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Abstract: Inspired by the concepts of projective and injective modules in classical algebraic structure
theory, in this paper we initiate the study of the chains of hypermodules over a Krasner hyperring R,
endowing first the set Hom} (M, N) of all normal homomorphisms between two R-hypermodules
M and N with a structure of R-hypermodule. Then, our study focuses on the concepts of normal
injectivity and projectivity of hypermodules over a Krasner hyperring R, characterizing them by the
mean of chains of R-hypermodules.
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1. Introduction

Hypercompositional algebra is the modern theory of hypercompositional structures,
which are algebraic structures having at least one hyperoperation. The output of a hyper-
operation on a set H is not just an element, as the result of classical operation, but a subset
of H. The firstly introduced hypercompositional structure was the hypergroup, defined by
F. Marty in 1934, as a natural generalization of group, proving that the quotient of a group
by any of its subgroups (not necessarily normal) is a hypergroup.

In 1956, Krasner [1] solved a problem in the approximation of a complete valued
field by a sequence of such fields by a using a new hypercompositional structure, which
he called hyperfield. Many years later, the same Krasner [2] introduced the notion of
hyperring, as the hypercompositional structure that we now call Krasner hyperring. In
the same paper, he also gave the definition of a hypermodule over a hyperring, now
called Krasner hypermodule. The additive part of all these structures is a canonical hyper-
group, with many applications in hypercompositional algebra. At the beginning, Krasner
hyperrings, hyperfields, and hypermodules were studied by Krasner himself and their
students Mittas and Stratigopoulos, mostly for their applications in the classical algebra.
The theoretical basis of hypermodules has been settled by Massouros [3], when he gave
important examples of hypermodules and introduced free and cyclic hypermodules. In
2008, Anvariyeh et al. [4,5] studied the fundamental relation 6 defined on a hypermodule,
in the same way that Vougiouklis [6] defined fundamental relations on hyperrings and
Koskas [7] on hypergroups. Details about fundamental relations in hypercompositional
structures can be read in [8], while new aspects of this theory are collected in [9-11]. The
study of the categorial aspects of the theory of Krasner hypermodules was initiated by
Madanshekaf [12] and deepened by Shojaei and Ameri [13-15]. The latter authors have
recently defined [16] several types of projective and injective hypermodules based on different
kinds of epimorphisms and monomorphisms that exist in Krasner hypermodule category.
We explain them in the next section.

In this paper, we focus our study on a particular type of homomorphisms between
hypermodules, called normal homomorphisms, and consequently on the normal projective
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and normal injective hypermodules. The main aim of the manuscript is to give an equiv-
alent definition of these hypermodules by using exact chains of Krasner hypermodules
and normal homomorphisms. This new approach will permit us to also obtain new results
in other categories, because the injectivity plays a fundamental role not only in Krasner
hypermodule category, but also in other categories. For example, in the category of Boolean
algebras, a complete Boolean algebra is injective [17]. In the category of posets, the injective
objects are the Dedekind-MacNeille completions [18], while the field of real numbers is
injective in the category of Banach spaces.

The rest of the paper is organized as follows. In Section 2, we fix the notation and
explain the terminology, as well as we provide the basic definitions and results concerning
Krasner hypermodules. Section 3 is dedicated to the study of various chains of Krasner
hypermodules. This is based on the family Hom’ (M, N) of all normal homomorphisms
between two R-hypermodules M and N over a Krasner hyperring R, which we first endow
with an R- hypermodule structure. Then we establish a relationship between the exactness
of a chain of R-hypermodules and the corresponding chain of the sets of all normal R-
homomorphisms obtained by a fixed R-hypermodule. In Section 4, we re-define the
normal injective and projective Krasner R-hypermodules by using exact chains of Krasner
hypermodules, showing that the new definitions are equivalent to those given in [16].
Moreover, we present a new characterization of normal injective R-hypermodules by
considering an arbitrary hyperideal of R as a Krasner hypermodule. Concluding remarks
and future works are gathered in the last section of the paper.

2. Preliminaries

Throughout this paper, unless stated otherwise, R denotes a Krasner hyperring, which
we call here, for short, hyperring, and P*(R) the family of all non-empty subsets of R.

Definition 1 ([1]). A (Krasner) hyperring is a hyperstructure (R, +,-) where
1. (R, +) is a canonical hypergroup, i.e.,
(@ (abeR=a+bCR),
(b)  (Va,b,ceR)(a+ (b+c)=(a+b)+c),
(0 (Va,beR)(a+b="0b+a),
(d (30 R)(VaeR)(a+0={a}),
(e) (VaeR)(F—a€eR)(0e€ca+xex=—a),
H (Va,b,ce R)(c€a+b=acc+(-D)).
2. (R,-) is a semigroup with a bilaterally absorbing element 0, i.e.,
(@ (abeR=a-beR),
(b) (Va,b,ceR)(a-(b-c)=(a-b)-c),
(c) (VaeR) (0-a=a-0=0).
3. The product distributes from both sides over the hyperaddition, i.e.,
(a) (Va,b,ceR)(a-(b+c)=a-b+a-cand (b+c)-a=Db-a+c-a).
Moreover, a hyperring is called commutative if (R, -) is commutative, i.e.,
4. (Ma,beR)(a-b="b-a).
Finally, if (R, -) is a monoid, i.e.,
5. (31 €e R)(Va € R) (a-1 = a = 1-a), then we say that R is with a unit element, or a
unitary hyperring.

Definition 2. A hyperring homomorphism is a mapping f from a hyperring (Ry, +g,, ‘g, ) to
a hyperring (Ry, 4Ry, *r,) with the unit elements 1g, and 1g, such that

1. (Vﬂ,b € Rl) (f(a +Ry b) = f(a) TR, f(b))
2. (Va,b € Ry) (f(a-g, b) = f(a) &, f(D))
3. f(1g,) = 1g,.
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The concept of hypermodule over a Krasner hyperring was introduced by Krasner
himself and studied later more in detail for their algebraic properties in [3,19]. In 2016,
Shojeai et al. [13] named this hypermodule a Krasner hypermodule and started their categori-
cal study.

Definition 3. Let R be a hyperring with the unit element 1. A canonical hypergroup (M, +)
together with a left external map R x M — M defined by

(a,m)—a-m=ameM 1)

such that for all a,b € R and my, my € M, we have
(a+b)my = amy + bmy.

a(my +my) = amy + amy.

(ab)ymy = a(bmy).

LIOM = Ole = OM.

. 177’[1 =my,

Gk L=

which is called a left Krasner hypermodule over R, or for short, a left R-hypermodule. Similarly,
one may define a right R-hypermodule. For simplicity, in this paper, we consider only left R-
hypermodules, which we call R-hypermodules.

Definition 4. A subhypermodule N of M is a subhypergroup of M that is also closed under
multiplication by elements of R.

As already mentioned by Krasner and then very clearly explained by Massouros [3],
we may define more types of homomorphisms between R-hypermodules.

Definition 5 ([3]). Let M and N be two R-hypermodules. A multivalued function f : M —
P*(N) is called an R-homomorphism if:

(i) (Vmy,my € M) (f(my +pma) C f(my) +n f(m2)),
(it) (Vm e M)(Vr € R) (f(r-mm) =r-N f(m)),

while f is called strong homomorphism if instead of (i) we have

(") (Vmy,mz € M) (f(my+nmz) = f(m1) +n f(m2)).

A singlevalued function f : M — N is called a strict R-homomorphism if the axioms (i)
and (ii) are valid, and it is called a normal R-homomorphism if (i') and (ii) are valid.

Notice that in the more recently published papers [13,14,16], a similar terminology
is used, but here we want to keep the original one. This is why the next definitions are
slightly changed with respect to their form in [16].

Definition 6. Let R be a hyperring and M and N be R-hypermodules. The family of all nor-
mal R-homomorphisms from M to N is denoted by Hom% (M, N), while the family of all strict
homomorphisms from M to N is denoted by Homg (M, N).

Definition 7. Let f € Homg (M, N) (respectively f € Hom (M, N)). Then, f is called

(i)  asurjective (normal) R-homomorphism if Im(f) = N;

(ii) an injective (normal) R-homomorphism if for all my,my € M, f(my) = f(my) implies
my = my;

(iii) (normal) R-isomorphism if it is a bijective (normal) R-homomorphism.

Definition 8. For a normal homomorphism f € Hom} (M, N), the set {m € M | f(m) = 0} is
called the kernel of f and denoted by Ker(f).
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Then, it is easy to see that the R-normal homomorphism f is injective if and only if
Ker(f) = 0, so the zero subhypermodule of M.

Inspired by the similar notions defined in the category of modules, in [16], the authors
introduced different types of projectivity and injectivity for Krasner hypermodules. Herein,
we recall with our notations those connected with normal R-homomorphisms, consequently
called normal projectivity and injectivity, which we will use in Section 4.

Definition 9 ([16]). Let R be a hyperring.

(i) An R-hypermodule P is called normal pzojective if for every surjective 8 € Hom’, (M, N)
and every f € Hom (P, N), there exist f € Hom (P, M) such that go f = f.

(ii) An R-hypermodule E is called normal injective if for every injective g € Hom% (M, N) and
every f € Hom'y(M, E), there exists f € Hom'y(N, E) such that fo g = f.

3. Chains of R-Hypermodules

In this section, we first introduce the notion of exact chain of R-hypermodules and
normal R-homomorphisms. Then, we prove that the set of all normal R-homomorphisms
between two R-hypermodules M and N, denoted by Hom% (M, N), is an R-hypermodule
only when R is commutative. Finally, we study the relationship between the exactness of
the chains of R-hypermodules and the corresponding sets of all normal R-homomorphisms
obtained by a fixed R-hypermodule.

Note that the hyperring R needs not to be a commutative one, unless this is stated.

Proposition 1. Let R be a hyperring and f : M — M’ an injective normal R-homomorphism.
Then, there exists an R-hypermodule M" that is an extension of M (i.e., there exists an inclusion
mapping from M to M") and a normal R-isomorphism g : M" — M’ such that for every m € M,

g(m) = f(m).
Proof. Set N = M\ f(M). Define M = MU N, and for each m” € M”, consider the map

ifm" € M,

if m" € N. 2)

"
g:M”—>M', m//'_>{ f(/t”)
m

Then g is a bijective map and an extension of f, meaning that for every m € M,

g(m) = f(m).

By the help of ¢, we show that M” has an R-hypermodule structure. Suppose that
m{,my € M",and r € R are arbitrary elements. Then g(m{), g(m4) € M'. Since M’ is an
R-hypermodule, it follows that g(m/') + g(m)) € M" and r - g(m/) € M'. Now we define

m{ +mfy =g~ (g(my) +ar g(m5)), r-mi =g (r -\ g(mf)) 3)

Using these definitions for + and -, the set M has the structure of an R-hypermodule
and clearly it is an extension of M.
Furthermore, from (3), we have

g(m{ +my) = g(g  (g(m)) +umr g(m3))) = g(mf) + g(my),

gr-mi) = g8 (r s g(m))) =r-pr g(my).
Thus, g is a normal R-homomorphism and a bijective map. Therefore g is a normal

R-isomorphism and the proof is complete. [

Definition 10. Let My, My, and M3 be R-hypermodules and consider the following chain of
normal R-homomorphisms

My L5 My 55 My, 4)
If Im(f) C Ker(g), then the chain in (4) is said to be a zero chain.
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Moreover, if Im(f) = Ker(g), then the chain in (4) is said to be an exact chain.

Lemma 1. The chain
0 —s My -5 M, ®)

is an exact chain of R-hypermodules if f is an injective normal R-homomorphism, while the chain
My £ My — 0 ©6)
is an exact chain of R-hypermodules if g is a surjective normal R-homomorphism.

Proof. The proof is straightforward. O

Based on Lemma 1, the following result is obvious.

Corollary 1. The chain of R-hypermodules

0 —s My —15 My =55 My — 0 @)

is an exact chain if f is an injective normal R-homomorphism, g is a surjective normal R-
homomorphism, and Im(f) = Ker(g).

Example 1. Suppose that M is an R-hypermodule and N is a subhypermodule of M. Then, the
following chain

0—>N—Z'>Mi>%—>0 )

is an exact one, where i is the inclusion function and p is the projection function, i.e., p(m) =
m+ N.

Example 2. Let R be a hyperring, M be an R-hypermodule and { M, };c be a family of subhyper-
modules of M. Then, the sum of this family is denoted by ) ;| M;, and it is the family of the sets
Y ic1 m;i, where for every i € 1, m; € M;. More specifically,

M, +M2:{m1+m2 \ml €M1,m2€M2}, 9)

where my + my is a set (in particular a subset of M) and not only an element, since + is a
hyperoperation on M, while

M+ My 4+ M3 = {m1 + mp + m3 | my € Mq,mp € Mp, m3 € Mg},

where the set my + my + ms can be written as the union U,y -m, M + M3.

Clearly, the structure Y ;c; M; is a subhypermodule of M, and it is the smallest subhyper-
module of M containing every M;. Moreover, the intersection of the family { M, }c|, denoted by
Nie1M;, is the largest subhypermodule of M, which is contained in every M;.

Suppose now that My and My are R-hypermodules and My + My is their sum as defined
by (9). Then the following chain

0— My — My + My 5 My — 0 (10)

is an exact one, where i is the injection function defined as i(my) = mq + 0, i.e., the set containing
only the element my, and p is the projection function, such that p(my + mp) = my.

In the following, we endow the set Hom} (M, N) of all normal R-homomorphisms
between two R-hypermodules M and N with an R-hypermodule structure.
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Definition 11. Let M and N be R-hypermodules. For any two normal R-homomorphisms f1, f» €
Hom (M, N) and m € M, define

f1® fo={g € Homp(M,N) | g(m) € fi(m) +n f2(m),¥Ym € M}, (11)
where + is the hyperaddition on the R-hypermodule N. This means that
@ : Homk (M, N) x Homyx(M,N) — P*(Hom%y (M, N)), (12)

thus, @ is a hyperoperation on the set Homly (M, N). Using the associativity, commutativity,
and reproduction axiom of the hypergroup (N, +n), we can easily verify that the hypergroupoid
(Homp (M, N), @) is a canonical hypergroup.

Remark 1. The zero mapping 0 : M — N is the identity element of this hypergroup, i.e., for
f € Homj(M,N), f®0 = f. Ifeither M = 0 or N = 0, then Homy, (M, N) is a trivial
hypergroup and clearly Hom% (M, N) = 0.

Theorem 1. Let R be a commutative hyperring and M, N be R-hypermodules. Then, Hom’, (M, N)
is also an R-hypermodule.

Proof. Using Definition 11, it follows that Hom} (M, N), ®) is a canonical hypergroup.
Now, for any r € R and f € Hom}, (M, N), define the R-multiplication ® as follows:

® : R x Homgx (M, N) — Homp (M, N) (13)

(r@ f)(m) =r-n f(m).

Then r ® f € Hom} (M, N) since for mq,m; € M, and s € R, we have

(r@ f)(my+mmz) =7 N f(m +ma) =r-N(f(m1) +n f(m2))
= (r-nf(m1)) +n (r-n f(m2)) = (r @ f)(my) + (r @ f)(m2).

(r@f)(s-mm)=r-Nfls-mm)=r-g(s-Nflm))=(rrs)Nflm)
since R is a commutative hyperring,
(r-rs) N f(m) = (s-rr) N f(m) =s-r(r-nflm)) =s-r((r f)(m)).

It remains to prove that Hom/; (M, N) is an R-hypermodule. For r,7, € R and
f1, f» € Hom% (M, N), we have the following assertions, for an arbitrary element m € M:

Y ((r1+1r2) @ f1)(m) = (r1 +r2) N fi(m) =r1 -5 fi(m) +n 712N f1(m)
= (n® fi)(m) +n (2 ® f1)(m) = ((rn @ f1) +n (2@ f1)) (m).
(ii)
(n® (i ®f))(m) ={(rneg)(m)|ge Homg(M,N),g(m) € fi(m) +n fo(m)}
= {r1-ng(m) | § € Homp(M,N),g(m) € fi(m)+n fo(m)} = {r1 -~ (i +n f2)(m)}.
Similarly,

(n@f)®(n© fa))(m) = {g € Homg(M,N) | g(m) € (n® f1)(m) +n (11 @ f2)(m)}

= {g € Homg(M,N) | g(m) € r1 - fi(m) +Nn711 N f2(m)} = {r1 '~ (f1 +~ f2)(m)}.
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Therefore, for m € M,
(ne(hef)m)=((rnef)e e f))(m).
(iif)
((r1-12) @ f1)(m)=(r1 -r2) N fr(m)=r1 N (r2 N f1(m))=
=r1N(r2® f1)(m)=r1 ® (@ f1)(m).
(iv) For the zero element 0 of Hom}; (M, N), there is
(1’1 ®0)(m) =T11"'N O(m) = 0, (OR ®f1)(1’l‘l) =0 'Nfl(m) =0.
(v) Clearly,
(IR ® f)(m) = 1g N f(m) = f(m).

We can conclude now that Hom’ (M, N) is an R-hypermodule. [

Suppose that R is a hyperring and M is an R-hypermodule. Every element of the
R-hypermodule Hom} (M, N) is called a normal R-endomorphism of M and it is a normal
R-homomorphism from M into itself. Accordingly, we denote Hom’ (M, M) by Endr(M).
For an arbitrary element m € M and f1, f» € Endg(M), define the multiplication on
End R (M ) by

(fi- f2)(m) = fi(f2(m)). (14)

With this operation, we endow Endg (M) with a hyperring structure, as explained in
the following result.

Lemma 2. Let R be a commutative hyperring and M be an R-hypermodule. Then, Endgr (M) is a
hyperring with the hyperoperation @ defined in (11) and the operation - defined by (14).

Proof. Using Definition 11, it follows that (Endg (M), &) is a commutative hypergroup. It
is a routine to check that the multiplication operation is associative and distributive over
the hyperoperation @. Additionally, the hyperring Endg (M) has a unit element. This is
the identity mapping I : M — M. O

Definition 12. Endg(M) is called the hyperring of R-endomorphisms of M.

We shall now define a normal R-homomorphism between two R-hyper-modules
Hom' (M, N;) and Hom}% (M, N). Thus, let N;, N, and M be R-hypermodules and f :
Ni — N be a normal R-homomorphism. Define the map F as follows:

F: Homix(M,Ny) — Homyx (M, Ny), F(g) = fg, forany g € Hompk(M,Ny)

where fg € Hom} (M, Ny) is defined by fg(m) = f(g(m)) for any m € M. Since R is a com-
mutative hyperring, using Theorem 1, we conclude that Hom’ (M, Ny) and Hom; (M, N;)
are R-hypermodules. In addition, we get

F(81 @ &2) = F({g € Homg(M, N1) | g(m) € g1(m) +n, g2(m), ¥Ym € M}) =
{F(g) | § € Homg(M,Nq), g(m) € g1(m) +n, g2(m), Ym € M} =
{fg | § € Homp(M,Ni), g(m) € g1(m) +n, g2(m), ¥m € M}.
When g(m) € g1(m) + g2(m), we conclude that for any m € M, there is
fg(m) = f(g(m)) € f(g1(m) +n, g2(m)) = f(g1(m)) +n, f(82(m)) =
f81(m) +n, f82(m) = (F(g1) +n, F(82))(m).
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Thus, we have,
F(g1®82) ={fg | g € Homg(M, N1), g(m) € g1(m) +n, §2(m), Ym € M} =

{fg | g € Homy(M,Nv), fg(m) € F(g1)(m) +n, F(g2)(m), Vm € M} = F(g1) ® F(g2).
Clearly, forany r € R, F(r® g1) = r ® F(g1). Therefore, F is a normal R-homomorphism.

The next step in our study is to define chains of R-hypermodules of normal R-
homomorphisms. Therefore, from the chain of R-hypermodules Nj, N,, N3, and normal
R-homomorphisms f and g

0— Ny -5 Ny 55 N, (15)

we can derive the following chain of R-hypermodules and normal R-homomorphisms F
and G
0 — Hom™ (M, N1) —= Hom's(M, Np) < Hom’ (M, N3), (16)

where for every ¢ € Hom}% (M, N;), we have F(¢) = f¢ and for every iy € Hom (M, Ny),
it holds that G(y) = g¢.

The next result states a relationship between the exactness of the chains defined in (15)
and (16).

Proposition 2. If the chain defined by (15) is an exact one, then the chain in (16) is exact, too.

Proof. Suppose that the chain defined by (15) is exact. Then, using Lemma 1, it follows
that Im(f) = Ker(g) and f is a normal monomorphism. In order to show that the chain in
(16) is exact, it is enough to prove that the homomorphism F is a normal monomorphism
(i.e., Ker(F) = 0) and then that Ker(G) = Im(F).

Suppose that ¢ € Hom} (M, Ny) such that F(¢) = 0, i.e,, ¢ € Ker(F). Then f¢ =
0,meaning that that, for any element m € M, f(¢(m)) = 0. Since the chain defined in (15) is
exact, the results show that f is a normal monomorphism, so Ker(f) = 0 and then ¢(m) =0,
for every element m € M. Thereby, ¢ = 0 and thus F is a normal monomorphism.

Let us prove now that Ker(G) = Im(F). Take ¢ € Ker(G). Then G(¢) = 0 and
Y : M — Ny. So, for every m € M, we have G(¢(m)) = gp(m) = 0. Thus, p(m) €
Ker(g) = Im(f). Hence, there exists n; € Nj such that f(ny) = ¢(m). Since f is a
normal monomorphism, it follows that there is only one n; € N; with the property that
f(n1) = ¢(m). Now define ¢ : M — Nj such that ¢(m) = ny. Clearly, ¢ is a normal
homomorphism, i.e., ¢ € Hom} (M, N;). Then for any element m € M,

F(¢(m)) = fo(m) = f(¢(m)) = f(m) = p(m).

Thus, ¢ € Im(F). Hence, Ker(G) C Im(F).

Conversely, suppose that ¢ € Im(F). Then there exists ¢ € Hom (M, N;) such that
F(¢) = ¢. Hence, f¢ = . Now consider G(¢) = G(f¢$) = g¢f¢, and since the chain in (15)
is exact, it follows that G(¢) = 0 and ¢ € Ker(G). This implies that the chain defined by
(16) is exact as well. [

We continue by defining another type of chains of R-hypermodules. Suppose that M,
My, and N are R-hypermodules and y : M; — M) is a normal R-homomorphism. Define
the map I’ as follows:

I': Hom (M, N) — Homx(M1,N), T'(h) =h7y, Vh € Homg(My, N),

where hy € Hom}(M;, N) and for my € My, hyy(mq) = h(y(m7)). Since R is a commu-
tative hyperring, using Theorem 1, it follows that Hom’ (M, N) and Hom% (M, N) are
hypermodules and I' is a normal homomorphism.
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Now consider the following chain of R-hypermodules M;, M; and M3, and normal
R-homomorphisms 7y and 4,

My L5 My 25 My — 0. 17)

From this chain and based on the above discussion, we can derive the following chain
of R-hypermodules and normal R-homomorphisms:

0 — Hom®(Ms, N) -2 Hom™(M,, N) —— Hom’, (M, N), (18)

where for every k € Hom (M3, N), A(k) = ko and for every h € Hom}(Mp,N), T'(h) = hy.
Similarly to Proposition 2, we obtain the following result.

Proposition 3. If the chain defined by (17) is exact, then the chain in (18) is also exact.

Proof. Suppose that the chain defined by (17) is exact. Then, by Lemma 1, the results show
that Im(y) = Ker(6) and ¢ is a surjective normal R-homomorphism.

Let k be an arbitrary element in Hom (M3, N) and A(k) = 0. Then k§ = 0. Now sup-
pose that m3 € M3 is an arbitrary element. Since ¢ is a surjective normal R-homomorphism,
there exists my € M, such that 6(my) = m3. Hence, k(6(my)) = k(m3) = 0. Thus, for every
element m3 € M3, we have k(m3) = 0, which means that k = 0 and A is an injective normal
R-homomorphism.

Suppose that i € Ker(T). Then I'(h) = hyy = 0. We should find k € Hom}, (M3, N)
such that A(k) = ké = h. Suppose that m3 € M3 is an arbitrary element. Then, since J is
a normal R-homomorphism, there exists m, € M, such that §(my) = m3. Now, define k
as follows:

k- M3z — N, k(ﬂ”l3) = h(mz) (19)

Then clearly k € Hom} (M3, N), and for any element m, € M, we have
A(k)(mz) = ké(mz) = k(6(m2)) = k(mz) = h(my).

Thus, A(k) = h.
It remains to show that the function in (19) is well defined. For doing this, suppose
that §(my) = m3 and §(m}) = m3. Then

8(my) — 6(mb) = 8(my — mh) = mz — ms.

We know that Oy, € m3 — m3. Thus, Oy, € 6(mp — mj). Therefore, there exists
m € my — mj such that §(m) = Opr,. Therefore, m € ker(8) = Im(7) and thus there exists
my1 € My such that y(m71) = m. Hence,

On = h(y(m1)) = h(m) € h(mz — mb) = h(mz) — h(mb).

Therefore, 0 € h(my) — h(m}), and since (N, +) is a canonical hypergroup, using
Definition 1 part (e) of 1, we conclude that hi(my) = h(m}). Therefore, the relation (19) is
well defined and A(k) = h. This means that 1 € Im(A) and Ker(T') C Im(A).

Now we have to prove that Im(A) C Ker(T'). Suppose that i € Im(A). Then, there
exists k € HomJy (M3, N) such that A(k) = ké = h. So, for my € M; we have

T () (my) = T(k8) (my) = (k67) (m1) = k(8((m1))) = 0.

The last equation follows because the chain in (17) is exact and so Im(y) = Ker(d).
Thus, h € Ker(T'). Therefore,
Im(A) = Ker(T)

and the chain defined in (18) is exact as requested. [
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4. Normal Injective and Projective R-Hypermodules

The aim of this section is to provide an alternative definition of the normal injective
and projective R-hypermodules introduced in [16], based on the notion of exact chains,
which will permit us to better understand their relationships with the hyperring R and the
hyperideals of R.

Consider the chain

0— Ny L Ny 55 N
of R-hypermodules N, Ny, N3 and normal R-homomorphisms f and g. In Proposition 2, we

proved that the exactness of the above chain implies the exactness of the following chain

0 —> Hom™ (M, N7) —— Hom's(M, N>) —<+ Hom’, (M, N3).

It is worth noticing that, generally, the exactness of the chain of R-hypermodules N,
and N3
N, — N3 — 0 (20)

does not imply the exactness of the chain
Hom'%y (M, N;) — Hompgx (M, N3) — 0. (21)

In order to give a positive answer to this general problem, we introduce a particular
class of R-hypermodules.

Definition 13. Lef R be a hyperring and M be an R-hypermodule. If the exactness of the chain
defined by (20), for two arbitrary R-hypermodules N1 and N,, implies the exactness of the chain
defined in (21), then the R-hypermodule M is called a normal projective R-hypermodule.

Similarly, a dual concept can be defined, by reversing all the arrows. Consider
the chain s
M; -5 My -5 My — 0

of R-hypermodules My, My, M3, and normal R-homomorphisms 7y and §. According to
Proposition 3, the exactness of the above chain implies the exactness of the following chain

0 — Hom’s(Ms, N) -2 Hom't(Ma, N) —— Hom™(My, N),
while generally, the exactness of the chain
0— My — M (22)
of R-hypermodules M; and M, does not imply the exactness of the chain
Homix (M, N) — Homz (M, N) — 0. (23)

Definition 14. Let R be a hyperring and N be an R-hypermodule. If the exactness of the chain
defined in (22) for any R-hypermodules My and My implies the exactness of the chain defined in
(23), then the R-hypermodule N is called a normal injective R-hypermodule.

The notions of normal injective and projective R-hypermodules have been recently
introduced in [16], as we recalled them in Definition 9. Here, we re-define them by the
mean of exact chains of R-hypermodules and we show that these definitions are equivalent.

Theorem 2. Let R be a hyperring and N be an R-hypermodule. Then, the following statements
are equivalent:
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(i)  For any exact chain
0— My - My -5 My — 0 (24)

of R-hypermodules and normal R-homomorphisms, the chain

0 — Hom™(Ms, N) -2 Hom’(Ma, N) — Hom’s (M, N) — 0 (25)

is also exact.

(ii) For any R-hypermodules My, My, N, and normal R-homomorphisms vy : My — My and
k : My — N such that the chain 0 — M; N M, is exact, there exists a normal
R-homomorphism h : My — N such that the diagram in Figure 1 has the composition
structure, i.e., hy = k.

0 >M1 T

b
_-7" dh

N <

/MZ

Figure 1. Composition structure of a diagram for a normal injective R-hypermodule.

Proof. Suppose thatassertion (i) holds. Using Proposition 3 and Definition 14, we conclude
that assertion (7) is equivalent to the fact that, if the chain

0— M; — M,
is exact, then the chain
Hom', (M, N) —— Hom® (M, N) — 0 (26)
is exact too, where the mapping I' is defined as follows
Vh € Homg(My, N), T(h) = hy.
Since the chain (26) is exact, we have
Im(T) = Homk (M, N).

This means that if we have the diagram in Figure 1 with the exact row and k ¢
Hom% (Mj, N); then, there exists i € Hom};(M>, N) such that

I'(h) =hy=k,

equivalently, the diagram has the composition structure.
Now suppose that assertion (ii) holds. Since k : My — N is an arbitrary element of

Hom¥(Mj, N), we conclude that for any k € Hom’ (M, N), if the chain 0 — M, SN M,
is exact, then there exists 1 € Homy(Mp, N) such that I'(h) = k. This means that the normal
R-homomorphism

I': Homk(Mp, N) — Hom%k (M, N)

is surjective, and thus, using Proposition 3, assertion (i) also holds. [J

Remark 2. By Lemma 1, it follows that assertion (ii) in Theorem 2 is equivalent with the definition
of normal injectivity introduced in [16] (and recalled here in Definition 9), while assertion (i) is
equivalent with the same notion introduced in Definition 14. Therefore, we say that an R-hypermodule
N is normal injective if it satisfies the equivalent conditions (i) and (ii) in Theorem 2.
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We may provide a similar characterization for normal projective R-hypermodules.

Theorem 3. Let R be a hyperring and M be an R-hypermodule. Then, the following statements
are equivalent:

(i)  For any exact chain
00— N L5 N, 55 Ny —5 0

of R-hypermodules and normal R-homomorphisms, the chain

0 —s Hom’s (M, Ny) —— Hom!(M, Np) < Hom’,(M, N3) — 0

is also exact.
(ii) For any R-hypermodules Ny, N3, M and normal R-homomorphisms g : N — N3 and

@ : M — N3 such that the chain Ny LI N3 — 0 is exact, there exists a normal
R-homomorphism ¢ : M — Nj such that the diagram in Figure 2 has the composition
structure, i.e., g = .

M
g
8 N;

Figure 2. Composition structure of a diagram for a normal projective R-hypermodule.

I

N2 » 0

Proof. Similar to the proof of Theorem 2. [

Remark 3. An R-hypermodule M is called normal projective if it satisfies the equivalent
conditions (i) and (ii) of Theorem 3, where the first one is equivalent with the notion defined in
Definition 13, while the second one is exactly the definition given in [16] (see Definition 9).

We conclude this section with a different characterization of normal injective R-
hypermodules. One of the most commonly used equivalents of the axiom of choice
is Zorn’s lemma. For a partially ordered set (also called a poset) P, a chain in P is a
nonempty subset S of P such that S is totally ordered, meaning that any two elements of
S are comparable.

Lemma 3. (Zorn’s lemma) If a poset P has the property that every chain in P has an upper bound,
then P has a maximal element.

Based on Zorn’s lemma, the following theorem provides another equivalent definition
of a normal injective R-hypermodule by considering R and an arbitrary hyperideal I of R
as R-hypermodules (for further details, refer to [11]).

Theorem 4. Let R be a hyperring and N be an R-hypermodule. Then, the following statements
are equivalent:

(1) N is a normal injective R-hypermodule.

(2)  For any hyperideal I of R, an inclusion hyperring homomorphism i : I — R, and a normal
R-homomorphism k : I — N, there exists a normal R-homomorphism h : R — N such
that the diagram in Figure 3 has the composition structure, i.e., hi = k.
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0 s 1 : > R
-
T3
N

Figure 3. Composition structure of a diagram for a normal injective R-hypermodule using hyperideals.

Proof. Using Remark 2, it is enough to show that the assertion (ii) in Theorem 2 and the
statement (2) of this theorem are equivalent.

Assume that N is a normal injective R-hypermodule. Thus, the assertion (ii) in
Theorem 2 holds. Since the hyperideal I can be considered as an R-hypermodule, statement
(2) is also true.

Now suppose that statement (2) holds. Moreover, let M;, M, and N be arbitrary
R-hypermodules and ¢ : M; — M; and k : M; — N be normal R-homomorphisms
such that the chain 0 —» M; — M, is exact. Denote by Y_ the set of all pairs (M, f), where
M is an R-hypermodule that contains M; and has the property that there exists an injective
normal R-homomorphism from M to M and f : M — N is a normal R-homomorphism
such that the following diagram has the composition structure, i.e., fi = k:

M — s M

s

N

Then, Y is not empty, because (M, k) € Y. Define an order < on ) such that
(M, f1) < (M", f,) if and only if M’ is a subhypermodule of M" and f; is an extension of
f1. This means that following diagram has the composition structure, i.e., fi = fj.

M i M

b

Then (), <) is a partially ordered set. Suppose that {MZ, fiticr is a totally ordered
subset of Y. Let M = Uj;c;M; and define f : M — N by f (i) = f;(i), where 1 € M;.
Clearly, {M, f} € ¥ and it is an upper bound for an arbitrary chain {M;, f;};c;. Thus,
using Lemma 3, we conclude that }_ has a maximal element (M, f,). Now it is enough to
show that M,, = M,.

If M,, # My, then there is an element m such that m € M and m ¢ M,,. Consider
I the set of all elements r € R such thatr-m € M, ie,I ={reR|r-m € M,}.Bya
routine verification, we can check that I is a hyperideal. Now, define ¥ : I — N such
that forr € I, k(r) = f,(r - m). Then « is a normal R-homomorphism of R-hypermodules
because, for ji,j» € [ and s € R, we have

k(1 +j2) = fu((G1 +j2) -m) = fu(jn-m+jo-m) = fu(jr - m) + fu(j2 - m) = x(j1) +x(j2)
and
k(s-j1) = ful(s-j1)-m) = fu(s- (j1-m)) =s- fu(jr-m) =s-x(jr)-

By statement (2), there exists a normal R-homomorphism ¢ : R — N such that the
following diagram has the composition structure, i.e., {i = «.
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Consider the R-hypermodule M, + < m > and define the normal R-homomorphism
g M+ < m >— N such that, form,, € M, andr € R,

g(my +r-m) = fu(my) +¢(r).

Since M,, € Y, we conclude that M; C M,;+ < m > and there exists an injective
normal R-homomorphism from M, + < m > to Mp. Moreover, for my € M;

gi(my) = g(i(my)) = g(my +0-m) = fu(my) +(0) =
fu(m1) +0n = fu(m1) = fu(i(m1)) = fui(my) = k(my).

Thus, gi = k. Therefore, we have the following diagram with the composition
structure.

M14>Mu+<m>

b

This means that (M, + < m >, ¢) € ¥, which is a contradiction because (My, fy) is the
maximal element of ). So, M, = Mj. Hence, we proved that M, 4+ < m >= M, and there
exists the function g : M, — N such that the diagram in Figure 4 has a compositional
structure.

0 >M1

e
P g

Figure 4. The diagram for a normal injective R-hypermodule.

Using Theorem 2, we conclude that N is a normal injective R-hypermodule. O

Finally, we may summarize the characterization of a normal injective R-hypermodule
as follows.

Theorem 5. An R-hypermodule N is normal injective if it satisfies the following equivalent conditions.
(i)  For any exact chain
0— My L5 My 25 My — 0 (27)

of R-hypermodules and normal R-homomorphisms, the chain

0 — Hom®(Ms, N) -2 Hom’,(Ma, N) — Hom’s(M;,N) — 0 (28)

is also exact.
(ii) For any R-hypermodules My, My, N, and normal R-homomorphisms v : My — My and

k : My — N such that the chain 0 — M, AN M, is exact, there exists a normal
R-homomorphism h : My — N such that hy = k.
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(iii) For any hyperideal I of R, any inclusion hyperring homomorphism i : I — R, and normal
R-homomorphism k : I — N, there exists a normal R-homomorphism h : R — N such
that hi = k.

5. Conclusions and Future Work

In this article, we have studied the structure of the set of all normal R-homomorphisms
between two arbitrary R-hypermodules M and N, namely Hom; (M, N), and proved that
it is an R-hypermodule when R is a commutative hyperring. After investigating the main
properties of the R-hypermodule Hom (M, N), we proposed an alternative definition for
the normal projective and injective R-hypermodules based on the notion of exact chains of
R-hypermodules, and then involving also hyperideals of R.

In future work, we intend to apply these results to obtain new algebraic properties
of normal injective and projective R-hypermodules, for example, those related to their
sum and intersection as defined in Example 2. It is interesting to find out if they keep the
property of normal injectivity and projectivity.
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