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Abstract: A complex system is a system involving particles whose pairwise interactions cannot be
composed in the same way as in classical Mechanics, i.e., the result of interaction of each particle
with all the remaining ones cannot be expressed as a sum of its interactions with each of them (we
cannot even know the functional dependence of the total interaction on the single interactions).
Moreover, in view of the wide range of its applications to biologic, social, and economic problems,
the variables describing the state of the system (i.e., the states of all of its particles) are not always
(only) the usual mechanical variables (position and velocity), but (also) many additional variables
describing e.g., health, wealth, social condition, social réle ..., and so on. Thus, in order to achieve
a mathematical description of the problems of everyday’s life of any human society, either at a
microscopic or at a macroscpoic scale, a new mathematical theory (or, more precisely, a scheme
of mathematical models), called KTAP, has been devised, which provides an equation which is a
generalized version of the Boltzmann equation, to describe in terms of probability distributions
the evolution of a non-mechanical complex system. In connection with applications, the classical
problems about existence, uniqueness, continuous dependence, and stability of its solutions turn out
to be particularly relevant. As far as we are aware, however, the problem of continuous dependence
and stability of solutions with respect to perturbations of the parameters expressing the interaction
rates of particles and the transition probability densities (see Section The Basic Equations has not
been tackled yet). Accordingly, the present paper aims to give some initial results concerning these
two basic problems. In particular, Theorem 2 reveals to be stable with respect to small perturbations
of parameters, and, as far as instability of solutions with respect to perturbations of parameters
is concerned, Theorem 3 shows that solutions are unstable with respect to “large” perturbations
of interaction rates; these hints are illustrated by numerical simulations that point out how much
solutions corresponding to different values of parameters stay away from each other as t — +co.

Keywords: kinetic theory; complex systems; stability; parameters; differential equations

MSC: 82B40; 37F05; 45M10; 35B30; 34A12

1. Introduction

The present paper deals with the system of equations governing the behavior of so-
called complex systems (see Section 2 for details). Roughly speaking, a complex system is a set
of a large number of individuals (particles) whose behavior is strongly influenced by their
mutual interactions, in addition to external forces and possibly to a thermostat [1-4], so that
the evolution of the system cannot be by no means deterministic, but must be described in
terms of the probability distribution fuction on the set of possible values of a suitable variable
describing the state of each individual. In this connection, it must be carefully noted that—
though the notion of a complex system was originated in a purely mechanical framework
and could be traced back to Boltzmann'’s Kinetic Theory of Gases [5-8]—a complex system
is not nowadays considered as simply consisting of material particles, whose state is
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completely described by the two variables position and velocity. The notion of complex
system has been exported in several different contexts (biology [9,10], medicine [11-15],
economy [16,17], psychology [18,19], social dynamics [20-23] ...), in which the state
variables are non-mechanical and, in at least one case, vectorial [24].

Though the behavior of each particle of the system is of course deterministic, i.e., it
is uniquely determined by its interactions with other particles; nevertheless, the number
of particles and interactions is so large as to prevent us from following the evolution of
the state of each particle. Accordingly, the model is based on the choice to describe the
evolution of the system as a whole, turning the attention to the probability distribution on
the states of particles; thus, the evolution equation takes the form (1) (see Section 2). As
usual for nonlinear differential and integral equations, also in this case we have to tackle
the classical problems about existence, uniqueness, continuous dependence, and stability
with respect to initial values (and boundary values, when required). These problems have
been tackled in [25-30].

In many cases of interest, the solutions to the problems about stability and continuous
dependence of solutions depend on the coefficients of the equations, especially in the cases
in which they are not constants but functions of the independent variables. In this last case,
the question of whether two solutions, corresponding to the same assigned data but to two
different systems of coefficients, are close when such are the coefficients spontaneously
arises. This question seems to be of special relevance for Equation (1). As we shall see in
more detail in Section 2, in Equation (1), denoting by u the state variable and by D, the
state space, that is the set of all possible values of u, we find two kinds of coefficients:

1. the coefficient 7 (u.,u*), a function defined on D2, expressing the interaction rate
of the particles whose state is 1, with the particles whose state is u*, i.e.,— roughly
speaking—the number of their interactions per unit time;

2. the coefficient A(u, u*, u), a function defined on D3, expressing the transition proba-
bility, i.e., the probability (density) that any individual in the state 1., when interacting
with a particle in the state u*, falls in the state u.

In any context, it is obvious that, to different prescriptions on the form of function
1 (s, u*) or of function A(u,, u*, 1), there will correspond different probability distribu-
tions on D, (or, in a strictly statistical interpretation, different distributions of relative
frequencies on D, over the system). However, what should we expect about the depen-
dence of the difference of distributions on the difference between prescribed coefficients?
Should an accordingly small difference between the corresponding distributions corre-
spond to small perturbations to the interaction rate or to the transition distribution?

These questions are quite similar to those posed in all the classical problems associated
with differential and integro-differential equations, but—as far as we are aware—have not
been tackled yet for Equation (1). Nevertheless, in view of the large number of applications
of complex systems (and of Equation (1), which describes their evolution) to so many
basic problems of collective life of the whole mankind (for instance, let us mention the
prediction of the evolution of epidemic diseases, or of the emergence of unsustainable
economic inequalities), these questions are of special relevance in the framework of KTAP.
In addition, the present paper is the first attempt to tackle them and to give some initial
results about both the continuous dependence of solutions of Equation (1) on the coefficients
and their instability. In connection with this last topic, the paper also offers some numerical
simulations that show the separation between solutions corresponding to different values
of parameters.

The contents of the paper are distributed as follows: in Section 2, we recall the structure
of KTAP theory and Equation (1), and report the Cauchy problem associated with it, in
the case in which the activity variable is assumed to be continuous (Section 2.1), as well as
in the case in which it is assumed to be discrete (Section 2.2); Section 3 will be devoted to
draw the notion of dependence of solutions on the parameters, and we state and prove a
result concerning the continuous dependence of solutions on parameters, again in both the
continuous case (Section 3.1) and the discrete case (Section 3.2), and, in Section 4, we give
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first results about instability of solutions (in both cases); in this connection, special attention
should be paid to the numerical simulations presented in Section 4.3 for the discrete
case that offers a clear perception of the fact that the solutions to Equation (4) depend
continuously on the parameters, but stay apart from each other when the perturbation
of the parameters is greater than a well-defined threshold value. Finally, in Section 5, we
outline some research perspectives based on some general and meaningful conclusions
that can be drawn from the results found in the previous sections.

2. The Basic Equations
2.1. The Continuous Activity Framework

Let D, € Rand F > 0. According to what has been laid out in the Introduction, this
paper is devoted to the analysis of properties of solutions f(t,u) : [0, +oo[x D, — RT of
the following nonlinear integro-differential equation, with quadratic nonlinearity:

df(t,u) + Fou (1 —uEq[fI(£))f(t, u)) = JIf, fI(t, w), 1)

where the operator J[f, f](t, u) is defined as follows:

JUf, fI(t u) = GIf, fI(E u) — LIf, fI(£ u)

= Dy Dy 7’](14*, u*) A(”*, u*/u)f(t’ u*)f(t’u*) du* du*—|— (2)

= fltw) [ ) ey du,

and

e q(us,u*): Dy, x D, —» RY;
e A(u.,u*,u): D, x D, x D, — R with the property:

/ A, u*,u)du =1, Vi, u* € Dy;

u

o Eilfl(t) = Jp, uf(tu)du.

The Cauchy problem associated with Equation (1) reads

01 (8, ) + Fau (1~ uEa[£)(1)) (1)) =
JIF. A1) () €0 4eolxDy
£0,u) = fo(w) ueD,.

Let
Eolfl() = [ ft,w)du
and

Eo [f](t) :/ u? f(t,u) du.

Dy
Consider the function space K(D,,) defined as
K(Du) := {f(t,u) € [0,+o0[x D, — R* : Eo[f](t) = Ep[f](t) = 1}.

The existence and uniqueness of solutions

f(tu) € C((O,+oo) X Du;Ll(Du)) N K(Dy)
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of the Cauchy problem (3) are proved in [25], under the condition
f(t,u) =0, u € aD,.

The existence of solutions of the nonequilibrium stationary problem related to (1) is proved
in [31]. A proof of the convergence of the solution of (3) to the nonequilibrium stationary
solution as time goes to infinity is given in [32].

In many cases of interest, as for example in the description of the diffusion of epidemics
1 (1, u*) can be supposed to be constant, i.e., there exists 7 > 0 such that n(u,,u*) =y,
for all u,,u* € D,,.

Remark 1. If C is a complex system, homogeneous with respect to the mechanical variables, i.e.,
space and velocity, (1) describes the evolution of the distribution function f(t,u) of C, and is called
thermostatted kinetic framework [2].

The microscopic state is described by a scalar variable u, called activity, which attains its
values in a real continuous subset D,. In this frame:

o y(us, u*) is the interaction rate between the particles that are in the state . and the particles
in the state u*;

o A(us,u*,u) is the transition probability density i.e., the probability (density) that a particle
in the state u. falls into the state u after interacting with a particle in the state u*;

e F > 0is the value of the external force field acting on the system C;

o Eo[f](t) is the density, E1[f](t) is the linear momentum and E,|[f](t) is the global energy;

e GIf, fI(t, u) is the gain-term operator and L|f, f](t, u) is the loss-term operator.

Equation (1) and the related problem (3) describe the evolution of a system C such that the
global activation energy, By [f](t), is kept constant by means of a thermostat [33].

2.2. The Discrete Activity Framework

Let I, = {uy,up,...,u,} be a discrete subset of R. The operator J;[f](t), for i €
{1,2,...,n} is defined as:

Jilf](t) = G;[f](t) — Li[f](t)
g ; Mk Bl fin (£) )_fi(t)k_zlﬂikfk(t)

where 17 : I, x I, = RT, for b,k € {1,2,...,n}, and the functions B;zk ‘L, x I, x I, = Rt
(wherei, h,k € {1,2,...,n}) obey the condition

n .
Y By=1 hke{l,2,...,n}
i=1

Let £(t) = (f1(t), f2(t), ..., fu(t)), where, forany i € {1,2, ... n},
fi(t) :== f(t,u;) : [0, +o0[x I, — R
is a solution of the nonlinear ordinary differential equation
af; L + F;
dft (t) = Jilf]( - <u])>fi(t)/ 4)
i=1

for F(t) = (Fi(t), Fa(t), ..., Ex(t)) with Fi(t) > 0. The 2-nd order moment function E; [f](t)
of f takes now the form .
= Y fi)
i=1
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Consider the function space:
R} = R}(R*;Es) = {£ € C([0,+00]; (RT)") : Ey[f] = Er }

where E; € RT. The existence and uniqueness of solutions to the Cauchy problem
associated with Equation (4), with initial data f° such that Y ulz £ =1, has been proved
in [34] under the following assumption:

H1 There exist 77, F > 0, such that F;(t) < F,fort > 0, and n; < 1, for h,k € {1,2,...,n}.

A nonequilibrium stationary solution of Equation (4), for i € {1,2,...,n}, is a function f;
satisfying the equation

n 2(71. .
Jilf] + F — Z(”i (LE]; Fl))fi = 0. 5)
i=1

Let R2 denote the function space:
RE(REp) = {f € (R")" : Bsff] = Fp .

The existence of nonequilibrium stationary solutions g(u) € R% has been proved in [28], under
the assumption H1.
In particular, under the further assumptions:

n .
H2 Y u;Bj, =0, forallhk € {1,2,...,n},
i=1

n .
H3 Y u?Bj, = uj, forallh k€ {1,2,...,n},
i=1
it has been proved in [28] that any nonequilibrium stationary solution is unique if the force

field verifies the constraint
1
F>2E3(1+—> |
[[ull5

Proposition 1 ([28]). If assumptions H1-H3 are met, together with the assumption

H4
Eo[f] = Eo[f] =1

then

n

1. The evolution equation of B+ [f](t) = ) u;fi(t) takes the form

i=1
E1 [f](1) + <17 + i u?ﬂ) Eq [£](£) — i uiF; =0; (®)
i=1 i

2. ast— +oo,

™=
=
o

Eqlf](t) = K= —=1 @)
n + Z M%Fi
i=1

3. Denoting by £ the initial data of the Cauchy problem related to (4), one has

|E1[f] () — K| < cexp [— (77+ iufﬁ) t], ®)

i=1
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where c is a constant depending on the system.

Remark 2. In [35], the existence of solutions of Equation (4) and of the related nonequilibrium
stationary problem has been proved for more general values of the real discrete variable u;.

Remark 3. Equation (4) has been proposed in [34] in order to model a complex system which
partitioned in n subsystems, called functional subsystems. In particular:

®  the function fi(t), fori € {1,2,...,n}, denotes the distribution function of the i-th func-
tional subsystem;

e the function F(t) = (Fi(t),Fx(t),...,Fu(t)) is the external force field acting on the
whole system;

o Theterm

(200 + R
a._i_21< : >

represents the thermostat term, which allows for keeping constant the quantity Eo[f](t):

®  the term 1y is the interaction rate related to the encounters between the functional subsystem
h and the functional subsystem k, for h,k € {1,2,...,n};

e the function B;;k denotes the transition probability density that the functional subsystem h
falls into the i after interacting with the functional subsystem k, for i, h, k € {1,2,...,n};

o theoperator J;[f](t), fori € {1,2,...,n}, models the net flux to the i-th functional subsystem;
G;[f](t) denotes the gain term operator (incoming flux) and L;[f](t) the loss term operator
(outgoing flux).

Remark 4. Let p € N. Equation (4) can be further generalized as follows:

%(t) = Ji[f](t) + Fi(t) = ) (W)ﬁ(f)-

i=1

This framework allows for keeping the p-th order moment

n
Eplf](t) = ) ul fi(t).
i=1
of the distribution f constant.

Remark 5. The convergence of any solution of (4) to a corresponding nonequilibrium stationary
state (solution to (5)), as time goes to infinity, has been proved in [27].

3. The Continuous Dependence on the Parameters
3.1. The Continuous Activity Framework

Let A(u., u*,u), .,Zl(u*,u*,u), 7 and 7 two classes of parameters for Equation (1).
Let J[f, fI(t, u) = GI[f, fI(t,u) — L[f, f](t,u) be the operator related to the parameters
A(us,u*,u) and 7, and J[f, f](t,u) = G[f, f](t,u) — L[f, f](t, u) the operator related to the
parameters A(u,, u*,u) and .

The related Cauchy problems, with the same initial data f°(u), are defined as follows:

Ocf(t,u) + Fou (1 —uEq[f1(£))f(t, u)) = JIf, f1(t, u)
©)
FO,u) = fO(u),
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Oef (t,u) + Fou (1 — uBa [f](1)) f(t,u)) = JIf, fI(t, )
(10)

£0,u) = fO(u).

By [25], there exist two functions f(t,u) € C((0,+0o0) x Dy; LY(Dy)) NK(Dy) and f(t,u) €
C((0,+0o0) x Dy; LY(Dy)) N K(Dy,) that are solutions to problem (9) and to problem (10),
respectively.

The present paper aims to give a contribution in two directions:

1. the continuous dependence of the solutions of Equation (1) on the parameters A(u., u*, u)
and #;

2. afirst attempt towards the instability of the solutions of Equation (1) for certain values
of the two classes of parameters (A(u., u*,u), ) and (A(u., u*, u), 7).

The first result will be a proof of the continuous dependence of solutions to Equation (1)
with respect to the parameters.
Let O(u, u*, u) be the function defined as:
O(uy, u*, u) := | Ay, u*, u) — FA(uy, u*, u)|.
Theorem 1. Let f(t, u),f(t, u) € C((O, +00) X Dy; Ll(Du)) N K(Dy) the solutions to problems

(9) and (10), respectively. Assume that @ (u, u*,u) € LY(D, x Dy, x Dy,). If there exist 5,6>0
such that | —7j| < 6 and H@(u*/u*'u)HLl(DuXDuxDu) < § then, forall T > 0:

£t u) Hc ((0,T)x Dy;L1(Dy)) = (‘5+‘§)T€(2ﬂ+ﬁ)T- (11)

Proof. Integrating Equation (1) from 0 to f and recalling that f(0,u) = f°(u) in mind,
one has
0 t
fltw) = £20) + [ J1F, fi(r ) e .
t
—F [[9u((1 ~uEi[f)(7)f(r,w)) dr,

where
[ A e = [ Gl fieuac - [ 117, fi(cu)ar
= [ A ) f) £ 6 ) du du e
t
| flruyde
The integral expression (12) for the solutions f(t,u) and f (¢, u) becomes
f(t,u) = fOu) —0—/0 /DuxDu A, u*,u) f(tus) f(Eu") duy du™ dt

; ; (13)
[ frwyar—F [[3u(1— By [f)() £ () d,

and
ftu // Dﬁflu*,u Ju) ft, ) f(t,u*) duy du* dt
- / F(t,u)dt — F / (1 — B [f)(x))f(r,u)) dT

(14)
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respectively.
Subtracting side by side Equation (14) from Equation (13), we readily get

ftu) = f(t,u) =

- /Ot/uwu (7 At 1) f(T,10) f(T,1") — 17 A, 1, 10) F(T,00) f(T,0%)) duty du* d
+/t i Fr,u) — 1y f(t,u)] dr (1)
FF [ ou(fm) — f(r) + f(r ) B (1) - F(r,u) uBi[fl(1)) de
which leads immediately to the estimate
f(tu) = f(tu)] <
oy, A7) f (T ) f (T 07) = 77 A, u*, ) F(t,u) f(t,u*) du, du* dt
(16)

s [ Feaae—y [ e ae
+p’/0fau(f(w) — F(t,u) + f(t,u) uEq[f](7) — F(r,u) uE4[f](7)) d|.

Since f(t,u) = f(t,u) = 0 for u € aD,,, the third term on the right-hand side of inequality
(16) vanishes, so that we obtain the relation

f(tu) = F(tu)] <
17 A, u*,u) f(t,u) f(T,u*) — 7 A(us, u*,u) f(t,u) f(T,u*) du, du* dt

Dy, xDy (17)

o
+ [l few) =y fxw]ar

and, by straightforward calculations, one finds that the first term on the right-hand side of
(17) can be estimated as follows:

A, u,u) f(t,u) f(T,u*) — 7 Aus, u*,u) f(T,ue) f(t,u*) duy du* dr| <

Dy xDy

= /t /DuxDu 1 f(t,u") A, u) | f (T, 1) — f(T, us) | dus du* dT
// D 7 f (T u) Al u®,u) | f(T,u) = f(T,u”)| du* du, dt

+/0 /uXDu CATSYICATY (7 A(us, u*,u) — GA(uy, u*, u)] du, du* dr.

(18)

Now, using inequality (18) and integrating both sides of relation (17) on D,,, we get

~ t ~
1w =F(t )y <1 [ 1700 w) = FE ), v
t =
7 [ (e —f<r,u>\|L1<Du)dr+H@(u*,u*,u)||L1(D,,Xpuwu> 19)

—i—/ / —n f(t,u)|dudrt.

Since:

7 f(r,u) =y f(r,u)| = |77 f(r,u) =y f(,0) + 3 f(z,u) = f (1)
Fl )i —nl+nlf(r,u) = f(r,u)l,

IN
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relation (19), bearing in mind that [ — 77| < J and [|©(u«, u*, u)|[11(p, x D, xD,) < 5, may
be rewritten in the form

0 ~F 60l < [ O+ DIFE 0 = F50l3 0, 7

+ 1O (s, u™, u ||L1(DuxDuxDu) + |77 — |t

o [~ e, 4t @
< /0 @1+ D) (r,u) = F(0 1)l 3y dT + (64 D).
By Gronwall’s inequaility [36],
1F(t0) = F(t )l 3(py) < (84 )t eI+, @1

By (20) and (21), relation (11) is proved, i.e., for T > 0,

| £t ) HC (0T)xDuL} (D)) < (6 +6)T 21T,
O

Remark 6. It is worth pointing out that

1. the assumption | — fij| < & is an estimate of the distance between the interaction rates;

2. theassumption ||®(uy, u*,u)| 11(p, xp,xD,) < 8 is an estimate on the distance between the
transition probability densities, “weighted” by the interaction rates.

Remark 7. The conclusion (11) of Theorem 1 ensures the continuous dependence of solutions on
the parameters A(uy, u*,u) and 1. Indeed,

5,6—0
£t u) ||c ((0,+00) x Dy;L1(Dy)) > 0.
3.2. The Discrete Activity Framework

This section aims to prove the continuous dependence of the solutions of Equation (4)
on the parameters 7, and B;, when 0, F(t) = F, constant in time, and T > 0 are fixed.

Let £(t) = (fi(t), fa(t), ..., fu(t)), £(t) = (fl(t),fz(t), .. ,fn(t)) be the solutions of

the systems

ity = e fj(ﬂ)ﬁ(ﬂ reloT
i=1 (22)
£(0) = 9,
and
%(t) = Jif](t Z(uﬂt)>fz(t) tel0,T]
i=1 (23)
£(0) = 9,

respectively; the operators J[f] and J[f] are defined by the parameters 7, Bi,, and iy, Bi,,
respectively.
The following stability result holds.
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Theorem 2. Let £(t) = (fi(t), fo(t), ..., fa(t)), E(t) = (Fi(t), fa(t), ..., fu(t)) be the solutions

of (12) and (13), respectively. Assume ny <1, fiux < 7, for bk € {1,2,..., n}, and F; < F, for
i€{L2,...,n} forn,f,F>0.If A= YLy Y [1mBjy — NkBiy |, then

max Hf t) —f(t H < AT (s uf B)T (24)

te[0,T]
where

1£() = £() 1 = Z 1fi(t) = fi
Proof. Bearing assumption H4 in mind, and integrating Equations (22) and (23) on [0, ¢,
we get
n
ity =f+ [ (L H+F- <Z ))ﬂ()) 25)

and

=0 +/ <L )+ F— (iu (f 7](t ))ﬁ(t)) dt (26)

1

1
fori € {1,2,..., n}. Now, subtracting (26) from (25), we find

filt) = fi(1)
N / Jilf Jil (27)
- K; (1 1£](1) +Fi>>fi<t> - (; 0 +Pl-)ﬁ-<t>>] .
By taking the side-by-side sum oni € {1,2,...,n} of these last relations, we arrive at
Y|~ fo)] <

/ >:
b (i_zlu%ui[f](t) ) (21 2785 + F) fie >>

Now, first of all, observe that

LRI
<hZr
>

JAGIORIAGIE] 28)

(i Bl (8) fe(t) = e By fu (1) fi())

hk=1

fi(t) iﬂzkfk t)knzlﬁikfk(t)

it (29)
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The integrand in the first term on the right-hand side of (29) can be estimated as follows:

[k B fi(£) fi(8) = e Big (1) fe(8)] =
= "7hk Biy fu(£) fi(t) = Bige 1 fu(8) fi(t) + Bige 1 fu(£) () — Ak Bl fu() fk(t)’

< [ Big £ () (fe()) = Fu®)) + Fe(t) (e B f(t) — e Big 1))

< i Bl Su(D)|f(8) = fe(®) (30)
+fk(f)’77hk Bi fn() = fink Bl fu(t) + fine Bi fin () — Ak szfh(f)‘

< Bl fu(8)| f(®) = Fu®)| + ) ) | Bl — i Bl

+ i B fu(8) = Fu(®)|.

By using this estimate, the first integral on the right-hand side of (29) turns out to be
majorized as follows:

[ 2| 52 (B0 ) = s B )t
< /Oti i ik B fi (¢ )’fk() Fe(t) dt+/ i uk Big Fe (D) | fu () — fiu(t)| dt
i=1 hk=1 ] 1)

t n . N
+/0 3> fil®) fult) Yo | B — e B

i=1

)

S
Il

MR

S’7/0 Hf(f)—f(f)llldtJrﬁ/Otllf(t)—f(t)|\1dt+At.

As far as the second term on the right-hand side of (28) is concerned, one has

Z“ Jilf] Z“ — Li[f(t))
é” (hkilﬂthhkfh t) fi(t) Zﬂzkfk ) (32)
hkil<i” Bhk)’?hkfh Z” fi(t Zﬂzkfk =0

which in turn implies

t n n n A .
/o ). (Z u? (Jil£1(¢) +Fi)>fi(t) - (Z u?(]i[f](t) +Fi>fi(t)> dt <
i=1] \i=1 i=1
(33)
< ['[yuF | £(t) — £(t) || dt
_/0 i:Zlul i 14t.
Finally, by using relations (31) and (33), inequality (28) becomes
R t n R
1£(t) — £(t)[1x S/O (Uh+’7k+ Zu?Fz) 1£(t) — £(t) [l dt + At (34)
i=1

and now Gronwall’s inequaility [36] yields

I£(t) — B(£)||; < A TelnHiktLi uiFi)t
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leading at once to (24). O

Remark 8. The conclusion of Theorem 2 is the continuous dependence of solution of Equation (4)
on the parameters of the system, i.e., the interaction rate 1y and the transition probability density
By, In fact,

A—0

max ||£(t) — (t)]; =—= 0.

t€[0,T]

Remark 9. The coefficient A defined in Theorem 2 is a first estimate of the distance between the
two classes of parameters, i.e., (1, Bi, ) and (fiyk, Bi,).

4. A First Attempt towards the Instability with Respect to the Parameters
4.1. The Continuous Activity Framework

This section aims to give a first result about instability of solutions of Equation (1) with
respect to the parameters, interaction rate 7, and transition probability density A (1., u*, u).

Theorem 3. Let f(t,u), f(t,u) € C((0,+00) x Dy; LY(Dy,)) N K (D) be the solutions to prob-
lems (9) and (10), respectively. Assume that O(us, u*,u) € LY(Dy x Dy x Du) If there exist two
constants My and My, with My > My such that | — 7j| > My and ||© (u.., u*, u) L1 (Dux Dy x DY) <

My, then, for all T > 0:

(M; — My)
Hf (t,u) Hc (0,T)xDy;LY(Dy)) = 1+(,7+,7)TT>0' (35)
Proof. Asin Theorem 1, by using the integral formulation of (1) and by straightforward
calculations, one has

() = Fltw)] = | [ few) = flew) e

t -
Jr/0 ./uxDuW

t
+F/a
0

o
>| [ @7 = n (o) de

e

I£t) = 7t ) o,y >

/Ijll

—F
Dy

uxDy

[ ()~ fw) + fm B0 - fe ) uBi () de

A, w*,u) £(T,u) f(T,u*) — 7 Aus, u*, u) f(t,u) f(T,u*) du, du* dt

— f(r,u) + f(r,u) uBi [f)(7) - f(z,u) uE1 [f)(7))) dT

(36)
A, u*,u) (T, ) f(T,u%) — 77 Aue, u*,u) F(T,u) f(T, u*) dus du* dr
— f(r,u) + f(r,u) uBi [f](7) = f(z,u) uB1 [f)(7))) dT
whence, by integrating the (36) on D,,, we obtain
[ )~ fo0) de]
/Ot /DD 0 Al u*, ) FT, ) f(T,u*) — 7 Al ut, ) F(t, ) f (T, u*) duy du* de| du 37)

Since f(t,u) = f(t,u) = 0 for u € Dy, the third term on the right-hand side of the (37)
vanishes.
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The first term at the right-hand side of inequality (37) is estimated as follows:
I,

Consider now the second term of the right-hand side of inequality (37). First of all,

a /Du /ot / yxDy | A"

)

— 7 A, u*,u) f(t,u) f (T, u%) duy du™ dt| du >
)
F(

[ o) g fo) e

du > ’/Ot/D”ﬁf(T,u)—qf(T,u)dudT

= | —nlt.

(38)

flr,ue)f(t,u*)

(39)

_/u /Ot/uxpuw'A( Ju) f(T,us) f(T,u”)

— 7 A, u*,u) f(t,ue) f(T,u")| duy du* dt du.

By straightforward calculations,

1 A 0) £ (2 0) (1, 0%) = 7 Al ') ) f(x,u0)| =
= | A u%,u) £t ) f(r,u%) =y Al 0) f(,u) fu0)
1y Al u) f(zw) f(r,07) + 1 (u*,u ) f () flu)
(") = A, ', u) f(z, ) f(r,u%)

— 17 Alue,u”, u) f(T,u:) f
= | A, u) £z (F(x, f( T, ")) @0)
—UA(”»M“ 1) ~(T u) (f (T, ux —f(T ix)))

+ f(t,u) f(t,u") (g A, u*,u) — 7 Aus, u* u))‘
<17.A(u*,u ) f(t,ue) | f(t,u*) = F(T,u4)]

+ 7 A, u*,u) f(7, *)}f T, Uy) f( T,
P u) FO %) g A, 0) — At %, 0]

In virtue of inequalities (39) and (40),

_/D /Ot/ . 77A(u*’u*/”)f('f/u*)f(’[,u*)
— 77 A(ue, u*,u) f(T,ue) f(T,u*) du, du* dT| du >

t
_U/()/[)“f(f,u* / \f(t,u*) — f(t,u* |/ (s, u*, u) dudu™ du, dt
t ~

_17/0 /Duf('r,u )/Du |f (T, us) — f(T,u. |/ (e, u*, u) du du, du* dt (41)

t
— [ fu) )y At ) = A, ') dudu® dude

0 1 u XDy
= —ntllf(t,u) = F(t,w) 2o,y — T EIF(Eu) = F(t )l o,

t r ~
7/0 / / D f(t ) f(r,u*) | A, u*, u) — 7 A, u*, u)| duy du* dudt

and, using Holder’s inequality,
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//D/ 5 u*) f(T )| A, u®,u) — 7 Aus, u™, u) | duy, du™ dudt <
u><u

/t/ / (Jf?é,f”*>/ 7 A, u*,u) — 7 Au, u*, u)| du, du* dudt
<// / <maxf1_'u >/ "7"4”*/” u) — ﬁA(u*/M*,Mﬂdu*du*dudT (42)

IN

u*eD
S// 1 A, u*, u) — 77 A, u*, u) | du du™ du
w XDy xDy
= [©(a, 1", 1) || 1 (D x D D) -

Thanks to relations (41) and (42), inequality (39) becomes

- /D /Ot /D xD g -A(M*,Ll*,u)f(rl ”*)f(T, u*)
=11 A, ) F (00 f(,07) due du” de| du > (@3)
u)

=+ Mtllf(tu) - £(t,
Finally, by (38) and (43), inequality (37) yields

”Ll(Du) — [|©(us, u™, u) ||L1(Du xDyxDy)

(L+ (7 + D) f(tu) _f(t/u)HLl(Du) 2 |7 =t = 10w, 1™, 1) || 11 (D, x Dy x D) -

Then:

. 77 =5l = ©@uw, ™, u) || 1D, x D, x D)
1f(tu) = f(tu)llap,) = L+ (y+ 1)t

Relation (35) is then proved by using the (44), and keeping in mind the fact that
|y —7j| > M and ||®(u*,u*,u)||L1(DuxDuxDu) < My, with M; > M;y:

t (44)

|77 - 77| - ”@(u*/u*fu)HLl(DuxDuxDu)
£t u) = F(t,u ||c (0T)xDyL1(Dy)) = 1+ (y+7)T T

(M; — My)
T 14+ (4T

a
Remark 10. In Theorem 3, the instability is related to the variation of the interaction rate.

Remark 11. For instance, if D, = [0, %] is taken into account with A = A, then the right-hand
side of relation (35) is strictly positive, so that the instability of the solutions follows at once.

4.2. The Discrete Activity Framework

In this section, we want to outline a first step of a study of instability in the discrete
framework (4). This is an important issue in view of future numerical analysis.

Theorem 4. Let £(t) = (fi(t), fo(t), ..., fa(t)), £(t) = (F1(t), fa(t), ..., fu(t)) be the solutions
of Equations (22) and (23), respectively. Let 1,7, F >= 0 such that np < 1, g < 4, for
hke{1,2,...,n},and F; < F, fori € {1,2,...,n}. Furthermore, let

I'(t):=  min {

f,fc(C([o0,T]))"

8 e B ful6) Fel0) e B o) il

hk=1
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Then, (t) — ( )
I(t)—(m+a)t

‘(s Al > ) 45

[OE})}(” (- ( = [O,aT)](1+ (2?21 u%Fi)t @)

Proof. Bearing the (27) in mind, and by using the (32), straightforward calculations show,
forie {1,2,..., nk:
HORSAOIE

/0 Z Mhk Bhkfh s) fi(s) — fink 3§,kfh(s)fk(s) ds

hk=1
N n R n (46)
-If (ﬁ-(s) L i fo(s) = fls) 12 mkfk<s>> ds
(Zu F) (s) — £i(s)) .
By taking thesumoni € 1,2,..., n of relations (46), we find
I£(t) — (1)1 >
> L[ L B (o) 5(5) — e By (o) o) s
=170 ni=a
n R R n 47
[ (ﬁ-(s)zﬁikfk<s>—fi<s>):mkfk<s>> " w
i=1 k=1
—;(21 T ) (F(6) ~ fi(9)) ds
Now, observe that
i /t (ﬁ‘(s) i‘, ik fi(s) — fi(s) i Uikfk(s)> ds(s)| <
(48)

/otié ilkfk ds+/ Zfz iﬂzkfk

< (n+9)t,
and ‘
;(;u?H) 0(ﬁ(s) ) ‘ (Zju P)/ I£(t) — () 1. (49)

Using these two last relations, inequality (47) may be rewritten in the form

FE) 1 = T(6) = (1 + )t = (le a) [ g o

so that (- ( i
2 -ty
IEC) K0l 2

1£(8) —

and inequality (45) is achieved. [
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Remark 12. By using inequality (45), we see that, if T (t) > (7 + 7)t, then an instability appears
in the framework (4). In addition, it is important to note that this is a condition involving the
parameters of the system, i.e., interaction rate and transition probability density.

4.3. Numerical Simulations

This section aims to present some numerical simulations in the framework described
by (22). Specifically, the parameters of the system, i.e., interaction rate and transition
probability, acquire different values. All the simulations that follow have been performed
by using the routine Ode45 of MatLab.

Let n = 3, which is three functional subsystems that are taken into account. The initial
data are the vector:

= (3/8,1/2,1/8).

The interaction rate parameter has the following form:

ik = exp(—n [h—k[), 17 >0.

In the first set of simulations, the transition probability is constant, whether the interaction
rate varies. Specifically, three cases are considered:

° ;7:1,
[ ] ]7:3/‘
. 17:6

The solution £(t) = (f1(t), f2(£), f3(t)) is of course different from value to value of the
interaction rate. Specifically, Figure 1 shows the three plots of the solution f(#) respectively
corresponding to the three different values of # listed above. In addition, Figure 2 offers
a comparison between the solutions corresponding to the values 7 = 3 and n = 3,2,
respectively.

In the second set of simulations, the interaction rate is constant, while the transition
probability density acquires different real values. Precisely, Figure 3 shows the three plots of
the solution f() respectively corresponding to three different values of B, . The considered
cases are:

j 1 . .
By = Cink gg(|h —i]), ihke{l,2,...,n},

where ¢ is a non-increasing function of |k — i| and s, and the parameters c;j, for
i,h,k € {1,2,...,n}, are positive real numbers, depending on the particular system
taken into account;

o B,iqk that differs from sz only forh =3 and k = 2;

o Blik uniform.

Furthermore, Figure 4 shows the solutions corresponding to the values Blik and Bik in
the same plot in order to compare their behaviors in time.

It is worth being stressed that the shape of solution strictly depends on the value of the
parameters of the system (see Figures 1 and 3) as the results reported in Sections 4.1 and 4.2
show for both the continuous and the discrete framework. Moreover, bearing the
Figures 2 and 4 in mind, a small perturbation of a parameter may determine that the
related solution has the same shape, but they are not so “close” to each other.
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Figure 2. In black the solution for #7 = 3, in red the solution for y = 3,2.
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Figure 4. In black the solution for B;lk, in red the solution for sz.
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5. Conclusions and Research Perspectives

The results proved in Sections 3 and 4 are, in some sense, complementary. The former
shows that the difference between two arbitrary solutions of Equation (1), corresponding
to two different sets of parameters, i.e., different systems of interaction rates and different
probability distributions on the results of interactions, varies with a suitable measure of the
difference between the systems of parameters, and the variation is continuous; the latter
shows that, if the difference between the interaction rates is sufficiently large in a suitable
sense, then the corresponding solutions—though starting from the same initial value—will
move at once away from each other and will stay apart at any future time, i.e., their distance
has a constant positive lower bound. In addition, the numerical simulations plotted in the
figures shown in Section 4.3 seem to give a good visual counterpart of this result.

As far as we are aware, no similar results have been previously reported in the lit-
erature about KTAP, perhaps because the study of the dependence of solutions on the
perturbations of parameters (interaction rates and transition probabilities) seems to be too
difficult in relation to its relevance for applications, so that tackling it is considered as an
almost useless effort. However, on the contrary, results like the ones found and reported in
the present work are probably intended for becoming of the greatest relevance for applica-
tions, with special concern with social and economic sciences. In this connection, we can
observe that economic interactions in any human society are ruled by the government: in a
country in which some commercial transactions are allowed, they will produce exchanges
of goods and money, with a subsequent modification of the distribution of wealth; but, in
another country, where the same transactions are forbidden, the interaction rate referred to
them is zero, and we must expect that the distribution of wealth could not be modified by
these transactions, regardless of the values of transition probabilities that are allowed to be
the same in both cases. This remark has worked as a suggestion of a search for instability
results of the kind of Theorems 3 and 4. Of course, these Theorems cannot be considered
as more than a first step on the way towards much more general instability results, for at
least the good reason that they only refer to the very special case in which the interaction
rates are constant with respect to the couples of states. Accordingly, this research about
instability requires to be deepened along at least three lines, which will be the object of
future work.

As laid out in the Introduction, KTAP is not a theory or simply a model, but a whole
scheme of models to describe and—above all—predict the behavior of complex systems.
In addition, as a matter of fact, our prime scope is its application to human collectivities,
in order to suggest some ways to solve the problems raised by many and diffused bad
mental habits that control not only human behaviors but also the criteria according to
which legislators decide the (inter-)actions that can be allowed and the (inter-)actions that
must be forbidden. Laws can modify both interaction rates and transition probabilities, so a
complete and detailed view of the behaviors they produce could avoid that past mistakes
from being repeated in the future.

In this line of thought, first of all, one should find possible conditions of instability in
the quite general case in which interaction rates are arbitrary functions defined on D, x D,;:
from a purely mathematical viewpoint, this will require in turn a suitable definition of
their distance.

Next, one has to find possible instability conditions on the transition probabilities,
also in the case in which the interaction rates are left unchanged.

Finally, one has to study the reciprocal influence between the perturbation of interac-
tion rates and the perturbation of transition probabilities. In this connection, it should be
noted that Theorem 3 already furnishes a first hint in this direction.

These three lines of search give good and hopefully—on a pragmatic ground—useful
perspectives for the development of the study started and reported in the present paper.



Axioms 2021, 10, 59 20 of 21

Author Contributions: Conceptualization, B.C. and M.M.; methodology, B.C. and M.M.; software,
B.C. and M.M,; validation, B.C. and M.M.; formal analysis, B.C. and M.M.; writing—original draft
preparation, M.M.; writing—review and editing, M.M. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: Marco Menale is supported by the Research Project “ANDROIDS” (AutoNomous
DiscoveRy Of depresslve Disorder Signs) for VALERE (VAnviteLli pEr la RicErca), developed by
Universita degli Studi della Campania “L. Vanvitelli”.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Bar-Yam, Y. Dynamics of Complex Systems; CRC Press: Boca Raton, FL, USA, 2019.

2. Bianca, C. Modeling complex systems by functional subsystems representation and thermostatted-KTAP methods. Appl. Math.
Inf. Sci. 2021, 6, 495-499.

3.  Cilliers, P. Complexity and Postmodernism: Understanding Complex Systems. S. Afr. ]. Philos. 1999, 18, 275-278. [CrossRef]

4. Morriss, G.P; Dettmann, C.P. Thermostats: Analysis and application. Chaos Interdiscip. |. Nonlinear Sci. 1998, 8, 321-336. [CrossRef]
[PubMed]

5. Bobylev, A.V,; Cercignani, C. Exact eternal solutions of the Boltzmann equation. J. Stat. Phys. 2002, 106, 1019-1038. [CrossRef]

6.  Cercignani, C. The boltzmann equation. In The Boltzmann Equation and Its Applications; Springer: New York, NY, USA, 1988;
pp- 40-103.

7. Cercignani, C.; Gabetta, E. Transport Phenomena and Kinetic Theory: Applications to Gases, Semiconductors, Photons, and Biological
Systems; Springer Science & Business Media: Basel, Switzerland, 2007.

8.  Cercignani, C.; Illner, R.; Pulvirenti, M. The Mathematical Theory of Dilute Gases; Springer Science & Business Media: Basel,
Switzerland, 2013; Volume 106.

9.  Bonabeau, E.; Theraulaz, G.; Deneubourg, ].L. Mathematical model of self-organizing hierarchies in animal societies. Bull. Math.
Biol. 1996, 58, 661-717. [CrossRef]

10. Thieme, H.R. Mathematics in Population Biology; Princeton University Press: Princeton, NJ, USA, 2018; Volume 12.

11. Giorno, V.; Romadn-Roman, P; Spina, S.; Torres-Ruiz, F. Estimating a non-homogeneous Gompertz process with jumps as model
of tumor dynamics. Comput. Stat. Data Anal. 2017, 107, 18-31. [CrossRef]

12.  Masurel, L,; Bianca, C.; Lemarchand, A. On the learning control effects in the cancer-immune system competition. Phys. A Stat.
Mech. Its Appl. 2018, 506, 462-475. [CrossRef]

13. Pappalardo, E; Palladini, A.; Pennisi, M.; Castiglione, F.; Motta, S. Mathematical and computational models in tumor immunology.
Math. Model. Nat. Phenom. 2012, 7, 186-203. [CrossRef]

14. Poleszczuk, J.; Macklin, P.; Enderling, H. Agent-based modeling of cancer stem cell driven solid tumor growth. In Stem Cell
Heterogeneity; Human Press: New York, NY, USA, 2016; pp. 335-346.

15. Spina, S.; Giorno, V.; Romédn-Romadn, P; Torres-Ruiz, F. A stochastic model of cancer growth subject to an intermittent treatment
with combined effects: Reduction in tumor size and rise in growth rate. Bull. Math. Biol. 2014, 76, 2711-2736. [CrossRef]

16. Bianca, C.; Kombargi, A. On the inverse problem for thermostatted kinetic models with application to the financial market. Appl.
Math. Inf. Sci. 2017, 11, 1463-1471. [CrossRef]

17.  Bisi, M,; Spiga, G.; Toscani, G. Kinetic models of conservative economies with wealth redistribution. Commun. Math. Sci. 2009,
7,901-916. [CrossRef]

18. Carbonaro, B.; Serra, N. Towards mathematical models in psychology: A stochastic description of human feelings. Math. Model.
Methods Appl. Sci. 2002, 12, 1453-1490. [CrossRef]

19. Carbonaro, B.; Giordano, C. A second step towards a stochastic mathematical description of human feelings. Math. Comput.
Model. 2005, 41, 587-614. [CrossRef]

20. Bronson, R.; Jacobson, C. Modeling the dynamics of social systems. Comput. Math. Appl. 1990, 19, 35-42. [CrossRef]

21. Buonomo B.; Della Marca, R. Modelling information-dependent social behaviors in response to lockdowns: The case of COVID-19
epidemic in Italy. medRxiv 2020. [CrossRef]

22.  Fryer, R.G,, Jr,; Roland, G. A model of social interactions and endogenous poverty traps. Ration. Soc. 2007, 19, 335-366. [CrossRef]

23. Kacperski, K. Opinion formation model with strong leader and external impact: A mean field approach. Phys. A Stat. Mech. Its
Appl. 1999, 269, 511-526. [CrossRef]

24. Bianca, C.; Carbonaro, B.; Menale, M. On the Cauchy Problem of Vectorial Thermostatted Kinetic Frameworks. Symmetry 2020,

12,517. [CrossRef]


http://doi.org/10.1080/02580136.1999.10878188
http://dx.doi.org/10.1063/1.166314
http://www.ncbi.nlm.nih.gov/pubmed/12779736
http://dx.doi.org/10.1023/A:1014085719973
http://dx.doi.org/10.1007/BF02459478
http://dx.doi.org/10.1016/j.csda.2016.10.005
http://dx.doi.org/10.1016/j.physa.2018.04.077
http://dx.doi.org/10.1051/mmnp/20127312
http://dx.doi.org/10.1007/s11538-014-0026-8
http://dx.doi.org/10.18576/amis/110525
http://dx.doi.org/10.4310/CMS.2009.v7.n4.a5
http://dx.doi.org/10.1142/S0218202502002197
http://dx.doi.org/10.1016/j.mcm.2003.05.021
http://dx.doi.org/10.1016/0898-1221(90)90039-M
http://dx.doi.org/10.1101/2020.05.20.20107573
http://dx.doi.org/10.1177/1043463107080450
http://dx.doi.org/10.1016/S0378-4371(99)00174-0
http://dx.doi.org/10.3390/sym12040517

Axioms 2021, 10, 59 21 of 21

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Bianca, C. An existence and uniqueness theorem to the Cauchy problem for thermostatted-KTAP models. Int. J. Math. Anal. 2012,
6, 813-824.

Bianca, C.; Mogno, C. Qualitative analysis of a discrete thermostatted kinetic framework modeling complex adaptive systems.
Commun. Nonlinear Sci. Numer. Simul. 2018, 54, 221-232. [CrossRef]

Bianca, C.; Menale, M. A Convergence Theorem for the Nonequilibrium States in the Discrete Thermostatted Kinetic Theory.
Mathematics 2019, 7, 673. [CrossRef]

Bianca, C.; Menale, M. Existence and uniqueness of nonequilibrium stationary solutions in discrete thermostatted models.
Commun. Nonlinear Sci. Numer. Simul. 2019, 73, 25-34. [CrossRef]

Carbonaro, B.; Menale, M. Dependence on the Initial Data for the Continuous Thermostatted Framework. Mathematics 2019,
7,612. [CrossRef]

Carbonaro, B.; Menale, M. The mathematical analysis towards the dependence on the initial data for a discrete thermostatted
kinetic framework for biological systems composed of interacting entities. AIMS Biophys. 2020, 7, 204.

Bianca, C. Existence of stationary solutions in kinetic models with Gaussian thermostats. Math. Methods Appl. Sci. 2013,
2013, 1768-1775. [CrossRef]

Bianca, C.; Menale, M. On the convergence towards nonequilibrium stationary states in thermostatted kinetic models. Math.
Methods Appl. Sci. 2019, 42, 6624-6634. [CrossRef]

Bianca, C. Thermostated kinetic equations as models for complex systems in physics and life sciences. Phys. Life Rev. 2012,
9, 359-399. [CrossRef] [PubMed]

Bianca, C.; Mogno, C. Modelling pedestrian dynamics into a metro station by thermostatted kinetic theory methods. Math.
Comput. Model. Dyn. Syst. 2018, 24, 207-235. [CrossRef]

Bianca, C.; Menale, M. Mathematical Analysis of a Thermostatted Equation with a Discrete Real Activity Variable. Mathematics
2020, 8, 57. [CrossRef]

Walter, W. Differential and Integral Inequalities; Springer-Verlag: Berlin/Heidelberg, Germany, 2012; Volume 55.


http://dx.doi.org/10.1016/j.cnsns.2017.06.007
http://dx.doi.org/10.3390/math7080673
http://dx.doi.org/10.1016/j.cnsns.2019.01.026
http://dx.doi.org/10.3390/math7070602
http://dx.doi.org/10.1002/mma.2722
http://dx.doi.org/10.1002/mma.5766
http://dx.doi.org/10.1016/j.plrev.2012.08.001
http://www.ncbi.nlm.nih.gov/pubmed/22940533
http://dx.doi.org/10.1080/13873954.2018.1432664
http://dx.doi.org/10.3390/math8010057

	Introduction
	The Basic Equations
	The Continuous Activity Framework
	The Discrete Activity Framework

	The Continuous Dependence on the Parameters
	The Continuous Activity Framework
	The Discrete Activity Framework

	A First Attempt towards the Instability with Respect to the Parameters
	The Continuous Activity Framework
	The Discrete Activity Framework
	Numerical Simulations

	Conclusions and Research Perspectives
	References

