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Abstract: In this paper, binomial convolution in the frame of quantum calculus is studied for the
set Ay of g-Appell sequences. It has been shown that the set .A; of g-Appell sequences forms an
Abelian group under the operation of binomial convolution. Several properties for this Abelian
group structure A, have been studied. A new definition of the g-Appell polynomials associated with
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with respect to a random variable is used to present the determinantal form of g-Appell sequences.
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Appell polynomials [1] were defined by Appell in 1880. F.A. Costabile and E. Longo
studied the Appell polynomial using determinantal approach [2]. Based on the quantum
calculus, The family of g-Appell polynomials [3] were introduced by Al-Salam in 1967.
Furthermore, M.E. Keleshteri and N.I. Mahmudov studied g-Appell polynomial using
determinantal approach [4]. For other literature related to Appell polynomials, one can
refer [5-11].

These polynomials have been used in many branches of mathematics including num-
ber theory, applied mathematics and theoretical physics. According to the Weierstrass
approximation theorem [12], every continuous function can be approximated by polynomi-
als. Thus, polynomials play an important role in approximation theory. For some recent
papers related to approximation by polynomials and applications in CAGD, one can refer
to [13-19]. Appell and g-Appell polynomial have been studied for interpolation by several
authors [20,21]. T. Ernst in [22] introduced the term multiplicative g-Appell polynomial
and has shown that the set of q-Appell polynomials forms a commutative ring. Apart from
this, convolution plays a very important role in approximation theory, probability, statistics,
computer vision, image and signal processing, etc. Motivated by the above facts, we study
here various properties of the g-Appell polynomial with the operation of convolution using
g-calculus. This paper is organized as follows:

The paper considers the binomial convolution for the set of g-Appel sequences. It
is proven that the set of g-Appel sequences equipped with the binomial convolution
forms an Abelian group. By using the probabilistic approach to g-Appel polynomials, a
new definition of g-Appel polynomials related to a random variable similar to the work
done in [21] is discussed. Furthermore, the scale transform and transformations based on
expectations are defined and their characteristics discussed.

Let us recall some basics from the quantum calculus (see [23-28]). The quantum or
g-analogue [u], of a number y is defined by
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1—g*
- 7 q # ]-/
(g = { 1—gq
H q=1
The g-factorial [u],! is defined by

The g-binomial coefficient [ ‘Z: ] is defined by
q
5 1 [s]q! [ — s]g!

The g-analogue of the function (y + x)# are defined by

H (y + ¢/x), for u=1,2,3,---

(y+x)y = {j=0
1, fory:O
- E[p) e

= q
The g-derivative of a function f is defined by

) = fay) -y 20

D — 1-9vy ~’
v {f’<o>, y=o0

Exponential functions based on g-calculus is used in the standard approach as follows:

> A, o<lql<1; Iyl
= —_—, < <1, < .
= [mlg! 7 ST

Let y and x be elements of a commutative multiplicative semigroup. Then, the NWA
g-addition is given by [29]

M

(y g x)H = Z{ % Lykxﬂk‘

k=0

For every power series f,(t), with f,(0) # 0, the g-Appell polynomials of degree y
and order n have the following generating function [29]:

=) (n H
teg(tx) ’
q y;() naq P‘]q'
Putting x = 0, we have:
fat) = X Al T
u=0 [ }’1’

where A ,; is called a g-Appell number of degree y and order n
-Appell polynomials of degree p and order n satisfy the following g-differential
Equation [29]:
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Dy, yAilq)(y) (1] A;{”)l q(]/) p=1,2---. (1)

1. Quantum Binomial Convolutions and Generating Functions

Let N denote the set of positive integers and Ny = NU {0}. Now, onwards y € Ny,
y € R,and z € C, satisfying | z [< 7,7 > 0. Let us denote by G, the set of all real sequences
u; = (Up,q) >0 where ug, # 0 and:

Y Lty |
u —_— <
u=0 . [‘u]q!

If u; € Gy, then its generating function will be denoted by

[0.0)

G(uy, z) Z

u=0 ‘7

The g-binomial convolution [8] of u; and v, will be denoted by u; x; v, = ((ub7 Xg
U‘i)ﬂ)po for uy and v, € G is defined as

H

(119 Xqvg)p = Z{ ;(l ] Wi Pu—kq- 2
q

k=0

The g-addition is a special case of the g-binomial convolution [29].
The g-multinomial coefficient is given by

U . [,u]q! . . . .
. . — T 1 7 T 1 1/ ]1++]m_l’l/ ]1_011/“'11’111_0/1/"'/7” andnueNO’

Proposition 1. Let that ugk) = (u%)yzo €Gy k=1,2,---,m, pbelong to the set of positive
integers (see [29]). Then, u,gl) Xg++ Xg u,gm) € Qq and:

(1 _ L p ] ORI (D)
u XgeXgU = .. . U .
( q q q*q )I" ]'14,_..;]'",:]4 11]2/ e ,]m g ]1 q Jm.4q

In addition:
Gl s xgul™,z) = 6\, z) - G(u{™, 2). 3)

Proof. Suppose u; and v, € G, with r and s as their radii, respectively. Let t = min(r,s).
Then, from (2), we have:

G(| (ug xqvg) |, 1) = Z UqﬂH

() t 14
ZZ[ ] |t 1| 9ty |

P‘q'kzo
=
Z\ukql ZI Oy kq| ] =G(Jug [,1)G(| vq |, 1)

O

Then G(uy x4 g, z) = G(ug,2)G(vg, 2), | z |< t. Thus, by applying the induction on 1,
result follows.

Corollary 1. (G, x) is an Abelian group having an identity element as e; = (3,0) >0, where
600 = 1 and (SP‘O = OfOT’ ueN.
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Proof. Closure: for uy, v, € Gy, then uy x4 vy = ((uy %, Uﬂ)ﬂ)yzo € Gyas (uy Xq0q)u =
SNz
Z k uquvy,k,q € R.
k=0 q
Associativity: let ug, v, wy € G, be any elements:

(ug xqvg) xqgwy = (((ug xq0q) X4 wq)ﬂ)yzo and uy x4 (vg xgwy) = ((ug x4 (vq X4
wq)u)yzo
(g %4 (vq quq))y ] ths,q(0g X g Wa) s
q

14 p—s
Ug gOp gWy—s—
s " 5,q9r,qWu—s—r,q
q q

H B—s
Us gUp—g gWy—
s . r—s , 5,09r—s,qWu—r,q

# r Ug g0 w
v s | UsqUr—sqWu-rq
q q

7Y
i
o

I I
w0
M= L=
o
7 = —
o (.|'> » =
| —|

[2)
I
o
-
I
%)

I
=
it

ﬁ
Il
o

Il
=
2

o

I
M?
i

i
(e}

Prl ] (g X 0q)rWu—rq
9

—~
—~

Ug Xq0q) Xq wq)y

Existence of identity: it is easy to see that u; x5e; = ¢; X5 u; = u, for allu,; € G,
where ¢; = (d,0),>0, Existence of inverse: let u; € G;. Since G(ug,0) = ug, # 0, then

| G(ug,z) [> 0, |z[< A, forsome A > 0. This implies that G(+42) is a well-defined function

that can be represented via power series due to analyticity as

1 = z#
= ) Uugr = G(vg,2), |z|<p, (4)
G(ug, 2) P;) M[ ]q! q
for some real sequence v; = (v;,4),>0 and some p > 0. Here, one can observe that

Vo = ﬁq # 0by (4), and that v; € G;. Again, it can be observed from (3) and (4), that v,
is the inverse of u,. Thus, v, is the unique solution to the systems of equations:
M 1
(g Xq0g)u = ) [ k ] UkqUp—kg = Opo- ®)
k=0 q

Commutative: it is easy to see that u; X, v, = vy X444 for all ug, vy € Qq.
The proof is complete. [

LetAy(y) = (Aug (y));po be a sequence of polynomials such that A;(0) = (A, (O)>H>0
€ Gy. Recall that A (y) is called a g-Appell sequence if one of the following equivalent
conditions is satisfied:

Doy (Aug)) = [MgAp-14), meN, (6)

2
Aug) = L[ 4 | Angfop, %
q

' G(Aq(y),2) = G(A(0),2)el. ®)
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The set of all g-Appell sequence will be denoted by A;. Let I;(y) = (y*),>0 be the
unit g-Appell sequence. Using (2), the condition (7) can be expressed as

Aq(y) = Aq(0) x4 I4(y). )

From Proposition (1), A4(y) € G;, for any y € R. From the binomial identity, I; (v ®;
x) = I;(y) x41;(x), for x € R. Thus, from Equation (9) and Corollary (1):

Ay ®gx) = Ag(y) xgI;(x) = Ag(x) x4 1;(y), x €R. (10)

2. The Abelian Group Structure of A,

Let A;(y),Cy(y) € Aj;. The g-binomial convolution of A4(y) and C;(y), denoted by
(Ag x4 Cy)(y) = ((Ag x4 C‘i)ﬂ(y))yzo and is defined as

(Aq Xqu)(y) = Aq(]/) quq(O) = Aq(o) quq(y) = Aq(o) Xyq Cq(o) quq(y), (11)

The last two equalities of (11) can be obtained using (9) and Corollary (1). Equivalently:

H

(g <gCu) = B| § | Aua@Cusa = T § | @ Ap-sa

= i[ % Ly”‘ki[ g LAj,q(O)Ck_j,q(O) (12)

= M } A;, 1(0)C;, 2(0)y
= . 1.9 2.4 we.
. : ‘u|:’1/]2/]3 q ! 2

-
=
+
<.
N
+
N
&
I

Theorem 1. Let A;(y), C4(y) € Ay. Then, (Ag x4 Cq)(y) is an q-Appell sequences characterized
by its generating function:

G((Ag x4 Cy)(y),z) = G(A4(0),2)G(C4(0),z)ey . (13)

As a consequence, (Ay, X 4) is an Abelian group with identity element I,(y). In addition,
we have:
(Ag x4 Cp)(y@qx) = Ag(y) x4 C4(x), xR (14)
In general, for any Agi) (y) e Agandy; €R, i=1,--- ,m,withy; ©q - OgYm = Y:
1
AP ) % xg A () = (A xq - xg AT (). (15)

Proof. By (12), (Ag x4 C4)0(0) = Ag4(0)Co4(0) # 0. Using (11) and proposition 1,
we have:

G((Ag xqCy)(y),z) = G(A4(0),2)G(Cy(0),z)es” = G((Ag x4 Cq)(0),2)el”.

Thus, the first statement in Theorem 1 is evident from (8). Similarly, from (13) and
Proposition 1, Formula (14) can be obtained. Now, we will show that C,(y) € A; will
be the inverse of A,(y) € A;. Similar to the method used in Corollary 1, let C;(0) =
(Cpuq(0)) >0 € Gy be the real sequence having a generating function as

G(Cy(0),2) = (16)

G(A4(0),2)°

Then, the g-Appell sequences C;(y) = C;(0) x4 1I,(y) will be inverse of A;(y). Equiv-
alently, C;(0) will be the unique solution to the systems of equations:
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Augq(y)

(Aq Xy Cq)y(y) = Z[ ];(l } Ck,q(O)Ay—k,q(]/) = IM(]/) =y, (17)
k q
which completes the proof. [

Note that Theorem 1 is equivalent to g-Appell polynomials determinantal approach,
now we state the following;:

Corollary 2. (Determinantal form). For the real sequence A4(y) € Ay and C4(0) € G, whose

generating function is represented in (16). Then, Ag4(y) = o ;(0) and we have for y € N:
(="
(Co,q(0))1H
1 y yz . y}‘fl yy
CO,q (0) Cl,q<0> CZ,q (0) Cyfl,q (0) Cy,q(o)
2 -1
0 <y || o [P e |1 G
q q q
-1
0 0 Col0) a0 [ ] G
q
0 0 0 Coq(0) [ " ;_l 1 Lcl,q(o)

Proof. It suffices to put formula (17) in a determinantal form. O
Corollary 2 has applications in Corollary 3.

3. Scale Transformations

Now, we will study scale transformations. For « € R and A;(y) € Ay, ToAy(y) =
(TaApqg (y))y>0 is defined as

P Ay, a0

i
TaApq(y) = atAyq(y/a) = ¥ [
q

k=0
ToAuq (y) = Aog (0)y*

where the last equality of the first equation of (18) is by using (7). These transformations
will be characterized next.

(18)

Proposition 2. Let a, B € R, then T,Ay(y) is a g-Appell sequence if Ay(y), C4(y) € Ay and
characterized by generating function:

G(TuAq(y),z) = G(A4(0),az)e] (19)
In addition
G((TaAg x4 TgCy)(y),z) = G(A4(0),az) G(C4(0), Bz)e] . (20)

As a consequence, the map T, : A; — A4 is an isomorphism, whenever a # 0.
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Proof. By (18), TyAp4(0) = Ag4(0) # 0. Again by (18) and Proposition 1, we have:
G(TaAy(y),z) = G(Aq(0),az)e)” = G(TaAy(0),2)e)

since Ty Ag,4(0) = a* A, 4(0). Hence, the first statement in Proposition 2 follows from (8).
On the other hand, we have from (13) and (19):

G((TuAq x4 TpCq)(¥),2) = G(T,,CAq(O),z)G(TﬁCq(O),z)etyIZ = G(Aq(O),az)G(Cq(O),,Bz)eZZ,
thus showing (20). Moreover, by (13) and (19), we have

Tu(Aq xq Cq)(y) = (TaAq xq TaCq)(y) (21)

as both sides of (21) have the same generating function.

On the other hand, if T,A;(y) = TuCy(y), then A;(0) = C4(0), as follows from (19)
and we have A, (y) = C4(v). By (19), Ta (T,-1A4) (y) = A4(y), thus it shows that T, is an
isomorphism and thus the proof is completed. [

The order m generalized g-Bernoulli polynomials can be expressed in terms of the
g-Bernoulli polynomials B, (y) as

By(a1, -+, am;y) = (TayBg Xg -+ Xy TaBg) (y). (22)

Relation (22) can be obtained using above the table and Proposition 2 as follows:

Similarly, by using the result of relation (20) in Proposition 2, the order m generalized
g-Euler polynomials can be expressed by means of the type g-Euler polynomials E(y) as

Eq(ar, - amy) = (T, By Xg -+ Xy Ta, Bg) (). (23)

Finally, we have the relating g-Bernoulli and g-Euler polynomials:

(By x4 Eg)(y) = ToBy(y). (24)
From Table 1:
) yz/2 yz/2
0, (2) 2 e
#=0 “\2 [V] ! e; -1 83/2 1¢2/2 +1
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Table 1. Generating the function of some g-Appell type polynomials.

Notation Polynomials Generating Functions
B,(y) g-Bernoulli polynomials [26] :ﬁzl
q
. Order m generalized g-Bernoulli polynomials VZom  agz
By, - anszy) [29] (p. 117, 4.125) e Tiza 55
. Yz
E;(y) g-Euler polynomials [26] 622;%
) ) Order m generalized g-Euler polynomials vz 2
Eqlaq, -+ am3y) [29] (p. 129, 4.197) ¢ Uiz iy
Gy(v) g-Genocchi polynomials [26] %
q

Then, we have:

Bw(g) :2_”52[ Z LBs,q(O)Eysrq(y)‘

Similarly we can get:

BW?(Z) =27 i{ ]; LEs,q(O)Bu—s,q(y)-

s=0
Then:
S
(Bg xq Eq)u(y) = 2{ o } Bs,3(0)Ep—s,q(y)

s=0 q
M n

- Z{ s } Es,q(0)Byi—s,4(y)
s=0 q

=2""By, g)

=TBu4 (y)

4. Transformations Based on Expectations

Let X be a random variables such that:
Ee;‘xl < oo, forr > 0.

Here, we consider expectations and transformations of g-Appell sequences A;(y) by
replacing x by X in (10) similar to a classical analogue [7,30]. These transformations are
the result due to a probabilistic approach to g-Appell polynomials. For A;(y) € A; and a

random variable X, we define RxA,(y) = (RxA;4 (y))y>0 as

H

Rxug(y) = EAg(v 30 = 1| b | Ay By 2 00
k=0 q

Zﬂ M k £ U P
- [ k } EX*Aykq(y) = Z[ k } EAkq(X)y" ™%, (25)
k=0 q k=0 q

follow from (7) and (10). Notice that whenever X = 0, RxA;(y) = A;4(y). In addition:

RxY,(y) = (E(y &g X)”)yzo- (26)
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Identity I;(y) transformation plays an important role as which is evident from equality
in (25), we obtain:
RxAq(y) = (Aq x4 RxIy)(y). (27)

Now, we will study some results following the characterization of the transformations
based on expectations and will present some of their properties.

Proposition 3. Let Y and X denote two independent random variables and A4(y), C4(y) € Ay.
Then, RxAy(y) is a q-Appell sequence represented in terms of generating a function as

G(RxA,(y),2) = G(A4(0),2) Ee; V7). (28)

Moreover, the following properties are true:
(a) RX(Aq Xgq Cq)(y) = (RXAq Xq Cq)(]/) = (Aq Xq RXCq)(]/)-
() (RyAq xqRxCy)(y) = Rya,x(Aq xq Cq)(y)-
() RyRxAq(y) = Rya, xAq(y).

Proof. Using (25), RxAq,(0) = Ag,4(0) # 0. By interchanging sum with expectation, from

(26) we have:
0 z
G(RxIy(y),z) = Y E(y &4 X % = B Vo), (29)
u=0 Ma®

O
Thus, from (13), (27)-(29) can be obtained. Formula (28) implies that:

G(RxA4(y),z) = G(RxA4(0),z)e}".
Combining it with (8), will prove the first statement in Proposition 3. From Proposition 1
and (27), we obtain:
Rx(Aq x4 Cq)(y) = (Ag x4 Cy xq RxIg)(y) = (RxAq x4 Cq)(y) = (Aq x4 RxCq)(y),

hence, we obtain (a). Notice that:

(Ryly x4 RxIg)(y) = Rye,xI4(y),

as it is clear from (13), (29), and the independence between the variables Y and X. From
(27) and Proposition 1, we obtain:

(RYAq g RXCq)(]/) = (Aq Xq Rylg x4 Cq X4 RXIq)(l/) = RYeaqX(Aq Xyq Cq)(]/)/
which justifies (b). Similarly, one can prove (c).

It is to note that the map Rx : .A‘7 — .Aq is not a homomorphism, which follows from
Proposition 3(a).

5. The Subset R,

Let us consider the exponential moments (finite) Mx(t) := E(e;X ) for a random
variable X s.t. | t |< p similar to its classical case defined in [30]. Then, E(X*) < oo for all
u=12,--,and:

2 tH
2[7 E(XM), |t]<p.

For t € C, the right hand side of (5) will be a complex analytic function z — ¢(z),
|z |<p, z€C.As Mx(0) =1, | ¢(z) |> 0for| z |< p due to the continuity of ¢. Thus,
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zZ <P( 3 is a well-defined analytic function and can be expressed in the form of power
series:

[0 9)
—— =) cuzt, |z |<A,
0@~ Ly

where A > 0 denotes the radius of convergence. For z = t € R such that | z |< A we have:
egx 2 Cugt’ = Z CM i

where ;5 = cyq(pt]q!. Fory € Rand | t |< A it holds:

o0 tS o0 tm

q s A
= Yy Cm,
B~ LY L, i

(30)

v
i
o
3
Il
o

| I
e L2
= - 3
3= I

=

e =

| — | ‘i

= '

o>

| I 3

R =
<

=

S

=
Il
o

As both series are absolutely convergent in the neighborhood of the origin, the sum
will therefore not depend on the order of summation. Motivated by (30), we now present
the definition of g-Appell polynomials related to a random variable X.

Definition 1. Let X be a random variable having some exponential moments. The polynomials
Auq(y), w=0,1,2,---,satisfying:

oy ety
Y i Aung(y) = ey forally €R (31)
BTl Y T B )

where Ay, 4(y) are called as q-Appell polynomials of order y associated with random variable X.

Now, we denote by R, the set of Appell sequences A;(y) such that:

yZ
q
S(Aq(¥):2) = Foox (32)
for a random variable X. For another random variable Y satisfying (32), due to the unique-
ness theorem for characteristic functions, Y and X will follow same law. Thus, A;(y) has
associated the random variable X. Notice that for X = 0, I;(y) € R,. Then, we present a
preposition for the construction of other g-Appell polynomials.

Proposition 4. For associated independent random variable Y and X and let: Ay(y), C4(y) € Ry,
respectively, where a, B € R. Then, (ToAq x4 TgCq)(y) belong to a R, with the associated random
variable &Y g BX.

In particular, if Ay(y),Cq4(y) € Ry, then (Ag x4 Cy)(y) belongs to R, with associated
random variable Y ©4 X

Proof. From Equations (13), (19), and (32) and using the property that Y and X are inde-
pendent:
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G((TaAg x4 TgCy)(y),z) = G(TuA4(0),2)G(TpCy(0),z)e)”
= G(A4(0),az)G(Cy(0), Bz)ey”
Yz
Eeg(“y@qﬂx)
where we get the required result. O

The g-Appell sequence in R is characterized as follows.

Theorem 2. The following statements are equivalent:
(a) A4(y) € Ry with the associated random variable X.
(b) G(A4(0),z) = (EezX)~ L.

(d) The inverse element of Ay(y) is RxI;(y).

Proof. From (32), equivalence of (a) and (b) can be obtained. Similarly, (27) gives equiva-
lence between (c) and (d). If (b) is true, then from (28), we have:

DX
G(RxA4(y),z) = G(Aq(O),z)EeZ(y %) ey =G(I,(y),z),
which together with (8), shows (c). Finally, if (d) holds, we see from (13) and (28):
ey’ = G((RxIy x4 A)(y),z) = G(Rx1;(0),2)G(A4(0),z)e]” = Ee;*G(A4(0),z)el”

thus showing (b) which completes the proof. [J

For any g-Appell sequence, its determinantal form A;(y) € R, can be expressed in
terms of the moments of its associated random variable X.

Corollary 3. Let A;(y) € Ry with associated random variable X. Denote RxI,,;(0) = EX¥ =:
Ty,q- Then, Ao, (y) = %ﬂ = 1and:

1y Y yr ! y*
1 T; q TZ,q Tyfl,q TP‘r‘?
2 p—1 Iz
N [T [ e 2]
q 1 q q
0 0 1 ["_ ]T_3 {V]T_z,
Apq(y) = (=D 2 q i 2 g =4, weN (33)
7
0 0 0 1 [#—1LTW

Proof. From Corollary 2 and Theorem 2(d) proof follows. [

Another important result from Theorem 2 is as follows:

Corollary 4. Let Ay(y) € R, with associated random variable X. For any Cy(y) € Ag, we have:

Cy(y) = E(Cy xq Ag)(y ¢ X). (34)



Axioms 2021, 10, 70 12 of 13

As a consequence, we have for any x € R:

M
=0 q
In particular:
H
y' = EAM(]/ Dy X) = Z[ % } Tk,qu—k,q(]/)' (36)
k=0 q

Proof. By Proposition 3(a) and Theorem 2(c), we have:

Cq(y) = (Iq Xq Cq)(y) = (RXAq Xyq Cq)(]/) = RX(Aq Xyq Cq)(]/) = E(Aq Xy Cq)(]/ Dq X),

which shows (34). Formula (35) follows by replacing y by y &, x in (34) and then applying
(14). Identity (36) follows by setting C;(y) = I;(y) and x = 0 in (35). Thus, the proof is
completed. O
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