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Abstract: The paper is a survey of the recent results of the author on the perturbations of matrices. A
part of the results presented in the paper is new. In particular, we suggest a bound for the difference
of the determinants of two matrices which refines the well-known Bhatia inequality. We also derive
new estimates for the spectral variation of a perturbed matrix with respect to a given one, as well
as estimates for the Hausdorff and matching distances between the spectra of two matrices. These
estimates are formulated in the terms of the entries of matrices and via so called departure from
normality. In appropriate situations they improve the well-known results. We also suggest a bound
for the angular sectors containing the spectra of matrices. In addition, we suggest a new bound for the
similarity condition numbers of diagonalizable matrices. The paper also contains a generalization of
the famous Kahan inequality on perturbations of Hermitian matrices by non-normal matrices. Finally,
taking into account that any matrix having more than one eigenvalue is similar to a block-diagonal
matrix, we obtain a bound for the condition numbers in the case of non-diagonalizable matrices,
and discuss applications of that bound to matrix functions and spectrum perturbations. The main
methodology presented in the paper is based on a combined usage of the recent norm estimates for
matrix-valued functions with the traditional methods and results.
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1. Introduction

This paper is a survey of the recent results of the author on perturbations of the
eigenvalues and determinants of matrices.

Finding the eigenvalues of a matrix is not always an easy task. In many cases it is
easier to calculate the eigenvalues of a nearby matrix and then to obtain the information
about the eigenvalues of the original matrix.

The perturbation theory of matrices has been developed in the works of R. Bhatia,
C. Davis, L. Elsner, A.]. Hoffman, W. Kahan, T. Kato, L. Mirsky, A. Ostrowski, G.W. Stewart,
J.G. Sun, HW. Wielandt, and many other mathematicians.

To recall some basic results of the perturbation theory, which will be discussed below,
let us introduce the notations.

Let C" be the n-dimensional complex Euclidean space with a scalar product (.,.), the
norm ||.|| =4/(.,.) and unit matrix I. C"*" denotes the set of complex n x n-matrices. For an
A € C™", A* is the adjoint matrix, A~ is the inverse one, || A|| is the spectral norm: ||A| =
SUP yecn x| =1 ||Ax||, Ax(A) are the eigenvalues of A taken with their multiplicities, o(A)
is the spectrum, Ry (A) = (A — AI)~! (A € o(A)) is the resolvent, trace (A) is the trace,
det A is the determinant, rs(A) is the spectral radius, and N,(A) := (trace (AA*)P/2)1/p
(1 < p < 00) is the Schatten-von Neumann norm; in particular, N;(A) = || Al|r is the
Hilbert-Schmidt (Frobenius) norm.
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Let A and A be n x n-matrices whose eigenvalues counted with their multiplicities
are Ay = A (A) and Ay = A (A) (k = 1,...,n), respectively. The following result is
well-known.

|det A —det A| < nM"1||A— Al (A, AcCM, (1)

where M = max{||A||,||A]|}, cf. [1] (p. 107). The spectral norm is unitarily invariant,
but often it is not easy to compute that norm, especially if the matrix depends on many
parameters. In Section 4 below we present a bound for |det A — det A| in terms of the
entries of matrices in the standard basis. That bound can be directly calculated. Moreover,
under some conditions our bound is sharper than (1).

Recall some definitions from matrix perturbation theory (see [2] (p. 167)).

The spectral variation of A with respect to A is sv4(A) := max; min; |A; — Aj.

The Hausdorff distance between the eigenvalues of A and A is

hd(A, A) := max{sva(A),sv;(A)}.
The matching (optimal) distance between eigenvalues of A and A is

md (A, A) = min max Ariy — Ail, (2)
1

where 71 is taken over all permutations of {1,2,...,n}.
The quantity sv 4 (A) is not a metric: it may be zero, even when the eigenvalues of A
and A are different (e.g, whenn =2and A = A1 = Ay = 0 while A, = 1).
Geometrically, the spectral variation has the following interpretation. If

Di={s€C:|s—Aj| <sva(A)},i=1,...,n,

then

In other words, the eigenvalues of A lie in the union of disks of radius sv 4 (A) centered
at the eigenvalues of A.

The Hausdorff distance hounds the spectral variation and is actually a metric. The
matching distance bounds the Hausdorff distance and is also a metric. The “smallness”
of the matching distance means that the eigenvalues of a matrix and its perturbation are
“close” and they can be grouped into nearby pairs. In some cases bounds on the spectral
variation or the Hausdorff distance can be converted into bound on the matching distance.

One of the well-known bounds for sv 4 (A) is the Elsner inequality

sva(A) < | A=AV (J Al + AT (3)
References [1-3]. Since the right hand part of this inequality is symmetric, we have
hd(4, A) < [|A = AV (| A] + AN

As it was mentioned, the calculations and estimating of the spectral norm is often a
not easy task. Below we suggest bounds for the spectral variation and Hausdorff distance
explicitly expressed via the entries of the considered matrices. In some cases our bounds
are sharper than (3).

By inequality (3) the following result called the Ostrowski-Elsner theorem has been
proved:

md(4, A) < (2n = A - AVI(|A]+ A

cf. [2] (p. 170, Theorem IV.1.4). In Section 7, we consider also other bounds for md (4, A).
Put

n
mp(A,A) :=min ) [Arp) = Al? (p 1),
P
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where 7t ranges over all permutations of the integers 1,2, ..., n.
One of the famous results on (A, A) is the Hoffman-Wiellandt theorem proved
n [4] (see also [2] (p. 189) and [5] (p. 126)), which asserts the following: for all normal
matrices A and A, the inequality my(A, A) < Np(A — A) is valid.
In [6], L. Mirsky has proved that for all Hermitian matrices A and A4,

mp(A,A) < Ny(A—A) (1<p<oo)

(see also [2] (p. 194) and [5] (p. 126)). In 1975, W. Kahan [7] (see also [2] (Theorem IV.5.2, p.
213)) has derived the following result: let A be a Hermitian matrix and A an arbitrary one
in C", and

AM <A <---<A,andReA; <ReAp < --- <ReAy,.

Then

n n
Z (Re Ap — Ap)?]Y? < Np(ER) + [N3(Ep) — Z (Im Ap)?)Y2 < V2NR(E).  (4)

Here and below E := A — A, Eg := (E+E*)/2, E; := (E — E*)/2i. The Kahan
theorem generalizes the Mirsky result in the case p = 2. In Section 14 we present an
analogous result fora p € [2,00).

Furthermore, as is well-known, the Hilbert identity

RA(A) = Ry(A) = Ry(A)(A— A)Ry(A) (A ¢ o(A)U 0(A))

plays an important role in the perturbation theory. In Section 15, we suggest a new identity
for resolvents and show that it refines the results derived with the help of the Hilbert
identity, if the commutator AA — AA has a sufficiently small norm.

A few words about the contents of the paper. It consists of 17 Sections.

In Section 2, we recall some classical results which are needed our proofs. In Section 3,
we present norm estimates for resolvents of matrices which will be applied in the sequel.

In Sections 4 and 5, we derive the perturbation bound for determinants in terms of the
entries of matrices and consider some its applications. Section 6 deals with perturbation
bounds for determinants expressed via rather general norms.

Sections 7-10 are devoted to the spectral variations. Besides, the relevant bounds are
obtained in terms of the departure from normality and via the entries of matrices.

Sections 11 and 12 deal with angular localization of matrices. The results of Section 12
are new.

Section 13 is devoted to perturbations of diagonalizable matrices. Besides, we suggest
a bound for the condition numbers. Besides, Corollary 14 is new.

As it was above mentioned, in Section 14 we generalize the Kahan result.

In Sections 16 and 17, taking into account that any matrix having more than one
eigenvalue is similar to a block-diagonal matrix, we obtain a bound for the condition
numbers in the case of non-diagonalizable matrices, and discuss applications of that bound
to matrix functions and spectrum perturbations. The material of Sections 16 and 17 is new.

2. Preliminaries

Recall the Schur theorem Section 1.4.10.2 of [8], By that theorem there is an orthogonal
normal (Schur’s) basis {e;}}_,, in which A has the triangular representation

k
Aek = Z ajkej with ”jk = (Aek/ 6]) (k — 1, . ,7’!).
j=1

Schur’s basis is not unique. We can write

A=D+V (o(A) = o(D)) (5)
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with a normal (diagonal) operator D defined by
DEJ‘ = )L](A)EJ (] =1,... ,1’1)

and a nilpotent operator V defined by
k-1
Ve, = Zﬂjkej (k=2,...,n), Ver = 0.
j=1

Equality (5) is called the triangular representation of A; D and V are called the diagonal part
and nilpotent part of A, respectively. Put

j
P= Yeer (j=1mm), Bi=0
=1

{Pc}}_, is called the maximal chain of the invariant projections of A. It has the properties
0=pC"cpPC'"C...CcP,C'=C"
with dim (P, — P,_1)C" = 1 and
AP, = PLAP; VP, =P 1VDP; DP,=DP (k=1,...,n).

So A,V and D have the joint invariant subspaces. We can write
n
D =) M(A)AP,
k=1

where AP, =P, — P, (k=1,...,n).
Let us recall also the famous Gerschgorin theorem [2] and Section II1.2.2.1 of [8],
which is an important tool for the analysis of the location of the eigenvalues.

Theorem 1. The eigenvalues of A = (ay) € C"*" lie in the union of the discs

n
{zeC:lz—ayl < ), laglhk=1,...,n
=Lk

The Gerschgorin theorem implies the following inequality for the spectral radius:

n
rs(A) < max ) |ajg].
=1

3. Norm Estimates for Resolvents
The following quantity (the departure for normality) of A plays an essential role hereafter:

g(4) = [N3(A) - kzl (AP V2,

By Lemma 3.1 from [9] g(A) = No(V), where V is the nilpotent part of A (see equality
(5)). Therefore, if A is a normal matrix, then ¢(A) = 0. The following relations are checked
in Section 3.1 of [9]:
§*(A) < N3 (A) — Jtrace (A%, (6)
N2(A — A¥)
§H(A) < 7)
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and ‘
g(eTA+zI) =¢(A) (zeC, T €R). (8)
By the inequality between the arithmetic and geometric means we have
n
Z Ae(A)2)" > 1‘[ [Ak(A)|? = |det A%,
Hence,
g2 (A) < N?(A) — n|det A]>/", (9)

If Ay € C"™" and A, € C"™" are commuting matrices, then g(A; + Ay) < g(A1) +
¢(A3). Indeed, since A1 and A, commute, they can have a joint basis of the triangular
representation. So the nilpotent part of A; + Aj is equal to V1 + V, where V; and V), are
the nilpotent parts of A; and Ajy, respectively. Therefore,

g(A1+ Az2) = No(V1 + Va) < Na(V1) + N2(Va) = g(A1) + g(A2).
We will need the following
Theorem 2 (Theorem 3.1 of [9]). Let A € C"*", Then

gk(A)

IR < X oA

(A ¢ a(A)),

where
p(A,A) = inf |A —sl.

seo(A)

This Theorem sharp: if A is a normal matrix, then g(A) = 0 and we obtain |R)(A)| =
m. Here and below we put 0° = 1.

Let us recall an additional norm estimate for the resolvent, which is sharper than
Theorem 2 but more cumbersome. To this end, for an integer n > 2 introduce the numbers

Png = (n— 1) (k=1,...,n—1)and 7,0 = 1.

Here
n!

(k) = (n—k)k!

are binomial coefficients. Evidently, for alln > 2,

(n=-1)(n-2)...(n—k) 1
i = (n — 1)kk! Sk

Theorem 3 (Theorem 3.10 of [9]). Let A € C"*". Then

IRA(A)] < 2 e j’;" (V¢ o(A)).

Moreover, the following result is valid.

Theorem 4 (Theorem 3.4 of [9]). Let A € C"*". Then

2 (n—1)/2
lua-ahl < e (1 505 ) | (g eta.
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Let us point to an inequality between the resolvent and determinant.
Theorem 5. Forany A € C"*" and all regular A of A one has
|(IA — A)~! det (AT — A)|| <
)/2

N3(A) —2Re (A trace (A)) + n|AJ? (-
n—1

For the proof see, for example Corollary 3.4 of [9].

4. Perturbation Bounds for Determinants in Terms of the Entries of Matrices

The following theorem is valid.

Theorem 6 (Reference [10]). Let A, A € C"*", {d;} be an arbitrary orthonormal basis in C"
and g4 = max; ||(A — A)d;|. Then

- "1 ~ 1 1 -
det A~ det | < TT(31(A+ Al + G+ Dl A- Al ) (10
k=1

and, therefore,
- n 1 . -
det A~ detA] < [T(1+ 3(1A+ Al + (A - D). ()
k=1

Proof. By the Hadamard inequality

n
|det A| < TTIlAdy], (12)
k=1

(see Section 2). Put
zug:@q;A+m+Am—A»(Ae©.
It is not hard to check that Z(A) is a polynomial in A and
det(A) —det(A) = Z(3) — Z(—=).

Thanks to the Cauchy integral,

1 Z(z)dz
mmﬁmm_mﬁﬁmlmmuaumy

Hence,

|Z(1/2) = Z(=1/2)| < (1/247r) sup %(724
|z|=3+r 2% — gl

Take into account that

inf |22—=|= inf [(1/247)%%" —1/4]
0<t<2m

> (1/24+1r)2—1/4=r+r>r.
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Consequently,

N | =

Z(1/2) - 2(-1/2)| < = sup |Z(2)]. (13)

|z|=1/2+r

In addition, according to (10)

|Z(z)|:|det(1(A+A)+zA A>|<H|| (A+ A) +z(A— A)ldy|

n
1 ~ -
< [T (A + A)di]l + [z[[I(A = A)di]]-
k=1
Therefore, due to (13),

|det(A) —det(A)| = |Z(1/2) — Z(—1/2)|

1
<=
"

f{l@nm + D)l + (7 +1/2)[1(4 = )i

Taking r = l, we get (10), as claimed. [

Obviously [[(A + A)d||, [[(A — A)di|| (k =1,...,n) are directly calculated. Below we
also show that in the concrete situations Theorem 6 is sharper than (1) and enables us to
establish sharp upper and lower bounds for the determinants of matrices that are “close”
to triangular matrices.

Furthermore, making use of the inequality between the arithmetic and geometric
means, from (11) we get

- 1 ¢ - -
|det A —det A| < qq(1+ 5 ) ([I(A+ A)di]| + [ (A = A)dgl))"
k=1

Put Ay = cA, Ay = cA (c = const > 0). Then by the latter inequality

- 1 &2 ~ -
|det Ay — det Aq| < cqq(1+ o Y (AL + Ap)dill + [[ (A1 — Aq)d|)".
k=1

Or
c"|det A —det A| < cqy(1+cbh)",
where
1 & . -
b= ) (1A + Al + [[(A = A)d])).

k=1

Denote x = be. Then

(1+x)

|det A —det A| < gy "t
Let us check that (1 X n
. +x n
e e (B 1=t (14)

Indeed, the derivative of the function on the left-hand-side is
n(14+ 2" (L (- m)x " = (142" (x4 (1 - ) (14 x)).

Hence it follows that the infimum is reached at x = n — 1. This proves (14).
So we can write
qan”

-1
=1 7"

|det A —det A| <
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We thus arrive at our next result.

Corollary 1. Let A, A € C"*" and {d}} be an arbitrary orthonormal basis in C". Then we have

" n—1
|det A — det A| < (n—l):iild(Zn)”*l <k21(||(A+A)deI+||(A—A)dk||)> .

5. Perturbations of Triangular Matrices and Comparison with Inequality (1)

In this section, A = (ay)",_, A = (dy)" _,, and {d;} is the standard basis. Clearly,
k) j k=1 jk)j k=1 Y
n
I(A = A)dy| = tx(A— A), where ti(A— A) := (Y |aj — ay[*)'/?
j=1

and

n
I(A+ A)dy| = te(A+ A), where ti(A+ A) == (Y |aj +ax*)"2
j=1

Now Theorem 6 implies

Corollary 2. One has
|det A — det A

j el max; tj(A — A)

< maxtj(A — A) n1 ( (; + ”1> t(A—A) + %tk(A + A))

and, therefore,

n
|det A —det A| < mjaxtj(A — A>zﬂ1<1 + %(tk(A —A)+t(A+ A))).

Furthermore, let A, be the upper triangular part of 4, i.e.,
Ay = (a;;c)?,k:l'

where a;,r( = aj if j < kand aj;{ =0 forj > k. Then
n
(A= Andell = 1 (A) = ( 32 lagl)2 (k < ) t5 (4) = 0 and

n
[(A+AD)d| =t (A) = () laj + ”f;?lz)l/z
j=1

Clearly,
n
det(A+) = H {Il]]

=1

Making use of Corollary 2, we arrive at our next result.

Corollary 3. One has
n
| det A — Hﬂﬂl < 5(14),
j=1

where

6(A) := maxt; ﬁ ((; + %)t; + ;t;)

maxj i
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) 1
- S o4t
< maxt; ﬂ(”z“k +tk)>.

From this corollary we have

n
|detA\ < I—{ |11]]‘ +§(A).
]:

Moreover, if
n
H |a i | > 6(A)
=1
then

n
|det A| > [ laj;| — (A).
i=1

Inequalities (15) and (17) are sharp: they are attained if A is triangular.
Recall that ||Al|r = Np(A) is the Frobenius norm of A.

The following lemma taken from Lemma 3.3 of [10] gives us simple conditions, under

which (11) is sharper than (1).
Lemma 1. If

qae(|AIF + |AIF) V2 < A Al (VaM)™™ (n>2),
then (11) is sharper than (1).

Proof. By the Cauchy inequality,
n n
(3 (A + A)dgll + 11(A = A)de1))* < n Y (1(A+ A)dll + [[(A = A)dyl])?
k=1 k=1

n
<2n ) (I(A+ A)d]* + (A = A)de®) = 2n(| A+ A} + | A - A[}).
k=1

Since || A||2 = trace (A*A), we easily have
1A+ AlE+ A - Al = 2]|AlIE +2/| Al 7.

Thus,

n

(k;(H(A + A)de|l + [[(A = A)dg])))? < 4n((|AIIF + | AlIR).

Now Corollary 3 implies

- n n— n— A n—
detA —detA| < (o 2 (W) (AR + AR

n nn—l B .
= 1 (A3 + | A)E)) D72,

(n=1)"=1(v/n)"=

n"-1 1
(14—
(n—1)r—1 ( i

Since
)l <e (n>2),

We get
~ n ~ _
|det A — det A| < e~ L (4|} + | AJ}) "D/,

(VT

(18)
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Thus, if (18) holds, then (17) improves (1). O

It should be noted that the determinants of diagonally dominant and double di-
agonally dominant matrices are very well explored, cf. [11-14]. At the same time the
determinants of matrices “close” to triangular ones are investigated considerably less than
the determinants of diagonally dominant matrices. About bounds for determinants of
matrices close to the identity matrix see the papers [15].

6. Perturbation Bounds for Determinants in Terms of an Arbitrary Norm

Let ||Al|p be an arbitrary fixed matrix norm of A € C"*", i.e., the the function from
C™ " into [0, o), defined by the usual relations: ||0]|o = 0 for the zero matrix 0, || Aljp > 0
if A #0, [|zAllo = [2[[|Allo, and

1A+ Bllo < [|Allo+[[Bllo (A,B € C™",z€C).

In addition, | Akl < ||Allo]|k]| (h € C"). So, |At(A)]| < ||Allo (k =1,...,n). Therefore,
there is a number &, > 0, such that

| det A] < aul|Allp. (19)
We need the following result.

Theorem 7 (Theorem 1.7.1 of [16]). Let A, B € C"*" and condition (19) hold. Then
|det A —det B| < yu |[A—Bllo (||[A—Bllo+ |A+Bllo)""",

where
L a,n"
Tn = on—1 (n _ 1)71—1 :

Recall that Nj(.) is the Schatten-von Neumann norm. Making use of the inequality
between the arithmetic and geometric mean values, we obtain

n

n 1 n

|det AJP =T TI1A(A)F < (n ). |7\k(A)|p> :
k=1 k=1

Due to the Weyl inequalities

n

Y IA(A)P < Nj(A), (20)
k=1

cf. Corollary I1.3.1 of [17], Lemma 1.1.4 of [16], we get
det Al < —L_N"(A

So in this case

Ny = and vy = finp,

n"/p
where
. n(1=1/p)
Ty = gty
Now Theorem 7 implies

Corollary 4. Let A, B € C"™". Then for any finite p > 1,

|det A —det B| < fj,,Ny(A —B) (N,(A—B)+Np(A+B))"
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Note that Theorem 8.1.1 from the book [16] refines the Weyl inequality with the help
of the self-commutator.
Furthermore, let

a1 4y ... Aip 0 app ... a1y

ay1 dpp ... dyy a1 0 ... Aoy
A= . . ce . and W =

ay1 412 ... QAun ay1 41 ... 0

i.e., W is the off-diagonal part of A: W = A — diag (aj;). Then taking B = diag (a;;) and
making use of the previous corollary, we arrive at the following result.

Corollary 5. Let A = (aj) € C"*". Then

n
k=1

7. Bounds for the Spectral Variations in Terms of the Departure from Normality

In this section, we estimate the spectral variation of two matrices in terms of the
departure from normality g(A) introduced in Section 3. The results of the present section
are based on the norm estimates for resolvents presented in Section 3 and the following
technical lemma.

Lemma 2. Let A and A be linear operators in C" and q = ||A — A||. In addition, let

IRu(A) < F(Siy ) (% ola)),

where F(x) is a monotonically increasing continuous function of a non-negative variable x, such
that F(0) = 0 and F(co) = oo. Then sv 4(A) < z(F, q), where z(F, q) is the unique positive root
of the equation

qgF(1/z) = 1.

For the proof see Section 1.8 of [9]. Lemma 2 and Theorem 2 with

F(x) = ni g

=0 Vi
imply

Theorem 8. Let A and A be n x n-matrices and q = |A — A||. Then sva(A) < z,(A,q), where
zu(A, q) is the unique positive root of the equation

=1 (21)

Since g(A) < v2No(Aj), where A; = (A — A*)/2i (see Section 2), one can replace
g(A) in (21) by V2N, (Aj).

If A is normal, then ¢(A) = 0, we have z,,(A, q) = q and, therefore, Theorem 8 gives us
the well-known inequality sv 4 (A) < g, cf. [1,2]. Thus, Theorem 8 refines the Elsner inequality
(3) if A is “close” to normal.
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Equation (21) can be written as

n=1 ,j
8 (A) n—j—1
t=q) S (22)
= Vit
To estimate z,(A, q) one can apply the well-known known bounds for the roots of
polynomials. For instance, consider the algebraic equation
n—1 .
z" =p(z) (n>1), where p(z) = ) c]-z"*]*1 (23)
j=0
with non-negative coefficients ¢; (j =0,...,n—1).

Lemma 3. The unique positive root Zg of (23) satisfies the inequality

1) ifp(1) > 1,
OS{;%) ) <1

N\

Proof. Since all the coefficients of p(z) are non-negative, it does not decrease as z > 0
increases. If p(1) < 1, then Zg < 1and p(%y) < p(1). Hence 2§ < p(1). If p(1) > 1, then

201,55 = pl20) <257 'p(1)
and 2y < p(1), as claimed. O

Substitute z = g(A)x into (22), assuming that A is non-normal, i.e., g(A) # 0. Then
we obtain the equation

X" = . 24
WAk R 2
Putting
n—1
R 1
Pn= 2. "7
=0 V]

and applying Lemma 3 for the unique positive root xq of (24), we obtain

{ ey if gpn > g(A),

xo < i/n
) ifapa < g(A).

/N

But z,(A, q) = g(A)xo; consequently, according to Theorem 8, we get

A~

sva(A) < { qun)l/ngl—l/n(A)

if gpu > g(A),
(q (25)

ifgpn < g(A).

Furthermore, put ) .
(A, A) = max{g(A) g(A)}.

Then Theorem 8 implies

Corollary 6. Onehashd(A, A) < 2(A, A), where 2( A, A) is the unique positive root of the equation

Replacing in Corollary 6 g(A) by ¢(A, A), we obtain the following result.
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Corollary 7. We have

A

7 qpn if qpn > §(A, A),
hd(A, Ay < e o HAPn = AL
( )—{ (PG (AA)  ifqpa < G(A.A).

Now we are going to derive an estimate for the matching distance md(A, A) intro-
duced in Section 1. To this end we need the following well-known result.

Theorem 9 (Theorem IV.1.5, p. 170 in [2]). Lett > 0and E = A — A. If B(t) is a nondecreasing
bound on sv 4 (A + tE), then
md(A, A) < (2n —1)p(1).

If B(t) is a nondecreasing bound on hd(A, A + tE), then
md(A, A) < 2[n/2]B(1).

Here [n/2] is the integer part of n/2.
Note that ||A — (A +tE)|| < tq for any t € [0,1]. By (25),

sVA(A+tE) < (tqpu)t/ g "V (A) if tgpu < g(A).

Hence,
sva(A+tE) < (qpn)'/"g" V" (A) if gpn < g(A) (0 <t <),

Making use of Theorem 9, we arrive at

Corollary 8. Let qpn, < g(A). Then
md(4, A) < (21— 1)(gp,)/"g" /" (4).

Since for a normal matrix A, g(A) = 0, Corollary 8 refines the Ostrowski—Elsner
theorem mentioned in Section 1 for matrices close to normal ones.

8. A Bound for the Spectral Variation Via the Entries of Matrices

As mentioned above, the spectral norm is unitarily invariant, but the calculations and
estimating of the spectral norm is often a not easy task, especially if the matrix depends on
many parameters. In the paper [18], a bound for the spectral variation has been explicitly
expressed via the entries of the considered matrices. In the paper [19], we have established
anew bound via the entries. In the appropriate situations it considerably improves Elsner’s
inequality and the main result from [18]. In this section we present the main results
from [19].

Theorem 10. Let A = <ajk)7,k:1 and A = (ﬁjk);l/kzl be n x n matrices. Then with the notations

) 12 . 1/2
q:= ml?x( 1|ﬁjk—u]-k|2> and h(A) = m]ﬁ“(. Z |ﬁ]-k|2>
= J

J

one has

where
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The proof of this theorem is presented in the next section. Simple calculations
show that

n n n
Aa(A) <qTT|1+h(A)+ ) lapl+ ) lan —apl|.
k=1 j=1j#k j=1
Furthermore, let A be the upper triangular part of A. ie.,, Ay = (a;]:);?k:l, where

a;,r( = aj if j < kand 11].+k = 0 for j > k. To illustrate Theorem 10 apply it with A = A and

A = A, taking into account that

- 2y1/2 - 2y1/2
(Y I — a %)% =t (A), where £ (A):= ( Y lagl)V/2 (k < n),t; (A) =0,
j=1 j=k+1

q = q+, where g := maxi t, (A). Inaddition, A4, (A) = Ag(A), where

so(A) =g ]

k=1

" 1/2
1+<h2(A)+.Z |a]-k|2> +tk(A)].

Now Theorem 10 implies.
(sva, (A))" < Ao(A). (26)

Put
Wi(A) :={z € C: |z —ay| < AY"(A)}.
Since A is triangular, we have A;(A4) = aj; (j = 1,...,n). Making use of (26), we
arrive at

Corollary 9. All the eigenvalues of A € C"*" lie in the set U}_; Wi (A).

This corollary is sharp: if A is triangular, then A = A, Ag(A) = 0 and Corollary 9
gives us the equalities A;(A) = a;; (j =1,...,n).

9. Proof of Theorem 10
In this section for the brevity put Aj(A) = A;and Aj(A) = A;.

Lemma 4. Let A, A € C"" and {d}} be an arbitrary orthonormal basis in C". Then for any
eigenvalue }\j of A we have
I‘nkil’l ‘/N\] - )\k‘n < A(/N\]),

where
n

1 - 1 ~
A(z) = qo <1 + 51221 = A= A)di|| + 5[ (A = A)dk||)> (zeC)
k=1
and qo = max; || (A — A)dy|.

Proof. Due to Theorem 6,
- n 1 - ~
|det A — det A| < qon(l + 5 I(A+ A)del) + ) (4 - A)dkn)). (27)
k=1

Hence,
|det(z] — A) — det(zI — A)| < A(z) (z € C). (28)

Since det(A;I — A) = 0, (28) implies

| det(IR; — A)| < A(R)).
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Consequently,
n

as claimed. O

Proof of Theorem 10. Obviously,
1221 = A = A)di|| < 2] (21 = A)dil| + [| (A — A)dg].

Therefore,

AMz) < [T+ 1L Al + (A - Adell) € C). (30)
k=1

Now let {d;} be the standard basis, and A and A be represented in that basis by
matrices (ajk);?kzl and (ﬁjk)?k:1’ respectively. Clearly,

n
(A= A)del> =Y lap —apl*
=1

So go = ¢q. By the Gerschgorin theorem (see Section 2), we have |5\]- — | < h(A)
(jk=1,...,n). Thus,

n n
NN = A)del? = 1A —awel*+ Y lagl <P (A)+ Y lagl
j=Lj7k j=Lj7k
Consequently, under consideration A(f\]-) < A4(A). Now Lemma 4 implies

min Aj = Al" < Aa(A).

Since the right-hand part does not depend on j, this finishes the proof. [J

10. Comments and Examples to Theorem 10

Again || A is the spectral norm of A. To compare Theorem 10 with the Elsner inequal-
ity (3) consider the following examples.

Example 1. Let A = diag (1,2,...,n), A = diag (2,3...,n+1).
Then ||A|| = n,||A|| = n+1,||A — A|| = 1. Now the Elsner inequality implies
(sv(A)" < (2n+1)""L. (31)

Since h(A) = 0, q = 1, Theorem 10 yields the inequality

(sv(d)" < [J(1+1) =2 (32)

k=1

Obviously, (32) is sharper than (31).

Example 2. Let
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1 01 pe 1.1 0.1
A‘(o.z 2 )andA_<o.2 2.1)'
Simple calculations give us the following results: A;(A) = 0.98, Ax(A) = 2.02,

AM(A) =1.08 and A»(A) = 2.12. Hence, sv4(A) = 0.1. To apply Theorem 10 note that in
the considered example g = 0.1,/(A) = 0.2. So Theorem 10 gives us the following result:

(sva(A)* < q(1+ (P (A) +35)" + |an — an|) (1 + (P (A) +33) " + |az — ax))
=0.1(1+ (022 + 02512 40.1)(1 + (022 +0.12)1/2 £ 0.1) ~ 0.183, (33)

and, therefore, sv4(A) < 0.427.
Furthermore, under consideration || A|| ~ 2.12, || A|| ~ 2.02,||A — A|| = 0.1, and thus
the Elsner inequality implies

(sva(A))? < ||A = A|(JJA|| + |A]]) =~ (212 4-2.02) - 0.1 = 0.414.
So (33) is sharper than this result.

Example 3. Let

5 02 ~ 5.05 0.2
A= < 01 6 >andA_ < 01 6.05 )
By the standard calculations we get A1(A) = 4.98, A,(A) = 6.02, A(A) = 5.03 and
A2(A) = 6.07. Hence, sv4(A) = 0.05. In the considered example g = 0.05,h(A) = 0.2.

Omitting simple calculations, by Theorem 8.1, we get (sv4 (A))2 < 0.09, and, therefore,
sva(A) <03.

11. Angular Localization of the Eigenvalues of Perturbed Matrices

In this section we consider the following problem: let the eigenvalues of a matrix lie
in a certain sector. In what sector do the eigenvalues of a perturbed matrix lie?

Not too many works are devoted to the angular localization of matrix spectra. The
papers [20,21] should be mentioned. In these papers it is shown that the test to determine
whether all eigenvalues of a complex matrix of order # lie in a certain sector can be replaced
by an equivalent test to find whether all eigenvalues of a real matrix of order 4n lie in the
left half-plane. Below we also recall the well-known results from Chapter 1, Exercise 32
of [22].

To the best of our knowledge, the problem just described of angular localization of the
eigenvalues of perturbed matrices was not considered in the available literature, although
it is important for various applications, cf. [22].

The results of this section are adopted from the paper [23].

Again, || A|| is the spectral norm of A € C"*"". Fora Y € C"*" we write Y > 0, if Y is
positive definite, i.e., infyccn ||y =1 (Yx, x) > 0.

Without loss of the generality, we assume that

B(A) = kil}in Re Ak(A) > 0. (34)

If this condition does not hold, instead of A we can consider perturbations of the
matrix B = A 4 cI with a constant ¢ > |B(A)].

By the Lyapunov theorem, cf. Theorem 1.5.1 of [22], condition (34) implies that there
exists a positive definite Y € C"*", such that (YA)* + YA > 0. Define the angular Y-
characteristic T(A,Y) of A by

Re (YAx, x)

cosT(A,Y) = in —_—,
(4.7) reCrn|x|=1 |(YAx, x)|
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The set
S(AY):={zeC:|argz| <T(AY)}

will be called the Y-spectral-sector of A. Let A = ref (r > 0,0 < t < 277) be an eigenvalue of
A and d the corresponding eigenvector: Ad = Ad. Then

Re (YAd,d) _ Re re'*(Yd,d)

(YAd,d)] —  r(vd,d) st

We, thus, get

Lemma 5. Foran A € C"*", let condition (34) hold and Y be a positive definite matrix, such that
(YA)* + YA > 0. Then, any eigenvalue of A lies in the Y-spectral-sector of A.

Example 4. Let A = A* > 0. Then condition (34) holds. For any Y > 0 commuting with
A (for example Y = 1) we have (YA)* + YA = 2YA and Re (YAx,x) = |(YAx,x)|. Thus
cosT(A,Y) =1and S(A,Y) = {z € C:argz = 0}.

So Lemma 5 is sharp.

Remark 1. Suppose that A is invertible. Recall that the quantity dev(A) defined in the finite-
dimensional case by
Re (Ax, x)

dev(A) = A<l
cosdev(A) = _inf  TAx]T]

is called the angular deviation of A, cf. Chapter 1, Exercise 32 of [22]. For example, for a positive
definite operator A one has

cos dev(A) 2y A (A)An(A)

~ Am(A) + Au(A)
where Apg(A), A (A) are the boundary of the spectrum of A (see Chapter 1, Exercise 33 of [22]).

In Exercise 32, it is shown that the spectrum of A lies in the sector |argz| < dev(A).
Since |(Ax, x)| < ||Ax]|||x]|, Lemma 5 refines the that inequality.

Furthermore, by the above mentioned Lyapunov theorem, there exists a positive
definite X € C"*" solving the Lyapunov equation

2Re (AX) = XA+ A*X = 2I. (35)
Hence,
, (x,x) 1 1
cosT(A,X) = inf = > . 36)
xeCr x| =1 [(XAx, x)|  supycen =1 [(XAx, x)| — [|AX] (
Put

Ja) =2 [ e Pt

Now we are in a position to formulate the main result of this section.

Theorem 11. Let A, A € C"™ ", condition (34) hold and X be a solution of (35). Then, with the
notation g = ||A — Al|, one has

(1—-4J(A))

cosT(A,X) > cosT(A, X)m,

provided
q](A) < 1. (37)
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The proof of this theorem is based on the following lemma
Lemma 6. Let A, A € C"", condition (34) hold and X be a solution of (35). If, in addition,
qll X[l <1, (38)
. (1- Xl
cosT(A,X) > cost(A, X)W
Proof. Put E = A — A. Then g = || E|| and due to (35), with ||x|| = 1 we obtain
Re (X(A+E)x,x) > Re (XAx,x) — [(XEx,x)| = (x,x) — |(XEx, x)]

> (x,x) = [IX|[E[Ix ] = 1 = [IX]|g. (39)

In addition,
[(X(A+E)x,x)| < [(XAx, x)| + | X]||[|E[[]| x|/

— |(XAz,0)|(1+ ”X“"”) (Ixll = ).

[(XAx, x
But
[(XAx,x)| > |Re (XAx, x)| = Re (XAx,x) = (x,x) = 1.
Hence
1X]lq
< ——) < .
(X(A+ By, 0] < (XA 0)|(1+ g g sr) < 1(XA% 2|1+ 1 X)
Now (39) yields.

Re(XAvx) . 1 (1=IXlg) (0
(XAx,2)] XAz )] 1+ [x]q) PI=1

provided (38) holds. Since

Re (XAx, x)

cosT(A,X)= in . ,
( ) xeCn|x|=1 |(XAx, x)|

according to (36) we arrive at the required result. [

Proof of Theorem 11. Note that X is representable as
X = 2/ e~ Atce Mgt
0

Section 1.5 of [22]. Hence, we easily have || X|| < ||C||J(A). Now the latter lemma
proves the theorem. [J

12. An Estimate for J(A) and Examples to Theorem 11

Recall that No(A) = ||A||r is the Frobenius (Hilbert-Schmidt) norm of A: ||Al|r =
(trace (AA*))1/2, and

g(A) = [lIAlF - Z A(A)[2 ]2

(see Section 3).
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a

Lemma 7. Let condition (34) hold. Then J(A) < J(A), where

a5 g E))
J(A) = j,kZ:O 2j+k§j+k+1(A)(j!]k!)3/2.

Proof. By virtue of Example 3.2 from [9],

le= 4| < exp[—B(A)H] i
Then

B o nl gkt (A) et

-2 [owt-an (I, S o

v 20k +))igitr(A)

-

o (2B(A))ITRH (1 k)3/2!

as claimed. [

If A is normal, then ¢(A) = 0 and, taking 0° = 1 we have f(A) = ﬁ.

The latter lemma and Theorem 11.1 imply

Corollary 10. Let A, A € C"*"and the conditions (34) and qf(A) < 1 hold. Then

cosT(A,X) > m cos T(A, X).

Now consider the angular localization of the eigenvalues of matrices “close” to trian-

gular ones. Let A be the upper triangular part of A. i.e., A = (a;)f_;, where aj = aj
if j <kand 11;]; = 0 for j > k. To illustrate our results apply Corollary 10 with A instead of

A and with A, instead of A.
Since A+ is triangular, we have Aj(Ay) = a;; (j=1,...,n),

n k-1
g(Ay) =g (A):= (2 2 ’ajk|z)1/2
k=2 j=1

and B(A4+) = B+(A) := ming Re ay;. Assuming that S (A) > 0, we can write

n—1 i+k Y
f(AL) = y L (A)(k+j)!

k=0 Zf‘*‘kﬁ]jk-"_l (A) (]' k!)3/2‘

In addition, 4 = g4 = ||A — A4 ||. Now Corollary 12.2 implies.
Corollary 11. Let B (A) > 0 and the condition

g+J(AL) <1

hold. Let the diagonal entries of A lie in the sector | argz| < ¢ (¢ < 7w/2). Then the eigenvalues
of A lie in the sector | arg z| <  with  satisfying

(1 —q+J+(4))

> =
cosy = (1+4g+/+(A))

cos ¢
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Example 5. Consider the matrix
A 442 01 )
02 8+4i

(4420 01
A*( 0 8+4i>'
2

We have arg ajq = argayy = ¢, where ¢ = arctan(1/2). and, therefore, cos ¢ = 5 In

Then

addition, g4+ = 0.2, B4 (A) = 4,9+(A) = 0.1 and consequently,
J+(A) =~ 0.3125 < 0.313.

Hence,

1—q+f+(A) . 1-02-0313
144g.J+(A) ~— 1+02-0313

Now Corollary 11 implies that the eigenvalues of the considered matrix A lie in the
sector |argz| < ¢ with ¢ satisfying

~ (0.8821.

2
cosyp > 0.882cos¢p = —=0.882 ~ 0.787.
¥ = ¢ NG
The direct calculations show that cos ¢ ~ 0.893.

13. Perturbations of Diagonalizable Matrices

An eigenvalue is said to be simple, if its geometric multiplicity is equal to one. In this
section, we consider a matrix A whose all the eigenvalues are simple. As it is well known,
in this case there is an invertible matrix T, such that

T'AT =D, (40)

where D is a normal matrix. Besides, A is called a diagonalizable matrix. The condition
number x(A, T) := ||T||||T~!|| is very important for various applications. We obtain a
bound for the condition number and discuss applications of that bound to matrix functions
and spectral variations.

If A € C"™" (n > 2) is diagonalizable, it can be written as

A=Y L0 € T (A = Ak(A) € 0(A)),
k=1

where Qy are one-dimensional eigen-projections. If f(z) is a scalar function defined on the
spectrum of A, then f(A) is defined as

n

f(A) =} F(M)Qx

k=1
Let

r(z) = i czf (z € C)
k=0

be the interpolation Lagrange-Sylvester polynomial, such that r(A;) = f(Ax). and

F(A) = rA) = ¥ gk,
k=0
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cf. Section V.1 of [24]. From (40) it follows

n n
f(A) =Y A" =Y T 'DT =T f(D)T.
k=0 =0

k=

Since D is normal, || f(D)|| = max; | f(Ax)|. We thus arrive at

Lemma 8. Let A be diagonalizable and f(z) be a scalar function defined on the o(A) for an
A € C"", Then

If (A < x(A, T) max |f(Ag)].

In particular,
IA™ | < k(A T)"(A) (m=1,2,...),

e < k(A4 )" (a(A) = maxRe Ay, t > 0),

x(A,T)

[(A=AD)7H| < o(A, 1)

(A & a(A)). (41)
Inequality (41) and Lemma 7.1 imply.
Corollary 12. Let A, A € C"*" and A be diagonalizable. Then
sva(A) < [[A— Allx(A,T).

Now we are going to estimate the condition number of A assuming that all the
eigenvalues A; of A are different:

Aj # Am whenever j #m (jm=1,...,n). (42)
In other words the algebraic multiplicity of each eigenvalue is is equal to one. Recall that

S(A) == (N3(A) - kz 212
=1

(see Section 3) and put

v 84
0= i Ai — Akl Ti(A) ==
1= g miny 1A = Al il ) kg)\/ﬂ(s}‘“

and

I 2(n—1)
) = (gw ZT;(A)) |

Theorem 12. Let condition (42) be fulfilled. Then there is an invertible matrix T, such that (40)
holds with
k(A T) <y(A). (43)

The proof of this theorem can be found in Theorem 6.1 of [9] and [25]. Theorem
12 is sharp: if A is normal, then g(A) = 0 and y(A) = 1. Thus we obtain the equality
(A, T)=1.

Lemma 8 and Theorem 12 immediately imply.
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Corollary 13. Let condition (42) hold and f(z) be a scalar function defined on the o(A) for an
A € C"™". Then

IFCA < v(A) max]|f(A)]-

Moreover, making use of Theorem 12 and Corollary 12, we arrive at the following
result.

Corollary 14. Let A, A € C"" and condition (42) hold. Then
sva(A) < |A = Aly(A).

About additional inequalities for condition numbers via norms of the eigen-projections
see [26,27]. About the functions of diagonalzable matrices see also [28].

14. Sums of Real Parts of Eigenvalues of Perturbed Matrices

The aim of the present section is to generalize the Kahan inequality (4). Again,
put Ag := (A+ A*)/2 = Re A, A == (A—A%)/2i = ImAand E = A— A. Let
cm (m=1,2,...) be a sequence of positive numbers defined by the recursive relation

=1 cn=cu1+/c3 1 +1 (m=2,3...). (44)

Forap € [2",2"1] (m=1,2,...), put
by = cinc}njrtl witht =2-2""p.

As it is proved in Corollary 1.3 of [29],

pel/3
by < ——<p(p=z2) (45)
Now we in a position to formulate and prove the main result of this section.

Theorem 13. Let A € C"™ " be a Hermitian operator and A be an arbitrary n x n matrix. Let
the conditions
M<A<---<AyandRe Ay <Re Ay <--- <Re i, (46)

hold. Then for any p € [2,00),
n
[} [Re Ak — Ax|P]P < Np(ER) + 2b,N,(Ey). (47)
k=1
Proof. According to the Schur theorem (see Section 2), we can write
A=QTQ™!

where T is an upper triangular matrix. Since T and A are similar, they have the same
eigenvalues, and without loss of generality we can assume that A is already upper triangu-
lar, i.e.,

A=D+V (c(A) = ¢(D)) (48)

where D is the diagonal matrix and V is the strictly upper triangular matrix.
Here and below ¢(A) denotes the spectrum of A. We have A = Dy +iD; + V and
thus, the real and imaginary part of A are

AR:A+ERIDR+VRandA[:E[=D1+V1,
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respectively. Since A and Dy are Hermitian, by the Mirsky inequality mentioned in the
Introduction, we obtain

n
[Y [Re A — M|PIVP < Ny(A = DR) = Ny(A — Ap + TR) =
k=1
Np(Er +Vr) (1< p<oo).
Thus

(Y [Re & — APT/P < Ny (Eg) + Np(V) (1< p < o). (49)
k=1

Making use of Lemma 1.5 from [29], we get the inequality
Np(Vr) < byNp(Vi) (2< p < o0) (50)
(see also Section 3.6 of [30] and [31]). In addition, by (48) Vi = A; — Dj and, therefore,
Ny (Vi) < Np(Ap) + Np(Dp) (1< p<oo).
Thanks to the above mentioned Weyl inequalities,
Ny(Dj) < Np(A;) and Ny(Dg) < Np(Ag) (1< p < o).

Thus,
NP(VI) < 2Np(AI) (1< p< o).

Now (50) implies the inequality
Np(Vg) <2b,Np(A;) 2<p < o).

So by (49) we get the desired inequality

n
[Y" IRe Ay = A¢[P]YP < Ny(ER) + Np(Vk) < Np(ER) + 26, Ny (Ey).
=1

O

The just proved theorem is sharp in the following sense: if A is Hermitian, then
N,(Er) = 0 and inequality (47) becomes the Mirsky result, presented in Section 1.

Corollary 15. Let a matrix A = (”jk)?,kzl have the real diagonal entries. Let W be the off-diagonal
part of A: W = A — diag (a11,...,ann). Then for any p € [2,0),

n
[ [Re Ay — ag|P]YP < Np(Wg) + 26, N, (Wy)
=1

and, therefore,

(3" [Re Agl?1YP > (3 lag P17 — No(Wi) — 26, N, (W), (51)
k=1 k=1

Indeed, this result is due to the previous theorem with A = diag [a;].

Certainly, inequality (51) has a sense only if its right-hand side is positive.

The case 1 < p < 2 should be considered separately from the case p > 2, since the
relations between N,(Vg) and N, (V) similar to inequality (50) are unknown if p = 1,
and we could not use the arguments of the proof of Theorem 13. The case 1 < p < 2 s
investigated in [32].
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15. An Identity for Resolvents

Let A,A € C"" and E = A — A. The Hilbert identity for resolvents mentioned in
Section 1 gives the following important result: if a A € C is regular for A and

IE[IRA(A)] <1, (52)

then A is also regular for A. In this section we suggest a new identity for resolvents of
matrices. It gives us new perturbation results which in appropriate situations improve
condition (52). Put Z = AE — EA.

Theorem 14. Leta A € C be reqular for A and A. Then,
Ry(A) — Ry(A) = Ry(A)ZR3(A) — ER] (A). (53)
Proof. We have
Ry(A)(AE — EA)RS(A) — ER3(A) =
(RA(A)(AE — EA) — E)R3(A) = Ry(A) (AE — EA — (A — \)E)R3(A) =

RA(A)(—EA+ EA)R (A) = —RA(A)ER\(A) =
—RA(A) (A=A = (A= M)Ry(A) = —(I = Ry(A) (A= A))R(A) =

RA(A) = Ry(A),
as claimed. [J

Denote

(A, E,A) == sup t||(AE — EA +tE*)R3(A)].
0<t<1

Lemma9. Let A € C be a regular point of A and 7(A,E,A) < 1. Then A ¢ o(A) and identity
(53) holds. Moreover,
IRA(A) — ERZ(A)||

1—n(AEN)

IRA(A)]| <
Proof. Put A; = A+ tE (t € [0,1]). Since the regular sets of operators are open, for ¢ small
enough, A is a regular point of A;. By the previous lemma we get
Ry(At) — Ry(A) = Ry(As)(t(A +tE)E — tEA)R;(A) — tERZ (A).
Hence,
IRACAD | = IR (A) = tERY(A)|| < [RA(ADII[H(EA — AE) + PE|RE (A)]| <

IRA(Ab) [l (A, E, A).

Thus, with the notation

.: 1—-n(AEA)
‘N = R A + [ER A
We have 1
IR (A0 < 55 (€ (A0) (54)

Take an integer m > cop(A)/||E| and put ty = k/m (k =1,...,m). For m large enough,
A is a regular point of A;, and due to (54) we can write

|Apx — Ax|| > co(A) (x € Dom(A); ||x|| =1).
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Hence,
1
[ALx = Ax[} 2 |Anx = Ax]| = —[[E[ = 7 >0 (x € C% x| = 1), (55)

where v = ¢ — @ Due to inequality (55) we can assert that A ¢ ¢(A,). So in our

arguments we can replace A, by A, and obtain the relations
| A — Ax] = .

Therefore, A ¢ 0(Ay,). Continuing this process fork =4,...,m,wegetA € o(A;,) =
o(A). Now (54) implies the required result. [

It is clear that 7(A, E,A) < {?(A,E)||R3(A)||, where

{(A,E) = /| AE — EA|| + | E2].
Now the previous lemma yields the following result.
Corollary 16. Let A & o(A)and {(A,E)||Ry(A)|| < 1. Then A ¢ o(A) and relation (53) holds.

Example 6. Let us consider the matrices

a 0 . a c
A_<0 a)zmdA—(O a>

with arbitrary non-zero numbers a and c. It is clear that ||A — A|| = |¢|, 0(A) = ¢(A). In
this example we easily have AE — EA = 0 and E? = 0 and, therefore, Corollary 16 gives us
the sharp result.

At the same time (52) gives us the invertibility condition |c| < |a].

Example 7. Let us consider the block matrices

B 0 - B C
T(O B)and’l’<0 B)’

where C and B are commuting n X n-matrices. It is simple to check that

T(T-T)—(T-T)T=0,(T-T)>=0.

Corollary 16 gives us the equality o(T) = o(T). At the same time, due to (52), if A ¢ o(T)
we can assert that A ¢ o(T) only if |T — T||||[R(T)|| < 1.
If A is invertible, then due to Theorem 5,

Np(4)
(1= D072 det (A)]

AT <

Now Corollary 16 implies
Corollary 17. Suppose A is invertible, and
J(AE)NSY(A) < (n—1)"D/2| det (A)],
then A is also invertible.

Recall that the quantity ¢(A) is introduced in Section 2. Theorems 2 and Corollary 16
imply our next result.
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Corollary 18. If A is regular for A and

)
B L Tk

then A is regular for A.

The following theorem gives us the bound for the spectral variation via the identity
for resolvents considered in this section.

Theorem 15. Let A and A be n x n matrices. Then sv 4 (A) < x1, where x1 is the unique positive
root of the algebraic equation

n—1 _k n—k—1
X = g(A,E) Z 8 (A)x

Lo (56)

Proof. For any y € o(A), due to Corollary 18 we have

v 84
Ak kgo VKIpEHL(A, 1) T

Hence, it follows that p(A, y) < x1, where x is the unique positive root of the equation

n—1 k(A)
(AR Y ot =1

which is equivalent to (56). But sv 4 (A) = max; p(A, A;(A)). This proves the theorem. [J
To estimate x; one can apply Lemma 13.

16. Similarity of an Arbitrary Matrix to a Block Diagonal Matrix
16.1. Preliminary Results

Again, || Al| is the spectral norm. and [|A[|F is the Frobenius norm of A € C"*", A;
(j=1,...,m;m > 2) are the different eigenvalues of A and y; is the algebraic multiplicity
of A;. So

0= i A=Ak >0 57

i A — Axl (57)

and py + - - - + ptm = n. The aim of this section is to show that there are matrices A; € CFi*¥i
(j=1,...,m) and an invertible matrix T € C"*", such that

T~LAT = D, where D = diag (A, Az, ..., Am). (58)

Besides, each block A; has the unique eigenvalue A;. In addition, we obtain an estimate
for the (block-condition) number 7 := ||T||[|T~!| and consider some applications of
that estimate,

Put

At = A2 = = A = Aoy,

AP‘l"'P‘Z""""'mel""l = A.”l+ﬂ2+"'+ﬂm—1+2 == /\V1+V2+'“+ﬂm = )Lm
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By the Schur theorem (see Section 2) there is a non-unique unitary transform, such
that A can be reduced to the triangular form:

a1 412 413 ... a1,n-1 An
0 axp axy ... ay,—1 don
A= .
0 0 0 cee Op—1n-1 An—1n
0 0 0o ... 0 Aun

Besides, the diagonal entries are the eigenvalues ordered enumerated as
a1 =ayp = =g, =M,

Ay 411 = G420 42 = * = pybpp ity = A2+ -
Ay +pg+- A1+ L+t im—1+1 = Ty tpo+- 1+ 2,01 +Hpo 1 +2
= = Ayt P i — Am.

Let {ex}}_, be the corresponding orthonormal basis of the upper-triangular represen-
tation (the Schur basis). Denote

Qi = Z(-/ek)ek (i=1,...,n); AQr= (,er)er (k=1,...,n);
k=1

# Hitp HitH2t -+l
Py=0,P =) AQPr= )Y AQy...,P= Y, AQ
k=1 k=1 k=1
and
i
AP; = Pj — Pj_4 :k VZHAQk,wherevo =0vi=m+p+-+p G=1...,m).
—v

In addition, put Ay = AP;AAP (j # k) and A; = AP;AAP; (j,k=1,...,m). We can
see that each P; is an orthogonal invariant projection of A and

Ay A A ... A
A= 0 Ay Axz ... Aoy (59)
0 0 0 R o

Besides, if W= 1, then Aj = /\jAP]- and AP]- is one dimensional. If M > 1, then

vj i vj vj i1
Aj= Y, AQA Y AQi= ). AQAM+ ). Y AQAAQ

kii/j,1+1 Z’=]/l]‘,1 k:V]',1+1 l'=1/]',]+1 k:Uj,lJrl

»
J
= /\]' Z AQy + Vi= )\jAPj +V,
k:V]',]-‘rl

where

vj i1
Vi= ) Y AQLAQ;.

l':Vj,l +1 k:V]'_l +1
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In the matrix form the blocks Aj can be written as

AMoap mz .. A1 A1y
0 M axp ... a4y a2n
A= . . ,
0 0 0 . /\1 le_Lm
0 0 0 ... 0 M
Aa B2 Ol 3 o Gl Gl
0 Az T +2,u1+3 oo B 42,u+pp—1 Ay 2,1+
A= | . . . - ) )
0 0 0 e A Ay +po=1,p1+p2
0 0 0 . 0 As

etc. Besides, each V; is a strictly upper-triangular (nilpotent) part of A;. So A; has the
unique eigenvalue A; of the algebraic multiplicity y;: o(A;j) = {A;}. We, thus, have proved
the following result.

Lemma 10. An arbitrary matrix A € C"*" can be reduced by a unitary transform to the block
triangular form (59) with Aj = AjAP; 4 V; € CVi™Vi, where V; is either a nilpotent operator, or
Vj = 0. Besides, A; has the unique eigenvalue A; of the algebraic multiplicity y;.

16.2. Statement of the Main Result

Again, put
m
g(A) = [IIAIE = X mel AlH1V2
k=1
Introduce, also, the notations
j i =24 ok(A
j! ) k8 (A)
d; = ——— (j=0,...,n=2), 6(A) :=
] Ig ((] _ k)!k!)3/2 k;() Sk+1

and

m—1

2(m—1)
7(A) = (1 + g<A)9(A)) :

It is not hard to check that d; < 2/. Now we are in a position to formulate the main
result of this section.

Theorem 16. Let an n X n-matrix A have m < n (m > 2) different eigenvalues A; of the algebraic
multiplicity p; (j = 1,...,m). Then there are y; x pj-matrices A; each of which has a unique
eigenvalue /\j, and an invertible matrix T, such that (58) holds with the block-diagonal matrix

D= diag (A1, Az, ..., Ap). Moreover,
rr = | TIITH < v (A). (60)

This theorem is proved in the next section. Theorem 16 is sharp: if A is normal, then
g(A) =0and y(A) = 1. Thus we obtain the equality xr = 1.

16.3. Applications of Theorem 16

Let f(z) be a scalar function, regular on ¢(A). Define f(A) by the usual way via the
Cauchy integral [33]. Since A; are mutually orthogonal, we have

f(D) = diag (f(A1,..., f(Am)) and [|f(D)]| = max |AP;f(A})]- (61)
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Let
n—1
z)=Y gz"*
k=0
be the interpolation Lagrange—Sylvester polynomial such that r(;\j) =f (;\j) ()A\]- € a(A),

j=1,...,n)and r(A) = f(A), cf. Section V.1 of [24].
Now (58) implies

n—1 n—1
=Y A" =Ty D" *FT=T(D)T =T 'f(D)T.
k=0 k=0
Hence, (59) and (60) yield
Corollary 19. Let A € C"*". Then there is an invertible matrix T, such that
1f (A < xr max [AP;f(Aj)]l < ’Y(A)mfx [ AP;f (Aj)]].
Due to Theorem 3.5 from the book [9] we have

k(Aj)
7\/15 .

Take into account that g(A;) < g(A) (see Section 17). Now, making use of Theorem 16.2,
we arrive at the following result

IF (Al < Z FE (A

Corollary 20. Let A € C"*". Then

ui—1 k
IFA)] < (A max2|f (A 84

For example, we have

fi-1 k A
Je4) < v(a)e @ T S (> 0),

where a(A) = max; Re Ay and I = max; y;.

About the recent results devoted to matrix-valued functions see for instance [9] and
the references which are given therein.

Now consider the resolvent. Then by (58) for |z| > max{||A[|, ||D||} we have

_ > AF _ A
R.(A) = (A —zI) 1:—szﬁ: 1ZﬁT T 'R, (D)T.
k=0

Extending this relation analytically to all regular z and taking into account that
ZRZ ) and ||R;(D)] = max [[APR:(A)]] (z € o(4)), (62)

We get
Corollary 21. Let A € C"*". Then there is an invertible matrix T, such that

IR(A)] < krmax | APR: ()| < v(A) max |ARR:(4))]
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for any reqular z of A.

But due to Theorem 3.2 from [9] we have

ui—1 k
e s 8@ Al
IR=(A))] < kg{)pkﬂmﬁz) 75 ## o)),

where p(A4,z) is the distance between z and the spectrum of A. Clearly, p(A;,z) > p(A4, z)
(j=1,...,m). Now Theorem 16 and (62) imply

Corollary 22. Let A € C"*". Then

i1 L
8" (A)
[R2(A)| < (A) ;()W (A& a(A)).

Furthermore, let A and A be complex 1 x n-matrices. Recall that sv 4 (A) is the spectral
variation of A with respect to A.

For the proof see Lemma 1.10 of [9]. Making use of Lemma 2 and Corollary 22,
we obtain the inequality svs(A) < z(A,q), where z(A, q) is the unique positive root of
the equation

Z Zk+1\/> -

This equation is equivalent to the algebraic one

. fi-1 gk(A)Zﬁ—k—l

z' =qv(A) k;,) B (63)
For example, if
1k,
dag = X S <1 (6)

then due to Lemma 3.17 from [9], we have z# (A, q) < {(A, q) . So we arrive at

Corollary 23. Let A and A be n x n-matrices. Then sva(A) < z(A,q). If, in addition, condition
(64) holds, then sv', (A) < {(A,q).

To illustrate Corollary 23 consider the matrices

=1 app a3 an =1 ap a3 au
0 -1 a a . a -1 a a
A— I T I 21 23 4
0 0 1 oa az; azp 1 azy
0 0 0 1 aj1  dgp 443 1

The eigenvaluesof Aare Ay = Ay = -1, A3 =M =1.Som=2,u1 =y =2,0 =2,
) 4 k-1 )
A) =YY gl
k=1j=1
dyo=1,dy =1,and d» < 4. Hence,

0(A) < 01(4) == 2 (1+ B2 4 2(4)) and y(4) < m(a),
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where 71 (A) := (1 + g(A)#1(A))?%. According (59) consider the equation

22 =qm1(A)(z+g(A)).

So one can take z(A4, q) = z1(A, q), where

21(4,0) = San (4) + 32220) + m()s(4).

Due to Corollary 23 we have sv4(A) < z1(4,q).
Additional relevant results can be found in the papers [34,35].

17. Proof of Theorem 16

Recall that P; are the orthogonal invariant projections defined in Section 16.1 and
AP; = P; — P;_1; Aj, and A; are also defined in Section 16.1. Put

ﬁk = I—Pk,Bk :pkAﬁk and Ck = APkAﬁk (k: 1,...,m—1).

By Lemma 10 A; has the unique eigenvalue A; and A is represented by (59). Represent
B;j and C; in the block-matrix form:

Ajr Ajrjr2 o Ajam
Bj - PjA j - . ]. DEEEEY ] . "
0 0 . Anm
and B
Cj:AP]'AP]': ( A]',j+1 A]',j+2 A]',m ) (jzl,...,m—l).

Since B; is a block triangular matrix, it is not hard to see that
0(Bj) = U1 (A = UiljaAe (G=1,...,m—1),
cf. Lemma 6.2 of [9]. So due to Lemma 10,
cB)No(A) =2 (j=1,...,m—1). (65)
Under this condition, the equation
AiX;—=XBj=-C; (j=1,..., m—1) (66)

has a unique solution

e.g., Section VIL.2 of [33].
Lemma 11. Let X]- be a solution to (66). Then
(I=Xp—1)(I = Xp2) - - (I=X1) A(I+ X1)(I+ Xp) - (I+ Xpu—1) = D. (68)

Proof. Due to (67) we can write X; = AP;X;P;. But APjP; = PjAP; = 0. Therefore,

X? =0, (69)
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Since P; is a projection invariant to A: P;AP; = AP;, we can write fjAPj = 0. Thus,
A = Ay + By + C; and, consequently,

(I=XDA(I+X1) =T —=X1) (A1 +B1+C)(I+Xq) =

A1+ B1+C — X1B1+ A1 X1 = A1+ By
Furthermore, B = Ay + By + Cy. Hence,

(Fl — Xz)Bl(pl + Xz) = (Fl — Xl)(Az + By + Cz)(ﬁ1 + Xl) =

Ay + By +Cy — XoBy + Ay Xy = Ay + Bs.

Therefore,
(I —X2)(A1+B1)(I+Xp) = (P1+P1— X2)(A1+B1)(PL +P1 + X) =

A1+ (Py — X3)(A1 + B1)(P1 4+ X3) = A1+ Ay + By,

Consequently,
(I —X2)(A1+B)(I+Xp) = (I —Xo)(I — X1)A(I + X1)(I + Xp) = A1 + Ay + By.
Continuing this process and taking into account that B,,_1 = A;;, we obtain
(I =Xy 1) (I =Xp2) - (I=X) AT+ X)) I+ Xo) - (I+Xpy_1) = A1+ + Ay =D,
as claimed. [

Take
T=(I+X)(I+X2) I+ Xm-1) (70)

According to (69)
(1+X]')(1 — X]) = (I — X])(I+X]) =1
So the matrix I — X]- is inverse to I + X]-. Thus,
T = (1= Xp1)(I = Xp2)--- (I = X1) (71)
and (68) can be written as (58). We thus arrive at
Corollary 24. Let an n x n-matrix A have m < n (m > 2) different eigenvalues A; of the
algebraic multiplicity p; (j = 1,...,m). Then there are p; x pj-matrices A; each of which has a

unique eigenvalue A; and such that (58) holds with T defined by (70).

By the inequalities between the arithmetic and geometric means from (70) and (71) we
get

-1

— 1 m—1 mn

Tl < H T+ (X)) < (1+m_1 ). |le> (72)
=1 j=1

and
) 1 -1 m—1
T (14 = Y I ) (73)
k=1

Proof of Theorem 16 Consider the Sylvester equation

BX — XB =C, (74)
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where B € C"*™ B € C"*" and C € C"*"™ are given; X € C"*" should be found.
Assume that the eigenvalues A¢(B) and Aj(B) of B and B, respectively, satisfy the condition.

po(B,B) :=1.7em (o(B), o(B)) = m}(n |Ak(B) — Aj(B)| > 0.

Then Equation (74) has a unique solution X, e.g., Section VIL2 of [33]. not mentioned in the
article, plaese confirm and modifiy. Due to Corollary 5.8 of [9], the inequality

ny+ny—2 p ki B p*k
IXle<liCllr Y, ! 8“(B)g"*(B)

p
p=0 ng(B,B)k;(k) V(P —k)!

is valid and, therefore,
ny+np—2 dpgf\p
IXIe<IClle ¥ —q o= (75)
p=0 pp (B/B)
where ¢ = max{g(B),g(B)}.
Let us go back to Equation (66). In this case B = A, B = Bj,C = Cj,ny = pj, ny =
fj := dim P;C", and due to (57), po(A;, Bj) > 6 (j = 1,...,n). In addition, p; +7; < n.
Now (75) implies
n—2 dk‘gk
Xl < HCJHPI;OTH;, (76)
where ¢; = max{g(B;),g(4;)}.
Recall that {e; }}_; denotes the Schur basis. So

k
Aep = Y ajej with aj = (Aeg,ej) (j=1,...,n).
j=1

We can write A = Dy + V4 (0(A) = 0(D,)) with a normal (diagonal) matrix D 4
defined by Due; = ke = Ajex (k =1,...,n) and a nilpotent (strictly upper-triangular)
matrix V, defined by Vaer = agge; + - - +ag_qxex—1 (k=2,...,1n), Vaeg = 0. Dy and Vy4
will be called the diagonal part and nilpotent part of A, respectively. It canbe V4 = 0,i.e., Ais
normal.

Besides, g(A) = ||Va||r. In addition, the nilpotent part V; of A; is AP;V4AP; and the
nilpotent part W; of B; is P;V4P;. So V; and W; are orthogonal, and

8(A) = IVile < |IVallr = 8(A),8(B)) = IWjllF < [IVallF = g(A).
Thus, from (76) it follows

n72d kA
%l < IGle & A cyleoca). (77)

It can be directly checked that

m
IGiIIE = 3 Al
k=j+1

and

m—1

. 2 SR 2 . 2 2 o 2
Y. Y Ak < Zka 1AulE = 2 145lE = 1AIE = Yo 114517
j=1k=] j=1 =1

m—1 )
Y. lClE =
j=1 j=1 k=j+1
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Since || AkkllE > #k|Ak|, we have
m—=1 m ) )
Y. L IAxlE <8%(A),
j=1 k=j+1
and, consequently,

m—1
Z; IGiIF < g2(A). (78)
=

Take T as is in (70). Then (72), (73), and (77) imply

k=1

-1 m—1
1 m—1 m B(A) m—1
T < [14+4 —— X < |14+ —=
[ ||_<+m_1k21|| k||F> —<+m_12|ck”F
and

-1
B 0(A m—1 m
1T < (1+ oAy |ck||p> .

k=1
But by the Schwarz inequality and (78),

m—1 m—1
(; ICil1F)? < (m —1) 21 ICiI1E < (m—1)g*(A).
= =

Thus,

2(m—1)
I < (1+ 2ga) =)

and ||T~1||? < 7(A). Now (68) proves the theorem. ]

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Bhatia, R. Perturbation Bounds for Matrix Eigenvalues; Classics in Applied Mathematics; SIAM: Philadelphia, PA, USA, 2007;
Volume 53.

2. Stewart, G.W.,; Sun, ].G. Matrix Perturbation Theory; Academic Press: New York, NY, USA, 1990.

3. Elsner, L. On optimal bound for the spectral variation of two matrices. Linear Algebra Appl. 1985, 71, 77-80.

4. Hoffman, A.].; Wiellandt, H.W. The variation of the spectrum a normal matrix. Duke Math. J. 1953, 20, 37-39.

5. Kato, T. Perturbation Theory for Linear Operators; Springer: Berlin, Germany, 1966.

6. Mirsky, L. Symmetric gage functions and unitarily invariant norms. Q. J. Math. 1960, 11, 50-59.

7. Kahan, W. Spectra of nearly Hermitian matrices. Proc. Am. Math. Soc. 1975, 48, 11-17.

8. Marcus, M.; Minc, H. A Survey of Matrix Theory and Matrix Inequalities; Allyn and Bacon: Boston, MA, USA, 1964.

9.  Gil', M.L. Operator Functions and Operator Equations; World Scientific: Hackensack, NJ, USA, 2018.

10. Gil’, M.I. Perturbations of determinants of matrices. Linear Algebra Its Appl. 2020, 590, 235-242.

11. Li, H.B,; Huang, T.Z,; Li, H. Some new results on determinantal inequalities and applications. J. Inequalities Appl. 2010, 2010,
doi:10.1155/2010/847357.

12. Li, B.; Tsatsomeros, M.]. Doubly diagonally dominant matrices. Linear Algebra Its Appl. 1997, 261, 221-235.

13.  Wen, L.; Chen, Y. Some new two-sided bounds for determinants of diagonally dominant matrices, J. Inequal. Appl. 2012, 61, 1-9.

14. Vein, R; Dale, P. Determinants and Their Applications in Mathematical Physics; Applied Mathematical Sciences; Springer: New York,

NY, USA, 1999; Volume 134.



Axioms 2021, 10, 99 35 of 35

15.

16.

17.

18.

19.
20.

21.
22.

23.
24.
25.
26.

27.
28.
29.
30.

31.

32.
33.
34.
35.

Brent, R.P,; Osborn, ].H.; Smith, W.D. Note on best possible bounds for determinants of matrices close to the identity matrix. J.
Linear Algebra Appl. 2015, 466, 21-26.

Gil’, MLL. Bounds for Determinants of Linear Operators and Their Applications; CRC Press: Boca Raton, MA, USA; Taylor & Francis
Group: London, UK, 2017.

Gohberg, I.C.; Krein, M.G. Introduction to the Theory of Linear Nonselfadjoint Operators; American Mathematical Society: Providence,
RI, USA, 1969; Volume 18.

Gil’, M.I. A new inequality for the Hausdorff distance between spectra of two matrices. Rend. Del Circ. Mat. Palermo Ser. 2 2020,
70, 341-348.

Gil’, M.1. A refined bound for the spectral variations of matrices. Acta Sci. Math. 2021, 87, 1-6.

Anderson, B.D.; Bose, N.K,; Jury, E.I. A simple test for zeros of a complex polynomial in a sector. IEEE Trans. Aufomat. Contr. 1974,
19, 437-438.

Anderson, B.D.; Bose, N.K; Jury, E.I. On Eigenvalues of complex matrices in a sector. IEEE Trans. Aufomat. Contr. 1975, 20, 433.
Daleckii, Y.L.; Krein, M.G. Stability of Solutions of Differential Equations in Banach Space; American Mathematical Society: Providence,
RI, USA, 1974.

Gil’, M.I. On angular localization of spectra of perturbed operators. Extr. Math. 2020, 35, 197-204.

Gantmakher, ER. Theory of Matrices; Nauka: Moscow, Russia, 1967. (In Russian)

Gil’, M.I. A bound for condition numbers of matrices. Electr. ]. Linear Algebra 2014, 27, 162-171.

Gil’, M.I. Estimates for functions of finite and infinite matrices. perturbations of matrix functions. Int. J. Math. Game Theory
Algebra 2013, 21, 328-392.

Gil’, M.I. On condition numbers of spectral operators in a Hilbert space. Anal. Math. Phys. 2015, 5, 363-372.

Gil’, M.I. Norm estimates for functions of matrices with simple spectrum. Rend. Circ. Mat. Palermo 2010, 59, 215-226.

Gil’, M.I. Lower bounds for eigenvalues of Schatten-von Neumann operators. J. Inequal. Pure Appl. Math. 2007, 8, 117-122.
Gohberg, I.C.; Krein, M.G. Theory and Applications of Volterra Operators in Hilbert Space; American Mathematical Society: Providence,
RI, USA, 1970; Volume 24.

Gil’, MLI. Operator Functions and Localization of Spectra; Lecture Notes In Mathematics; Springer: Berlin, Germany, 2003; Volume
1830.

Gil’, M.I. Sums of real parts of perturbed matrices. Math. Ineq. 2010, 4, 517-522.

Bhatia, R. Matrix Analysis; Springer: New York, NY, USA, 1997.

Gil’, M.I. Resolvents of operators on tensor products of Euclidean spaces. Linear Multilinear Algebra 2016, 64, 699-716.

Gil’, M.I. On Similarity of an Arbitrary Matrix to a Block Diagonal Matrix; Filomat: Nis, Serbia, 2021. (Accepted for Publication).



	Introduction 
	Preliminaries 
	Norm Estimates for Resolvents 
	Perturbation Bounds for Determinants in Terms of the Entries of Matrices 
	Perturbations of Triangular Matrices and Comparison with Inequality (1) 
	Perturbation Bounds for Determinants in Terms of an Arbitrary Norm 
	Bounds for the Spectral Variations in Terms of the Departure from Normality 
	 A Bound for the Spectral Variation Via the Entries of Matrices  
	Proof of Theorem 10 
	Comments and Examples to Theorem 10 
	Angular Localization of the Eigenvalues of Perturbed Matrices 
	An Estimate for J(A) and Examples to Theorem 11 
	Perturbations of Diagonalizable Matrices 
	Sums of Real Parts of Eigenvalues of Perturbed Matrices 
	 An Identity for Resolvents 
	 Similarity of an Arbitrary Matrix to a Block Diagonal Matrix 
	Preliminary Results
	Statement of the Main Result
	Applications of Theorem 16

	Proof of Theorem 16
	References

