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Abstract: In this paper, we define almost R¢-Geraghty type contractions and utilize the same to
establish some coincidence and common fixed point results in the setting of by-metric spaces endowed
with binary relations. As consequences of our newly proved results, we deduce some coincidence
and common fixed point results for almost g-a-# Geraghty type contraction mappings in by-metric
spaces. In addition, we derive some coincidence and common fixed point results in partially ordered
by-metric spaces. Moreover, to show the utility of our main results, we provide an example and an
application to non-linear integral equations.
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1. Introduction

The extension of fixed point theory to generalized structures, such as cone metric
spaces, partial metric spaces, b-metric spaces and 2-metric spaces has received much
attention. 2-metric space is a generalized metric space which was introduced by Géahler
in [1]. Unlike the ordinary metric, the 2-metric is not a continuous function. The topology
induced by 2-metric space is called 2-metric topology which is generated by the set of all
open spheres with two centers. It is easy to observe that 2-metric space is not topologically
equivalent to an ordinary metric. Hence, there is not any relationship between the results
obtained in 2-metric spaces and the correspondence results in metric spaces. For fixed point
results in the setting of 2-metric spaces, the readers may refer to [2-5] and references therein.

The concept of b-metric spaces was introduced by Czerwik [6,7] which is a generaliza-
tion of the usual metric spaces and 2-metric spaces as well. Several papers have dealt with
fixed point theory for single-valued and multi-valued operators in b-metric spaces have
been obtained (see, e.g., [8-10]).

In 2014, Mustafa et al. [11] introduced the notion of by-metric spaces, as a generaliza-
tion of both 2-metric and b-metric spaces.

On the other hand, the branch of related metric (metric space endowed with a binary
relation) fixed point theory is a relatively new area was initiated by Turinici [12]. Recently,
this direction of research is undertaken by several researchers such as: Bhaskar and Laksh-
mikantham [13], Samet and Turinici [14], Ben-El-Mechaiekh [15], Imdad et al. [16,17] and
some others.

The aims of this paper are as follows:

*  todefine almost R¢o-Geraghty type contractions;
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*  to establish some coincidence and common fixed point results in the setting of b,-
metric spaces endowed with binary relations;

e  to deduce some fixed point and common fixed point results in partially ordered
by-metric spaces;

®  to provide an example which shows the utility of our main results;

*  to apply our newly proven results to non-linear integral equations.

2. Preliminaries

Definition 1 ([11]). Let X be a non-empty set, s > 1 a given real number and d : X3 — R bea
map satisfying the following conditions:

(i) for every pair of distinct points x,y € X, there exists a point z € X such that d(x,y,z) # 0;
(ii)  if at least two of three points x,y, z are the same, then d(x,y,z) = 0;

(iii) d(x,y,z) =d(x,z,y) =d(y,x,z) =d(y,z,x) =d(z,x,y) =d(z,y,x), forall x,y,z € X;
(iv) d(x,y,z) <sl[d(x,y,w)+d(y,z,w)+d(z,x,w)|,forall x,y,z,w € X.

Then d is called a by-metric on X and (X, d) is called a by-metric space with parameter s.
Obviously, for s = 1, by-metric reduces to 2-metric.

Example 1. Let (X, d) be a 2-metric space and p(x,y,w) = (d(x,y,w))?, where p > 1 is a real
number. We see that p is a by-metric with s = 3P 1. In view of the convexity of f(x) = x?, on
[0, 00) for p > 1 and Jensen inequality, we have

(a+b+c)P <3P L aP 4 1P +cP).
Therefore, condition (iv) of Definition 1 is satisfied and p is a by-metric on X.

Definition 2 ([11]). Let {x, } be a sequence in a by-metric space (X, d). Then
(i) {xu} is said to be by-convergent and converges to x € X, written ILI’H Xy = x, if for all
n—oo
a € X, lim d(x,,x,a) =0.
n—o0
(it)  {xn} is said to be by-Cauchy in X if forall a € X, mlyizlz)loo d(xm, xn,a) = 0.

(iii) (X, d) is said to be by-complete if every by-Cauchy sequence is a by-convergent sequence.

Definition 3 ([11]). Let (X,d) and (X,d) be two by-metric spaces and let f : X — X be a
mapping. Then f is said to be by-continuous at a point z € X if for a given € > 0, there exists
8 > 0such that x € X and d(z,x,a) < é forall a € X imply that d(fz, fx,a) < e. The mapping
f is by-continuous on X if it is by-continuous at all z € X.

Proposition 1 ([11]). Let (X, d) and (X, d) be two by-metric spaces. Then a mapping f : X — X
is by-continuous at a point x € X if it is by-sequentially continuous at x, that is, whenever {xy } is
by-convergent to x, { f(xn)} is by-convergent to f(x).

Lemma 1 ([11]). Let (X, d) be a by-metric space. Suppose that {x, } and {y, } are by-converge to
x and y, respectively. Then, we have

Slzd(x, y,a) < liminfd(x,, yu,a) < limsupd(x,,yn,a) < szd(x,y,a) foralla € X.

n—o0 n—00

In particular, if y, =y, is constant, then

%d(x,y,a) < 1irginfd(xn,y,a) <limsupd(x,,y,a) < sd(x,y,a) foralla € X.
n (o)

n—o0
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Definition 4. Let f and g be two self mappings on a non-empty set X. If w = fx = gx for some
x € X, then x is called a coincidence point of f and g and w is called a point of coincidence of f
and g.

Definition 5 ([18]). Two self mappings f and g are said to be weakly compatible if they commute
at their coincidence points, that is, fx = gx implies that fgx = gfx.

Lemma 2 ([19]). Let f and g be weakly compatible self mappings of a non-empty set X. If f and g
have a unique point of coincidence w = fx = gx, then w is the unique common fixed point of f
and g.

A non-empty subset R of X x X is said to be a binary relation on X. Trivially, X x X
is a binary relation on X known as the universal relation. For simplicity, we will write xRy
whenever (x,y) € R and write xR"y whenever xRy and x # y. Observe that R" is also a
binary relation on X and R" C R. The elements x and y of X are said to be R-comparable
if ¥Ry or yRux, this is denoted by [x,y] € R.

Definition 6. A binary relation R on X is said to be:

(i)  reflexive if xRx forall x € X;

(ii)  tramsitive if, for any x,y,z € X, xRy and yRz imply xRz; antisymmetric if, forany x,y € X,
xRy and yRx imply x = y;

(iii) preorder if it is reflexive and transitive;

(iv) partial order if it is reflexive, transitive and antisymmetric.

Let X be a nonempty set, R a binary relation on X and Y C X. Then the restriction of
R to Y is denoted by R |y and is defined by R N Y2. The inverse of R is denoted by R !
and is defined by R' = {(x,y) € X x X : (y,x) € R}and R® = RUR L.

Definition 7 ([20]). Let X be a non-empty set and R a binary relation on X. A sequence {x,} C X
is said to be an R-preserving sequence if x, Rx,11 for all n € Ny.

Definition 8 ([20]). Let X be a non-empty set and f : X — X. A binary relation R on X is said
to be f-closed if for all x,y € X, xRy implies fxRfy.

Definition 9 ([20]). Let X be a non-empty set and f,g : X — X. A binary relation R on X is
said to be (f, g)-closed if for all x,y € X, gxRgy implies fxR fy.

Definition 10 ([20]). Let (X, d) be a metric space and R a binary relation on X. We say that X is
‘R-complete if every R-preserving Cauchy sequence in X converges to a limit in X.

Remark 1. Every complete metric space is R-complete, whatever the binary relation R. Particularly,
under the universal relation, the notion of R-completeness coincides with the usual completeness.

Definition 11 ([21]). Let (X, d) be a metric space, R a binary relation on X, f : X — X and
x € X. We say that f is R-continuous at x if, for any R-preserving sequence {x,} C X such that
Xy — x, we have fx, — fx. Moreover, f is called R-continuous if it is R-continuous at each
point of X.

Remark 2. Every continuous mapping is R-continuous, whatever the binary relation R. Particu-
larly, under the universal relation, the notion of R-continuity coincides with the usual continuity.

Definition 12 ([21]). Let (X, d) be a metric space, R a binary relation on X, f,g: X — X and
x € X. We say that f is (g, R)-continuous at x if, for any sequence {x, } C M such that {gx,} is
R-preserving and gx, — gx, we have fx, — fx. Moreover, f is called (g, R)-continuous if it is
(g, R )-continuous at each point of X.
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Observe that on setting ¢ = I, Definition 12 reduces to Definition 11.

Remark 3. Every g-continuous mapping is (g, R)-continuous, whatever the binary relation
R. Particularly, under the universal relation, the notion of (g, R)-continuity coincides with the
usual g-continuity.

Definition 13 ([21]). Let (X,d) be a metric space, R be a binary relation on X and f, g :
X — X. We say that the pair (f,g) is R-compatible if for any sequence {x,} C X such
that {fx,} and {gx,} are R-preserving and limy,_,co gxn = limy 0 fx, = x € X, we have
limy, 00 d(gfXn, fgxn) = 0.

Remark 4. Every compatible pair is R-compatible, whatever the binary relation R. Particularly,
under the universal relation, the notion of R-compatibility coincides with the usual compatibility.

Definition 14 ([20]). Let (X, d) be a metric space. A binary relation R on X is said to be d-self-
closed if for any R-preserving sequence {x,} C X such that x, — x, there exists a subsequence
{xn, } of {xn} such that [x, , x] € R forall k € Ny.

3. Common Fixed Point Results for Almost R ;-Geraghty Type Contraction Mappings

Lemma 3. Let (X, d) be a by-metric space endowed with a binary relation R and f,g: X — X
such that f(X) C g(X), with R is (f, g)-closed and R |(x) is transitive. Assume that there exists
xo € X such that gxoR fxo. Define a sequence {x, } in X by fx, = gx,+1 for n > 0. Then

SxmRgxpand fxmRfx, forallm,n € No withm < n.

Proof. Since there exists xg € X such that gxoR fxo, fx, = gx,+1, and R is (f, g)-closed,
we deduce that gxgRgx, then gx; = fxoRfx; = gx2. By continuing this process, we get
8xnRgxy41 for all n € N. Suppose that m < n, so gxRgxym+1 and gx,11RgXm12, by R
is g-transitive we have gx,, Rgx 2. Again, since gx, RgxX ;12 and §x, 12 Rgx 43, we get
that gx,, Rgx;,43. By continuing this process, we obtain gx,,Rgx,. for all m,n € N with
m < n.In similar way and since f(X) C g(X), we conclude fx,, R fx, for allm,n € N with
m<n [O

In 1973, Geraghty [22] introduced the class F of all functions B : [0,c0) — [0,1) which
satisfy that nlgrolo B(ty) = 1 implies nlgrolc t, = 0. In addition, the author proved a fixed point
result, generalizing the Banach contraction principle. Afterwards, there are many results
about fixed point theorems by using such functions in this class. Duki¢ et al. [23] obtained
fixed point results of this kind in b-metric and from [23] we denote () to the family of all
functions B; : [0,00) — [0, %) for a real number s > 1, which satisfy the condition

. 1 . .
;11% Bs(tn) = 3 implies nl% t, = 0.

Definition 15. Let (X, d) be a by-metric space and f,g : X — X. Suppose for all x,y,a € X,

M(x,y,a) = maX{d(gx,gy,a),d(gx,fx,ﬂ),d(gy,fy,a)r d(gx’fy’a);d(gy’fx’a) }

and
N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a)}.

We say that f is almost ‘R¢-Geraghty type contraction mapping if there exist L > 0 and Bs € Q)
such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,4), @

forall x,y,a € X, with gxRgy, fxR"fy.
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Definition 16. Let (X, d) be a by-metric space and f : X — X. Suppose for all x,y,a € X,

d(x, fy,a) +d(y, fx,a) }
2s !

M(x,y,a) = max{d(x,y,a),d(x,fx,a),d(y,fy,a),

and
N(x,y,a) = min{d(x, fx,a),d(y, fy,a),d(x, fy,a),d(y, fx,a)}.

We say that f is almost ‘R-Geraghty type contraction mapping if there exist L > 0 and Bs € Q)
such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), ©)

forall x,y,a € X, with xRy, fxR"fy.
Now, we present our main result as follows:

Theorem 1. Let (X, d) be a by-metric space endowed with a binary relation R and f,g: X — X
such that f(X) C g(X), g(X) is a by-complete subspace of X. Assume that f is almost Rq-
Geraghty type contraction mapping and the following conditions hold:

(i)  there exists xg in X such that gxoR fxo;
(i) Ris (f,g)-closed and R |y x) is transitive;
(iii) Rlq(x) is d-self closed provided (1) holds for all x,y,a € X with gxRgy and fxR" fy.

Then f and g have a coincidence point in X.

Proof. Let xg € X such that gxgR fxg. The proof is finished if gxg = fxg and xg is a
coincidence point of f and g. Let us take gxo # fxo, then since f(X) C g(X) we can choose
x1 € X such that fxy = gx7. Continuing this process, we can define a sequence {gx, } in X
by fxn = gx,41, forall n € N.
We divide the proof into three steps as follows.

Step 1: We claim that nh_r)r(}o d(gxn,8xp+1,4) = 0. From Lemma 3, we have {gx,} is R-
preserving sequence that is gx, Rgx, 1 and fx,Rfx, 1, foralln € No. If fx,y = fxu 41,
for some 1y € Ny, then x,,, 1 is a coincidence point of f and g. Suppose that fx,, # fx,1,
for all n € Ng. Therefore, from (1), we obtain

d(fxn, fXnt1,8%n)
ﬁS(M(xnrxn+1rgx71))M(xn/xn+1/gx”) + LN(x"/anrl/gxn) — (*)

d(gxn+1/ 8Xn42, gxl’l)

IA

where

M(xp, Xp41,8%0) = maX{d(gxn,gxn+1,gxn),d(gxn,fxn,gxn),d(gxn+1,fxn+1,gxn),

d(gxn,fxn+1/gxn) + d(gxn+lrfxnrgxn)
2s
= max{d(gxn, §Xn+1,8%n), A(&Xn, §Xn+1,8%n), A(§Xn 11, §¥n+2,§%n),

d(8%n, 8Xn+2,8%n) + A(8Xu11,8%n11,8%n) }
2s

= d(8Xu41,8%n12,8%n),

and

N(xu, Xp11,8%n) = min{d(gxn,fxn,gxn), A(gxp11, fXn11,8%n), d(S%n, fXni1,§%n),
d(gxn-i-l/fxn/gxn)} =0.
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N('x?l/ Xn41s ll)

If d(gxp4+1, §Xn+2,§%n) # 0 for some n € Ny, then we have (due to (*))
A(gxn+1,8%n+2,8%n) < Ps(A(8Xn+1,8%n+2,8%n))A(§Xn+1,§Xn+2,§%n),
yielding that

d(8%n+1,8Xn+2,8%n) — Bs(d(8Xn11, §%n+2,§%n) )A(8%n 11, §%n+2,8%n) <0,

or
A(gxn11,8%n+2,8%n)[1 — Ps(d(gXnr1,8%n+2,8%n))] <0 = ().
Divide both sides in (**) by d(gx,+1, §¥n+2,$Xn) # 0, we obtain
1= Bs(d(gxnt1,8¥n12,8%n)) <0,
or

Bs (d(gxn+l/gxn+2,gxn)) >1,

a contradiction [as B : [0,00) — [0, 1) and s > 150 Bs(c) < 1 <1, thatis Bs(c) < 1forall
¢ € [0, 00)]. Therefore, we must have

A(gxp+1,8%n+2,8%n) =0, foralln € Ny. (3)
Thus, by the rectangle inequality and (3) we get

d(8%n, 8%n+2,8) < s[d(8%n, §%n11,4) + d(8%n11,8¥n+2,4)], )

forall n € Ny, a € X. Using (4), Lemma 3 and (1) we have

d(gxn11,8x%n+2,a) = d(fxn, fXni1,0)
< :BS (M('xﬂ/ Xn+1s a))M(xn, Xn41s {Il) + LN(X,,,, Xn41s IZ). (5)

Observe that

M (xn, Xpq1,4) = max{d(gxn, §Xn11,4), d(§Xn+1,§¥n12,4) },

and

min{d(gxn, fxn,a),d(§xn 11, fXn11,8),d(8%n, fXn11,8),d(8Xn 11, fXn, )}
min{d(gxu, §Xn41,4), A(§Xn+1,8Xn+2,4),A(§%n, §Xn+2,a),A(§Xpn11,§¥n+1,4) }
0.

Now, if M(xp, Xy41,a) = d(gXy11,§Xn+2,a), then from (5) we have
A(8xn11,8%nt2,a) < Bs(d(8xn11,8%n+2,4))d(§%n11, §%n42,a) < d(§Xn11,§%n42,4),
a contradiction. Hence, M(xy,, X, 11,a) = d(gXn,§Xy+1,4), and

d(gxn11,8%n+2,a) < Bs(d(8Xn, §Xn11,a))d(8Xn, §¥n11,a) < d(gxn, §Xn41,4), (6)

forall n € Np and 2 € X, which implies that the sequence {d(gx,, gx,+1,a)} is strictly de-
creasing of positive numbers. Hence, there exists § > 0 such that }111_r>r°10 d(gxn,gXp41,a) = 0.

Suppose that 6 > 0. So, taking the limit as n — oo, from (6) we obtain

1 . 1
S0 =0< lim Bo(d(gxn, §xn41,0))0 < 0.
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Hence,
. 1
lim Bs(d(gxn, §xn+1,a)) = S

n—o0
From the property of B, we conclude that 1131 d(gxn, §xn+1,4) = 0 a contradiction, hence,
n o]
d=0and
lim d(gxy, §xy41,a) = 0. (7)

n—o0

Step 2: We claim that d(gx;, gxj,gxx) = 0 for all i,j,k € No. Since {d(gxy, gxny1,a)} is
strictly decreasing and d(gxo, gx1,gx0) = 0, we conclude that d(gx,, gx,+1,8%0) = 0, for
all n € Ny.

Since d(gxy—1,§Xm, §%m) = 0 for all m € Ng and {d(gxy, gx,+1,a) } is strictly decreas-
ing we obtain that

a(gxn, §xn+1,8%m) =0, forallm >m —1. (8)
ForO0<n <m—1,wehavem —1 > n+ 1, so from (8) we have
A(8Xm—1,8%m, §Xn+1) = A(§Xm—1,§%m, §xn) = 0. )

Thus, by the rectangle inequality, d(gx,, §x+1, §%n+1) = 0, and using (9) we obtain

A(gxn, §Xn+1,8%m) < s[d(g%n, §Xn+1,8%m—1) + A(§Xn+1, §%m, §Xm—1) + A(§Xm, §%n, §Xm—1)]

[
sd(8xn, §Xn+1,8Xm—1)
< sd(gxn, §Xn+1,8%n+1) = 0.

Therefore, we get
d(gxn, gxn11,8%m) =0, forall0 <n <m—1. (10)
Hence, from (8) and (10) we have
d(gxn, 8Xn41,8%m) =0, foralln,m € Ny.

Now, for alli,j,k € Ny, i < jand d(gx;, gxj,8xj-1) = d(gxx, §xj,8xj-1) = 0, applying the
rectangle inequality we get

d(gxi, gxj, gx) < s[d(gxi, gxj, gxj—1) + d(gx;, §xk, §Xj—1) + A(gxk, §%i, §Xj-1)]
= sd(gxy, gxi, 8xj-1)
< $2d(gxy, 8%, 8xj2) < ... < s/=d(gxg, gxi, gx;) = 0.

Therefore, for all i, j, k € No, we have

d(gxi, 8xj,8xx) = 0. (11)

Step 3: We show that {gx,, } is a by-Cauchy sequence. Suppose to the contrary that {gx, } is
not a b-Cauchy sequence. Then there is ¢ > 0 such that for an integer k there exist integers
n(k), m(k) with n(k) > m(k) > k such that

d(gxm(k)/gxn(k)/a) > (12)

for every integer k, let n(k) be the least positive integer with n(k) > m(k), satisfying (12)
and such that

A(8X (k) §Xn(k)-1,4) < & (13)
Using the rectangle inequality, (11) and (12) we have

e < A% k), 8%n(k), @) < S[A(8%m(k), 8%n(k)—1, @) + A(§X (k) 8% n(k) -1, 2)]-



Axioms 2021, 10, 101 8 of 19

Again, using the rectangle inequality and (11) in the above inequality, it follows that
e < 5 [d(8% (k) 8¥m(k)—1,8) + A(Xm() 1/ §¥n(r)—1, )] + 54 (8% k), 8% (1)1, 2))-
In addition,
A (8% m(k) -1, 8%n(k)—1,4) < SA(§Xm(k)—1, 8Xm(k), @) + A(&Xn(k) 1, 8% m(k), 4)]-

Taking the upper limit as k — oo, in the above three inequalities and from (7) and (13) it
follows that

e < limsup d(gx,,(x), §Xn(k), 4) < S, (14)
k—o0
€ .
— < limsup d(gx,(k)—1, 8%n(k)-1,4) < S¢, (15)
8 k—o0
€ .
— < limsup d(gx,,(x), 8Xn(k)—1,4) < &. (16)
s k—c0

Again, using the rectangle inequality, (11) and (12) we get
A(§Xm(k)-1,8%n (k) @) < S[A(&Xp(k)=1, 8%n(k)—1, ) + A(8%p (), §Xn(k)—1,7)],

e < (8% (k), §%n(k), @) < S[A(8X (k) 8% m(k) -1, 4) + A(8Xn(k), §Xm(k)—1,9)]-

Taking the upper limit as k — oo, in the above two inequalities and from (7) and (15), we get

©» | m

< limsup d(g%x,(k)—1, §Xn(k), 1) < s2. (17)

k—o0
Now, from Lemma 3 we have fx,, 1)1 R"fx,, )1 forall m(k), n(k) € No with m(k) < n(k).
Hence, from (1) we conclude that

d(8X (k) 8%n(k), @) =  A(fX(k)—1, fXnk)—-1,49)
< Bs(M (k) =17 Xn(k) =10 4)) M (X (k) =1, Xn (i) =1, @) + LN (X (1) ~1 Xn(k) -1, 4), (18)
where

M (X (k)15 Xp(k)—1, ) = max{d (82, (k) =1, §¥n(k) -1, 4), A(8Xm(k)—1, f Xm(k)-1,4).

A(8X (k) -1, [ Xn(k)=1,4) + (8% k)1, [ X (k) -1, 4) )
2s !

A(8Xp (k) -1, fXn(k)—1,4),

= max{d(gxm(k)fllgxn(k)fl'a)'d(gxm(k)flfgxm(k)'a)fd(gxn(k)flfgxn(k)'a)f

A(8X (k) 1, 8Xn(k) @) + A(8X(k)—1, §Xm(k), @) } (19)
2s
and
N (%) =1/ Xn(k)-1,8) = MIn{d(SXp6)—1, §¥m (k) 2), 4(8X(k) -1, §¥n (k) @) A(SX (k) -1, §¥n(k), @),
d(8%p(k)—1,§%m(k), @) }- (20)
Taking the upper limit as k — oo, in (19), (20) and using (7), (15)-(17) it follows that
€ .
=2 < hrknjotjp M(Xpy (k) =1, Xn(k)—1,a) < SE, (21)
and
limsup N (x,y,(5) -1, Xu(k)—1,a) = 0. (22)

k— o0
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Now, taking the upper limit as k — oo in (18) and using (14), (21) and (22), we conclude that

lim sup d(gxm(k)’gx”(k)’ a)

1 € k—o00 . 1

-=—< = < limsu M(x, 001, %0 000_1,8)) < —.

s se hfknsuPM(xm(k)—lfxn(k)_1,a) k_mpﬁS( (X (k)—17 Xn(k)-1,4)) S
— 00

Thus, lirknsup Bs (M(Xpy(t)—1, Xp(k)—1,4)) = 1. Hence, lirknsup M(Xp(k) -1, Xp(k)-1,4) = 0,
—>00 —0
which is a contradiction. Therefore, {gx, } is a by-Cauchy sequence. As g(X) is by-complete

subspace of X, then there exist z € X such that

A, 8% = lim, fxn = gz. (23)

Now, we show that z is a point of coincidence of f and g. From condition (iii), we
have R| ¢(x) s d-self closed and (1) holds for all x,y,a € X with gxRgy and fxR"fy. As
{gxn} C g(X), {gxn} is R|g(x)-preserving and gx, — gz so there exists a subsequence
{8%u()} € {gxn} such that gx,, 1) R|¢(x)8z for all k € Ng and since R is (f, g)-closed then
fxn(k)ng(X)fZ for all k € Ny.

If fx,) = fzforall k > ko, andko,k € Ny, then I{lggofxn(k) = fz, and since
nlgrolo fx, = gz, we have fz = gz, that is z is a coincidence point of f and g.

On other hand, if fx,,x) # fz forall k > ko, and ko, k € No, then fx, ;) R|¢(x)fz and
fxn) # fzforallk > ko, and ko, k € No. Thus, gx,,1)R/(x)82 and fx,,1)R"|¢(x)fz, and
from (1), we have

A(8xy k)41, f2,0) = d(fx, 1), f2,8) < Bs(M(xp(x),2,0) ) M(%Xp (), 2,8) + LN (xp1), 2,a), (24)

where
M(xy ), 2,8) = max{d(gxn(k)/gzra)rd(gxn(k)/gxn(k)+1/a)rd(gzrlea)/
d(gx,m, fz,a) +d(gz,8x, ,a
(8%n(k) f2,a) +d(82, 8%y (1)1, 4) } 25)
2s
and
N(xppy,z,a) = min{d(gx, k), §¥n(k)+1,),d(82, f2,4), d(§Xn(x), f2,0), A(82, 8% (k) 11, 9) }- (26)
Letting k — oo in (25), (26), we get
lim sup d(gx,,(x), fz, )
lim sup M (), 2,a) = max{d(gz,fz,a), koo },
k—o0 2s
and
limsup N(x,(), z,a) = 0. (27)
k—o0
From Lemma 1, we have
w <limsupd(gx, ) fz,a) <sd(gz, fz,a). (28)
k—o0
Thus,
max{d(gz, fz,a), %} < limsup M(x,(x), z,a) < max{d(gz, fz,a), W},

k—o0
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M(u,wy, a)

max{d(gu,gwn,a),d(gu,fu,a),d(gwn,fwn,a), d

d
max{d(gu, QWy,a),d(gwy, §Wy11,4),

yields,

limsup M(x,,(1),2,4) = d(8z, fz,a), (29)

k—o0

Again, taking the upper limit as k — oo, in (24) and using Lemma 1, (27) and (29), we get

d(gz, fz,a .
% < limsupd(gx, k)41, f2,4)
k—rc0
< limsup Bs(M(x,(x), 2, a)) limsup M(x, ), z, )
k—o0 k—oo
< limsup Bs(M(x,x), z,a))d(gz, fz,a)
k—co
< %d(gz,fz,a).
Hence, limsup Bs(M(x, ), z,a)) = 1, so from the property of Bs we conclude that
k—o0

limsup M(x,,(x),z,a) = 0 implies d(gz, fz,a) = 0 for all a € X. That is, gz = fz. This
k—o0
shows that f and g have a coincidence point. [

The next theorem shows that under some additional hypotheses we can deduce the
existence and uniqueness of a common fixed point.

Theorem 2. In addition to the hypotheses of Theorem 1, suppose that f and g are weakly compatible
and for all coincidence points u,v of f and g, there exists w € X such that guRgw and guRgw.
Then f and g have a unique common fixed point.

Proof. The set of coincidence points of f and g is not empty due to Theorem 1. Suppose
that u and v are two coincidence points of f and g, thatis, fu = gu and fv = gv. We will
show that gu = gv. By our assumption, there exists w € X such that

guRgw and guRgw. (30)

Now, proceeding similarly to the proof of Theorem 1, we can define a sequence {wy,}
in X as fw, = gw, 1 for all n € Ng and wy = w, with lgr1 d(gwn, gwy11,a) = 0. Since
n—oo

QURgwy (§uRgwp) and R is (f, g)-closed, we conclude that fuR fwy(fvR fwy). Hence,
QURgwi (gvRgw ). By induction, we have

guRgw, and guvRgw,, Vn € No. (31)
From (1) and using (31), we obtain
d(gu, gwyy1,a) = d(fu, fwy,a) < Bs(M(u,wy,a))M(u, wy,a) + LN (u, wy, a), (32)

where

(8u, fwp, a) + d(gwy, fu,a) }
2s !

(gu, §Wyi1,a) + d(gwn, gu, a) }
2s !

and

N(u,wy,a) = min{d(gu, fu,a),d(gwn, fwn,a),d(gu, fwn,a),d(gw,, fu,a)}
min{d(gu, gu,a),d(gwy, §Wy41,a),d(gu, §Wy+1,4),d(gwn, gu,a)} = 0.
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d(gu, gwy11,a)

Hence,
d(gt, gwni1,a) < Bs(M(u,wn,a))M(t, wy,a)
< %M(u,wn,a) < M(u, wy, a).

Since,

< M(u,wy,a)

(8u, gWyy1,a) +d(gwn, gu, a) }

d
= max{d(gu,gwn,a),d(gwn,gwnH,a), r

= max{d(gu, QWn,a),d(gWn, §Wy11, a)}.
Thus,

M(u,wy,a) = max{d(gu,gwn,a),d(gwn,gwn+1,a) }
(Casel): if M(u, wy,a) = d(gu, gwy, a), then

1
d(gu, §Wni1,a) < Ps(d(gu, gwn,a))d(gu, gwn, a) < —d(gu, gwy, a) < d(gu, gwn,a), (33)

it follows that d(gu, gwy,1,a) < d(gu, gwn,a). Thus, {d(gu, gw,,a)} is strictly decreasing.
Hence, there exists y > 0 such that 1Lm d(gu, gwy,a) = 7. Letting n — oo in (33), we obtain
n o]

L <= lim d(gu,gwyi1,0) < lim Bs(d(gu, gwn,0)) lim d(gu, gwn, a)
< r}g‘;‘oﬁsM(g”rgwm“))’Y
< I
S
this implies
< lim Be(d(gu, g, ) < -

Thus,
. 1
}}gl;o/%s(d(gu,gwn,a)) =5
From the property of B, we conclude that nlgrolo d(gu, gwy,a) = 0.
(Case2): If M(u, wy,a) = d(gwy, §Wy,+1,4a), then
d(gu, gwnt1,8) < Ps(d(gwn, gWnt1,4))d(8Wn, §Wn 11, ).

Therefore,

Tim d(gu, §w,11,0) < lim fi(d(gn, gwns1,a)) im d(gwy, gi0y41,0) = 0.

This yields nlg]go d(gu, gw,+1,a) = 0. Therefore, from all cases we conclude that

nlgr.}o d(gu, gwy,a) = 0. (34)
Similarly, we can show that
lim d(gv, gwy,a) = 0. (35)

n—oo
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Hence, from (34) and (35), we obtain gu = gv. That is, f and g have a unique point of
coincidence. From Lemma 2 f and g have a unique common fixed point. [

Now, we give an example to justify the hypotheses of Theorem 1.
Example 2. Let X = {p,q,7,t} be a set with by-metric d : X3 — R defined by

d(p,q,r) =0, d(p,qt)=4 d(prt)=1 d(qrt) =6,

with symmetry in all variables and if at least two of the arquments are equal then d(x,y,a) = 0.
Then (X, d) is a complete by-metric space with s = g. Define a binary relation R on X by

R =A(p.p) (a,9),(r,7),(p,9), (q,7), (p. 1), (r,0), (r,9) }-
Define f,g : X — X and B : (0,00) — [0,1) as follows:

=G ) () e

We show that all the hypotheses of Theorem 1 are satisfied. Clearly, (X, d) is a complete by-metric
space and f(X) C g(X), §(X) is a by-complete subspace of X. R = R|yxy is transitive. There is
r € X such that q = grR fr = r. Since R|,(x) is finite, then it is d-self closed. We show that R is
(f, g)-closed, we study the nontrivial cases:

o gpRgr=pRq= fpRfr=pRr e R,grRgq =qRr = frRfqg=rRp,
*  8pRgq=pRr = fpRfq=pRp,g4Rgp = rRp = fqRfp = pRp,
o gqRgr =1rRqg= fqRfr = pRr.

Now, we check the contractive condition 2. The nontrivial cases are when a = t, (§pRgr and
fPRfr), (§rRgq and frRfq) and (§qRgr and fqR fr).

In all three cases, we get M(p,r,t) = M(r,q,t) = M(q,7,t) =6, N(p,r,a) = N(r,q,t) =
N(q,r,t) = 0, and then

35

L= d(fp, frt) = d(p,1,t) < T2 = B:(6)6 = Bo(M(p,,))M(p,,a) + LN(p,1,a),

L=d(fr,fqt) = d(r,p,t) < % = Ps(6)6 = ps(M(r,4,a))M(r,q9,a) + LN(r,q,a),

L=d(fq, fr,t) =d(p,r,t) < % = Ps(6)6 = ps(M(q,1,a))M(q,1,4) +- LN(q,1,a),

Therefore, all the hypotheses of Theorem 1 are satisfied. Then f and g have two coincidence fixed
points p and t. Noting that p, t are not R-comparable so the uniqueness of coincidence point is
not fulfilled.

By taking ¢ = I in Theorems 1 and 2 we deduce the following result.

Corollary 1. Let (X, d) be a complete by-metric space endowed with a transitive binary relation
R:X — Xand f : X — X. Assume that f is almost R-Geraghty type contraction mapping and
the following conditions hold:

(i)  there exists xg in X such that xoR f xo;

(ii) R is f-closed;

(iii) 'R is d-self closed provided (2) holds for all x,y,a € X with fxR"fy.

Then f has a fixed point. Moreover, if for u,v € Fix(f), there exists w € X such that uRw and
vRw, then f has a unique fixed point.
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4. Results for Almost g-a- Geraghty Type Contraction Mappings in b-Metric Spaces

Fathollahi et al. [4] introduced the concepts of triangular 2-a-7-admissible mappings
as follows.

Definition 17 ([4]). Let (X,d) be a 2-metric space, f : X — X and a, 17 : X> — [0,00). We say

that f is a triangular 2-a-y-admissible mapping if forall a € X,

i) a(x,y,a) > n(x,y,a) implies a(fx, fy,a) = 1(fx, fy,a), x,y € X,

(i) { a(x,y,a) > n(x,y,a),
a(y,z,a) = 1(y,za),

If we take y(x,y,a) = 1, then we say that f is a triangular 2-a-admissible mapping. In addition, if

we take a(x,y,a) = 1, then we say that f is a triangular 2-n-subadmissible mapping.

implies «(x,z,a) > 1(x,z,a).

Motivated by Fathollahi [4], we define the following concepts.

Definition 18. Let (X, d) be a by-metric space, f,g : X — X and a, 17 : X3 — [0,00). We say
that f is a triangular g-by-a-n-admissible mapping if for all a € X,
(@ «a(gx,gy,a) > 1(gx gy, a) implies a(fx, fy,a) = n(fx, fy,a), xyeX,
o eexgya) =1(gx gy a),
(ii)
w(gy, 8z,a) = 1(8y,82,4),

When 1(gx, gy,a) = 1, we say that f is a triangular g-by-a-admissible mapping. In addition,
when w(gx, gy,a) = 1, we say that f is a triangular g-by-y-subadmissible mapping.

implies a(gx,8z,a) > 1(gx,9z,a), x,y,z € X.

Definition 19. Let (X, d) be a by-metric space withs > 1and f,g: X — X, a,17: X3 — [0, ).
Suppose for all x,y,a € X,

M(x,y,a) = maX{d(gx,gy,ﬂ),d(gx/fx,a>,d(gy,fy/a), d(gx’fy’a);sd(gy'fx’a) }

and
N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a)}.

We say that f is almost g-a-n Geraghty type contraction mapping if there exist L > 0 and Bs € )
such that

Vx,y € X, a(gx,gy,a) > n(gx, gy, a)
= d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (36)

foralla € X.
Now, we state the following corollaries

Corollary 2. Let (X, d) be a complete by-metric space and f, g : X — X, such that f(X) C g(X),
g(X) is a by-complete subspace of X. Assume that f is almost g-a-n Geraghty type contraction
mapping and the following conditions hold:

(i) there exists xo in X such that a(gxg, fxo,a) > 1(gxo, fxo,a) foralla € X;

(ii)  f is a triangular g-by-a-n-admissible mapping;

(iii) if {gxn} is a sequence in X such that a(gxy, §xn41,a) > 1(gXn, gXp11,4) foralla € X,
n € No and gx, — gz as n — oo, then there exists a subsequence { gxn(k)} of {gxn} such
that a(gx, k), §2,4) > 1(8%y(k), §2,a) for allk € No and all a € X.

Then f and g have a coincidence point in X. Moreover, suppose that for all coincidence points u, v of f

and g, there exists w € X such that a(gu, gw,a) > n(gu,gw,a) and a(gv, gw,a) > n(gv, gw,a)

foralla € Xand f, g are weakly compatible. Then f and g have a unique common fixed point.
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Proof. Define R on X as
YRy <= a(x,y,a) > n(x,y,a).

We note the following;:

e since there exists xg € X such that a(gxo, fxo,a) > 17(gx0, fxo,a) for all a € X then
gxoR fxo;

e if gxRgy then a(gx,gy,a) > n(gx,gy,a). As f is a triangular g-by-a-y-admissible
mapping, a(fx, fy,a) > n(fx, fy,a) and so fxR fy. Thus, R is (f, g)-closed;

* if gxRgy and gyRgz, then a(gx, gy, a) > 1(gx, gy, a) and a(gy, gz,a) = 1(8y, 8z, a).
As f is a triangular g-by-a-17-admissible mapping, «(gx, gz, a) > n(gx, gz, a), that is,
gxRgz. Therefore, R| g(x) 1s transitive;

o if gxRgy, fxR"fy, then a(gx, gy, a) > 1(gx,8y,a), a(fx, fy,a) > 1(fx, fy,a). Since
f is almost g-a-17 Geraghty type contraction, so (1) holds;

e from (iii), we have gx,Rgx,41 for all n € Ny and gx, — gz as n — oo, then there
exists a subsequence {gx, } of {gx,} such that gx, ) Rgz for all k € No. Hence, all
conditions of Theorem 1 are satisfied. Thus, f and g have a point of coincidence in X.

Finally, if for all coincidence points u, v of f and g, there exists w € X such that a(gu, gw,a) >
n(gu, gw,a) and a(gv, gw,a) > n(gv, gw,a), then guRgw and gvRgw. That is, all hypothe-
ses of Theorem 1 are satisfied. Therefore, f and g have a unique common fixed point. [

By taking ¢ = I in Definitions 18 and 19, we say that f is a triangular b,-x-77-admissible
mapping and f is almost a-1 Geraghty type contraction mapping.
Now, we have the following corollary.

Corollary 3. Let (X, d) be a complete by-metric space and f : X — X. Assume that f is almost
w-1 Geraghty type contraction mapping and the following conditions hold:

(i) there exists xo in X such that a(xg, fxo,a) > 1(xo, fxo,a) forall a € X;

(ii)  f is a triangular by-a-y-admissible mapping;

(iii) if {x,} is a sequence in X such that «(x,, Xy41,a) > §(Xn, Xy41,a) foralla € X, n €
No and x, — z as n — oo, then there exists a subsequence {x,)} of {xu} such that
(X k), 2,a) > 11(Xyk),2,a) forallk € Noand all a € X.

Then f has a fixed point in X. Moreover, if for u,v € Fix(f) there exists w € X such that

a(u,w,a) > n(u,w,a) and a(v,w,a) > n(v,w,a) forall a € X, then f has a unique fixed point.

5. Fixed Point Results in Partially Ordered by-Metric Spaces

Fixed point theorems for monotone operators in ordered metric spaces are widely
investigated and have found various applications in differential and integral equations.
This trend was started by Turinici [12] in 1986. Ran and Reurings in [24] extended the
Banach contraction principle in partially ordered sets with some applications to matrix
equations. The obtained result in [24] was extended and refined by many authors (see,
e.g., [25-27] and references therein). The aim of this section is to deduce our results in the
context of partially ordered by-metric spaces. At first, we need to recall some concepts. Let
X be a nonempty set. Then (X, <, d) is called a partially ordered by-metric space with s > 1
if (X, d) is a by-metric space and (X, <) is a partially ordered set.

Definition 20. Let (X, <) be a partially ordered set and x,y € X. Then x and y are called
comparable if x < y or y =< x holds.

Definition 21. Let (X, <) be a partially ordered set. A mapping f on X is said to be monotone
non-decreasing if for all x,y € X, x 2 y implies fx = fy.
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Definition 22. Let (X, <) be a partially ordered set and f,g : X — X. One says f is g-non-
decreasing if for x,y € X,

g(x) =g(y) implies  f(x) = f(y)-
By putting R == in Theorems 1 and 2, we get the following results.

Corollary 4. Let (X,d, <) be a complete partially ordered by-metric space. Assume that f,g :
X — X, are two mappings such that f(X) C g(X), g(X) is a by-complete subspace of X and f is
a g-non-decreasing mapping. Suppose that there exists a function Bs € Q) and L > 0 such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (37)
where
d d
M(x,y,4a) = maX{d(gx,gy,ﬂ),d(gx/fx,a>,d(gy,fy,a), (gx’fy’a);s (8y.f%,8) }
and

N(x,y,a) = min{d(gx, fx,a),d(gy, fy,a),d(gx, fy,a),d(gy, fx,a) },

forall x,y,a € X with gx < gy. In addition, suppose that the following conditions hold:
(i)  there exists xg in X such that gxo =< fxo,
(ii) if {gxn} is a non-decreasing sequence in X with gx, — gz as n — oo, then gx, = gz for all

n € Np.
Then f and g have a coincidence point in X. Moreover, suppose that for all coincidence points u,v of
f and g, there exists w € X such that gu =< gw or gv = gw and f, g are weakly compatible. Then
f and g have a unique common fixed point.

By taking ¢ = I in Corollary 4, we obtain the following corollary.

Corollary 5. Let (X, d, <) be a complete partially ordered by-metric space. Assume that f : X —
X is a mapping satisfying the following conditions

(i) f is non-decreasing mapping;

(ii)  there exist a function Bs € QY and L > 0 such that

d(fx, fy,a) < Bs(M(x,y,a))M(x,y,a) + LN(x,y,a), (38)
where
M5y, = max{ d(x,v,0), (3, f3,0), (v, gy, ), 2L L SR,
and

N(x,y,a) = min{d(x, fx,a),d(y, fy,a),d(x, fy,a),d(y, fx,a)},

forall x,y,a € X withx < y;
(iii) there exists xg in X such that xy = fxo;
(iv) if {x,} is a non-decreasing sequence in X with x, — z as n — oo, then x,, < z for all
n € Np.
Then f has a fixed point. Moreover, if u,v € Fix(f) such that there exists w € X withu < w
and v < w, then f has a unique fixed point. Then f has a fixed point. Moreover, if for every pair
(u,v) of fixed points of f such that there exists w € X with u < w and v < w, then f has a unique
fixed point.



Axioms 2021, 10, 101

16 of 19

6. Application to Integral Equations

In this section, we study the existence of a solution for an integral equation using the
results proved in Section 3. Let X = (C[a, b], R) be the space of all real continuous functions
on[a,b]and p : X x X — R™ defined by

p(x,y) = max [x(t) —y(t),  VxyeX
te(a,b]

Equip X with the 2-metric given by ¢ : X> — R which is defined by

o(x,y,a) = min{p(x,y),0(y,a),0(a,x)},  Vx,y,acX.

As (X, p) is a complete metric space, (X, 0) is a complete 2-metric space, according to
Example 1, we define a by-metric on X by

d(x,y,a) = (c(x,y,a))?,  VxyaeX

It follows that (X, d) is a complete by-metric space with s = 3. Define a binary relation R
on X by
R ={(x,y) € X*: x(t) < y(t) forall t € [a,00)}. (39)

Now, consider the integral equation:
t) +/h(t,s)A(s,x(s))ds, (40)

where t € [a,b] C RT. A solution of the Equation (40) is a function x € X = Cla,b].
Assume that

(i h:[ab] x[ab] — [0,0),q: [a,b] - Rand A : [a,b] x R — R are continuous
functions on [a, b];

(i) [h(t,s)dt<r<1;

a
(iii) there exists xg € X such that

b
xo(t) < gq(t) + /h(t,s)A(s,xo(s))ds.

(iv) Ais nondecreasing in the second variable and for all x,y,a € X, s € [a, b] there exists

0<k< \[ such that

min  {|A(s, x(s)) — A(s,y(s))|, |A(s, x(s)) — a(s)[,|A(s,y(s)) —a(s)[}
< JA(s,x(s) = A(s,y(9))]|
< ke MY min{|x(s) — y(s)], |x(s) = a(s)], ly(s) —als)[},

where

M(x,y,a) = max{d(x,y,a),d(x,fx,a),d(y,fy,a), d(x,fy,a);—sd(y,fx,a) }

Now, we are equipped to state and prove our main result in this section.

Theorem 3. Under the assumptions (i)—(iv), the integral Equation (40) has a solution in X.
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Proof. Define f : X — X by

b
Fx(t) = q(t)+/h(t,s)A(s,x(s))ds.

Observe that x is a solution for (40) if and only if x is a fixed point of f. Let x,y,a € X such
that xRy for all t € [a,b]. Since A is nondecreasing in the second variable, we have

b

fx(t) = q(t)—l—/h(t,s)A(s,x(s))ds

a
b

< a0+ [ (e,9)A(s,y(s))ds

a

= fy(t)

Hence, fxRfy and R is f-closed. From Condition (iii), we conclude that xy < fxq for all
t € [a,b], then xyR fxo. Now, for any x,y,a € X such that fxR"fy we get

b
FxO) = O] = | [B(t5)(A(sx(6)) = Als,y(s)) s
,
< [Int9)lIA(sx(s)) = Als,y(s) lds
b
< ke_M(x’y’“)/|h(fr5)|min{|x(5)*y(S)Irlx(S)*ﬂ(S)Ifl}/(S)*ﬂ(S)l}dS
ab
e~ M(xy.0) s)| min{ max |x(s) — y(s)|, max |x(s) —a(s
< e MO a/rhu, ) min{ max [x(s) ~ y(s)l, max [x(5) ~ a(s)],
max ly(s) —a(s)|}ds
b
< ke*M(x’y’”)/!h(trS)!min{P(x(S),J/(S))/P(x(S),a(S)),P(]/(S)/ﬂ(S))}dS
b
< ke~ Mrya) / h(t,s)|o(x,y,a)ds < rke MV g (x,y,a).

a

Therefore,
o(fx fy,a) < max [£x(1) = fy(0)] < rke M0, a).
tea,

It follows that
€_2M (xy,a)

d(fx, fy,a) < ke MOV d(x,y,a) < r2kPe MEVA) M(x,y,a) < 3

M(x,y,a).

Thus,

e—2M(xy,a)
d(fx,fy,a) S ﬁM(x/y/a) + LN(x/y/ﬂ),
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where

M(x,y,a) = max{d(x,y,a),d(x,fx,a),d(y,fy,a), d(x,fy,a);;d(y,fX,a) },

and

N(x,y,a) = min{d(x, fx,a),d(y, fy,a),d(x, fy,a),d(y, fx,a)},

with Bs(t) = %Zt and L > 0. Then f is almost a R-Geraghty type contraction. In addition,
if {x,} € Xisan ‘R-preserving sequence such that lim, . x4, = x € X, then x,, < x for all
n. Hence, x,Rx, for all n. Therefore, all the hypotheses of Corollary 1 are satisfied. Hence,
f has a fixed point which is a solution for the integral Equation (40) in X = C([a,b],R). O

Author Contributions: All the authors contributed equally and significantly in writing this article.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: All the authors are grateful to the anonymous referees for their excellent sugges-
tions, which greatly improved the presentation of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Gdhler, S. 2-metrische Rdéume und ihre topologische Struktur. Math. Nachrichten 1963, 26, 115-148. [CrossRef]

2. Deshpande, B.; Chouhan, S. Common fixed point theorems for hybrid pairs of mappings with some weaker conditions in
2-metric spaces. Fasc. Math. 2011, 46, 37-55.

3. Dung, N.V,; Hang, V.T.L. Fixed point theorems for weak C-contractions in partially ordered 2-metric spaces. Fixed Point
Theory Appl. 2013, 2013, 161. [CrossRef]

4. Fathollahi, S.; Hussain, N.; Khan, L.A. Fixed point results for modified weak and rational a-{-contractions in ordered 2-metric
spaces. Fixed Point Theory Appl. 2014, 2014, 6. [CrossRef]

5. Naidu, S.V.R,; Prasad, J.R. Fixed point theorems in 2-metric spaces. Indian |. Pure Appl. Math. 1986, 17, 974-993.

6.  Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

7. Czerwik, S. Nonlinear set-valued contraction mappings in b-metric spaces. Atti Semin. Mat. Fis. Univ. Modena 1998, 46, 263-276.

8. Aydi, H.; Bota, M.; Karapinar, E.; Moradi, S. A common fixed point for weak ¢-contractions on b-metric spaces. Fixed Point Theory
2012, 13, 337-346.

9.  Hussain, N.; Shah, M.-H. KKM mappings in cone b-metric spaces. Comput. Math. Appl. 2011, 62, 1677-1684 . [CrossRef]

10. Roshan, J.R.; Parvaneh, V.; Sedghi, S.; Shobkolaei, N.; Shatanawi, W. Common fixed points of almost generalized (¢, ¢)s-
contractive mappings in ordered b-metric spaces. Fixed Point Theory Appl. 2013, 2013, 159. [CrossRef]

11. Mustafa, Z.; Parvaneh, V.; Roshan, ].R.; Kadelburg, Z. b,-Metric spaces and some fixed point theorems. Fixed Point Theory Appl.
2014, 2014, 144. [CrossRef]

12.  Turinici, M. Abstract comparison principles and multivariable Gronwall-Bellman inequalities. ]. Math. Anal. Appl. 1986, 117,
100-127. [CrossRef]

13. Bhaskar, T.G.; Lakshmikantham, V. Fixed point theorems in partially ordered metric spaces and applications. Nonlinear Anal.
Theory Methods Appl. 2006, 65, 1379-1393. [CrossRef]

14. Samet, B.; Vetro, C.; Vetro, P. Fixed point theorems for a-i-contractive type mappings. Nonlinear Anal. 2012, 75, 2154-2165.
[CrossRef]

15. Ben-El-Mechaiekh, H. The Ran—-Reurings fixed point theorem without partial order: A simple proof. J. Fixed Point Theory Appl.
2014, 16, 373-383. [CrossRef]

16. Imdad, M.; Khan, Q.; Alfagih, W.M.; Gubran, R. A relation theoretic (F, R)-contraction principle with applications to matrix
equations. Bull. Math. Anal. Appl. 2018, 10, 1-12.

17.  Gubran, R.; Imdad, M.; Khan, I.A.; Alfagih, WM. Order-theoretic common fixed point results for F-contractions. Bull. Math.
Anal. Appl. 2018, 10, 80-88.

18. Jungck, G.; Rhoades, B.E. Fixed Points for set valued functions without continuity. Indian J. Pure Appl. Math. 1998, 29, 227-238.


http://doi.org/10.1002/mana.19630260109
http://dx.doi.org/10.1186/1687-1812-2013-161
http://dx.doi.org/10.1186/1687-1812-2014-6
http://dx.doi.org/10.1016/j.camwa.2011.06.004
http://dx.doi.org/10.1186/1687-1812-2013-159
http://dx.doi.org/10.1186/1687-1812-2014-144
http://dx.doi.org/10.1016/0022-247X(86)90251-9
http://dx.doi.org/10.1016/j.na.2005.10.017
http://dx.doi.org/10.1016/j.na.2011.10.014
http://dx.doi.org/10.1007/s11784-015-0218-3

Axioms 2021, 10, 101 19 of 19

19.
20.
21.
22.
23.
24.
25.
26.

27.

Abbas, M.; Jungck, G. Common fixed point results for noncommuting mappings withoutcontinuity in cone metric spaces. J. Math.
Anal. Appl. 2008, 341, 416-420. [CrossRef]

Alam, A.; Imdad, M. Relation-theoretic contraction principle. J. Fixed Point Theory Appl. 2015, 17, 693-702. [CrossRef]

Alam, A.; Imdad, M. Relation-theoretic metrical coincidence theorems, Filomat. arXiv 2017, arXiv:1603.09159.

Geraghty, M. On contractive mappings. Proc. Am. Math. Soc. 1973, 40, 604—-608. [CrossRef]

Duki¢, D.; Kadelburg, Z.; Radenovixcx, S. Fixed points of Geraghty-type mappings in various generalized metric spaces.
Abstr. Appl. Anal. 2011, 2011, 561245. [CrossRef]

Ran, A.C.M.; Reurings, M.C.B. A fixed point theorem in partially ordered sets and some applications to matrix equations.
Proc. Am. Math. Soc. 2004, 132, 1435-1443. [CrossRef]

Agarwal, R.P; El-Gebeily, M.A.; ORegan, D. Generalized contractions in partially ordered metric spaces. Appl. Anal. 2008, 87,
109-116. [CrossRef]

Harjani, J.; Lopez, B.; Sadarangani, K. A fixed point theorem for mappings satisfying a contractive condition of rational type on a
partially ordered metric space. Abstr. Appl. Anal. 2010, 2010, 1-8. [CrossRef]

Petrusel, A.; Rus, I.A. Fixed point theorems in ordered L-spaces. Proc. Am. Math. Soc. 2006, 134, 411-418. [CrossRef]


http://dx.doi.org/10.1016/j.jmaa.2007.09.070
http://dx.doi.org/10.1007/s11784-015-0247-y
http://dx.doi.org/10.1090/S0002-9939-1973-0334176-5
http://dx.doi.org/10.1155/2011/561245
http://dx.doi.org/10.1090/S0002-9939-03-07220-4
http://dx.doi.org/10.1080/00036810701556151
http://dx.doi.org/10.1155/2010/190701
http://dx.doi.org/10.1090/S0002-9939-05-07982-7

	Introduction
	Preliminaries 
	Common Fixed Point Results for Almost Rg-Geraghty Type Contraction Mappings
	Results for Almost g– Geraghty Type Contraction Mappings in b2-Metric Spaces
	Fixed Point Results in Partially Ordered b2-Metric Spaces
	Application to Integral Equations
	References

