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Abstract: The aim of our paper is to present a new class of functions and to define some new
contractive mappings in b-metric spaces. We establish some fixed point results for these new
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1. Introduction

The well-known concept of metric space was introduced by M. Frechet [1] as an
extension of usual distance. In the theory of metric space, Banach’s contraction principle [2]
is one of the most important theorems and a powerful tool. A mapping T : X → X, where
(X, d) is a metric space, is called a contraction mapping if there exists α < 1 such that for all
x, y ∈ X, d(Tx, Ty) ≤ αd(x, y). If the metric space (X, d) is complete, then T has a unique
fixed point. Contraction mappings are continuous. In [3], Kannan proved the following
result which gives the fixed point for discontinuous mapping: let T : X → X, be a mapping
on a complete metric space (X, d) with

d(Tx, Ty) ≤ α(d(x, Tx) + d(y, Ty)),

where α ∈ [0, 1
2 ) and x, y ∈ X. Then, T has a unique fixed point. Contraction map-

pings have been extended or generalized in several directions by various authors (see, for
example, [4–10]). Not only contraction mappings but the concept of metric space is also
extended in many ways in the literature (see, for example, [11–19]).

The concept of b-metric spaces was initiated by Bakhtin [11] and Czerwik [13,14] as
an extension of metric spaces by weakening the triangular inequality.

Definition 1 ([11,13,14]). Let X be a non-empty set. Then, a mapping d : X× X → [0,+∞) is
called a b-metric if there exists a number s ≥ 1 such that for all x, y, z ∈ X,

(d1) d(x, y) = 0 if and only if x = y;

(d2) d(x, y) = d(y, x);

(d3) d(x, z) ≤ s(d(x, y) + d(y, z)).

Then triplet (X, d, s) is called a b-metric space. Clearly, every metric space is a b-metric space with
s = 1, but the converse is not true in general. In fact, the class of b-metric spaces is larger than the
class of metric spaces.
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In [14], Banach’s contraction principle is proved in the framework of b-metric spaces.
In 2013, Kir and Kiziltunc established the results in b-metric spaces, which generalized the
Kannan and Chatterjea type mappings. In [20], the authors introduced the following result
that improves Theorem 1 in [21].

Theorem 1 ([20]). Let (X, d) be a complete b-metric space with a constant s ≥ 1. If T : X → X
satisfies the inequality:

d(Tx, Ty) ≤ λ1d(x, y) + λ2d(x, Tx) + λ3d(y, Ty) + λ4(d(x, Ty) + d(Tx, y)),

where λi ≥ 0 for all i = 1, 2, 3, 4 and λ1 + λ2 + λ3 + 2λ4 < 1 for s ∈ [1, 2] and 2
s < λ1 + λ2 +

λ3 + 2λ4 < 1 for s ∈ (2,+∞); then, T has a unique fixed point.

In [6], the author introduced quasi-contraction mappings in metric spaces (X, d): A
mapping T : X → X is said to be a quasi-contraction if there exists 0 ≤ q < 1 such that for
any x, y,∈ X,

d(Tx, Ty) ≤ q max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(Tx, y)}.

Many authors proved fixed point theorems for quasi-contraction mappings in b-metric
spaces with some more restriction on values of q (see, for example, [20,22–25]). More on
b-metric spaces can be found in [26–37].

In the present work, we define a new class of functions. After that, we define some
new contractive mappings which combine the terms d(x, y), d(x, Tx), d(y, Ty), d(x, Ty)
and d(Tx, y) by means of the member of a newly defined class. We also prove some fixed
point results. To prove our results, we need the following concepts and results from the
literature.

Definition 2 ([27]). Let (X, d, s ≥ 1) be a b-metric space. Then, a sequence {xn} in X is called:

(i) Cauchy sequence if for each ε > 0 there exist n0 ∈ N such that d(xn, xm) < ε for all

n, m ≥ n0.

(ii) convergent if there exists l ∈ X such that for each ε > 0 there exist n0 ∈ N such that

d(xn, l) < ε for all n ≥ n0. In this case, the sequence {xn} is said to converge to l.

Definition 3 ([27]). A b-metric space (X, d, s ≥ 1) is said to be complete if every Cauchy sequence
is convergent in it.

Lemma 1 ([29]). Let (X, d, s ≥ 1) be a b-metric space and suppose that sequences {xn} and {yn}
converge to x and y ∈ X, respectively. Then,

1
s2 d(x, y) ≤ lim inf

n→+∞
d(xn, yn) ≤ lim sup

n→+∞
d(xn, yn) ≤ s2d(x, y).

In particular, if x = y, then lim
n→+∞

d(xn, yn) = 0.

Moreover, for any z ∈ X, we have

1
s

d(x, z) ≤ lim inf
n→+∞

d(xn, z) ≤ lim sup
n→+∞

d(xn, z) ≤ sd(x, z).

Lemma 2 ([31]). Every sequence {xn} of elements from a b-metric space (X, d, s ≥ 1), having
the property that there exists λ ∈ [0, 1) such that d(xn, xn+1) ≤ λd(xn−1, xn) for every n ∈ N,
is Cauchy.
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2. Fixed Point Results in b-Metric Spaces

In this section, we first define a new class of functions, and then we define a new
contractive mapping in b-metric spaces as follows.

Definition 4. For any m ∈ N, we define Ξm to be the set of all functions ξ : [0,+∞)m → [0,+∞)
such that

(ξ1) ξ(t1, t2, ..., tm) < max{t1, t2, ..., tm} if (t1, t2, ..., tm) 6= (0, 0, ..., 0);

(ξ2) if {t(n)i }n∈N, 1 ≤ i ≤ m, are m sequences in [0,+∞) such that lim sup
n→+∞

t(n)i = ti

< +∞ for all

i = 1 to m, then lim inf
n→+∞

ξ
(

t(n)1 , t(n)2 , ..., t(n)m

)
≤ ξ(t1, t2, ..., tm).

2.1. First Main Result

Definition 5. Let (X, d, s ≥ 1) be a b-metric space. The mapping T : X → X is said to be an
ξ-contractive mapping of type-I if there exists ξ ∈ Ξ4 and

d(Tx, Ty) ≤ 1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(Tx, y)
2s

)
, (1)

for all x, y ∈ X.

Now, the first result of this paper is as follows:

Theorem 2. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be an ξ-contractive
mapping of type-I. Then, T has a unique fixed point.

Proof. Let x0 ∈ X. Define a sequence {xn} in X as xn = Txn−1 for all n ≥ 1. Assume that
any two consecutive terms of the sequence {xn} are distinct; otherwise, T has a fixed point.
First, we prove that {xn} is a Cauchy sequence. For this, let n ∈ N.

Consider

d(xn, xn+1) ≤
1
s

ξ

(
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),

d(xn−1, xn+1)

2s

)
(2)

<
1
s

max
{

d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),
d(xn−1, xn+1)

2s

}
=

1
s

max
{

d(xn−1, xn),
d(xn−1, xn+1)

2s

}
≤ 1

s
max

{
d(xn−1, xn),

d(xn−1, xn) + d(xn, xn+1)

2

}
,

which implies that

d(xn, xn+1) <
1
s

d(xn−1, xn) f or all n ≥ 1. (3)

Case 1: If s > 1, then by Lemma 2 in view of (3), {xn} is a Cauchy sequence.
Case 2: If s = 1, then by (3), the sequence {d(xn, xn+1)} is monotonically decreasing

and bounded below. Therefore, d(xn, xn+1)→ k for some k ≥ 0. Suppose that k > 0; now,
taking lim inf n→ +∞ in (2), we have k ≤ ξ(k, k, k, k′), where

k′ = lim sup
n→+∞

d(xn−1, xn+1)

2
≤ lim sup

n→+∞

d(xn−1, xn) + d(xn, xn+1)

2
= k.
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Now,
k ≤ ξ(k, k, k, k′) < max{k, k, k, k′} = k, which is a contradiction; therefore,

lim
n→+∞

d(xn, xn+1) = 0. (4)

Suppose that {xn} is not a Cauchy sequence; then, there exists ε > 0 such that for any
r ∈ N, there exists mr > nr ≥ r such that

d(xmr , xnr ) ≥ ε. (5)

Furthermore, assume that mr is the smallest natural number greater than nr such that
(5) holds. Then,

ε ≤ d(xmr , xnr )

≤ d(xmr , xmr−1) + d(xmr−1, xnr )

< d(xmr , xmr−1) + ε

< d(xr, xr−1) + ε,

thus, using (4) and taking lim r → +∞, we get

lim
r→+∞

d(xmr , xnr ) = ε. (6)

Now, consider

d(xmr+1, xnr+1) ≤ ξ

(
d(xmr , xnr ), d(xmr , xmr+1), d(xnr , xnr+1),

d(xmr , xnr+1) + d(xmr+1, xnr )

2

)
.

Therefore, we have

d(xmr , xnr ) ≤ d(xmr , xmr+1) + d(xmr+1, xnr+1) + d(xnr+1, xnr )

≤ d(xmr , xmr+1) + d(xnr+1, xnr ) +

ξ

(
d(xmr , xnr ), d(xmr , xmr+1), d(xnr , xnr+1),

d(xmr , xnr+1) + d(xmr+1, xnr )

2

)
.

Thus, by taking lim inf r → +∞ on both sides and also using (4) and (6), we get
ε ≤ 0 + 0 + ξ(ε, 0, 0, ε′), where

ε′ = lim sup
r→+∞

d(xmr , xnr+1) + d(xmr+1, xnr )

2

≤ lim sup
r→+∞

d(xmr , xnr ) + d(xnr , xnr+1) + d(xmr+1, xmr ) + d(xmr , xnr )

2

=
ε + 0 + 0 + ε

2
= ε.

Thus, ε ≤ ξ(ε, 0, 0, ε′) < max{ε, 0, 0, ε′} = ε, which is a contradiction. Thus, {xn} is a
Cauchy sequence in (X, d, s ≥ 1).

Now, (X, d, s ≥ 1) is a complete b-metric space. Therefore, there exists x ∈ X such
that xn → x.

Now, consider

d(Txn, Tx) ≤ 1
s

ξ

(
d(xn, x), d(xn, Txn), d(x, Tx),

d(xn, Tx) + d(x, Txn)

2s

)
,
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which implies that

d(xn+1, Tx) ≤ 1
s

ξ

(
d(xn, x), d(xn, xn+1), d(x, Tx),

d(xn, Tx) + d(x, xn+1)

2s

)
.

Taking lim inf n→ +∞ on both sides and using Lemma 1, we get

1
s

d(x, Tx) ≤ 1
s

ξ(0, 0, d(x, Tx), l),

i.e.,
d(x, Tx) ≤ ξ(0, 0, d(x, Tx), l),

where

l = lim sup
n→+∞

d(xn, Tx) + d(x, xn+1)

2s
≤ lim sup

n→+∞

sd(x, Tx) + 0
2s

=
d(x, Tx)

2
.

Thus,
d(x, Tx) ≤ ξ(0, 0, d(x, Tx), l) < max{0, 0, d(x, Tx), l} = d(x, Tx),

which is a contradiction. Therefore, Tx = x.
Let Ty = y for some y ∈ X and suppose that x 6= y; then, consider

d(x, y) = d(Tx, Ty) ≤ 1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)
2s

)
≤ 1

s
ξ

(
d(x, y), 0, 0,

d(x, y)
s

)
<

1
s

max
{

d(x, y), 0, 0,
d(x, y)

s

}
=

d(x, y)
s

,

which is a contradiction. Therefore, x = y.

Now, the following remark improves our main result for Theorem 2.

Remark 1. Theorem 2 is also valid if the term d(x,Ty)+d(Tx,y)
2s in (1) is replaced by d(x,Ty)+d(Tx,y)

δs ,
where δ is a real number defined by

δ =


2, if s = 1,
δ′, if 1 < s ≤ 2,
1, if s > 2,

where δ′ is any number in
(

2
s , 1 + 1

s

)
.

Now, the following result is a consequence of Theorem 2.

Corollary 1. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be a mapping such
that there exists q ∈ [0, 1

s ) and

d(Tx, Ty) ≤ q max
{

d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty) + d(Tx, y)

2s

}
, (7)

for all x, y ∈ X. Then T has a unique fixed point.

Proof. Let ξ ∈ Ξ4 be defined by ξ(t1, t2, t3, t4) = qs max{t1, t2, t3, t4}. Then, following
Theorem 2, T has a unique fixed point.
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In the following example, we see that conditions of Theorem 2 are satisfied, but
Corollary 1 is not applicable.

Example 1. Let X =
{

1√
n : n ∈ N

}⋃{0}. Define d : X×X → [0,+∞) by d(x, y) = |x− y|2

for all x, y ∈ X. Then d is a b-metric on X with s = 2.
Define T : X → X by T

(
1√
n

)
= 1√

2(n+1)
for all n ∈ N and T(0)=0. Define

ξ(t1, t2, t3, t4) =

{
max{t1,t2,t3,t4}

1+t1
, i f t1 > 0,

1
2 max{t2, t3, t4}, otherwise.

Now, for all x, y ∈ X, (1) is satisfied, and thus the conditions of Theorem 2 are satisfied.
However, we see that if (7) is satisfied for all x, y ∈ X, we have

d(Tx, Ty) ≤ qN(x, y),

for all x, y ∈ X, where N(x, y) = max
{

d(x, y), d(x, Tx), d(y, Ty), d(x,Ty)+d(Tx,y)
2s

}
. So, in par-

ticular, we have

d

(
1√

2(n + 1)
,

1√
2(m + 1)

)
≤ qN

(
1√
n

,
1√
m

)
f or all m, n ∈ N, m 6= n.

i.e., ∣∣∣ 1√
n+1
− 1√

m+1

∣∣∣2
N
(

1√
n , 1√

m

) ≤ 2q f or all m, n ∈ N m 6= n.

Now, taking lim n, m→ +∞, we get 2q ≥ 1, which is a contradiction. Thus, Corollary 1 is
not applicable for this example.

Remark 2. In view of Remark 1, Corollary 1 is also valid, if the term d(x,Ty)+d(Tx,y)
2s is replaced by

d(x,Ty)+d(Tx,y)
δs , where δ is the same as defined in Remark 1.

The following result is another consequence of Theorem 2.

Corollary 2. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be a mapping such
that

d(Tx, Ty) ≤ λ1d(x, y) + λ2d(x, Tx) + λ3d(y, Ty) + λ4(d(x, Ty) + d(Tx, y)), (8)

for all x, y ∈ X, where λ1 + λ2 + λ3 + δsλ4 < 1
s and λi ≥ 0 for all i = 1 to 4. Then, T has a

unique fixed point.

Proof. Let ξ ∈ Ξ4 be defined by ξ(t1, t2, t3, t4) = s(λ1t1 + λ2t2 + λ3t3 + δsλ4t4). Then, by
Theorem 2 and Remark 2, T has a unique fixed point.

2.2. Second Main Result

Now, we define another contractive mapping in b-metric space.

Definition 6. Let (X, d, s ≥ 1) be a b-metric space. The mapping T : X → X is said to be an
ξ-contractive mapping of type-I I if there exists ξ ∈ Ξ5 and

d(Tx, Ty) ≤ 1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty)
2s

, d(Tx, y)
)

, (9)
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for all x, y ∈ X.

The proof of our next result proceeds in a similar manner as the proof of Theorem 2.

Theorem 3. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be an ξ-contractive
mapping of type-I I. Then T has a unique fixed point.

The following remark improves Theorem 3.

Remark 3. Theorem 3 is also valid, if the term d(x,Ty)
2s in (9) is replaced by d(x,Ty)

δs , where δ is the
same as in Remark 1.

Corollary 3. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be a mapping such
that there exists q ∈ [0, 1

s ) and

d(Tx, Ty) ≤ q max
{

d(x, y), d(x, Tx), d(y, Ty),
d(x, Ty)

δs
, d(Tx, y)

}
, (10)

for all x, y ∈ X. Then, T has a unique fixed point.

Proof. Let ξ ∈ Ξ5 be defined by ξ(t1, t2, t3, t4, t5) = qs max{t1, t2, t3, t4, t5}. Then, by
Theorem 3, T has a unique fixed point.

Corollary 4. Let (X, d, s ≥ 1) be a complete b-metric space and T : X → X be a mapping such
that

d(Tx, Ty) ≤ λ1d(x, y) + λ2d(x, Tx) + λ3d(y, Ty) + λ4d(x, Ty) + λ5d(Tx, y), (11)

for all x, y ∈ X, where λ1 + λ2 + λ3 + δsλ4 + λ5 < 1
s and λi ≥ 0 for all i = 1 to 5. Then, T has

a unique fixed point.

Proof. Let ξ ∈ Ξ5 be defined by ξ(t1, t2, t3, t4, t5) = s(λ1t1 + λ2t2 + λ3t3 + δsλ4t4 + λ5t5).
Then by Theorem 3, T has a unique fixed point.

3. Fixed Point Results in b-Metric-Like Spaces

Partial metric spaces were introduced by Matthews (1992) as a generalization of
metric spaces. The self-distance may be non-zero in partial metric space. In 2012, A. A.
Harandi generalized the concept of the partial metric by establishing a new space named
the metric-like-space. We notice that in metric-like space, the self-distance of a point may
be greater than the distance of that point to any other point (see Example 2.2 in [15]). Later
on, S. Shukla (2014) presented the idea of the partial b-metric as a generalization of the
partial metric and b-metric. Meanwhile, in 2013, M.A. Alghamdi et al. introduced the
concept of b-metric-like spaces that generalized the notions of partial b-metric space and
metric-like space. Obviously, b-metric-like space generalizes all abstract spaces that we
have mentioned in our paper. For the sake of clarity, we recall the definitions of these
abstract spaces as follows.

Definition 7 ([12]). Let X be a non-empty set. Then, a mapping d : X× X → [0,+∞) is called a
partial metric if for all x, y, z ∈ X,

(p1) d(x, y) = 0 ⇔ d(x, x) = d(x, y) = d(y, y);

(p2) d(x, x) ≤ d(x, y);

(p3) d(x, y) = d(y, x);

(p4) d(x, z) ≤ d(x, y) + d(y, z)− d(y, y).
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Then, the pair (X, d) is called a partial metric space.

Definition 8 ([15,38]). Let X be a non-empty set. Then, a mapping d : X × X → [0,+∞) is
called a metric-like space if for all x, y, z ∈ X,

(ml1) d(x, y) = 0 ⇒ x = y;

(ml2) d(x, y) = d(y, x);

(ml3) d(x, z) ≤ d(x, y) + d(y, z).

Then, the pair (X, d) is called a metric-like space.

Definition 9 ([17]). Let X be a non-empty set. Then, a mapping d : X× X → [0,+∞) is called a
partial b-metric if there exists a number s ≥ 1 such that for all x, y, z ∈ X,

(pb1) d(x, y) = 0 ⇔ d(x, x) = d(x, y) = d(y, y);

(pb2) d(x, x) ≤ d(x, y);

(pb3) d(x, y) = d(y, x);

(pb4) d(x, z) ≤ s(d(x, y) + d(y, z))− d(y, y).

Then, the triplet (X, d, s) is called a partial b-metric space.

Definition 10 ([16]). Let X be a non-empty set. Then, a mapping d : X× X → [0,+∞) is called
a b-metric-like if there exists a number s ≥ 1 such that for all x, y, z ∈ X,

(bml1) d(x, y) = 0 ⇒ x = y;

(bml2) d(x, y) = d(y, x);

(bml3) d(x, z) ≤ s(d(x, y) + d(y, z)).

Then, the triplet (X, d, s) is called a b-metric-like space.

The following definitions and results related to b-metric-like spaces are required in
the main results of this section.

Definition 11 ([16,39]). Let (X, d, s ≥ 1) be a b-metric-like space and let {xn} be a sequence of
points of X. A point x ∈ X is said to be the limit of sequence {xn} if lim

n→+∞
d(x, xn) = d(x, x),

and we say that the sequence {xn} is convergent to x and denote it by xn → x as n→ +∞.

Definition 12 ([16,39]). Let (X, d, s ≥ 1) be a b-metric-like space.

(i) A sequence {xn} in X is called Cauchy sequence if lim
n,m→+∞

d(xn, xm) exists and is finite.

(ii) (X, d, s ≥ 1) is said to be complete if every Cauchy sequence {xn} in X converges to

x ∈ X so that

lim
n,m→+∞

d(xn, xm) = d(x, x) = lim
n→+∞

d(xn, x).

Proposition 1 ([16]). Let (X, d, s ≥ 1) be a b-metric-like space and {xn} be a sequence in X such
that for some x ∈ X, lim

n→+∞
d(xn, x) = 0. Then,

(i) x is unique.

(ii)
1
s

d(x, y) ≤ lim
n→+∞

d(xn, y) ≤ sd(x, y) f or all y ∈ X.
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Lemma 3 ([40]). Let (X, d, s ≥ 1) be a b-metric-like space and {xn} be a sequence in X such that

d(xn, xn+1) ≤ λd(xn−1, xn)

for some λ ∈ [0, 1) and for each n ∈ N. Then, {xn} is a Cauchy sequence with lim
n,m→+∞

d(xn, xm) =

0.

Now, we extend Theorem 2 in the framework of a b-metric-like space. At the end of
the proof, we provide an example in support.

Theorem 4. Let (X, d, s ≥ 1) be a complete b-metric-like space. Let T : X → X be a mapping
such that there exists ξ ∈ Ξ4 and

d(Tx, Ty) ≤ 1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(Tx, y)− d(y, y)
2s

)
(12)

for all x, y ∈ X with d(x, Ty) + d(Tx, y) ≥ d(y, y). Then, T has a unique fixed point.

Proof. Let x0 ∈ X. Define a sequence {xn} in X as xn = Txn−1 for all n ≥ 1. Assume that
any two consecutive terms of the sequence {xn} are distinct; otherwise, T has a fixed point.
First, we prove that {xn} is a Cauchy sequence. For this, let n ∈ N.
Now,

d(xn−1, Txn) + d(Txn−1, xn) = d(xn−1, xn+1) + d(xn, xn) ≥ d(xn, xn);

therefore, using (12), we have

d(xn, xn+1) ≤
1
s

ξ

(
d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),

d(xn−1, xn+1) + d(xn, xn)− d(xn, xn)

2s

)
(13)

<
1
s

max
{

d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),
d(xn−1, xn+1)

2s

}
=

1
s

max
{

d(xn−1, xn),
d(xn−1, xn+1)

2s

}
≤ 1

s
max

{
d(xn−1, xn),

d(xn−1, xn) + d(xn, xn+1)

2

}
,

which implies that

d(xn, xn+1) <
1
s

d(xn−1, xn) f or all n ≥ 1. (14)

Case 1: If s > 1, then by Lemma 3 and in view of (14), {xn} is a Cauchy sequence in
(X, d, s ≥ 1) and lim

n,m→+∞
d(xn, xm) = 0.

Case 2: If s = 1, then by (14), the sequence {d(xn, xn+1)} is monotonically decreasing
and bounded below. Therefore, d(xn, xn+1)→ k for some k ≥ 0. Suppose that k > 0; now,
taking lim inf n→ +∞ in (13), we have k ≤ ξ(k, k, k, k′),
where

k′ = lim sup
n→+∞

d(xn−1, xn+1)

2
≤ lim sup

n→+∞

d(xn−1, xn) + d(xn, xn+1)

2
= k.

Now, k ≤ ξ(k, k, k, k′) < max{k, k, k, k′} = k, a contradiction; therefore,

lim
n→+∞

d(xn, xn+1) = 0. (15)
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Furthermore,
d(xn, xn) ≤ d(xn, xn+1) + d(xn+1, xn),

taking lim sup n→ +∞, and using (15) we get

lim
n→+∞

d(xn, xn) = 0, (16)

Suppose that lim
n,m→+∞

d(xn, xm) 6= 0; then, there exists ε > 0 such that for any r ∈ N,

there exists mr > nr ≥ r such that

d(xmr , xnr ) ≥ ε. (17)

Furthermore, assume that mr is the smallest natural number greater than nr such that
(17) holds. Then,

ε ≤ d(xmr , xnr )

≤ d(xmr , xmr−1) + d(xmr−1, xnr )

< d(xmr , xmr−1) + ε

< d(xr, xr−1) + ε.

Thus, using (15) and taking lim r → +∞, we get

lim
r→+∞

d(xmr , xnr ) = ε. (18)

Now, suppose that there exist infinitely many r such that

d(xmr , Txnr ) + d(Txmr , xnr ) < d(xnr , xnr ).

Taking lim sup r → +∞, and using (16), we get

lim
r→+∞

(d(xmr , Txnr ) + d(Txmr , xnr )) = 0,

which means that

lim
r→+∞

(d(xmr , xnr+1) = lim
r→+∞

d(xmr+1, xnr )) = 0.

Now,

ε = lim
r→+∞

d(xmr , xnr ) ≤ lim sup
r→+∞

((d(xmr , xnr+1) + d(xnr+1, xnr )) = 0,

which is a contradiction. Therefore, there exists r0 ∈ N such that for all r ≥ r0, d(xmr , Txnr )+
d(Txmr , xnr ) ≥ d(xnr , xnr ). Thus, for all r ≥ r0, using (12),

d(xmr+1, xnr+1) ≤ ξ

(
d(xmr , xnr ), d(xmr , xmr+1), d(xnr , xnr+1),

d(xmr , xnr+1) + d(xmr+1, xnr )− d(xnr , xnr )

2

)
.

Now,

d(xmr , xnr ) ≤ d(xmr , xmr+1) + d(xmr+1, xnr+1) + d(xnr+1, xnr )

≤ d(xmr , xmr+1) + d(xnr+1, xnr ) +

ξ

(
d(xmr , xnr ), d(xmr , xmr+1), d(xnr , xnr+1),

d(xmr , xnr+1) + d(xmr+1, xnr )− d(xnr , xnr )

2

)
.



Axioms 2021, 10, 55 11 of 15

Thus, by taking lim inf r → +∞ on both sides and also using (4) and (6), we get
ε ≤ 0 + 0 + ξ(ε, 0, 0, ε′), where

ε′ = lim sup
r→+∞

d(xmr , xnr+1) + d(xmr+1, xnr )− d(xnr , xnr )

2

≤ lim sup
r→+∞

d(xmr , xnr ) + d(xnr , xnr+1) + d(xmr+1, xmr ) + d(xmr , xnr )− 0
2

=
ε + 0 + 0 + ε

2
= ε.

Thus, ε ≤ ξ(ε, 0, 0, ε′) < max{ε, 0, 0, ε′} = ε, which is a contradiction. Thus, {xn} is a
Cauchy sequence in (X, d, s ≥ 1) with lim

n,m→+∞
d(xn, xm) = 0.

Now, (X, d, s ≥ 1) is a complete b-metric-like space; therefore, there exists x ∈ X such
that xn → x,

d(x, x) = lim
n→+∞

d(xn, x) = lim
n,m→+∞

d(xn, xm) = 0.

Furthermore, according to Proposition 1, x is unique.
Suppose that Tx 6= x. Now, consider

d(Txn, Tx) ≤ 1
s

ξ

(
d(xn, x), d(xn, Txn), d(x, Tx),

d(xn, Tx) + d(x, Txn)− d(x, x)
2s

)
,

i.e.,

d(xn+1, Tx) ≤ 1
s

ξ

(
d(xn, x), d(xn, xn+1), d(x, Tx),

d(xn, Tx) + d(x, xn+1)

2s

)
.

Taking lim inf n→ +∞ on both sides and using Proposition 1, we get

1
s

d(x, Tx) ≤ 1
s

ξ(0, 0, d(x, Tx), l);

i.e.,
d(x, Tx) ≤ ξ(0, 0, d(x, Tx), l),

where

l = lim sup
n→+∞

d(xn, Tx) + d(x, xn+1)

2s
≤ lim sup

n→+∞

sd(x, Tx) + 0
2s

=
d(x, Tx)

2
.

Thus,

d(x, Tx) ≤ ξ(0, 0, d(x, Tx), l) < max{0, 0, d(x, Tx), l} = d(x, Tx),

which is a contradiction. Therefore, Tx = x.
Let Ty = y for some y ∈ X; then, by (12), d(y, y) = 0. Now, suppose that x 6= y, and

consider
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d(x, y) = d(Tx, Ty)

≤ 1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)− d(x, x)
2s

)
,

=
1
s

ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)
2s

)
,

≤ 1
s

ξ

(
d(x, y), 0, 0,

d(x, y)
s

)
<

1
s

max
{

d(x, y), 0, 0,
d(x, y)

s

}
=

d(x, y)
s

,

which is a contradiction. Therefore, x = y.

Example 2. Let X = [0,+∞). Define d : X × X → [0,+∞) by d(x, y) = (x + y)2 for all
x, y ∈ X. Then, d is b-metric-like on X with s = 2, but d is not b-metric on X.

Define T : X → X by T(x) = x
2 . In addition, define ξ(t1, t2, t3, t4) =

1
2 max{t1, t2, t3, t4}.

Now, for all x, y ∈ X, with d(x, Ty) + d(Tx, y) ≥ d(y, y), (12) in Theorem 4 is satisfied and T
has a unique fixed point 0.

4. Application

In this section, as an application of Theorem 2, we present the following result which
provides a unique solution to simultaneous linear equations.

Theorem 5. Consider a system of linear equations

Ax = b (19)

where A = [aij]n×n is an n×n matrix, b = [bi]1×n is a column vector of constants and x = [xi]1×n
is a column matrix of n unknowns. If for each x = [xi]1×n, y = [yi]1×n and i = 1 to n,

|(aii + 1)(xi − yi) +
n

∑
j=1,j 6=i

aij(xj − yj)|(1 +
n

max
k=1
|xk − yk|) ≤ |xi − yi|; (20)

then, the system has a unique solution.

Proof. Let X = { [xi]1×n | xi is real f or all i = 1 to n, n being f ixed } and d : X × X →
[0,+∞) be defined as

d(x, y) =
n

max
i=1
|xi − yi|

for all x = [xi]1×n, y = [yi]1×n ∈ X. Then, clearly (X, d) is a complete b-metric space with
constant s = 1 (i.e. (X, d) is a complete metric space).

Now, define a n× n matrix C = [cij] by

cij =

{
aij + 1, i f i = j

aij, i f i 6= j.

Then, the given system (19) reduces to

x = Cx− b. (21)

Condition (20) becomes

|
n

∑
j=1

cij(xj − yj)|(1 +
n

max
k=1
|xk − yk|) ≤ |xi − yi| f or all i = 1, 2, ..., n. (22)
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Now, define a mapping T : X → X by

Tx = Cx− b, where x ∈ X.

For x = [xi]1×n and y = [yi]1×n, suppose that Tx = u = [ui]1×n and Ty = v = [vi]1×n;
then,

ui =
n

∑
j=1

cijxj − bi (i = 1, 2, ..., n)

and

vi =
n

∑
j=1

cijyj − bi (i = 1, 2, ..., n)

Define

ξ(t1, t2, t3, t4) =

{
max{t1,t2,t3,t4}

1+t1
, i f t1 > 0,

1
2 max{t2, t3, t4}, otherwise.

Now, using condition (22),

d(Tx, Ty) =
n

max
i=1
|ui − vi|

=
n

max
i=1
|

n

∑
j=1

cij(xj − yj)|

≤ n
max
i=1

(
|xi − yi|

1 + maxn
k=1 |xk − yk|

)
≤ ξ

(
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(Tx, y)
2s

)
.

Thus, it is straightforward to see that the hypothesis of Theorem 2 is satisfied. There-
fore, T has a unique fixed point and system (19) has a unique solution.

5. Conclusions

In this paper, we have defined a new class of functions, and with the help of this class
of functions, we defined some new contractive mappings in b-metric spaces. Furthermore,
we proved some fixed point results for these contractive mappings. One can easily extend
these results to common fixed points for weakly compatible mappings (see [22,41,42]).
We improve our main results in Theorems 2 and 3 with the help of Remarks 1 and 3,
respectively. Can these results be further improved in terms of s? More precisely, we
present here some open questions as follows.

Open Question 1: Does Theorem 2 hold also if the term 1
s (before ξ) in (1) is replaced

by α, for some α ∈ [ 1
s , 1]?

Open Question 2: Does Theorem 3 hold also if the term 1
s (before ξ) in (9) is replaced

by α, for some α ∈ [ 1
s , 1]?
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