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Abstract: Suppose that in a real Hilbert space H, the variational inequality problem with Lips-
chitzian and pseudomonotone mapping A and the common fixed-point problem of a finite family of
nonexpansive mappings and a quasi-nonexpansive mapping with a demiclosedness property are
represented by the notations VIP and CFPP, respectively. In this article, we suggest two Mann-type
inertial subgradient extragradient iterations for finding a common solution of the VIP and CFPP.
Our iterative schemes require only calculating one projection onto the feasible set for every iteration,
and the strong convergence theorems are established without the assumption of sequentially weak
continuity for A. Finally, in order to support the applicability and implementability of our algorithms,
we make use of our main results to solve the VIP and CFPP in two illustrating examples.
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1. Introduction

In a real Hilbert space (H, || - ||), equipped with the inner product (-, -), we assume
that C is a nonempty closed convex subset and P¢ is the metric projection of H onto C. If
S : C — H is a mapping on C, then we denote by Fix(S) the fixed-point set of S. Moreover,
we denote by R the set of all real numbers. Given a mapping A : H — H. Consider the
classical variational inequality problem (VIP) of finding x* € C such that (Ax*,x —x*) > 0
for all x € C. We denote by VI(C, A) the solution set of the VIP.

To the best of our knowledge, one of the most efficient methods to deal with the VIP is
the extragradient method invented by Korpelevich [1] in 1976, that is, for any given ug € C,
{um} is the sequence constructed by

O = Pc(uy — CAuy,), (1)
Uy1 = Pe(um — LAvy) VYm >0,

with constant £ € (0, 1). If VI(C,A) # @, one knows that this method has only weak
convergence, and only requires that A is monotone and L-Lipschitzian. The literature
on the VIP is vast, and Korpelevich’s extragradient method has received great attention
from many authors, who improved it via various approaches so that some new iterative
methods happen to solve the VIP and related optimization problems; see, e.g., [2-12] and
the references therein, to name but a few.

It is worth pointing out that the extragradient method needs to calculate two projec-
tions onto the feasible set C per iteration. Without question, once one is hard to calculate the
projection onto C, the minimum distance problem has to be solved twice per iteration. This
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perhaps affects the applicability and implementability of the method. To improve Algo-
rithm 1, one has to reduce the number of projections per iteration. In 2011, Censor et al. [13]
first suggested the subgradient extragradient method, in which the second projection onto
C is replaced by a projection onto a half-space:

Cn = {w € H: <”m —lAuy — Oy, w — Um> < O}f (2)
i1 = Poy (b — LA0) V1 2 0,

where A is a L-Lipschitzian monotone mapping and ¢ € (0, %)

Since then, various modified extragradient-like iterative methods have been investi-
gated by many researchers; see, e.g., [14-19]. In 2014, combining the subgradient extra-
gradient method and Halpern’s iteration method, Kraikaew and Saejung [20] proposed
the Halpern subgradient extragradient method for solving the VIP, that is, for any given
ug € H, {uy,} is the sequence constructed by

Om = Pc(llm —(Auy,),

Cnw=Av€H: (uy—LAuy — vy, v—vy) <0},
wm = Pc, (Um — LAvy),

U1 = o + (1 — ap)wy,  Vm >0,

(3)

where ¢ € (0, %), {am} € (0,1), limy—ootm = 0and Y04 &y, = +o00. They proved the
strong convergence of {uy } to Pyj(c,a)to-

In 2018, Thong and Hieu [21] first suggested the inertial subgradient extragradient
method, that is, for any given ug, 117 € H, the sequence {u,,} is generated by

Wy = Uy + lxm(um - um—l)/

Om = PC(wm - gAwm)r (4)
Cuw={v€H: {(wy—lAwy, — vy, v—0vy) <0},

U1 = Pe,, (W — lAvy) Vm>1,

with constant ¢ € (0, %) Under suitable conditions, they proved the weak convergence of
{um} to an element of VI(C, A). Later, Thong and Hieu [22] designed two inertial subgra-
dient extragradient algorithms with linesearch process for solving a VIP with monotone
and Lipschitz continuous mapping A and a FPP of quasi-nonexpansive mapping T with a
demiclosedness property in H. Under appropriate conditions, they established the weak
convergence results for the suggested algorithms.

Suppose that the notations VIP and CFPP represent a variational inequality problem
with Lipschitzian and pseudomonotone mapping A : H — H and a common fixed-
point problem of finitely many nonexpansive mappings {T;}Y ; and a quasi-nonexpansive
mapping T with a demiclosedness property, respectively. Inspired by the research works
above, we design two Mann-type inertial subgradient extragradient iterations for finding
a common solution of the VIP and CFPP. Our algorithms require only computing one
projection onto the feasible set C per iteration, and the strong convergence theorems are
established without the assumption of sequentially weak continuity for A on C. Finally, in
order to support the applicability and implementability of our algorithms, we make use of
our main results to solve the VIP and CFPP in two illustrating examples.

This paper is organized as follows: In Section 2, we recall some definitions and
preliminaries for the sequel use. Section 3 deals with the convergence analysis of the
proposed algorithms. Finally, in Section 4, in order to support the applicability and
implementability of our algorithms, we make use of our main results to find a common
solution of the VIP and CFPP in two illustrating examples.



Axioms 2021, 10, 67

30f17

2. Preliminaries

Throughout this paper, we assume that C is a nonempty closed convex subset of a
real Hilbert space H. If {u,,} is a sequence in H, then we denote by u,, — u (respectively,
uy, — u) the strong (respectively, weak) convergence of {u,, } to u. A mapping F: C — H
is said to be nonexpansive if |Fu — Fv|| < ||u — v|| Vu,v € C. Recall also that F : C — H
is called

(i) L-Lipschitz continuous (or L-Lipschitzian) if 3L > 0 such that ||[Fu — Fo|| < L|ju —
v|| Yu,v € C;

(i) monotone if (Fu — Fv,u —v) > 0Vu,v € C;

(ili) pseudomonotone if (Fu,v —u) > 0= (Fv,v —u) > 0Vu,v € C;

(iv) a-strongly monotone if Ja > 0 such that (Fu — Fv,u — v) > a||u — ||?> Vu,v € C;

(v) quasi-nonexpansive if Fix(F) # @, and ||Fu — p|| < ||u — p|| Vu € C, p € Fix(F);

(vi) sequentially weakly continuous on C if for {u,,} C C, the relation holds: u,;, = u =
Fu,, — Fu.

It is clear that every monotone operator is pseudomonotone, but the converse is
not true. Next, we provide an example of a quasi-nonexpansive mapping which is not
nonexpansive.

Example 1. Let H = R with the inner product (a,b) = ab and induced norm || - || = |- |.
Let T : H — H be defined as Tu := 4 sinu Yu € H. It is clear that Fix(T) = {0} and T is
quasi-nonexpansive. However, we claim that T is not nonexpansive. Indeed, putting u = 27t and
v = 3L, we have ||Tu — To|| = || & sin2m — 3 sin 3| = 3% > |27 — || = Z.
Definition 1 ([23]). Assume that T : H — H is a nonlinear operator with Fix(T) # @. Then
I — T is said to be demiclosed at zero if for any {u,} in H, the implication holds: u, — u and
(I-T)up, — 0= u € Fix(T).

Very recently, Thong and Hieu gave an example to illustrate that there exists a quasi-
nonexpansive mapping T, but I — T is not demiclosed at zero; see ([22], Example 2). For
each u € H, we know that there exists a unique nearest point in C, denoted by Pcu, such
that ||u — Pcu|| < ||u —v|| Vo € C. P¢ is called a metric projection of H onto C.

Lemma 1 ([23]). The following hold:

(i) {(u—v,Pcu— Pcv) > ||Pcu — Pco||* Yu,v € H;

(ii) {(u— Pcu,v— Pcu) <0 VYu € H,v € C;

(iii) |lu—v||®> > ||ju — Pcu||*> + ||[v — Pcul||* Yu € H,v € C;

(iv) |lu—ol?=|ul|®>-||v||*> - 2(u —v,0) Yu,v e H;

(@) | Au+(1—A)v||?> = Aljul|2+ 1 = N)|o||> = A(1 = A)|lu —v||? Yu,0o € H, A € [0,1].

Lemma 2 ([24]). Forall u € Hand & > B > 0, the inequalities hold: 1“=Peli—eAull -
In=PeleBAOL o ||u — Pe(u — BAw)|| < [[u — Pe(u — aAu)].

Lemma 3 ([13]). Suppose that A : C — H is pseudomonotone and continuous. Then u* € Cisa
solution to the VIP (Au*,u —u*) > 0Vu € C, ifand only if (Au,u —u*) > 0Vu € C.

Lemma 4 ([25]). Suppose that {a,,} is a sequence of nonnegative numbers satisfying the condi-
tions: a1 < (1 — Am)am + Amym Vm > 1, where { Ay, } and {y,, } lie in R = (—o0, 00) such
that (i) {Am} C [0,1] and Y501 Ay = oo, and (ii) limsup,, .. Ym < 00r Lo [Apym| < co.
Then limy; 0o 4y = 0.
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Lemma 5 ([23]). Suppose that T : C — C is a nonexpansive mapping with Fix(T) # @. Then
I — T is demiclosed at zero, that is, if {u,,} is a sequence in C such that u,, — u € C and
(I = T)uy — 0, then (I — T)u = 0, where I is the identity mapping of H.

Lemma 6 ([25]). Suppose that A € (0,1], T : C — H is a nonexpansive mapping, and the
mapping TN : C — H is defined as T u := Tu — AuF(Tu) Yu € C, where F : H — H is
K-Lipschitzian and n-strongly monotone. Then T is a contraction provided 0 < y < i—z, that is,
[T u — Th|| < (1= A)|lu —o|| Vu,v € C, where £ := 1 — /1 — u(2y — ux?) € (0,1].

Lemma 7 ([26]). Suppose that {T,, } is a sequence of real numbers that does not decrease at infinity
in the sense that there exists a subsequence {T'y, } of {I'y} which satisfies Ty, < Ty, 11 for each
integer k > 1. Define the sequence {T (1) }u>m, of integers as follows:

T(m) = max{k <m: T} <Tri1},

where integer my > 1 such that {k < mq : Ty < Ty,1} # @. Then, the following conclusions hold:

(i) t(my) <t(mp+1) <--- and t(m) — o;
(ll) FT(m) S FT(m)+1 and Fm S FT(m)+1 Vm Z my.

3. Iterative Algorithms and Convergence Criteria

In this section, let the feasible set C be a nonempty closed convex subset of a real
Hilbert space H, and assume always that the following hold:

T; : H — H is nonexpansive fori = 1,..,Nand T : H — H is a quasi-nonexpansive
mapping such that I — T is demiclosed at zero;

A : H — H is L-Lipschitz continuous, pseudomonotone on H, and satisfies the
condition that for {x,} C C,x, =z = ||Az|| <liminf, e |[[Ax,||;

Q = NN Fix(T;) NVI(C, A) # @ with Ty := T;

f : H— H is a contraction with constant 6 € [0,1), and F : H — H is yj-strongly
monotone and x-Lipschitzian such that § < 7 :=1— /1 — p(2y — px?) for p € (0, i—Z),
{Cu}, {Bn}, {vn} C (0,1),and {1, } C (0,00) are such that

i) PBut+yn<land), ,Bn=o;

(i) limy e By =0and 17, = o(By), i.e., iMy 00 T/ Pn = 0;

(iii) 0 <liminf, 0y < limsup, . vn < land 0 < liminf, ;o ¢y < limsup, . {n <
1.

In addition, we write T, := T,04n for integer n > 1 with the mod function taking
values in the set {1,2, ..., N}, ie., if n = jN + q for some integers j > 0and 0 < g < N, then
Ty =Tyiftq=0and T, = T;if 0 < g < N.

Algorithm 1. Initialization: Let A; >0, « > 0, u € (0,1) and xo, x; € H be arbitrary.
Iterative Steps: Calculate x,, ;1 as follows:
Step 1. Given the iterates x,_1 and x, (n > 1), choose &, such that 0 < a, < &,

where
. - .
_— { min{a, 7\|xn—xn_1|\} if x, # x,_1,

n — .
o otherwise.

(5)

Step 2. Compute wy, = X, + &y (xy — x,—1) and y, = Pc(w, — Ay Awy,).

Step 3. Construct the half-space C, := {z € H : (wy, — AyAwn — Yn,z — yu) < 0}, and
compute z, = Pc, (wy — Ay Ayy).

Step 4. Calculate v, = {pxy + (1 — ) Tywy and x,017 = Buf (xn) + vuTzn + (1 —
Yn)I — BnpF)vy, and update

2(Awy—AYn,zn—Yn) ’
An otherwise.

_ 2 _ 2
Ani1 = { min{p o A} (A — Ay, e —y) >0,
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Let n := n 4 1 and return to Step 1.

Remark 1. It is easy to see that, from (5) we get lim,_c0 %Hxn —x,_1|| = 0. Indeed, we

have oy ||xy — x,—1|| < T Vn > 1, which together with limy, e E—Z = 0 implies that % l|xn —

a1l < ;% — 0asn — oo.

Lemma 8. Let {A, } be generated by (6). Then {A,} is a nonincreasing sequence with A, > A :=
min{Ay, £} Vn > 1, and limy o Ay > A :=min{Ay, £ }.

Proof. First, from (6) it is clear that A, > A, 11 Vn > 1. Furthermore, observe that

1 2 2
3Ulwn = ynll* + 1z = yull*) = llwn = yullllza — yall }:>A > minf A H
(Awy — AYn, 20 — Yn) < Llwn — v |20 — v w1 Z min{Au, 7

O
Remark 2. In terms of Lemmas 2 and 8, we claim that if w, = y, or Ay, = 0, then y, is an
element of VI(C, A). Indeed, if w, = y, or Ay, = 0, then 0 = ||y — Pc(yn — AnAyn)|| >
lyn — Pc(yn — AAyy)||. Thus, the assertion is valid.

The following lemmas are quite helpful for the convergence analysis of our algorithms.

Lemma9. Let {wy}, {yn}, {zn} be the sequences generated by Algorithm 1. Then

A A
lzn = plI* < llown = plI? = (1= =) lwwn = yull> = (A= =) 20 = yull* ¥p € Q. (7)
n+1 n+1
Proof. First, by the definition of {A, } we claim that

2<Awn - Ayn,Zn —yn> < u ||T/Un —]/nH2 + K HZn —ynHz Vn > 1. (8)
Ant1 Ant1

Indeed, if (Awy, — Ayn, zn — yn) < 0, then inequality (8) holds. Otherwise, from (6)
we get (8). Furthermore, observe that foreachp € O C C C Cy,

lzo —plI> = Ilchn (wn —zAnz;lyn) - Pcn2P||21§ (zn —p, W — AnAyn — p)
EHZn —pl*+ i”wn —pl* - Z”Zn — wyl|* — (zn — p, AnAyn),

which hence yields
1z = pII* < llwn = plI* = llzn = @ l* = 2(25 — p, AnAyn)- (9)

From p € VI(C, A), we get (Ap,x — p) > 0Vx € C. By the pseudomonotonicity of

A on C we have (Ax,x — p) > 0Vx € C. Putting x := y, € C we get (Ayn, p — yn) < 0.
Thus,

(Ayn, p —zn) = (AYn, P — Yn) + (AYn, Yn — Zn) < (AYn,Yn — zn). (10)

Substituting (10) for (9), we obtain
llzn — PH2 < [lwn — If’”2 — |Izn —ynH2 — [lyn — wnH2 +2(wn — AnAYn — Yn, zn — Yn). (11)

Sil’lce Zn = Pcn(wn - )\nAyn), we get Zy € Cn = {Z S H . <wn - )\nAw;/l - yn,z -
yn) < 0}, and hence
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2<wn - AnAyVl — Yn,Zn — yl’l> = 2<wn - AnAwl’l —Yn,Zn — yn> +2/\”<Awn B Ayn’Zn 7yn>
< 20 (Awy — AYn, Zn — Yn),

which together with (8), implies that

: l|zn — ynH2~
+1

A A
2<wn_)\nA]/n_]/n/Zn_yn> < H . ||wﬂ_y”||2+‘u
n

/\n+1 A

Therefore, substituting the last inequality for (11), we infer that inequality (7) holds. O
Lemma 10. Suppose that {wy},{xn}, {yn}, and {z,} are bounded sequences generated by Algo-

rithm 1. If xy — X1 = 0, Wy —yn = 0, wy — 2y = 0, 2y — Tyuzy — 0, and I{wy,, } C {w,}
s.t. wy, — z € H, thenz € Q.

Proof. Utilizing the similar arguments to those in the proof of Lemma 3.3 of [12], we can
derive the desired result. [

Lemma 11. Assume that {wn},{xn}, {yn}, {zn} are the sequences generated by Algorithm 1.
Then they all are bounded.

Proof. Since0 < liminf, e vy < limsup, ., vn» < land0 < liminf,; ;e {y < limsup,,_,
Cn < 1, we may assume, without loss of generality, that

{7} Cla,b] C(0,1) and {u} C [c,d] C (0,1). (12)

Choose a fixed p € Q) arbitrarily. Then we obtain Tp = p and T,p = p for all

n > 1, and (7) holds. Noticing lim, (1 — y%) = 1—pu > 0, we might assume that
1—p A’n\il > (0 for all n > 1. So it follows from (7) that for alln > 1,
lzn = pll < [lwn —pl|- (13)
Furthermore, note that
«
lwn = pll < llxn = pll + anllxn = xp-1ll = [[xn = pll + Bn - ﬁf|lxn — Xp-1]|- (14)

In terms of Remark 1, one has % |xn — x4—1|| = 0 as n — co. Hence we deduce that
dM; > 0s.t.
M; > ;inxn — x| Vn> 1 (15)
n

Using (13)—(15), we obtain that for all n > 1,

120 =PIl < llwn = pll < {20 = pll + Bn M. (16)

Noticing B, + v» < 1Vn > 1, we have 5 E ’;n < 1foralln > 1. So, using Lemma 6 and
(16) we deduce that

lon —pll - < Callxn — pll + (1 = &) | Tawn — pl|
< Cullxn — pll + (1 = Cn) [wn — pl|
< Cnllxn — pll + BuMi) + (1 = Cn) (lxn — pll + BnM1)
= |[xn — pll + BnM1,
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and hence

X1 =PIl = IBuf(xn) +¥nTzn + (1 — vn)I — BupF)vn — p|
< Ballf(xn) — PH‘*"Yn”TZn_PH
+(1—Bn— ')’n)”(l_/; In nI— ﬁﬂn pr)U” pll

< Bu(llf(xn) = F(PI + 11£ () = PID + vallz0 = Pl
+ (1B~ 'Y”)”(ljﬁ_ﬂ I- p/;ﬁ,,nf%PF)Un -7l

Tn
< Bu(@llxa — pll + 1£(p) = PI) + 1allzn — Pl
+ (1 =)= £2-pF)v, — (1 - 122 )p|

= Bu(0llxn = pll + 11 £(p) = pII) + Yullzn — pll
+ (1= 7)1 = t2-pF)v, — (1 — £
< Bu(Sllxn = pll + [1f(p) — pI) +7allzn — pl
+ (1 =)= £2-1)llon — pll + L2111 - pF)pl)]
= Bu(0llxn — pll + 1 £(P) = pII) + Yallzn — pll
+ (1 =70 — BuD)llon — pll + Bull(I — pF)p|
< Bud([lxn = pll + BnM1) + Bull f(P) — pll + Va(llxn — pll + BnM1)
+ (L =70 = BuT) (X0 — pll + BnM1) + Bull(I — pF)p||
<[ =Bu(t=)]lxn = pll + Ba(M1 +[|f(p) — pll + [I(I = pF)pl])
=[1—Bu(t—0)]l|xn — pl| + Bu(T—6) - M1+Hf(p)—TpJ;H(I—pF)pH
Mt (p)—pllHIU—pF)plly

)p+ 122 (1 - pF)p|

< max{|[x, — pl|,

By induction, we obtain ||x, — p|| < max{||x; — p||, MiHIf(p) - p|\+\|(1 PE) p“} Vn > 1.
Thus, {x, } isbounded, and so are the sequences {wy, }, {yn}, {zn}, {Tzn} {Fo,}, {Thwy}. O

Theorem 1. Let the sequence {x, } be constructed by Algorithm 1. Then {x, } converges strongly
to the unique solution x* € Q) of the following VIP:

((oF = f)x*,p—x") >0 VYpeQ.

Proof. First, it is not difficult to show that Po(f + I — pF) is a contraction. In fact, by
Lemma 6 and the Banach contraction mapping principle, we obtain that P (f + I — pF)
has a unique fixed point. Say x* € H, i.e., x* = Pq(f + I — pF)x*. Thus, the following VIP
has only a solution x* € ()
(pF — f)x",p—x") 20 VpeQ. (17)
O

We now claim that
Yn(1 u/\ “Nllwn = yull> + 120 = yull] < llxn = 21> = [|Xp01 — x*[|* + BuMs,

for some My > 0. In fact, observe that

Xnt — 6 = BulF(n) = x*) + 7u(Tzw — x7) + (1= Bn — 1) { =525 [(1 — 12~ pF)o,
(1= B pP) ]+ i (1= pF)x*)

:/5n(f(X)—f( )+ Y(Tzn — 1) + (1= 7a)[(I = 122 pF)o, — (I — {22 pF)x*]
+ Bu(f — pF)x*

Using Lemma 6 and the convexity of the function h(t) = #? Vt € R, we have
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[[xp11 — x*|?

< (k) — £()) + (T2n )+ (L= ) (1 B pFon — (1 B p ) P as)
+2Bn((f — pF)x*, x4 11 — x¥)

< Bubllxn — |12+ yullzn — x*|12 + (1 = BT — ) lon — x* || + BnM>

where My > sup, - 2||f — pF)x*||[|x, — x*[ for some My > 0. From (7) and (17), we have

st = 2712 < Budllxn — x>+ yullleon — x* 12 = (1= p2 ) lwn = yull® = (1= )z = yall?) (19)

+ (1= BuT = ) [Gullxn — x*[1 + (1 = Gu) [[w0n — x*[|?] + BuMa.
Again from (16), we obtain
s —x* |2 < ([lxn — x| + BuM1)* < [lxn — x* (> + puMs, (20)
where M3 > sup, -1 (2M;|[[x, — x*|| + BnM2) for some M; > 0. Using (19) and (20), we get
201 — %% R
< 1= Bu(t = ) (Ilxn — x*[[* + BuMs) — yu(1 — pr ) lwn — Yull? + l1zn = yul?] + BuMo
< oo = 212 = yn (1 = g2 [|wn — yul? + 120 — yul|?] + BuMa,

)‘n+l

where My := M, + M3. Consequently,

(1 HA ) leon = yull® + llzn = yull?] < Joew = 2112 = |21 = 2*1* + BaMs. - (21)

Next we claim that

ln 1 = 2P < [1=Bul(T = 8)]lxw — x|
+ BT — )[%<(f PE)X Xy — %) + 225 g [lan — 2]

for some M > 0. In fact, it is easy to see that
o = 2512 < [l — 212 + anllan — 2n-all2]00 — 2| + anllxn —xaa ] (22)
Using (16), (18), and (22), we get
1 = 2> < Budlxn — x* (1> + yullwon — 2|2 + (1 = But — yu) [Zullxw — x*1?

+ (1= ) lwon — x*[12] 4+ 2B ((f — pF)x*, xp41 — x¥)
< Budllen — x* |12+ yalllxn — x| + anllxn — 201 [|2l| 20 — x*|| + anllxn — x4-1]])]

+ (1= BuT = ) {Zalln — 2|2+ (1= G [llxn — 27 [2 + 00 — 1 | 2120 — 27 (23)
bttt D)+ 2Bl (= 0P Ty — )
< 1= BT = 8)][lxn — x| + Bu(7 — 8) - [RUZLER Susa =) M, — x4 ]
where M > sup, - {|lxn — x*||, au||xn — x,—1]|} for some M > 0.
For each n > 0, we set
Ty = xn— x*||2,
Sn - ‘Bn(T - 5),
B = anxn — xp—1[|3M + 2Bn((f — pF)x*, xpp1 — 7).
Then (23) can be rewritten as the following formula:
Tpitr < (1—en)Ty + 0y Vi > 0. (24)

We next show the convergence of {I',} to zero by the following two cases:
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Case 1. Suppose that there exists an integer ng > 1 such that {T'y} is non-increasing. Then
I'y—Ty41 —0.
From (21), we get

An

Yu(l—p Mllwn = ynll* + [|zn — yull*] < T = Tuga + BuMa.

)\n+l
Since B, = 0, Iy — T4 — 0, 1 — y% —1—pand {y,} C [a,b] C (0,1), we have

,}g{}o\lwn—ynll =,}g{}0||2n—yn|| =0. (25)
Using Lemma 1 (v), we deduce from (16) that

41 — x*||2

= [|Bnf (xn) + ¥uTzn + (1 — yn)I — BupF)v, — x*||?

= [|Bn(f(xn) — pFou) +vn(Tzn — x*) + (1 — vn) (00 — x*)Hz

< lyn(Tzn — x*) + (1= n) (00 — x*) |2+ 2Bn(f (xn) — 0F0n, Xpp1 — X*)

= Tl Tzn — X*H2 + (1= vu)|lon — X*”z = Yn(1 =) | Tzn — Z’n||2
+2Bn(f (xn) — pFOn, X1 — X¥)

= Yl Tz — x* |2+ (1 = v) [Tallxn — x* |17 + (1 = Z) (| Twwn — x*|12 = (1 = ) | X0 — Tuwn |1?]
— (1 =) | Tzn — vnHZ + 2Bn(f (xn) — pFvn, X1 — x*)

< Yullzn — X*Hz + (1= 7)) [Cnllxn — x*Hz + (1= Zn)l|wn — X*HZ = Zn(1 = Cu)llxn — annHz]
— ¥u(1 = 1) | Tzn — 0n||* + 2B (f (xn) — PFOn, Xy 41 — x*)

< Yu(llxn — x* || + BuM1)? + (1 — ) (10 — x*[| 4+ BuM1)* — (1 = ¥1)Zn (1 = Cu) |20 — Tywon|?
= (1= 7)) | Tzn — UHHZ +2Bnllf (xn) — pFon||[[xn 41 — x*|

= ([lxn — x*[| + ,3an)2 — (1= 9)Zn(1 = Cu) || xn — ann”2
— Y (1= )| Tzn — 0nl* + 2Bl f (x1) — pFoull[[ %011 — x*|,

which immediately yields

(1= 1u)Zn (1 = Zu) 12w — Tuwn | + ¥u (1 — vu) I Tz — 0u |
< ([len = x* || + BuM1)? = [lxp 1 — x*[|2 + 2Bl f (x1) — pFoulll|xp11 — x|
=Ty —Tpy1 + BaMi (2] xn — x*|| + BuM1) + 2Bl f (xn) — pFonl||xp11 — x*]-

Since B, — 0, I'y —Tyy1 — 0, {yu} C [a,b] C (0,1) and {Zs} C [c,d] C (0,1),
we have
lim ||x;, — T,wy| = lim ||Tz, —vy| = 0. (26)
n—oo n—oo

Using Lemma 1 (v) again, we have

[ Tzn — vn||2 = 18n(Tzn — x) + (1 = Tn)(Tzn — ann)||2
= CnlTzn — anz + (1= Zn)l| Tz — ann”z = Cn(1 = Cu) I Thwn — xn”z'

So it follows from (26) and {{,} C [c,d] C (0,1) that
lim || Tz, — x| = lim ||Tz, — Tywyl|| = 0. (27)
n—oo n—oo
Therefore, from (25)-(27), we conclude that
[wn = zu|l < lwn = yull + llyn — zull = 0 (1 — o0), (28)

llzn — Tuzull < llzn — wnll + [[wn — xu | + [|xn — Tuwn || + || Town — Tuzal|
< 2||zy — wa || + [Jwn — xp|| + |20 — Tywy|| =0 (1 — o0),

and
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[xn+1 = xull = |Bnf (xn) + ¥uTzn + (1 = vn)I — BupF)on — xnl|

= ||Bn(f(xn) — 0Fvn) + vn(Tzn — xn) + (1 = n) (vn — xn) |

< Bullf(xn) — oFvn|l + vnl| Tzn — xn || + (1 = ¥n) [[0n — x| (30)
< Bu([lfCen)ll + lloFonll) + vl Tzn — xu |l + (L = 1) ([on — Tzu|l + | Tzn — xal])

< Bu([lfCen)ll + lloFonll) + 1Tzn — xul| + [[on — Tzu|| = 0 (n — o0).

Next, by the boundedness of {x; }, we know that 3{x,, } C {x,} s.t.

lim sup((f — pE)x", %, — x°) = lim ((f — pF)x", 5, — x°) (31)

n—oo

Further we might assume that x,,, — %£. So, from (31) we have

limsup((f — pF)x*, x, — x*) = ((f — pF)x", % — x™). (32)
n—oo
Noticing w, — x, — 0 and x,, — £, we obtain w,, — £. Since x;, — x,11 — 0, w; —
Yn — 0, wy —zy — 0, zy — Tz — 0(due to (25) and (28)-(30)) and w,,, — £, by Lemma 10
we get £ € (). So it follows from (17) and (32) that
limsup((f — pF)x*, x, —x*) = ((f — pF)x*, 2 — x*) <0, (33)

n—oo

which hence yields

limsup((f — pF)x*, xy11 — x*)

< hijP[ll(f*PF)x %01 = xnll + ((f — pF)x*, xp — x*)] < 0.

Since {Bn(t—9)} C [0,1], X5 q Bu(T —J) =00, and

limsup[z«f_pp)x X1 — XF) n 3M

o0 T—94 T—96 ,Bi’l ||x” Xn,1||] — O’

by Lemma 4 we conclude from (23) that lim,,_g ||x, — x*|| = 0.

Case 2. Suppose that 3{T', } C {I'y} s.t. Ty, < Ty 41 Yk € N, where N is the set of all positive
integers. Define the mapping 7 : N — N by

T(n) :=max{k <n:Ty <Tri1}.
Using Lemma 7, we have

IﬂT(n) < FT(H)+1 and T, < FT(H)+1'

Putting T, = ||x, — x*||> Vi € N and using the same inference as in Case 1, we can
obtain
nh_I)I(}o “xr(n)-H - xT(n)” =0 (35)
and
timsup((f — pF)¥", () 11— 3°) < 0. (36)
n—oo

Because of I'r(,;) < I'ry)41 and B,y > 0, we conclude from (23) that

2

Hx’r(n) - X*H2 < %<(f_pp)x*’x”f(1’l)+l - X*> + % ’ ﬁ:((Z; ’ HXT(H) - xr(n)71||/
and hence

limsup [|x7 () — x*||* <o.
n—oo
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Thus, we have
nlgrolo HxT(n) - X*HZ =0.
Using (35), we obtain
(41 = X2 = xe() — x*[17

= 2<x1'(n)+1 = Xr(n)r Xr(n) — X*> + HxT(n)-i-l = Xr(n) ”2
< 2||xT(TZ)+1 — Xz(n) ” ”x'r(n) - X*H + ||x'r(n)+1 — Xz(n) ”2 —0 (1’1 - oo)

Taking into account I'y < T'7(;;);1, we have

[l = 2|2 < [y 11 — 2"
< er(n) - X*Hz + 2||xT(n)+1 — Xz(n) H ||x1'(n) —x* H + Hx’r(n)+1 — Xz(n) ||2

It is easy to see from (35) that x, — x* as n — co. This completes the proof.

Next, we introduce another Mann-type inertial subgradient extragradient algorithm.
Algorithm 2. Initialization: Let Ay > 0, « > 0, p € (0,1) and xo, x; € H be arbitrary.
Iterative Steps: Calculate x,, ;1 as follows:
Step 1. Given the iterates x,,_1 and x, (n > 1), choose &, such that 0 < a, < &,
where .
&, — { min{a, m} if Xy # x,_1, (37)

o otherwise.

Step 2. Compute wy, = X, + &y (X, — x,—1) and y, = Pc(wy — A Awy).

Step 3. Construct the half-space C, := {z € H : (wy, — AyAwn — Yn,z — yn) < 0}, and
compute z;, = Pe, (wy — AnAyn).

Step 4. Calculate v, = Cuxy + (1 — Cu)Tzy and xy41 = Buf(Xn) + v Thwn + ((1 —
Yn)I — BnpF)vy, and update

s n—Yn 2+ n—Yn 2 3
Mgy =4 min{p H;?AwynﬂAyJ,Zzﬂfyyn@ Ant it (Awn = AYn, 20 = yn) > 0, (38)
n otherwise.

Let n := n 4 1 and return to Step 1.
It is worth pointing out that Lemmas 8-11 are still valid for Algorithm 2.

Theorem 2. Let the sequence {x, } be constructed by Algorithm 2. Then {x, } converges strongly
to the unique solution x* € Q) of the following VIP:

(PF = f)x*,p—x") >0 VpeQ.

Proof. Utilizing the same arguments as in the proof of Theorem 1, we deduce that there
exists a unique solution x* € Q = NN Fix(T;) N VI(C, A) to the VIP (17). O

We now claim that

A * *
(=BT = 7)1 = Ca) (1 = p7 il)[Ilwn —ull® + llzn —yal®] < lloen = % = [ltpsr — 2% + BuMs,  (39)
n

for some My > 0. In fact, observe that

Xpy1 —X° = ,Bn(f(xn) — f(x*)) +'Yn(ann —x*)
+ (1= ) [(1 = 1E2-pF)o, — (I = t£2-pF)x*] + B (f — pF)x*,
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where vy, := (X, + (1 — {n)Tzy. Using the similar arguments to those of (19) and (20),
we have

s =512 < Bl =2+ 7o =3I+ (1~ Bt = 70) Gl = 3P
+ (1 =Za)lllwn —x* 1> = (1= ) lwn — yall> = (1= u= ) llzw — yull?]} + BuMa.

/\n+1 )\n+1

and
lwn = x*[1* < (lxn = x*[| + BuM1)* < [|lxn — x*||* + BuMs,

where My > sup,,~q 2||(f — pF)x*||[[xn — x*|| for some M > 0and M3 > sup, - (2M;[|xn —
x*|| + BnM?2) for some M3 > 0. Combining the last inequalities, we obtain

[xps1 — x|
< Bubllxn — x*|12 + yaullxn — x* 1> + BuMs) + (1 — BT — yu) (| X0 — x*||> + BnM3)
= (1= BT =) (1= Ca)[(1 = P‘,\i\il)”wn —ynl?+(1— Pl/\i,\il)Hzn —Ynl?] + BnMa2

< fotn = 2717 = (1= BuT = ) (1= Za) (1 = ) leon = ynl® + llzn = ynl*] + BuMs,

where My := M, + Ms. This ensures that (39) holds.
Next we claim that

1 = 2*[? < [1*ﬁn(7*5)2}|\xn*X*||2 - (40)
+ BT =) [F=5 ((f = pF)x™, Xnp1 — X7) + 225 - - llxn — X}

for some M > 0. In fact, using the similar arguments to those of (22) and (23), we have

lewn — 2|2 < [l — 212+ a0 — 20— |2l — 2 + [l 200 = 201 ],

and

[[xp1 — x*[|?
< Bubl|xn — x*[17 + yullwn — x* |2 + (1 = BuT — ) [Cullxn — x* 12 + (1 = Cn) |20 — x*||?]

+2Bn((f — pF)x*, X1 — X¥)
< Budlxn — 1|2+ (1= But) ([0 — x*||? + | 200 — 21 [ (2] 0 — x|

+ ttnl| o — 1)) + 2B (f — PF)X" xn 1 — x°) (41)
< 1= Bt = 8)]llxn — x*|12 + an | xn — X1 || (2l 200 — x* || + || X0 — xp—1])

+2Bu((f — pF)X*, xpy1 — x¥)

<1 = BalT = )]l — x[[ + (7 — 6) - [HULEESu1 =X | IM a1, — 4]

where M > sup,,~ 1 {||xn — x*||, anlxn — x,—1||} for some M > 0.
For each n > 0, we set

Ty = [lxn —x*|%,
en = Bu(t—9),
On = anl|xn — x5 —1[|3M + 2B, ((f — pF)x*, xppq — x¥).
Then (41) can be rewritten as the following formula:
We next show the convergence of {I',} to zero by the following two cases:
Case 3. Suppose that there exists an integer ng > 1 such that {T'y} is non-increasing. Then

Using the similar arguments to those of (25), we have

nlg{}o [[wn = ynl| = nlgrolo |20 = ynll = 0. (43)
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Using Lemma 1 (v), we get
[|%pg1 — x*[|?
= [|Bn(f(xn) — pF0u) + Yu(Tuwn — x*) + (1 — 7p) (v — x*)|?
< Nya(Twwn — x*) + (1= v2) (00 — ) |12 4+ 20 (f (xn) — pFOn, Xy 41 — x*)
= Ynl| Tywn — X*||2 + (1= vu)llon — X*H2 = Y1 = 1) | Tuwn — vn”2
+2Bu(f(xn) — pFOn, Xp41 — X*)
= Yul Twwn — x* |12+ (1 = ¥)[Zullxn — x* 17 + (1 = Zo) | Tz — x*[|* = (1 = Za) |2 — Tzn||?]
— ¥u(1 = ) | Tawn — val|* + 2B (f (xn) — pFOu, Xpi1 — x*)
< Yallwn — X*”z + (1= 7n)[Cnllxn — X*HZ + (1= Zn)llzn — X*”z = Zn(1 = Tu)ll2xn — Tzn”z]
— ¥u(1 = ) | Tutwn — val|* + 2B (f (xn) — pFOu, Xpi1 — x*)
< Yn(llxn = x* || + BuM1)? + (1 — ) (|20 — x*|| 4+ BuM1)?* — (1 = ¥1)Zn (1 = Zu) |20 — Tza|?
= (1 =) | Tawn — UnHz +2Bnullf(xn) — oFvn|[[ 201 — x*||
= ([Jxn — x*|| + ,Ban)z = (1= 9n)Cn(1 = Zn)llxn — TZnHz
— ¥u(1 = ) | Tuwn — vn|* + 2Bull f (xn) — pFou | |01 — x*],

which immediately yields

(1= 9n)Zn(1 = n) | xn — TZn”z + (1 =) [ Town — vnHz

< (1 = x*[| + BuM1)* = xnr1 — x* 1> + 2Bl f (xn) — pFon[[| X011 — x*||
=T = Tyga + BaMa (2 xn — x| + BuM1) + 2Bul| f (xn) — pFonllllxp41 — x*.
Since By — 0, Ty —Tyy1 — 0, {vn} C [a,b] C (0,1) and {Zn} C [c,d] C (0,1), we
have
n—oo n—,oo
Note that

| Tty — vnHz = 1Gn(Thwn — xn) + (1 — Cn) (Tatoy — TZH)HZ
= Cnl| Trhwn — anz + (1 = Zn) || Ty — TZnH2 —Cn(1=Cn)||Tzy — anZ-

Hence, from (44) we have
lim ||T,w, — x,|| = lim || T,w, — Tzy|| = 0. (45)
n—oo n—,oo
So, from (43)—(45) we infer that
lwn —znl| < [wn —yull + lyn —zull >0 (1 — ), (46)
llzn — Tuzull < llzn — wanll + [wn — xu | + [[xn — Tuwn || + || Town — Tuzal| (47)
S2||Zn_wn||+||Wn_Xn||+||Xn_Tan|| —0 (Tl—)oo),
and

|01 = xull = |Bnf (xn) + vuTawn + (1 = )] — BupF)vn — xu|

= [|Bn(f (xn) — pFou) + yu(Tuwn — xn) + (1 — vn) (00 — xn) ||

< Bullf(xn) — oFvn|| + Yul| Tawn — xull + (1 = vn) [[on — x| (48)
< Bullf x|l + lloFvnll) + vall Tawn — xull + (1 = vn) (lon — Tawnl| + (| Town — xal|)

< Bu(llf(xn)ll + loFvnll) + | Tawn — x| + lon — Tuwa|| = 0 (1 — o0).

In addition, using the similar arguments to those of (33) and (34), we have

limsup((f — pF)x*, x, — x*) <0,

n—o0

and hence
limsup((f — pF)x*, x,11 — x*) <O0.

n—o0

Consequently, applying Lemma 4 to (41), we have lim,_, ||x, — x*|| = 0.
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(Ax,y —

x) =

(

Case 4. Suppose that Ty, } C {Ty} s.t. Ty, < Ty, 11 Vk € N, where N is the set of all positive
integers. Define the mapping T : N — N by 7(n) := max{k < n : Iy < I't;1}. In the
remainder of the proof, using the same arguments as in Case 2 of the proof of Theorem 1,
we obtain the desired assertion. This completes the proof.

It is markable that our results improve and extend the corresponding results of
Kraikaew and Saejung [20] and Ceng et al. [11], in the following aspects.

(i) Our problem of finding an element of NY  Fix(T;) N VI(C, A) includes as a special
case the problem of finding an element of VI(C A) in [20], where T3, ..., Ty are nonexpan-
sive and Ty = T is quasi-nonexpansive. It is worth mentioning that Halpern’s subgradient
extragradient method for solving the VIP in [20] is extended to develop our Mann-type
inertial subgradient extragradient rule for solving the VIP and CFPP, in which A is L-
Lipschitz continuous, pseudomonotone on H, but it is not required to be sequentially
weakly continuous on C.

(ii) Our problem of finding an element of NN (Fix(T;) N VI(C, A) includes as a special
case the problem of finding an element of N le(T )N VI(C, A) in [11], where in [11], A
is required to be L-Lipschitz continuous, pseudomonotone on H, and sequentially weakly
continuous on C. The modified inertial subgradient extragradient method for solving
the VIP and CFPP in [11] is extended to develop our Mann-type inertial subgradient
extragradient rule for solving the VIP and CFPP, where T; is nonexpansive fori = 1,..., N
and Ty = T is quasi-nonexpansive.

4. Applicability and Implementability of Algorithms

In this section, in order to support the applicability and implementability of our
Algorithms 1 and 2, we make use of our main results to find a common solution of the VIP
and CFPP in two illustrating examples.

Example 2. Let C = [—1,1] and H = R with the inner product (a,b) = ab and induced norm
|-l = || Let xo,x1 € H be arbitrary. Put f(x) = F(x) = 1x, Bn = n}H, =B, u=
02, a=A1 =01, =0, = %, o =2, and

o otherwise.

. B2 .
min{—*—— a} ifx Xy
fn = { {Hx”_xn—lul } n 7 Xn-1,

Then we know thatk = = Yandt =1— /1 —p(2y — pxZ) =1 € (0,1]. For N = 1, we
now present Lipschitz continuous and pseudomonotone mapping A, quasi-nonexpansive mapping
T and nonexpansive mapping Ty such that Q) = F1x(T1) NFix(T) N VI(C, A) # @. Indeed, let
A,T,T1 : H— H bedefined as Ax := m 1+\x|’ Tix :=sinxand Tx := 5 % sin x for all
x € H. We first show that A is pseudomonotone and L-Lipschitz continuous with L = 2. Indeed,
it is easy to see that for all x,y € H,

_ 1 1
1A% = A4yl = |y — T — Tyl T

< It fsiny| “fsinzl
< larpaarmm | aTsmadyaTsnym
< lx—y|| + sin x—siny||
< D+ T st sy )
<2x—yl,

and

1 1 1 1

Jy—x) > 0= (Ay,y — x) = ( )y —x) >0.

1+|sinx| 1+ |x]

1+ |siny| _1—|—|y|

Furthermore, it is clear that Fix(T) = {0}, T is quasi-nonexpansive but not nonexpansive.
Meantime, I — T is demiclosed at O due to the continuity of T. In addition, it is clear that Ty is
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nonexpansive and Fix(Ty) = {0}. Therefore, 0 = Fix(T;) NFix(T) N VI(C, A) = {0} # @. In
this case, Algorithm 1 can be rewritten as follows:

Wy = Xp + "‘n(xn - xn—l)/

Yn = PC(wn - AnAwn)/

zn = Pc, (Wn — AnAyn), (49)
Uy = %xn + %len/

Xnt1 = %H : %xn + %Tzn + (nLJrl - %)Un Vn > 1,

where for each n > 1, C,, and Ay, are chosen as in Algorithm 1. So, using Theorem 1, we know
that {x,} converges to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A). Meanwhile, Algorithm 2 can be
rewritten as follows:

Wy = Xp + 0 (X — Xp—1),

Yn = PC(wn - /\nAwn)/

zn = Pc,(Wn — AnAyy), (50)
Op = %xn + %Tzi’l/

Xnp1 = i1 - 2% + 3Tiwn + (g — 3)on V> 1,

where, for each n > 1, C,, and A, are chosen as in Algorithm 2. So, using Theorem 2, we know that
{xn } converges to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A).

Example 3. Let H = L2([0,1]) with the inner product and induced norm defined by

(o) =[xyt and = ([ ROPa2 vy e,

respectively. Then (H, (-,-)) is a Hilbert space. Let C := {x € H : ||x|| < 1} be the unit closed
ball of H. 1t is known that
X
Pe(x) = { P i lxl > 1,

x o ifflx] < 1.

Let xo,x1 € H be arbitrary. Put f(x) = F(x) = 3x, B = 7q, Tn = B2, = 0.2, & =
M=01 v, =0y = %, p =2, and

. B2 .
0, = mm{i“x”ixnilu,zx} if Xy # x,_1,
o otherwise.

Then we know thatk =y = Jand T = 1— /1 —p(2y — px?) =1 € (0,1]. For N = 1, we
now present Lipschitz continuous and pseudomonotone mapping A, quasi-nonexpansive mapping
T and nonexpansive mapping Ty such that Q) = Fix(T1) NFix(T) N VI(C, A) # @. Indeed, let
A, T, Ty : H— H be defined as (Ax)(t) := max{0,x(t)}, (Tux)(t) := Jx(t) — J sinx(t) and
(Tx)(t) := sx(t) + L sinx(t) for all x € H. It can be easily verified (see, e.g., [8,9]) that A is
monotone and L-Lipschitz continuous with L = 1, and the solution set of the VIP for A is given by

VI(C, A) = {0} £ .

We next show that T and Ty are nonexpansive and Fix(T) = Fix(Ty) = {0}. Indeed, it is
easy to see that forall x,y € H,

ITx = Tyll = (fy [5(x(t) —y()) + 3 (sinx(t) — siny(t))|2dt)/
< (fo Blx(t) = y()] + Hx(t) — y(b)])2de)1/2
= ([y |x(t) —y(t)2dt)!/?
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Similarly, we get || Tyx — Tyy|| < ||x —y|| Vx,y € H. Moreover, it is clear that Fix(T) =
Fix(T1) = {0}. Therefore, O = Fix(T;) NFix(T) N VI(C,A) = {0} # @. In this case,
Algorithm 1 can be rewritten as follows:

Wy = Xn + an(xn - xnfl)/

Yn = PC(wn - )\nAwn),

zn = Pc, (Wn — AnAyn), (51)
On = 3xn + 3Thwy,

Xnp1 = ag - 3%+ 3Tzn + (GA — 3)on V> 1,

where for each n > 1, C,, and Ay, are chosen as in Algorithm 1. So, using Theorem 1, we know that
{xn} converges strongly to 0 € Q = Fix(Ty) NFix(T) N VI(C, A). Meantime, Algorithm 2 can
be rewritten as follows:

Wp = X + lxn(xn - Xn71),

Yn = PC(wn - /\nAwn)/

zn = Pc, (Wn — AnAyy), (52)
Uy = %xn + %Tzn,

Xpp1 = ig - 5%+ 3Tiwn + (G2 — 3o V> 1,

where for each n > 1, C,, and Ay, are chosen as in Algorithm 2. So, using Theorem 2, we know that
{xn} converges strongly to 0 € Q) = Fix(Ty) NFix(T) N VI(C, A).
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