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Abstract: The aim of our paper is to present a new class of functions and to define some new
contractive mappings in b-metric spaces. We establish some fixed point results for these new
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1. Introduction

The well-known concept of metric space was introduced by M. Frechet [1] as an
extension of usual distance. In the theory of metric space, Banach’s contraction principle [2]
is one of the most important theorems and a powerful tool. A mapping T : X — X, where
(X, d) is a metric space, is called a contraction mapping if there exists @ < 1 such that for all
x,y € X,d(Tx, Ty) < ad(x,y). If the metric space (X, d) is complete, then T has a unique
fixed point. Contraction mappings are continuous. In [3], Kannan proved the following
result which gives the fixed point for discontinuous mapping: let T : X — X, be a mapping
on a complete metric space (X, d) with

d(Tx, Ty) < a(d(x, Tx)+d(y, Ty)),

where « € [0, %) and x,y € X. Then, T has a unique fixed point. Contraction map-
pings have been extended or generalized in several directions by various authors (see, for
example, [4-10]). Not only contraction mappings but the concept of metric space is also
extended in many ways in the literature (see, for example, [11-19]).

The concept of b-metric spaces was initiated by Bakhtin [11] and Czerwik [13,14] as
an extension of metric spaces by weakening the triangular inequality.

Definition 1 ([11,13,14]). Let X be a non-empty set. Then, a mapping d : X x X — [0, 400) is
called a b-metric if there exists a number s > 1 such that for all x,y,z € X,

(d1) d(x,y) =0ifand only if x = y;
d(x,y) = d(y, x);
d(x,z) < s(d(x,y) +d(y,2)).

Then triplet (X,d, s) is called a b-metric space. Clearly, every metric space is a b-metric space with
s = 1, but the converse is not true in general. In fact, the class of b-metric spaces is larger than the
class of metric spaces.
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In [14], Banach’s contraction principle is proved in the framework of b-metric spaces.
In 2013, Kir and Kiziltunc established the results in b-metric spaces, which generalized the
Kannan and Chatterjea type mappings. In [20], the authors introduced the following result
that improves Theorem 1 in [21].

Theorem 1 ([20]). Let (X, d) be a complete b-metric space with a constant s > 1. If T : X — X
satisfies the inequality:

d(Tx, Ty) < Md(x,y) + Axd(x, Tx) + Azd(y, Ty) + Aa(d(x, Ty) +d(Tx,y)),

where A; > 0 foralli =1,2,3,4and Ay + Ay + A3 +2A4 < 1fors € [1,2] and % <AL+ Ar+
A3+ 24 < 1fors € (2,+o0); then, T has a unique fixed point.

In [6], the author introduced quasi-contraction mappings in metric spaces (X,d): A
mapping T : X — X is said to be a quasi-contraction if there exists 0 < g < 1 such that for
any x,y, € X,

d(Tx, Ty) < gmax{d(x,y),d(x, Tx),d(y, Ty),d(x, Ty),d(Tx,y)}.

Many authors proved fixed point theorems for quasi-contraction mappings in b-metric
spaces with some more restriction on values of g (see, for example, [20,22-25]). More on
b-metric spaces can be found in [26-37].

In the present work, we define a new class of functions. After that, we define some
new contractive mappings which combine the terms d(x,y), d(x, Tx), d(y, Ty), d(x, Ty)
and d(Tx,y) by means of the member of a newly defined class. We also prove some fixed
point results. To prove our results, we need the following concepts and results from the
literature.

Definition 2 ([27]). Let (X,d,s > 1) be a b-metric space. Then, a sequence {xy} in X is called:

(i)  Cauchy sequence if for each € > 0 there exist ng € N such that d(x,, x,,) < € for all
n,m > ng.

(ii) convergent if there exists | € X such that for each € > 0 there exist ng € N such that
d(xn,1) < €forall n > ny. In this case, the sequence {x, } is said to converge to I.

Definition 3 ([27]). A b-metric space (X,d,s > 1) is said to be complete if every Cauchy sequence
is convergent in it.

Lemma 1 ([29]). Let (X,d,s > 1) be a b-metric space and suppose that sequences {x, } and {y,}
converge to x and y € X, respectively. Then,

1 .. . 2
S—Zd(x,y) < lérggofd(xn,yn) < lzﬂiipd(xn,yn) < s%d(x,y).

In particular, if x = y, then Lll’f d(xn,yn) = 0.
n o
Moreover, for any z € X, we have

1 . .
gd(x,z) < lygli&fd(xn,z) < lgiiljop d(xy,z) <sd(x,z).

Lemma 2 ([31]). Every sequence {x,} of elements from a b-metric space (X,d,s > 1), having
the property that there exists A € [0, 1) such that d(x,, x,1+1) < Ad(x,_1,%,) for every n € N,
is Cauchy.
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2. Fixed Point Results in b-Metric Spaces

In this section, we first define a new class of functions, and then we define a new
contractive mapping in b-metric spaces as follows.

Definition 4. For any m € N, we define 5, to be the set of all functions ¢ : [0, +00)™ — [0, 4+00)
such that
(61) g(tl, t, ..., tm) < max{tl, tr, ..., i’m} Zf (tl/ t, ..., i’m) 75 (0, 0,.., 0),

(&) if{tl(n)}neN, 1 <i < m, are m sequences in [0, +o0) such that limsup ¢
n—+0o

) _

i
< o0 for all
i=1tom, then 1iminfg(t§">,t§”>,..., t,(,j’)) < E(H, by e ).

n—+oo

2.1. First Main Result

Definition 5. Let (X,d,s > 1) be a b-metric space. The mapping T : X — X is said to be an
¢-contractive mapping of type-1 if there exists € Ey and

d(Tx, Ty) < %g (d(x,y),d(x, T d(y, Ty), LTV +d(Txy) )

s @
forall x,y € X.

Now, the first result of this paper is as follows:

Theorem 2. Let (X,d,s > 1) be a complete b-metric space and T : X — X be an &-contractive
mapping of type-1. Then, T has a unique fixed point.

Proof. Let xy € X. Define a sequence {x, } in X as x, = Tx,_ for all n > 1. Assume that
any two consecutive terms of the sequence {x, } are distinct; otherwise, T has a fixed point.
First, we prove that {x, } is a Cauchy sequence. For this, let n € N.

Consider
1 d(x,_1,x
d(xn, xpy1) < Sé(d(xn1,xn),d(xn1,xn),d(xn,xn+1),<”;S”+1)> ()
1 d(xu—1,x
< Smax{d(xn—l/xn)/d(xn—]/xn)/d(xnrxn—‘,-l)/(nésn—i—l)}
1 d(x,_1,x
= Smax{d(xnl,xn),(n;sM}
< imax{d(xn—l,Xn), AHn-1,%n) ;d(xman) },
which implies that
1
d(xp, xp41) < gd(xn,l,xn) foralln > 1. 3)

Case 1: If s > 1, then by Lemma 2 in view of (3), {x,} is a Cauchy sequence.

Case 2: If s = 1, then by (3), the sequence {d(xy, x,+1) } is monotonically decreasing
and bounded below. Therefore, d(x,, x,,+1) — k for some k > 0. Suppose that k > 0; now,
taking liminf n — +o0 in (2), we have k < ¢(k, k, k, k"), where

k/ — hmsup M S limsup d('xl’l—l/xi’l) + d(xn/xn—H) — k

n—+00 2 n—+00 2
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Now,
k < &(k kk k') < max{k,k, k,k'} =k, which is a contradiction; therefore,

lim d(xy,,x,41) = 0. 4)

n——+oo

Suppose that {x, } is not a Cauchy sequence; then, there exists ¢ > 0 such that for any
r € N, there exists m, > n, > r such that

A(xm,, Xn,) > €. 5)

Furthermore, assume that m, is the smallest natural number greater than 7, such that
(5) holds. Then,

d(xmr/xnr)

(xmr/xmr l)+d<xmy 1/xnr)
A(Xmy, X, — 1)+£

(

a(xy, x,— 1)

VANVANR VAR VAN
.

thus, using (4) and taking lim r — +oco, we get

lim d(xp,,x,,) = e (6)

r—+oo

Now, consider

d(xmr’x”1‘+1) + d(xmr+1/ x”r) )
5 .

d(xm,+1r xnﬂrl) <Z (d(xmy/ Xn, )/ d(xmrr X, 41 )/ d(xnr/ Xn,4+1 )r
Therefore, we have

d(xmr/xmy+1) + d(xmrJrl/ xnr+l) + d(xn,Jrl/ xny)

d(xmr"xmy+1) + d(xnr*‘rl’ xnr) +

g (d(xmr’ xnr)’ d(xmr/ xmy+1)’ d(xnr’ x”r*’rl)’

d(xm,/ xnr) <
<

d(xmr/ xnr+l) =+ d(xmr+1’ x”r) )
5 .

Thus, by taking liminf » — +co on both sides and also using (4) and (6), we get
e <0+0+¢(¢0,0,¢), where

¢ = limsup d(Xm,, Xn,41) + 4 (X, 41, Xn, )

r——+00 2

S lim Sup d(xmr’ xnr) + d(xnr’ xnr+1) + d(xmr“rl/ xmr) + d(xmr/ xnr)
r——+o00 2
e+0+0+¢

2

Thus, e < (g,0,0,¢') < max{¢,0,0,¢'} = ¢, which is a contradiction. Thus, {x,} is a
Cauchy sequence in (X, d,s > 1).

Now, (X,d,s > 1) is a complete b-metric space. Therefore, there exists x € X such
that x,;, — x.

Now, consider

d(Tx,, Tx) < 1§(d(xn, x),d(xn, Txy),d(x, Tx), d(xn, Tx) ;_s d(x, Txn) > ,
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which implies that

1 d(x,, Tx) +d(x,x
d(xy41, Tx) < S(’f(d(xn,x),d(xn,xn+1),d(x, Tx), (tn, Tx) + d( ”+1)>.

2s

Taking liminf # — 4-co on both sides and using Lemma 1, we get

%d(x, Tx) < £(0,0,d(x, Tx), 1),

ie.,
d(x,Tx) < &(0,0,d(x,Tx),1),
where
I = limsup d(xn, Tx) +d(x, X41) < lim sup sd(x,Tx) +0 _ d(x, Tx)'
n—s 400 2s n—+00 2s 2
Thus,

d(x, Tx) < &(0,0,d(x,Tx),l) < max{0,0,d(x, Tx),1} = d(x, Tx),

which is a contradiction. Therefore, Tx = x.
Let Ty = y for some y € X and suppose that x # y; then, consider

d(x,Ty) +d(y, Tx) )
2s

d5,9) =A(Tx Ty) < 2 (d009), 03, T, 400, T),
< ig(d(x,w,o,o,d(’;’y))

< 1max{d(x,y),0, 0, d(x,y) }

S
d(x,y)
s 7

which is a contradiction. Therefore, x =y. O
Now, the following remark improves our main result for Theorem 2.

2s Js

Remark 1. Theorem 2 is also valid if the term
where ¢ is a real number defined by

2, if s=1,
5: 5/, lfl<5§2;

1, if s>2,

in (1) is replaced by

7

where &' is any number in (%, 1+ %)
Now, the following result is a consequence of Theorem 2.

Corollary 1. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that there exists q € [0, 1) and

d(Tx,Ty) <gq max{d(x,y),d(x, Tx),d(y, Ty), d(x, Ty) ;Sd(Tx,y) }, (7)

forall x,y € X. Then T has a unique fixed point.

Proof. Let { € E, be defined by §(t1,tp, t3,t4) = gsmax{ty, tp, t3,t4}. Then, following
Theorem 2, T has a unique fixed point. [
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In the following example, we see that conditions of Theorem 2 are satisfied, but
Corollary 1 is not applicable.

Example 1. Let X = {ﬁ tne N} U{0}. Defined : X x X — [0, 4+00) by d(x,y) = |x — y|?
forall x,y € X. Then d is a b-metric on X with s = 2.

Define T : X — X by T(ﬁ) = mfor all n € N and T(0)=0. Define

max{ty by tata} if t1>0,

g(tlrtZI t3/ t4) = { I+h !

% max{iy, t3,t4}, otherwise.

Now, for all x,y € X, (1) is satisfied, and thus the conditions of Theorem 2 are satisfied.
However, we see that if (7) is satisfied for all x,y € X, we have

d(Tx, Ty) < qN(x,y),

forall x,y € X, where N(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), W} So, in par-
ticular, we have

1 1 11
d(\/2(n+1)'\/2(m+1)>§qN( n'\/%) forall m,n € N, m # n.

ie.,
2 - |
"+11 TH <2q forall m,n € Nm # n.
N( )

Now, taking lim n,m — 4-o00, we get 2q > 1, which is a contradiction. Thus, Corollary 1 is
not applicable for this example.

Remark 2. In view of Remark 1, Corollary 1 is also valid, if the term A Ty) H(Txy) 4o replaced by

2s
W, where & is the same as defined in Remark 1.

The following result is another consequence of Theorem 2.

Corollary 2. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that

d(Tx, Ty) < Md(x,y) + Axd(x, Tx) + Azd(y, Ty) + Aa(d(x, Ty) +d(Tx,y)), (8)

forall x,y € X, where Ay + Ay + Az + JsAy < % and A; > O foralli =1to4. Then, T has a
unique fixed point.

Proof. Let § € E4 be defined by {(t1, to, t3,ts) = s(A1ty + Aoty + Atz + dsAyts). Then, by
Theorem 2 and Remark 2, T has a unique fixed point. []

2.2. Second Main Result

Now, we define another contractive mapping in b-metric space.

Definition 6. Let (X,d,s > 1) be a b-metric space. The mapping T : X — X is said to be an
¢-contractive mapping of type-11 if there exists ¢ € E5 and

d(Tx, Ty) < 1§<d(x,y),d(x, Tx),d(y, Ty), d(xzrsTyX AT, y)), ©)
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forall x,y € X.
The proof of our next result proceeds in a similar manner as the proof of Theorem 2.

Theorem 3. Let (X,d,s > 1) be a complete b-metric space and T : X — X be an &-contractive
mapping of type-11. Then T has a unique fixed point.

The following remark improves Theorem 3.

d(x Ty (x Ty)

Remark 3. Theorem 3 is also valid, if the term , where 6 is the

same as in Remark 1.

in (9) is replaced by

Corollary 3. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that there exists q € [0, 1) and

d(x

d(Tx, Ty) <gq max{d(x,y), d(x,Tx),d(y, Ty), %y),d(Tx,y) }, (10)

forall x,y € X. Then, T has a unique fixed point.

Proof. Let { € Es be defined by (t1, 2, t3,ts,t5) = gsmax{ty, ta,t3,t4,t5}. Then, by
Theorem 3, T has a unique fixed point. [

Corollary 4. Let (X,d,s > 1) be a complete b-metric space and T : X — X be a mapping such
that

d(Tx, Ty) < Md(x,y) + Axd(x, Tx) + Azd(y, Ty) + Agd(x, Ty) + Asd(Tx,y), (11)

forall x,y € X, where Ay + Ay + A3 + IsAg + A5 < % and A; > 0 foralli =1to5. Then, T has
a unique fixed point.

Proof. Let{ € Es5 be defined by E(ty, o, t3, by, t5) = s(Aqf1 + Aatyr + Asts + dsAyty + Asts).
Then by Theorem 3, T has a unique fixed point. [

3. Fixed Point Results in b-Metric-Like Spaces

Partial metric spaces were introduced by Matthews (1992) as a generalization of
metric spaces. The self-distance may be non-zero in partial metric space. In 2012, A. A.
Harandi generalized the concept of the partial metric by establishing a new space named
the metric-like-space. We notice that in metric-like space, the self-distance of a point may
be greater than the distance of that point to any other point (see Example 2.2 in [15]). Later
on, S. Shukla (2014) presented the idea of the partial b-metric as a generalization of the
partial metric and b-metric. Meanwhile, in 2013, M.A. Alghamdi et al. introduced the
concept of b-metric-like spaces that generalized the notions of partial b-metric space and
metric-like space. Obviously, b-metric-like space generalizes all abstract spaces that we
have mentioned in our paper. For the sake of clarity, we recall the definitions of these
abstract spaces as follows.

Definition 7 ([12]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +o0) is called a
partial metric if forall x,y,z € X,

(1) d(x,y) =0 & d(x,x) =d(x,y) =d(y,y)
(p2) d(x,x) <d(x,y);

(p3) d(x,y) =d(y, x);

(p4) d(x,z) <d(x,y)+d(y,z) —d(yy)
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Then, the pair (X, d) is called a partial metric space.

Definition 8 ([15,38]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +o0) is
called a metric-like space if for all x,y,z € X,

QU

(mll) d(x,y)=0 = x=y;
(mi2) d(x,y) = d(y, x);
(ml3) d(x,z) <d(x,y)+d(y,z).

Then, the pair (X, d) is called a metric-like space.

Definition 9 ([17]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +o0) is called a
partial b-metric if there exists a number s > 1 such that for all x,y,z € X,

(pbl) d(x,y) =0 & d(x,x) = d(x,y) = d(y,y);
(pb2) d(x,x) <d(x,y);

(pb3) d(x,y) =d(y,x);

(pb4) d(x,z) <s(d(x,y)+d(y,z)) —d(y,y).

Then, the triplet (X,d, s) is called a partial b-metric space.

Definition 10 ([16]). Let X be a non-empty set. Then, a mapping d : X x X — [0, +00) is called
a b-metric-like if there exists a number s > 1 such that forall x,y,z € X,

QU

(bmll) d(x,y) =0 = x=1y;
(bml2) d(x,y) = d(y,x);
(bm13) d(x,z) <s(d(x,y)+d(y,z)).

Then, the triplet (X, d, s) is called a b-metric-like space.

The following definitions and results related to b-metric-like spaces are required in
the main results of this section.

Definition 11 ([16,39]). Let (X,d,s > 1) be a b-metric-like space and let {x, } be a sequence of
points of X. A point x € X is said to be the limit of sequence {x,} if LIT d(x,x,) = d(x,x),
n oo

and we say that the sequence {x, } is convergent to x and denote it by x, — x as n — +oo.
Definition 12 ([16,39]). Let (X,d,s > 1) be a b-metric-like space.

(i) A sequence {x,} in X is called Cauchy sequence if li_rg_ d(xy, xm) exists and is finite.
n,m )

(ii) (X,d,s > 1) is said to be complete if every Cauchy sequence {x,} in X converges to

x € X so that
n’mh_)n}_ood(xn,xm) =d(x,x) = ngrfood(xn,x).

Proposition 1 ([16]). Let (X,d,s > 1) be a b-metric-like space and {x, } be a sequence in X such
that for some x € X, LIT d(xy,x) = 0. Then,
n (<)

(i) xis unique.

1 .
(ii) gd(x,y) < ngde(x”’y) <sd(x,y) forally e X.
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Lemma 3 ([40]). Let (X,d,s > 1) be a b-metric-like space and {x, } be a sequence in X such that
d(xn, Xp41) < Ad(xp—1,%n)

forsome A € [0,1) and for each n € N. Then, {x,, } isa Cauchy sequence with lim  d(x,, x) =

n,m——+00
0.

Now, we extend Theorem 2 in the framework of a b-metric-like space. At the end of
the proof, we provide an example in support.

Theorem 4. Let (X,d,s > 1) be a complete b-metric-like space. Let T : X — X be a mapping
such that there exists ¢ € B4 and

HTxTy) < 2§(d(x,y),d(x, I3, d(y, Ty),d(x,Ty)+d(§;C/y) —d(y,y)) (12)

forall x,y € X withd(x, Ty) +d(Tx,y) > d(y,y). Then, T has a unique fixed point.

Proof. Let xy € X. Define a sequence {x, } in X as x, = Tx,_1 for all n > 1. Assume that
any two consecutive terms of the sequence {x, } are distinct; otherwise, T has a fixed point.
First, we prove that {x,} is a Cauchy sequence. For this, let n € N.
Now,

d(xy 1, Txn) +d(Txy_1,%n) = d(xy_1,%501) +d (X0, xn) > d(xy, xp);

therefore, using (12), we have

1 d(x,_1, +d(xy, —d(xy,
d(xn,xn+1) < g‘:(d(xnfllxn)/d(xnflrxn)/d(xnrxn+1)/ (Xn ! xn+1) é:n xn) (x” xn)) (13)

d(xnflr anrl) }

1
< Smax{d(xnl/xn)/d(xn1rx'rl)rd(xnrxn+l)r 2

1 d(x,_1,x
= Smax{d(xnl,xn),(nésm}

S 1max{d(xn—1,xn); d(xn—lfx'fl) ;d(xnlxn+1) }/
which implies that
1
d(xp, Xp41) < gd(xn_l,xn) foralln > 1. (14)

Case 1: If s > 1, then by Lemma 3 and in view of (14), {x, } is a Cauchy sequence in
(X,d,s>1)and lim d(x,, xy,) =0.

n,m—+00
Case 2: If s = 1, then by (14), the sequence {d(x,, x,41)} is monotonically decreasing
and bounded below. Therefore, d(x,, x,,+1) — k for some k > 0. Suppose that k > 0; now,
taking liminf n — +oc0 in (13), we have k < &(k, k, k, k'),
where

d(xn—l/ xn+1) d(xn—lr xn) +d(xn/ xn+1)

k' = lim sup 5 < limsup 5 = k.
n——400 n—-+4o00
Now, k < &(k,k,k, k') < max{k,k, k,k'} =k, a contradiction; therefore,
lim d(xy,x,41) =0. (15)

n——+o0o
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Furthermore,
d(xu, xn) < d(xn, Xpp1) +d(Xpq1,X0),

taking limsup n — +o0, and using (15) we get

lim d(x,,x,) =0, (16)

n—-+oo

Suppose that lm d(xn, xm) # 0; then, there exists ¢ > 0 such that for any r € N,
n,m )

there exists m, > n, > r such that
d(xXm,, Xn,) > €. (17)

Furthermore, assume that m, is the smallest natural number greater than 7, such that
(17) holds. Then,

d
d

(2m,, Xn,)

(Xmy, X, —1) + d(Xp,—1, Xn, )
(xm,,xm,_l) +¢

d(x,,x,_1) +

ANVANRR VAN VAN
o

Thus, using (15) and taking lim » — +co, we get

Uim d(xp,,xn,) = €. (18)

r—-4oo
Now, suppose that there exist infinitely many r such that
d(xm,, Txn,) +d(Txm,, Xn,) < d(Xn,, Xn, ).
Taking lim sup » — +00, and using (16), we get

lim (d(er, T.Xny) + d(Ter, .an)) - O,

r——+oo

which means that

rli)rfoo(d(xmr’xnr+1) - rET d(xmr+1/ xnr)) =0.

Now,

e= lm d(xm,, xy,) <limsup((d(xm,, Xp,+1) +d(Xy,4+1,%n,)) =0,
r—+00 r——+00

which is a contradiction. Therefore, there exists rg € N such that forall v > ro, d(x,, Txn, ) +
d(Txm,, xn,) > d(xp,, xy,). Thus, for all r > ry, using (12),

A(xXp,, Xp,41) + A(Xp, 41, Xn, ) — A(Xn,, Xn,
d(xmr+l’xnr+1) S §<d(xmr/x”r)’d(xmr’xmr+1)/d(xn7’x7’lr+1)’ ( - s +l) ( m2+1 - ) ( ; ; ))
Now,
d(xmr/xnr) S d(xmr’xmy"rl) +d(xmr+1’xnr+1) +d(xnr+1’ xnr)
S d(xmr’xmr+1) +d(x”r+1/ xnr) +

d(xm,, x +d(x s Xn,) — d(Xn,, Xn,
g(d(xm,rxny>/d(xmyrxm,+1)rd(xn,/xn,+l)r ( my nr+1) ( m§+l n) ( n n ))
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Thus, by taking liminf » — +co on both sides and also using (4) and (6), we get
e<0+0+¢(¢0,0,¢), where

8/ = lim sup d(xmr’ xnr+1) + d(xmr+1/ xnr) B d(xnr/ xnr)
r—+oo 2
S lim sup d(xmr/ xnr) + d(xnr’ x”r+1) + d(xmr+1l xmr) + d(xmvf xnr) -0
r—r+o00 2
e+0+0+e
72 =

Thus, e < (g,0,0,¢') < max{e,0,0,¢'} = ¢, which is a contradiction. Thus, {x,} is a
Cauchy sequence in (X, d,s > 1) with li_r)r}r d(xp, xm) = 0.
n,m o

Now, (X,d,s > 1) is a complete b-metric-like space; therefore, there exists x € X such
that x, — x,
d(x,x) = lim d(x,,x)= lim d(x,, x,)=0.
n—-+4o0o n,m——+4o0o
Furthermore, according to Proposition 1, x is unique.
Suppose that Tx # x. Now, consider

AT, Tx) < 1§<d(xn,x),d(xn,Txn),d(x, T, d(x, Tx) +d(x, Tx,) — d(x,x))

23 !
ie.,
1 d(x,, Tx)+d(x,x
d(xy41, Tx) < S(:(d(xn,x),d(xn,xn+1),d(x, Tx), (2, Tx) > ( "+1)>.
Taking liminf n — 4-co on both sides and using Proposition 1, we get
1 1
gd(x, Tx) < EQ’(O, 0,d(x,Tx),1);
ie.,
d(x,Tx) < &(0,0,d(x, Tx),1),
where
I — limsup d(xn, Tx) +d(x, X41) < limsup sd(x,Tx) +0 _ d(x, Tx)'
Thus,

d(x, Tx) < &(0,0,d(x,Tx),l) < max{0,0,d(x, Tx),1} = d(x, Tx),

which is a contradiction. Therefore, Tx = x.
Let Ty = y for some y € X; then, by (12), d(y,y) = 0. Now, suppose that x # y, and
consider
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7

d(x,y) = d(Tx,Ty)
< s (), dn, T gy Ty), AT T =) )

- Lt ro.anmy), LT

< se(dtmm 0070

< 1max{d(x,y),0, 0, d(xs,y) }
d(x,y)

’
S

which is a contradiction. Therefore, x =y. O

Example 2. Let X = [0,400). Defined : X x X — [0,+00) by d(x,y) = (x +y)? for all
x,y € X. Then, d is b-metric-like on X with s = 2, but d is not b-metric on X.

Define T : X — X by T(x) = 5. In addition, define {(t1,t5, t3,t4) = %max{tl, ty, t3,t4}.
Now, forall x,y € X, with d(x, Ty) +d(Tx,y) > d(y,y), (12) in Theorem 4 is satisfied and T
has a unique fixed point 0.

4. Application

In this section, as an application of Theorem 2, we present the following result which
provides a unique solution to simultaneous linear equations.

Theorem 5. Consider a system of linear equations
Ax=1b (19)
where A = [a;j]nxn is an n X nmatrix, b = [bj]1n is a column vector of constants and x = [x;]1xn
is a column matrix of n unknowns. If for each x = [X;]1xn, Y = [Yil1xn and i = 1ton,
n
I(“lz"'l + Z az] 1+max‘xk_yk|) < |x1 yi|; (20)
j=Li#

then, the system has a unique solution.

Proof. Let X = { [xi]1xn | x;is real forall i =1ton, nbeing fixed } andd : X x X —
[0, 400) be defined as

d(x,y) = fiélx |x;i — il

for all x = [x]1xn, ¥ = [Vilixn € X. Then, clearly (X, d) is a complete b-metric space with
constant s = 1 (i.e. (X, d) is a complete metric space).
Now, define a n x n matrix C = [c;;] by

oo J ot ifi=]
Y aij, Zf 175]

Then, the given system (19) reduces to
x =Cx—D. (21)

Condition (20) becomes

| ch] |(1 +max|xk vil) < |xi — vl for all i=1,2,..,n. (22
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Now, define a mapping T : X —+ X by
Tx =Cx — 0, where x € X.

For x = [xj]1xn and vy = [yi]1xn, suppose that Tx = u = [u;]1x, and Ty = v = [vj]1xn;

then,

n
u; = Zcijxj —b (i=1,2,..n)

=

and )
vi=Y cyj—b (i=12..,n)

=

Define

max{ty by tata} if t1>0,

g(tlrtZI t3/ t4) = { 1 L+h !

7 max{ty, t3,t4}, otherwise.

Now, using condition (22),

d(Tx,Ty) = mrélx |u; — vl
=

n
n
= max| ) cij(xj —y))|
5l

< mi( L)
= =1 \1+max'_ [xx — vkl
dx,T +d TXI
< §(d(x,y),d(x,Tx),d(y,Ty)r ( y)ZS( y)>.

Thus, it is straightforward to see that the hypothesis of Theorem 2 is satisfied. There-
fore, T has a unique fixed point and system (19) has a unique solution. [J

5. Conclusions

In this paper, we have defined a new class of functions, and with the help of this class
of functions, we defined some new contractive mappings in b-metric spaces. Furthermore,
we proved some fixed point results for these contractive mappings. One can easily extend
these results to common fixed points for weakly compatible mappings (see [22,41,42]).
We improve our main results in Theorems 2 and 3 with the help of Remarks 1 and 3,
respectively. Can these results be further improved in terms of s? More precisely, we
present here some open questions as follows.

Open Question 1: Does Theorem 2 hold also if the term % (before ¢) in (1) is replaced
by a, for some a € [1,1]?

Open Question 2: Does Theorem 3 hold also if the term % (before ¢) in (9) is replaced
by a, for some a € [1,1]?
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