then we stated some results on the solvability of the corresponding SSIE in the particular
case of when a = (r""),,, and we dealt with the case of when F = F’. Then we dealt with the
SSIE of the form F C E, + F,. with e € F, and we determined the solutions of these SSIE
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whena = (r")nzl, F is either c or s1, and E and F’ are any of the sets ¢, ¢, 51, £¥, Wy OF Weo
with p > 1. Then we solved each of the SSIE ¢ C D, x Ex + ¢y, with E € {co,¢,s1}, and the

SSIE 51 C Dy * (s1) + 5x. We also studied the SSIE ¢ C D, * Ec, + sj(f) with E € {¢,51} and
s1 C Dy * (s1)¢, + sx, where Cy is the Cesaro operator defined by (C1),y = n LYy for
all y, and we dealt with the solvability of the SSE associated with the previous SSIE and
defined by D; * E¢, + sgf) = cwith E € {co,c,s1} and D, * Ec, + s = 51 with E € {c,s1}.
In [6], we dealt with the solvability of the SSIE of the form ¢o, C & + F, where £ is a
given linear space of sequences and F’ is either ¢y or /. Then, for given linear space £ of

sequences, we solved each of the SSIEcy C £ +syandc C € + sgf) and the SSE £ + s,(cc) =c.
In this paper, we use the difference sequence spaces (cp),, ca and (£« ), introduced
by Kizmaz (cf. [7]), and we deal with the solvability of each of the SSIE

Fa C(S'—FFJ/C,

where F = ¢, ¢, {oo, Wo, Weo OF w; F' = ¢y, ¢ or £o; and € is a linear space of sequences.

This paper is organized as follows. In Section 2, we recall some well known results on
sequence spaces and matrix transformations. In Section 3, we recall some results on the
multipliers of some sets. In Section 4, we recall some results used for the solvability of the
SSIE. In Section 5, we deal with the solvability of the SSIE with an operator to solve each of
the SSIE of the form cy C € + F, (co)p C €+ F, and (bo), C € + F, with F' = ¢g, ¢ Or {eo.
In Section 6, we study each of the SSIE (we ), C € + Fy, where F' = ¢y, ¢ or £o. Finally, in
Section 7, we study the solvability of the SSIE F5 C & + F; where F = wy or w, and F’ = ¢,
cor fe.

2. Preliminaries and Notation

An FK space is a complete metric space, for which convergence implies coordinatewise
convergence. A BK space is a Banach space of sequences that is an FK space. A BK space E
is said to have AK if for every sequence y = (yi)x>1 € E, then y = limy, Zf{’:l yrel®), where
elk) = 0,...,1,...), 1 being in the k — th position.

For a given infinite matrix A = (a,),x>1 we define the operators A, = (a,)i>1
for any integer n > 1, by Ayy = Y32 aukYk, where y = (yx)x>1, and the series are
assumed to be convergent for all n. Hence, we are led to the study of the operator A
defined by Ay = (Auy),~, mapping between sequence spaces. When A maps E onto
F, where E and F are subsets of w, we write A € (E,F) (cf. [2,8-10]). It is well known
that if E has AK, then the set B(E) of all bounded linear operators L mapping onto E, with
norm |[L|| = sup, ([ L(y)||g/lyl[¢), satisfies the identity B(E) = (E, E). We denote by
w, ¢g, ¢ and Yo, the sets of all sequences, and the sets of null, convergent and bounded
sequences. For any subset F of w, we write F4 = {y € w : Ay € F}, and for any subset E
of w we write AE = {y € w : thereis x € E such that y = Ax}. Then, for given sequence
u € w we define the diagonal matrix D, by [D,],, = u, for all n. It is interesting to

rewrite the set E, using a diagonal matrix. Let E be any subset of w and u € UT we

(c)

have E, = Dy *E = {y = (Yu)u>1 € w :y/u € E}. We use the sets s, 5,” and s, defined

as follows (cf. [5], p. 160). For a given a € UT we put D, x ¢y = sg, D, *xc = sff) and

D, * e = s,. We frequently write c, instead of sgf) to simplify. Each of the spaces D, * E,

where E € {co, ¢, {x} is a BK space normed by ||y[|; = sup,~;(|ya|/an) and s0 has AK. If

a = (R"),>1 with R > 0, then we write s, s and s%c), for the sets s, s0 and sff), respectively.

We can also write Dy for D(Rn)n>1. When R = 1, we obtain 51 = {, 5(1) = cp and sgc) =c.
Recall that S; = (s1,s1) is a Banach algebra and (cg,s1) = (¢, les) = (s1,51) = S1. We have
A € Sy if and only if sup, (Y32 ;|auk|) < 0. Recall the Schur’s result (cf. [10], Theorem
1.17.8, p. 15) on the class (s1,c). We have A € (s1,c¢) if and only if lim; e ay; = I for
some scalar Iy, k = 1,2, ..., and lim, e Y12 1 |ayk| = 152 |lk|, where the series } 2, |I|

is convergent.
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We also use the following known lemmas, where the infinite matrix 7 is said to be a
triangle, if 7, = 0 for k > n and T, # 0 for all n.

Lemma 1. Let 7' and T be any given triangles, and let E, F C w. Then, for any given operator
T represented by a triangle we have T € (E+, Eyv) ifand only if T"TT ~! € (E, F).

By taking T' = Dy, and 7" = Dy, for a, b € U™ we obtain the next well-known result.

Lemma 2. Leta, b € UT, and let E, F C w be any linear spaces. We have A € (E,, Fy) if and
only if D1,,AD, € (E,F).

3. On the Triangle C(A) and on the Multipliers of Special Sets
In this section, we define the spaces of strongly bounded and summable sequences by the

Cesiro method. Then we recall some results on the multipliers of sequence spaces involving
the previous spaces.

3.1. On the Triangles C(A) and A(A) and the Sets wo, w and we

For A € U, the infinite matrices C(A) and A(A) are triangles defined as follows. We
have [C(A)],; = 1/Ay for k < n; this triangle was used, for instance, in [5]; see also the
Rhaly matrix studied by [11,12]). Then, the nonzero entries of A(A) are determined by
[A(A)],, = An forall n, and [A(A)],,, 1 = —Ay—1 forall n > 2. It can be shown that the
matrix A(A) is the inverse of C(A); thatis, C(A)(A(A)y) = A(A)(C(A)y) =y forally € w.
If A = e we obtain the well known operator of the first difference represented by A(e) = A.
We then have A,y = v, — vy, for all n > 1, with the convention yy = 0. We have X = C(e)
and then, we may write C(A) = D;,, . Note that A = £~1. The Cesaro operator is defined
by C; = C((1),;)- In the following, we use the inverse of C; defined by C;! = A(A)
where A = (n),-.,. We use the set of sequences that are a—strongly bounded and a—strongly
convergent to zero, defined fora € U by W, = {y € w : sup,, (n "1 L{_; |[yx|/ax) < o0}, and
W0 = {y € w: limyyeo (n V1 vk /ax) = 0} (cf. [5], p. 202). For a = (#"),-, the sets
W, and W? are denoted by W, and W?. For r = 1 we obtain the well-known spaces we and
wy of strongly bounded and strongly null sequences by the Cesiro method (cf. [13]).

3.2. On the Multipliers of Some Sets

First, we need to recall some well known results. Let y and z be sequences, and let
E and F be two subsets of w. We then write M(E,F) = {y € w: yz € F forall z € E}; the
set M(E, F) is called the multiplier space of E and F. We will use the next lemmas.

Lemma 3. Let E, E, F and F be arbitrary subsets of w. Then (i) M(E,F) C M(E, F) for all
E C E. (i) M(E,F) C M(E, f) forall F C F.

Lemmad4. Leta, b € U" and let E and F be two subsets of w. Then we have D, x E C Dy, * F if
and only ifa/b € M(E, F).

From Lemma 2 we obtain the next result.

Lemma 5. (ref. [5], Corollary, 4.1, p. 161) Let a, b € U™". Then we have: (i) M(sg,xg) = Sp/a
where X' is any of the symbols s°, s(°) or s. (ii) M(Xa,p) = sp,q Where x is any of the symbols s°)
or s. (iii) M(s,z,sl(f)) = M(sq,5)) = sg/a and M(sf,c),sgc)> = sl(f/)u,

In the following, we use the results stated below (cf. [5], Lemma 5.7, p. 233).

Lemma 6. We have: (i) (a) M(c,c9) = M(Yoo,¢) = M(¥oo,co) = co and M(c,c) = c. (b)
M(E, €s) = M(co, F) = loo for E, F = ¢, ¢ 0r Loo. (ii) (a) M(Weo, lec) = M(wo, F) = 5(1/p)

n>1
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for F = ¢q, ¢ of loo. (b) M(Weo, ) = M(Weo,C) = s(()l/n) " (c) M(E, wy) = wy for E = sq or
c. (d) M(E, we) = Weo for E = ¢y, 51 0OF C. -

To state results on the multipliers involving the set w, we need the next elementary lemmas.

Lemma 7. We have w C s¥
(")nzl

Proof. Lety € w. Then, by the inequality n |y, —I| < n~ ! Y}_, |yx — I| for some scalar
I and for all 1, we deduce n~ |y, —I| — 0 (n — o), and since n~'|y,| < n =y, — 1| +

-1 0 0
n~|l| we conclude y € S(n), - and w C Stny. O

n> n>1

Lemma 8. We have M(w, lso) = M(w,c) = M(w, cp) = $(1/p)

nzf

Proof. By Lemma 7, we have M (s(()n) ) Co) C M(w, ¢g) and by Part (i) of Lemma 5 we have
. >

S(1/n)yey = M (S(”)nzﬂ CQ) C M(w, cp). Then, using Part (ii) (a) of Lemma 6, we conclude

S(1/n)ey M(w,co) C M(w,c) C M(w, leo) C M(wo, leo) = 5(1/)

nZl’

This completes the proof. [

Remark 1. It can easily be shown that M(wg, We) = M(Weo, Weo) = Yoo.

4. On the Sequence Spaces Inclusions

In this section, we are interested in the study of the set of all positive sequences x
that satisfy the inclusion F C £ + F; where &, F and F’ are linear spaces of sequences. We
may consider this problem as a perturbation problem. If we know the set M(F, F’), then the
solutions of the elementary inclusion F, O F are determined by 1/x € M(F,F"). Now, the
question is: Let £ be a linear space of sequences. What are the solutions of the perturbed
inclusion F, + & D F? An additional question may be the following one: what are the
conditions on £ under which the solutions of the elementary and the perturbed inclusions
are the same ?

4.1. Some Definitions and Results Used for the Solvability of Some SSIE

In the following, we use the notation Z(€, F, F') = {x e UT : F C £+ F,}, where £, F
and F’ are linear spaces of sequences and a € U™. We can state the next elementary results.

Lemma9. Let £, &, F, F, F and F" be linear spaces of sequences. Then we have: (i) If &1 C &,
then T(E1,F,F') € T(E,F,F'). (ii) If F C F, then T(E,F,F') C Z(E,F,F'). (iii) If F' C F”,
then Z(E,F,F') C Z(E,F, F").

For any set x of sequences we let ¥ = {x € U" :1/x € x}. Then we write & =
{co, ¢, boo, W, W, Weo }. By (1) we define the set of all sequences « € U™ that satisfy the
condition lim;,_,« &;; = 1. Then we consider the condition

G C Gy foralla € c(1), 1)

for any given linear space G of sequences. Notice that condition (1) is satisfied for all G € ®.
Then we denote by Uf the set of all sequences & with 0 < a;; <1 for all n. We consider
the condition

G C Gyyy foralltxellf. 2)

for any given linear space G of sequences. To show some results on the SSIE, we introduce
a linear space of sequences H which contains the spaces E and F’ and we will use the
fact that if H satisfies the condition in (2) then we have H, + H, = H,,;, foralla, b € U"
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(cf. [5], Lemma 4.4, p. 162). Notice that ¢ does not satisfy this condition, but each of
the sets ¢, Yo, £F, wo and we satisfies the condition in (2). Thus we have, for instance,
52—1—52 = 52+b and W, + W, = W,.p.

4.2. Some Properties of the Set Z(E,F,F')
We need the next lemma involving the multiplier of F and F/, which is an extension of
Lemma 9.

Lemma 10. Let &€, &y, F, F and F’ be linear spaces of sequences. Then we have: (i) M(F,F') C

I(E,FF). (i) If Z(&, F,F') C M(E,F'), for any linear space of sequences & C &, then

I(E,F,F') = M(F,F'). (iii) If Z(E,F,F') C M(F,F'), for some linear space of sequences

F CF, then I(E,F,F') = M(E, F).

Proof. (i) Let x € M(F, F’). Then, we successively obtain 1/x € M(F,F’),F C F,, F C

E+F,and x € Z(&,F, F'). This implies M(F, F’) C Z(&,F,F'), and (i) holds. (ii) We have
I(E,F F) C I(&,F F)c M(F F') and we conclude by (i) that Z(E,F,F') = M(F, F').

Part (iii) follows from the inclusions M(F,F') C Z(€,F,F') C Z(€,F,F') C M(F,F’). O

5. On the Solvability of the SSIE with Operator of the form Fy C € + F., Where F,
F' € {co,c, 8}

In this section, we determine multipliers involving some difference sequence spaces.
Then we state a general result on the solvability of the SSIE with operator Fy C &£ + F, with
e € F. Then we apply these results to solve each of the SSIE ¢y C € + Fy and (cp), C €+ F;,
and (loo), C € + F, with F' = ¢y, ¢ or {c.

5.1. On the Multipliers of the form M(X,,Y) Where X, Y € {co, ¢, ls}

In all that follows, for a € U™, we use the triangle D,3., whose the nonzero entries are
defined by (D;X),, = a, for k < n. We have (D,X),y = a, Y_j_; yx for all y € w and for
all n. This triangle is also called the Rhaly matrix (cf. [11,12]). We obtain some results on
the multipliers involving the sets of the difference sequence spaces (cg),, ca and (foo)
introduced by Kizmaz (cf. [7]; see also [14]), and stated in the next lemma.

Lemma 11. (i) M((c0)a,Y) = S(1/n) 1/n),51"
(c) -

M(cp,c) = s(j/n)m and M(ca, los) = S(m),.,- (i) M((les)y,C0) = M((loo)y,C) =
s(()l/n) X and M((Loo) o leo) = S(1/n) 0y

n>

where Y = cg, ¢ or leo. (ii) M(ca,co) = s(()

n>1

Proof. Part (i) follows from the proof of [5], Proposition 6.8, p. 289. (ii) We have a €
M(ca, o) if and only if D,X € (c,co) and by the characterization of (c,cp) we have

na, — 0 (n—c0)and a € s(()l/n) - In the same way, we have a € M(ca,c) if and
n

only if D2 € (c,c), and by the characterization of (c,c) we obtain a € sgi)/n) - The

n>
identity M(ca, o) = S(1/n),., can be obtained using similar arguments. (iii) We show
M((€so)p,c) C s?

For this, let a € M((w),,c). Then we have DX € ({w, )

(1/71)712] )
which implies D, € (c,c) and (nan),>; € c. This implies limy0a, = 0, and by
the Schur theorem we obtain lim, e (|as| f_11) = O and a € s(()1 /ny,.,- Thus we

. . O
have shown the inclusion M((le)s,c) C S(1/m)er

Daymy, ., = € (Lo, loo) which implies ({o), C S(1) 017 and using Lemma 5, we obtain

Now, it can easily be seen that

S(()l/n)”21 — M(S(ﬂ)ngl’co) C M((£oo)p,c0). Thus we have shown the inclusions s(()
M((£eo)prc0) C M((€e)p ) C S(()1/;1)
i

1/71)1/121 <
X and we conclude M((4x),¢0) = M((foo)p,C) =

- Using (ii) and the inclusion ({e)s C () _,, We can obtain

n>

1/”)n2
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S(1/n)yy = M(s(n)n21,€oo) C M((£oo) g/ loo) € Men, boo) = S(1/m),

and the identity M(({e), £e0) = S(1/),., holds. This completes the proof. [

5.2. General Result on the Solvability of the SSIE with Operator Fy C € + F, withe € F
In the following, we use the next result.
Theorem 1. Let F, F' and £ be linear spaces of sequences. Assume e € F, E C S((J”)n>1 and that F'
satisfies the condition in (1). Then, the set Z(E, Fa, F') of all the positive solutions x = (xn),~, of
the SSIE Fp C &€ + Fy, satisfies the inclusion Z(E,Fa, F') C F(’l/ oo Moreover, ifF(/l/”)n>1 C
M(Fy, F') then
Z(E,FaF) = F(ll/n)nzl‘ 3)

Proof. Let x € Z(&,Fa, F'). Then we have Fy C &£ + F,, and since ¢ € F, we have
(n),>1 € Fa, and there are « € £ and ¢ € F' such that n = ay + x, ¢y for all n. Then
we have

;—n(l — l%") = ¢y foralln,

and the condition £ C S(()")n>1 implies limy,_,o &4 /1 = 0. Since F’ satisfies the condition
in (1), we obtain (n/xy),~; € F' and x € F(’ . Thus we have shown the inclusion
Z(E,Fs F) C P(l/ oo
conclude F(l/n)p1 (8, Fa, F'). This completes the proof. [

1/n)n
Usmg Part (i) of Lemma 10, where M(Fy, F') C Z(E,Fa, F'), we

5.3. Solvability of the SSIE cx C € + F, Where F' = cg, ¢ or Lo

As a direct consequence of Theorem 1 and Lemma 11, we obtain the following results
on the sets of all positive sequences x = (xy ), that satisfy each of the SSIE with operator
cp C E+ FLwith F' = ¢, ¢ or le.

Theorem 2. Let £ C s((]n) . be a linear space of sequences. We have

s(l/n for F' = cg,
I(g/CArF,): E(lj)/ ) fOT’F/_C

S(1/n), forF—E .

Proof. The result follows from Part (ii) of Lemma 11 and Theorem 1, where F = ¢, and
F' = ¢, c and o respectively. [

We may state some immediate applications of Theorem 2.

Example 1. Using Lemma 10 and Theorem 2, it can easily be seen that the sets of the positive

solutions x = (xn)nZl of each of the SSIE with operator, cp C Yoo + s,(f) and cp C ¢+ sgf) and

ca C (co)p + sgf), are determined by (n/xy),~, € c. Then, the solutions of each of the SSIE
ca C (co)p +5% ca C loo+ 53 and cp C ¢ + 9 are determined by n/x, — 0 (n — o). Ina
similar way, the solutions of each of the SSIE cp C (co)p + Sx, ca C oo +5x and cp C ¢ + sy are
determined by (n/xy),~q € oo

Example 2. It can easily be seen that wy C s?n) - This implies that the set of all sequences
n>

X = (Xn),>1 € U that satisfy the SSIE with operator cx C wo + sY is determined by n/x, — 0
(n — o0).
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Example 3. The set of all positive sequences that satisfy the SSIE cn C cc, + s3 is determined
by Z(cc,,ca c0) = s(()l/n) - Then, the set of all positive sequences that satisfy the SSIE cp C
n>

cc, + s is determined by I (cc,, ca, leo) = S(1/my -
5.4. Solvability of the SSIE of the Form (co), C € + Fy.

In this part, Theorem 1 cannot be applied since e ¢ cp. Thus, we need to use some
results stated in Section 4.

Theorem 3. Let £ C sy for some 8 € s(()n) ) be a linear space of sequences, and let F' = ¢, c or
Coo. Then, the set of all the solutions of the SSIE (co) , C € + FL is determined by (&, (co) o, F') =

s(l/n)nzf

Proof. Let x € Z(E, (co) 5, F') where F' = ¢y, ¢ or {e. Then we have (cp), C € + F}, and
since F’ C s1 and s; satisfies the condition in (2), we obtain £ + F, C sy + sy = sg,, and
(co)a C Sgtx- Then we have Dy /(91X € (co,51), and by the characterization of (co, s1)

we have 1/ (6, + x,) = O(1) (n — o). Using the inclusion £ C sy with 8 € s =, we

(”)nzl

have n/x, = O(1) (n — o0), thatis, x € 51/, _. We conclude Z(&, (co), F)C S(1/n),1"

n>
The converse follows from Theorem 1 and Part (i) of Lemma 11, where M((cg),,51) =

S(l/n)nzl '

Example 4. By Theorem 3 with 6 = e, we deduce that the set of all positive sequences x = (Xn), >
that satisfy the SSIE (co)p C oo + Fy is determined by Z({eo, (co)p, F') = S(1/m),_, for F' = co,
cor e B

We consider another example, where bv, = KZ with p > 1 is the set of p—bounded
variations (cf. [14]).

Example 5. Let p > 1. The set bv, = KZ satisfies the inclusion bv, C sg if and only if
Dy 9% € (¢P,s1). By the characterization of (¢F,s1) (cf. [3], Theorem 1.37, p. 161) we obtain

(1’1/9?1) . € loo. We may take 6, = n"/9 with g = p/(p — 1), which implies 6 € s(()n) v and
n= nz
by Theorem 3 we conclude that the set of all positive sequences x = (xn), - that satisfy the SSIE

(co)a C boy + Fy is determined by I (bvy, (co) o, F') = 5(1/m),_, for F' = co, ¢ o leo.

5.5. Solvability of the SSIE of the Form bvs, C € + F,,

In this part, we use the notation bv., for the difference sequence space (), (cf. [14])
and we study each of the SSIE bvs, C € + F;, where F' € {co, ¢, loo }

Theorem 4. Let £ C sY
(”)nZl

x = (xn),>1 that satisfy each of the SSIE bves C & + s, bvee C € + % and bve, C € + sy(f) are
determined by

be a linear space of sequences. Then, the sets of all positive sequences

Z(E,bveo,beo) = 5(1/my ., and (€, bves, o) = LZ(E,bveo, ¢) = 57

n=> (1/7’[)]121'

. . . [ e
Proof. First, we show the identities Z(&, bves, boo) = S(1/m)or and Z(&,bve, cg) = s(l/n)}@.

From Theorem 1, where £ = s(()n) ,F =/l and F' = l« and ¢, respectively, we obtain

n>1

and Z(&,bves, cg) C s((]
we have M(bveo, loo) = 5(1/p), ., and M(bveo, co) =5

n>

n>1

1n),oy Then, by Part (iii) of Lemma 11,
((); /), and we conclude by Part (iii)
n>

of Lemma 10. Now we show the identity Z(&, bveo, ¢) = s(()

) For this, we let x €
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Z(&,(fso) 5, ¢). Then we have (£s), C s T+ s,(cc), and by Theorem 1, where £ = s(()n) ,

(n)n> n>1

F =/{oand F' = ¢, wehave Z(&, ({x),,C) C sgi)/n) . and (n/xy),>; € c. Now, we show
the inclusion (¢e), C SE;)'i'xn)n>1‘ We have S(()")n>1 C SE:I)+Xn)n>1 since n/(n+ x,) = O(1)
(n — o0). R R R

Then we have
Xn

1
=~ for all n,
n—+xy E‘Fl

and as we have just seen, we have lim, . 11/x; = I for some scalar / and

1 1
lim —— = —— > 0.
n—eo B 4 q [+1

Xn

() ()

Thus, we have shown the inclusion s,” C s
(n42xn) 1

. . 0 (c) (c)
inclusions (EOO)A C S(n)n>1 + Sy C S(”+x;1)n> 1/Tl)n>1

- Then we have n/(n + x,) — 0 (n — o) and (71/79571),121 € co,

. These statements imply the

) and since M((£oo)p,C) = s(() we obtain

(1/(n4xn)) 51 € S(()l/n)nz
and we have shown the inclusion Z(&, (€e) 5, €) C s(()l/n) " Finally, since M(({oo),€) =

s(()l/n)n21, by Part (i) of Lemma 10, we conclude Z(E&, (o) 5, €) = s((J . This completes

the proof. O

1/n)n21

We obtain the following result, where bs = ({w )y, is the set of all bounded series.

Example 6. The solutions of each of the SSIE bve, C loo + s,(f) and bve C bs + sgf) are deter-
mined by T ({eo, bveo, ¢) = Z(bs, bvss, c) = s((’l/n

);121 ’
By using similar arguments as in Example 5, we obtain the following result.

Corollary 1. Let p > 1. The solutions of the SSIE bvs C bvp + s,(f) are determined by

Z(bvp, boco,€) =50y 1y -

6. Solvability of the SSIE of the Form (ww), C € 4 F,

In this part, we deal with each of the SSIE with operators of the form (we), C € + 59,

(Weo)p C € +5¢and (weo)p C E+ s,(f). For instance, the solvability of the SSIE (we), C

s(()n)n>1 + sx consists of determining the set of all positive sequences x = (x,),~; that
satisfy the next statement. For every y such that n =1 Y'_ |yx — yx_1| = O(1) there are two

sequences 1 and v with y = u 4+ v where lim,, . 4, /n = 0and v, /x, = O(1) (n — o0).

6.1. Determination of the Sets M((weo)a,Y) with Y € {co, ¢, lo}
We state the next Lemma.

Lemma 12. We have (i) M((Weo),51) = S(1/n), ., a4 (it) M((Weo) 5, C0) = M((Weo ), €) =

0 "=
S(l/n)nZ].

Proof. (i) We have A € (We, Weo) Which implies wWeo C (Weo), and M((Weo)p,51) C
M(Weo,51) = S(1/n),.,- Then we have e C (leo)c, and (weo)y C [(&”)Clh and since
CiA =Dayp), ., EA = Dy, . I = D(1/n),., we obtain (we), C (o)

=5 .
n> n>1 0 (/1)1 (1)1

Then, by Part (ii) of Lemma 5, we obtain s(y/,) = M(s(n)n>1,51) C M((weo)p,51)-
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Thus we have shown the identity M((we)s,51) = S(1/u),.,- (ii) First, we show the in-

clusion s(() C M((weo),c0).- As we have just seen, we have (Weo)p C 8¢ and

1/7’);121
s(()l/n)”Zl = M(S(”)nzl’co) C M((weo)a,c0). Then, by the inclusion if we C (weo), We

deduce M((we),,c0) C M(woo, o) = s

S0
(1/n)n21 1/n)n21
of Weo C (Weo), implies M((Weo) 5, ¢) C M(weo,c). Then, by Part (ii) (b) of Lemma 6, we

_ 0 . O . . .
have M(we, ¢) = SCL/m), ey and we obtain M((we),,c) C S(1/m)or” Using the identity

M((Woo) s C0) = s(()l/n>n>17and the inclusion of M((we),,c0) C M((we),,€), We obtain

n)nzl

Vi), and we conclude that M((we) A, c0) =

. Now, we show the identity M((we)s,c) = s(() . As above, the inclusion

M((Weo) 5, €0) = M((weo) , €) = S(()l/")n21' This completes the proof. [

6.2. Application to the Solvability of the SSIE of the form (we) C € + F}.

In the following theorem, we solve each of the SSIE (we), C &€ + F;, where F' €
{co,¢,fo}

Theorem 5. Let £ C s((Jn) be a linear space of sequences. Then,
n>1

(i) The set of all positive sequences x = (xy),~, that satisfy the SSIE (weo), C € + sy i
determined by Z(E, (Weo) o, $1) = S(1/m),_,-

(ii) The sets of all positive sequences x = (xn),~q that satisfy each of the SSIE (weo), C
E +5Yand (weo)py C €+ S,(CC) are determined by

Z(E, (Weo)p,€0) = Z(E, (Woo) 5, ) = W @)

nzl'
Proof. (i) By Part (i) of Theorem 4 and since ({o )y C (Woo ), We have Z(&, (Weo)p,51) C
Z(€,(leo)pr51) =5(1/m),.,- Then, by Lemma 11 and Lemma 12, we have M((ww),,51) =
M((loo)p,51) = s(l/n)”;. We conclude by Part (i) of Lemma 10 that Z(&, (we )y, 51) =

/1)1 (ii) From Part (ii) of Theorem 4 and Lemma 12, we obtain the next two statements:

(
(()1/n)7121 = M((woo)A’CO) C I(Sl (wOO)A/CO) and I(g/ (woo)A/CO) C I(S, (WOO)A/C) C

Z(E, (beo)p,C) = s(()1 S This implies the identities in (4) and completes the proof. [J

[¥2)

[2)

Example 7. Since wy C s(()n) , the set of all positive sequences x = (xy,),~, that satisfy the
n>1 et

SSIE (Weo) s C wo + Sy is determined by x,, > Kn for all n and for some K > 0. Similarly, the
sets of all positive sequences x = (Xy),~q that satisfy the SSIE (weo), C wo + 3 is determined
by limy, 00 X /11 = 00.

Example 8. By the characterization of (c,co), we can see that D1/, _ Cy L e (c,cp), which
- This implies that the solutions of the SSIE (we), C cc, + sJ

are determined by limy, o X /11 = 0.

implies the inclusion cc, C s((’n)

In the following, we solve the SSIE (wew), C WY + SJ(CC), where W0 = D,w, for
r > 0. This solvability consists of determining the set of all sequences x = (x,),~; €
U™ that satisfy the following statement. For every sequence y = (y,),~; for which
n Y1 vk — yk_1| < K for some K > 0 and for all 7, there are two sequences u and v,
with y = u + v such that n =1 Y0, |[ug| /¥ — 0 (n — o) and limy_,eo (04 /x,) = L for some
scalar L.

Corollary 2. Let r > 0. The set ;" of all the positive sequences x = (xy),,~, that satisfy the SSIE

sV ifr <1
Weo)n C WO+ s\ is determined by T® = (1/1)124 =
(ool © W+ I ut ifr>1,
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0
(n)nzl
the identity M(wo, co) = S(1/) ., this inclusion holds for all 7 < 1. Thus, by Theorem 5 we

have Z? = s forallr <1.Letr > 1. Thenwehaver "}/ ;k=o0(1) (n — ) and

Proof. The inclusion W? C s holds if and only if (""/n),~; € M(wo,cp), and from

0
(1/n),5q
Dl/,,z S (S(n)n>1160)' Since (S(n)n>1,C0> C (woo, ZU()) this implies Dl/,Z S (woo, 'LU()) and
the inclusion (we ), C WY holds for all # > 1. This completes the proof. [

7. On the Solvability of the SSIE of the Form Fy C £ + F, Involving the Sets wy, or w

In this section, we determine the multipliers M(w,,Y) and M((wy),,Y) where
Y = ¢g, c or L. Then we apply these results to the solvability of the SSIE with opera-
tor F C € + F, where F = wg or w and F’ = ¢y, ¢ or {c.

7.1. On the Multipliers of the form M(wa,Y) and M((wo),Y)
In this part, we determine the multipliers M(wp, Y) and M((wp),,Y) where Y = ¢y,

¢, or foo.

Lemma 13. (i) M((wp),,Y) = S(1/1),01 forY = ¢, c or beo. (ii) () M(wn, o) = s(()l/n) (b)

7
n>1

M(wp, c) = SE;)/"),@ and (c) M(wp, le) = 5(1/p)

n>1"

Proof. Part (i) follows from the proof of [5], Proposition 6.10, p. 291. (ii) (a) We show

M(wa,co) = s‘()l/n) " Since ¢ C w, cx C wp, and by Part (i) we obtain M(wa,cg) C

0 - s _ 0
M(cp, o) = S(1/m)yor” Then, by Part (ii) of Lemma 12, we have M((we),,C0) = S(1/m)yen

and by Part (iii) of Lemma 5, the inclusion of wy C (weo ), implies s(()1 Jny o = M((Weo) p,C0)

C M(wp, o). Thus we have shown M(wp,cg) = s - (ii) (b) We show M(wp, c) =

(0)
S(1/n),s

(c) . . (c)
S(l/”)nzf Then we show the inclusion s(l/n);121 C M(wA,(c)). We have w C c¢c, and
c

wy C (cc,) 5 and since CrA = D(1/n),., We obtain (cc))p = Sty and we conclude wy C

0
(1/’1)112

. Wehave cy C wp, and by Part (ii) of Lemma 11, we obtain M(wa, c) C M(ca,c) =
1

Dy, ey = SE;)) N Then, by Part (iii) of Lemma 5, we have sg?/n) L M(SEZ)) >1,c) -
M(wp, ¢) and we have shown the identity M(wp,c) = sEi)/n) " (ii) (c) From Part (i) and

Lemma 12, we obtain

S(1/n)yey = M((Weo) pr leo) C M(wip, loo) C M((w0) s Loo) = S(1/n)

n>1"

This shows the identity M(wa, feo) = $(1/4),,- This completes the proof. [

n>

7.2. Application to the Solvability of the SSIE Fn C € + F, where F = wq or w and F' = ¢, ¢
or £eo

In this part, under some conditions on £ we solve each of the SSIE with operator
(1) (wo)y C €+, 2) (wo)y C €+, (3) (wo)y C € +sxand (1) wp C € +52, (2)
wp C E +s§f), (3") wa C & + sy.

We can state the following theorem.

Theorem 6. Let & be a linear space of sequences. Then we have:
(i) Assume € C sy for some 6 € s(()n)Ql. Then Z(E, (wo)a, F') = 45(1/;1)"21](0” F =c¢c

01 oo.
. O _ O
(ii) Assume & C S () o Then (a) Z(E,wp,cp) = S(1/m)0

and (c) Z(E,wa, leo) = 51 /m)

L (b) (€, wa, ) = sE )

Cc
1/11)7121

n21‘
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Proof. (i) By Part (i) of Lemma 13 we have s,y . = M((wp) A, co), and by Part (i) of
Lemma 10 we have 5(1,,) — C Z(E, (wp), Co)- Then, by the inclusion (cg), C (wp), and

using Theorem 3, we have Z (&, (wg) 5, beo) C Z(E,(co)p, boo) = S(1/n),-,- We conclude

n>

S(l/”)nzl C I(g, (ZU())A,C()) C I(g, (ZUQ)A,C) C I(g, (wo)A,EOO) C S(l/”)nzl

and we have shown (i). Part (ii) follows from including M(wy, F') C Z(&,wa, F') C
Z(E,ca, F') = M(ca, F’), and from Part (ii) of Lemma 13 and Part (ii) of Lemma 11, where
we have M(wa, F') = M(ca, F') for F/ = cg, cor les. O

Example 9. By Part (ii) of Theorem 6, the solutions of the SSIE wa C wq + sgf) are determined by

(n/%xn),>1 € c. As we have seen in Example 8, we have the inclusion cc, C s((Jn) Y and by Part
= n>

(ii) (b) of Theorem 6, the solutions of the SSIE w C cc, + s\ are determined by (n/xn),>1 € c.
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