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1. Introduction

The study of fixed points and iterations of nonlinear mappings is a central topic in
nonlinear functional analysis. See, for example, [1-23] and the references cited therein. This
activity stems from Banach'’s classical theorem [24] concerning the existence of a unique
fixed point for a strict contraction. It also covers the convergence of (inexact) iterates of a
non-expansive mapping to one of its fixed points. In particular, the convergence of infinite
products of such mappings is important because of their many applications to the study of
feasibility and optimization problems, which find important applications in engineering
and medical sciences [19-22,25-30]. The book [14] contains several results that show the
convergence of inexact orbits of a nonlinear self-mapping of a compete metric space to
one of its fixed points. In the present paper, we establish a variant of these results for
inexact products of uniformly continuous self-mappings of a complete metric space that is
uniformly continuous and bounded on bounded sets. These mappings have a common
invariant bounded set that attracts all the infinite products. It is shown that previously
established convergence theorems for products of non-expansive mappings in [15] continue
to hold even under the presence of computational errors. Our results also generalize the
results of [23] obtained in the case when the common invariant set is a singleton and the
results of [31] obtained for inexact powers of a single mapping when the invariant set is
a singleton.

2. Main Results
Let (Z, p) be a complete metric space. For each x € Z and each r > 0 set

B(x,r)={z€Z: p(x,z) <r}.
For each x € Z and each nonempty set D C Z, put
p(x,D) = inf{p(x,y): y € D}.

Fix
0 e X.
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Suppose that
Fcz

is a nonempty closed bounded set and that mappings S; : Z — Z,i = 1,2, ... satisfy the
following assumptions.

Assumption 1.
S;(F) C F for all natural numbers i.

Assumption 2. For each nonempty bounded set K C Z and each € > 0, there exists § > 0 such
that

p(Si(x1),Si(x2)) <€
for all natural numbers i and all pairs of points x1, xp € K satisfying p(x1,x2) < 6.
Assumption 3. For each nonempty bounded set K C Z, there exists M > 0 such that
Si(K) C B(6, M)

for all natural numbers i.

Suppose that R is a collection of mappings 7 : {1,2,...} — {1,2,... } such that the
following assumptions hold.

Assumption 4. For eachr € R and each integer q > 1 the mappingt — r(t+q),t =1,2,...
also belongs to R.

Assumption 5. For each nonempty bounded set K C Z and each € > 0, there exists a natural
number n(K, €) such that for each x € K, each r € R and each integer n > n(K, €),

P(li Sy (x), F) <e.

In this paper, we prove the following results.

Theorem 1. Let K be a nonempty, bounded subset of Z and let € > 0. Then there exist 6 =
0(e,K) > 0 and a natural number N such that for each r € R, each natural number n > N and
each sequence {x;}!' , C Z, which satisfies

X9 € K

and
p(sr(i+1)(xi)/xi+1) S 5/ i= 0/~ con = 1

the inequality
holds foralli =N, ..., n.
The following corollary is easily deduced from Theorem 1.
Corollary 1. Assume that r € R, a sequence {x;}{>, C Z has a bounded sub-sequence and that
llLI?OP(Sr(iH)(xi),xiH) =0.

Then
lim p(x;, F) = 0.

i—o0
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Theorem 2. Let € > 0. Then, there exists 6 > 0 such that for each r € R and each sequence
{xi}22y C Z, which satisfies
p(x(]/ F) S )
and
P(Sy(iz)(xi), xip1) <6, i=0,1,...
the inequality
P(xj, F) <e

holds for all integers i > 0.

Theorem 3. Let M > 0. Then, there exists & > 0 such that for each € > 0 and each sequence
{6i}20  (0,9]

satisfying
hm (51‘ =0

1—00

there exists a natural number ng such that the following assertion holds.
For each r € R and each sequence {x;}>, C Z, which satisfies

Xo € B(G, M)
and

P(Sriip1)(xi),xip1) <65, i=0,1,...,

the inequality
p(xn, F) <€

holds for all integers n > ny.

It should be mentioned that prototypes of our results were obtained in [15] when the
mappings S;, i = 1,2, ... are non-expansive, in [23] when the set F is a singleton and in
[31] where the set F is a singleton and S; = S; for all natural numbers i.

The paper is organized as follows. Section 3 contains auxiliary results. Theorem 1 is
proved in Section 4. The proof of Theorem 2 is given in Section 5. Section 6 contains the
proof of Theorem 2.

3. Auxiliary Results
Assumption 3 implies the following result.

Lemma 1. Let K be a nonempty, bounded subset of Z, and let N be a natural number. Then, there

exists My > 0 such that
K C B(6, Myp)

and that for each integer n € {1,..., N} and each mappingr: {1,...,n} — {1,2,...},
n
(I TSr)(K) € B(6, Mo).
i=1

Lemma 2. Let K be a nonempty, bounded subset of Z, N be a natural number and let € € (0,1).
Then, there exists & € (0,€) such that for each x,y € K satisfying p(x,y) < J, each integer
ne€{l,...,N} and each mapping r : {1,...,n} — {1,2,...} the inequality

P(ﬁ Sii) (x),ﬁ Sy (1) <€

holds.
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Proof. Let My > 0 be as guaranteed by Lemma 1. Then,
K C B(6, M) (1)
and

pﬁ 5,0 (K) C B(6, Mp) 2)

for each integer n € {1,..., N} and each mapping r: {1,...,n} — {1,2,... }.
Set
=e/4 (3)

By induction, using (A2), we define a sequence of positive numbers é;,i = 0,..., N —1
such that for each integeri € {0,...,N — 1},

0; < 0iy1/2 (4)

and that for each x,y € B(6, M) satisfying p(x,y) < J; and each natural number j we have

p(S;(x),Sj(y)) < it (5)
Set
5= dp. (6)
Assume that
x,y € K C B(6, M) (7)

(see (1)), ne{1,...,N},r:{1,...,n} = {1,2,...} and that

o(x,y) <6=do (8)

(see (6)). In view of (2), (3) and (7), foreach j € {1,...,n},

Hsr(z) Hsr(l) € B(6, My). (9)
By (5), (7), (8) and the choice of Jy,

p(S51)(x), Sr 1) (y)) < 01 (10)
We show by induction that forj =1,...,n,

]

Hsr(l) rHSr (11)

i=1
In view of (10) our assumption holds for j = 1. Assume thatj € {1,...,n}\ {n} and
that (11) holds. It follows from (9), (11) and the choice of J; (see (5)) that

j+1 j+1 j

j
P(Hsr(i) (x)/HSr(i) (y)) ]+1 Hsr ]+1 Hsr < 5j+1
i=1 i=1 1

i=1

and the assumption made for j also holds for j 4 1. Therefore, by induction, we showed
that (11) holds for j = 1,...,n and in particular

oL TS (), T1Swe (1)) < 6u < /4.
i=1 i=1

Lemma 2 is proved. [
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Lemma 3. Let K be a nonempty, bounded subset of Z, N be a natural number and let € €
(0,1). Then, there exists 6 € (0,€) such that for each integer n € {1,...,N}, each mapping
r:{l,...,n} = {1,2,...}, each sequence {x;}' , C Z, which satisfies

xp € K (12)
and
P(Sp(i1) (%), xip1) <6, i=0,...,n—1 (13)
and for a sequence {y;}}_, C Z defined by
Yo = Xo,

Vi1 = Sy(ip) (i), i=0,...,m—1
the inequality p(x;,y;) < € holds foralli =1,...,n.

Proof. Choose M > 1 such that
K C B(6, My —1). (14).

By induction, using (A3), we define a sequence of numbers M; > 1,i =1,2,... such
that for each integer i > 0

M1 > M;+2 (15)
and that for each natural number j,
S;(B(6,M; +1)) C B(8, Mjy1 —1). (16)
Set
on = €/4. (17)

By induction, using (A2), we define a sequence of positive numbers J;,i =1,..., N
such that (17) holds and that for each integeri € {1,..., N} \ {N},

6; < iy /4

and that for each x,y € B(6, My + 4) satisfying p(x,y) < 26; and each natural number j
we have

p(Si(x),Si(y)) < diy1/2. (18)
Set
5= 6. (19)

Assume thatanintegern € {1,...,N},r: {1,...,n} — {1,2,... } and that a sequence
{xi}, C Z satisfies (12) and (13). By (12) and (14),

p(x0,60) < Mo — 1. (20)

Set
Yo = Xo, (21)
Yie1 = Sp(iv)(¥i), 1 =0,...,m— 1. (22)

In view of (15), (16), (20)-(22) and the definition of M;,i =1,2,...,
yi € B(O,M; —1),i=0,...,n. (23)
By induction we show that foralli =1,...,n,

p(xi,yi) < 0. (24)
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Equations (13), (19) and (22) imply that

p(x1,y1) < p(x1,Sp1)(x0)) <6 =061

and our assumption holds for i = 1.
Assume that p € {1,...,n} \ {n} and that (24) is true fori = 1,..., p. In view of (15)
and (23),
yp € B0, M, — 1) C B(6, My). (25)

By (15), (17), (24) with i = p, (25) and the construction of é;,i = 1,...,N,

xp € B(6,M,) C B(6, My), (26)
p(xp, Yyp) < Op. (27)

It follows from (25)—(27) and the choice of 6, (see (18)) that
P(Sr(p—l—l)(xp)' Sr(p+1) (vp)) < pta/2. (28)

By (13), (19), (22) and (28),

P(xp+1/yp+1) < P(xp+1’ Srip+1) (xp)) + P(Sr(p+1) (xp)r]/pﬂ)

<0+ 8p41/2 < Gppr.

Therefore, the assumption made for p also holds for p + 1. Thus, by induction we
showed that (24) holds foralli = 0,1,...,n. Lemma 3 is proved. [

4. Proof of Theorem 1

We may assume without loss of generality that
e < 471
and that
U{B(z,4): z€ F} CK. (29)

In view of Assumption 4, there exists a natural number N > 4 such that

p((ﬁ Sriy)(x), F) < e/4 (30)

for each x € K, each r € R and each integer n > N.
Lemma 3 implies that there exists 6 € (0, €/4) such that the following property holds:
(a) for each integer n € {1,...,2N}, each mapping r € R, each sequence {z;}! , C Z,
which satisfies
zg € K

and
0(Sr(iz1)(zi),ziq1) <6,i=0,...,n—1

and for a sequence {y;}"" , C Z defined by
Yo = Xo,

Yir1 = Sp(ip) (i), i =0,...,n—1

the inequality p(z;,y;) < e/4holds foralli=1,...,n.
Assume that n > N is an integer, 7 € R and that the sequence {x;}} , C Z satisfies

X0 € K, (31)
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p(S,(iH)(xl-),xiH) < (5, 1= O,. A 1. (32)
Define
yO = X0,
Vi1 = Siyn i), i =0, n— 1. (33)

Property (a) and (31)—(33) imply that
o(x;,y;) <e€/4,i=1,...,min{n,2N}. (34)
It follows from (30), (31), (33) and the choice of N that
oy, F)<e/4,i=N,...,n. (35)
If n < 2N, then by (34) and (35), fori = N, ..., n
p(xi, F) < p(xi,y:) +p(yi, F) < €/2.

Assume that
n > 2N. (36)

We show that
p(x;, F) <eforallie {N,...,n}.

Assume the contrary. Then, there exists an integer
k € (N,n] (37)

such that
p(xx, F) > €. (38)

Equations (34)—(36) imply that foralli = N, ...,2N,
p(xi, F) < p(xi,yi) +p(yi, F) < €/2. (39)

Therefore, in view of (37)—(39),
k > 2N. (40)

We may assume without loss of generality that

p(x;,F) <e, i€ {2N,..., k—1}. (41)
Define
Fi)=r(i+k—N),i=1,2,....
In view of (40) and (A4),
FeR. (42)
Define {%;}2, C Z by
fi:ka,N, i=0,...,N, (43)
T = Sf(l-H)(JZi), i=N,...,2N—1. (44)

Equations (32), (42) and (43) imply that for all integersi =0,...,N —1,

P(Zit1, Spi1) (%)) = P(Xit11k—N Sp(iv14k—N) (Xigk—N)) < 0. (45)

Set
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It follows from (29), (39)-(41) and (43) that
%) = xe_n € K. (47)
Property (a), (42) and (44)—(47) imply that
(%, 7)) <e/4,i=1,...,2N. (48)
In view of (30), (46), (47) and the choice of N,
o(#;,F) <e/4,i=N,...,2N. (49)
By (43), (48) and (49),

p(xk, F) = p(Zn, F) < p(In,IN) +p(In, F) < €/2.
This contradicts (38). The contradiction we have reached proves Theorem 1.

5. Proof of Theorem 2

We may assume without loss of generality that e < 4~ 1. Let
K =U{B(z,4): z € F}. (50)

By Theorem 1, there exist Jy € (0, €) and a natural number N such that the following
property holds.
(a) For each natural number n > N, each r € R and each sequence {zi}?zo C Z,which
satisfies
zp € K

and
p(sr(i+1)(zi)r2i+l) <d,i=0,...,n-1

we have
p(zi,F) <e i=N,...,n.

Lemma 3 implies that there exists J; € (0,€e/4) such that the following property holds:
(b) for each mapping r € R, each sequence {z;}N , C Z, which satisfies

zp € K

and
0(Sr(iv1)(zi),zix1) <61, i=0,...,N—1

and for a sequence {y;}N, C Z defined by
Yo = Xo,

Yir1 =Sy (i), i=0,...,N—1

the inequality p(x;,y;) < e/4holds foralli =1,...,N.
Lemma 2 implies that there exists d; € (0, €/4) such that the following property holds:
(c) for each x, y € K satisfying p(x,y) < 26, and each mapping r € R,

n n
p(T TSy ). IT1S:i) (W) <e/4, n=1,...,N.
i=1 i=1

Set
6 =2"1min{éy, &1, 6, }. (51)
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Assume that r € R and that a sequence {x;}?°, C Z satisfies

p(xo, F) <6,
d(xz-“,Sr(iH)(xi)) < (5, i= 0, 1, N
Property (a) and Equations (50)-(53) imply that
p(xi, F) < e

for all integers i > N.
Set

Yo = Xo,
Yie1 = Sp(irny(vi), 1=0,1,....
Property (b) and Equations (50)—(53) and (55) imply that

o(x;,y) <e/4,i=0,...,N
It follows from and Equations (50)—(52) that there exists
o €F

such that
0(yo,&0) < 26 < 6, < €.

By property (c) and Equations (50), (55), (57) and (58), forn =1,...,

HS go ]/n < 6/4
In view of (56) and (59), foralln =1,...,N,
Hs ) < e€/2.

Combined with (57) and Assumption 1, this implies that
p(x;,F) <e/2,i=1,...,N.
This completes the proof of Theorem 2.

6. Proof of Theorem 3

We may assume without loss of generality that
U{B(z,4): z€ F} C B(6, M).
By Theorem 1 and Assumption 3, there exist
5 € (0,1 and My > M

such that the following property holds:
(a) each r € R and each sequence {x;}! , C Z, which satisfies

xo € B(6, M)

and
P(Siz1)(xi), xip1) <6,1=0,1,...

N,

(57)

(58)

(59)
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we have
x; € B(6,M;),i=0,1,....
Assume that € > 0 and a sequence
{61} < (0,9] (61)
satisfies
lim &; = 0. (62)

i—00
By Theorem 1, there exist é € (0, J] and a natural number N such that the following

property holds:
(b) for each r € R and each sequence {z;}' , C Z, which satisfies

Zp € B(G, Ml)
and

p(Sr(is1)(zi),ziv1) <6, i=0,1,...

the inequality
p(zi/ F) <e

holds for all integers i > N.
In view of (61), there exists an integer n; > N such that
J0; < ¢ for all integers i > n. (63)
Set
ng =ny + N. (64)

Assume thatr € R, {x;}°, C Z,
Xg € B(G, M),

0(Sy(iz1) (%), xip1) < 6, i =0,1,.... (65)
Property (a) and Equations (61), (64) and (65) imply that

x; € B(0, M) for all integers i > 1. (66)

It follows from property (b) and Equations (63), (65) and (66) that for all integers
i>ny+ N =np,
P(xj, F) <e

Theorem 3 is proved.

7. An Application

Let (Z, (-, -)) be a Hilbert space equipped with an inner product that induces a com-
plete norm || - ||. Foreach x,y € Zsetp(x,y) = ||x — y||.

Let m be a natural number, C; C X, i =1,...,m be nonempty closed convex sets and
letP;: X — C;,i =1,...,m be projections. Set

We suppose that F # @. Our goal is to find a point x € F. This is a well-known
feasibility problem that finds important applications in engineering and medical sciences
[19-22,25-30]. Fix a natural number N > m and denote by R the set of all mappings
r:{1,2,...} = {1,..., m} such that for each number j,

(,...,m} < {r(j),..., 1+ N 1)}



Axioms 2021, 10, 156 11 of 12

Choose x € Z and r € R. It is well-known that under certain mild assumptions,

o[ TR () F) 0

asn — oo,

It is not difficult to see that this feasibility problem is a particular case of the general prob-
lem that is considered in this paper. Evidently, Assumptions 1-4 hold, while Assumption 5
holds if the family of sets possesses the following bounded regularity property:

for each € > 0 and each M > 0, there exists § > 0 such that if x € B(0, M) satisfies
o(x,C;) <éforalli=1,...,m, thenp(x,F) <e.

See, for example, Theorems 2.14, 2.15 and 3.8 of [21].

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.
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