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Abstract: In this paper, we study a schematic approximation of solutions of a split null point problem
for a finite family of maximal monotone operators in real Hilbert spaces. We propose an iterative
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to illustrate our method. Our result improves some existing results in the literature.
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1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H. The Equilib-
rium Problem (EP) in the sense of Blum and Oettli [1] is to find a point x € C, such that

F(x,y) >0,y €C, 1

where F : C x C — R is a bifunction. The EP unify many important problems, such
as variational inequalities, fixed point problems, optimization problems, saddle point
(minmax) problems, Nash equilibria problems and complimentarity problems [2-7]. It also
finds applications in other fields of studies like physics, economics, engineering and so
on [1,2,8-10]. The Generalized Mixed Equilibrium Problem (GMEP) (see e.g., [11]) is to
find x € C, such that

F(x,y) +(g(x),y —x) +¢(y) —¢p(x) >0, Vy €C, )

where ¢ : C — H is a nonlinear mapping and ¢ : C — R U {+oo} is a proper lower
semicontinuous convex function. The solution set of (2) will be denoted GMEP(F, g, ¢).

The GMEP includes as special cases, minimization problem, variational inequality
problem, fixed point problem, nash equilibrium etc. GMEP (2) and these special cases
have been studied in Hilbert, Banach, Hadamard and p-uniformly convex metric spaces,
see [11-21].

For a real Hilbert space H, the Variational Inclusion Problem (VIP) consists of finding
a point x* € H such that

0 € Ax*, 3)
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where A : H — 2 is a multivalued operator. If A is a maximal monotone operator,
then the VIP reduces to the Monotone Inclusion Problem (MIP). The MIP provides a
general framework for the study of many important optimization problems, such as convex
programming, variationa inequalities and so on.

For solving Problem (3), Martinet [22] introduced the Proximal Point Algorithm (PPA),
which is given as follows: xg € H and

Xn+1 = ];f:xnr 4)

where {r,} C (0,400) and J& = (I +r,A)~! is the resolvent of the maximal monotone
operator A corresponding to the control sequence {r, }. Several iterative algorithms have
been proposed by authors in the literature for solving Problem (3) and related optimization
problems, see [23-37].

Censor and Elfving [38] introduced the notion of Split Feasibility Problem (SEP). The
SFP consists of finding a point

x* € C suchthat Lx* €Q, (5)

where C and Q are nonempty closed convex subsets of R” and R" respectively and L is an
m x n matrix. The SFP has been studied by researchers due to its applications in various
field of science and technology, such as signal processing, intensity-modulated radiation
therapy and medical image construction, for details, see [39,40]. In solving (5), Byrne [39]
introduced the following iterative algorithm: let xy € R" be arbitrary,

Xnt1 = Pe(oxn — yL*(I = Po)Lxn), (6)

where v € (0,2/]|L||?), L* is the transpose of the matrix L, Pc and P are nearest point
mappings onto C and Q respectively. Lopez et al. [41] suggested the use of a stepsize v, in
place of y in Algorithm (6), where the stepsize does not depend on operator L. The stepsize
Yn is given as:

_ 6a]|(I = Po)Lxy|[?
T LA (T = Po)Laa| 2

@)

where 0, € (0,4) and L*(I — Pg)Lx, # 0. They proved a weak convergence theorem of the
proposed algorithm. The authors in [41] noted that for L with higher dimensions, it may
be hard to compute the operator norm and this may have effect on the iteration process.
Instances of this effect can be observed in the CPU time. The algorithm with stepsizes
improves the performance of the Byrne algorithm.

The Split Null Point Problem (SNPP) was introduced in 2012 by Byrne et al. [42].
These authors combined the concepts of VIP and SFP and defined SNPP as follows: Find
x* € Hj such that

0€ Ai(x") and Lx* € Hp suchthat 0 € Ay(Lx"), 8)

where A; : H; — 2Hi, i = 1,2 are maximal monotone operators, H; and H; are real Hilbert
spaces. For solving (8), Byrne et al. [42] proposed the following iterative algorithm: For
r > 0 and an arbitrary xg € H;,

Xpy1 = P (xn — YL (I = J72) L), )

where 7 € (0,2/]|L||?). They prove a weak convergence of (9) to a solution of (8).



Axioms 2021, 10, 16

30f20

One of our aim in this work is to consider a generalization of Problem (3) in the
following form: Find x* € H such that

N
0€ ) Ai(x"), (10)
i=1

where A; is a finite family of maximal monotone operators. There have been some itera-
tive algorithms for approximating the solution of (10) in the literature, (see [37] and the
references therein).

In this study, we consider the problem of finding the common solution of the GMEP
(2) and the SNPP for a finite family of intersection of maximal monotone operator in the
frame work of real Hilbert spaces. We consider the following generalization of the SNPP:
Find x* € C such that x* € GMEP(F, g, ¢) and

N N
x* € () A;71(0) suchthat Lx*()B;'(0). (11)
i=1 i=1

In our quest to obtain a common element in the solution set of problems (2) and (11), the
following two research questions arise.

(1) Can we obtain an iterative algorithm which solves problem (11), without depending
on the operator norm?

(2) Can we obtain a strong convergence theorem for the proposed algorithm to the
solution of problem (11) ?

In this work, we give an affirmative answer to the questions above by introducing an
iterative algorithm which solves (11). Further, we prove a strong convergence theorem of
the proposed algorithm to the common solution of problem given by (11).

2. Preliminaries

In this section, we give some important definitions and Lemmas which are useful in
establishing our main results.

From now, we denote by H a real Hilbert space, C a nonempty closed convex subset
of H with inner product and norm denoted by (-, -) and || - || respectively. We denote by
xn — x and x, — x respectively the weak and strong convergence of a sequence {x,} C H
toapointx € H.

The nearest point mapping Pc : H — C is defined by Pcx := {x € C : ||x —y|| =
dc(x),Yy € H}, where dc : H — Ris the distance function of C. The mapping P¢ is known
to satisfy the inequality

(x —Pcx,y—Pcx) <0,VxeH and yeC, (12)

see e.g., [9,10] for details.

A point x € C is said to be a fixed point of a mapping T : H — H, if x = Tx. We
denote by F(T) the set of fixed point of T. A mapping f : C — C is said to be a contraction,
if there exists a constant ¢ € (0,1), such that

) = fWIll <cllx—yll, vV x,y e C. (13)

If c =1, then f is called nonexpansive.
A mapping T : H — H is said to be firmly nonexpansive if, for all x,y € H, the
following holds

T2 = Ty|[? < ||lx =yl = [[(I = T)x = (I = T)ylP?, (14)

where [ is an identity mapping on H.
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Lemma 1 ([43]). Let T : H — H be a mapping. Then the following are equivalent:
(i) T is firmly nonexpansive,

(ii) 1 — T is firmly nonexpansive,

(iii) 2T — I is nonexpansive,

(iv) (x—y,Tx—Ty) > ||Tx — Ty||?,

(v) (I-T)x—(I-T)y,Tx—Ty) >0.

A multivalued mapping A : H — 2H ig called monotone if for all x, ye€H ue Ax
and v € Ay, we have
(x—y,u—v)>0 (15)

A monotone mapping A is said to be maximal if its graph G(A) := {(x,u) e HX H:u €
Ax} is not properly contained in the graph of any other monotone operator.

Let A : H — H be a single-valued mapping, then for a positive real number B, A is
said to be B-inverse strongly monotone (f-ism), if

(x —y, Ax — Ay) > B||Ax — Ay||*>, V x,y € H. (16)

This class of monotone mapping have been widely studied in literature (see [44,45])
for more details. If A is a monotone operator, then we can define, for each r > 0, a
nonexpansive single-valued mapping J/ : R(I +rA) — D(A) by J# := (I +rA)~! which
is generally known as the resolvent of A, (see [46,47]). It is also known that A=1(0) = F(J#),
where A71(0) = {x e H:0 € Ax}and F(J&) = {x € H: JAx = x}.

Lemma 2 ([6,48]). Let H be a real Hilbert space. Then the following hold:

@ [lx+yl1 < [x]]2 +2(y, x +y), Vx,y € H,

(@) |lx +ylI* = [|x|]* + 2{x,y) +lyI* x,y € H,

(iii) |Ax + (1= Ayl = Mlx|?+ (1 = M[lyl? = AQ = A)||x —y|]2, Vx,y € Hand A €
[0,1].

The bifunction F : C x C — R will be assumed to admit the following restrictions:
(C1) F(x,x) =0forallx € C;
(C2) F is monotone, i.e., F(x,y) + F(y,x) < Oforallx,y € C;
(C3) foreach x,y,z € C, lifg F(tz+ (1 —t)x,y) < F(x,y);
t

(C4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 3 ([11]). Let C be a nonempty closed convex subset of real Hilbert space H. Let F be a real
valued bifunction on C x C admitting restrictions C1 — C4, g : C — H be a nonlinear mapping
and let ¢ : C — R U {400} be a proper lower senicontinuous convex function. For any given
r > 0and x € H, define a mapping Kf : H — C as

KfXI{ZEC:F(z,y)+<g(2),y—2>+¢(y)—¢(Z)+%<y—zrz—x> >0, Vye C}, (17)

for all x € H. Then the following conclusions hold:
(i) foreachx € H, fo #Q,

(ii) I(iE is single valued,

(iii) K is firmly nonexpansive, i.e., for any x,y € H

||KFx — KEy||* < (KEx — Kfy,x —y),

(iv) F(K{(I—rg)) = GMEP(F,g,¢),
(v) GMEP(F,g,¢) is closed and convex.
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1
Sl = A = |1

Lemma 4 ([49,50]). Let {ay,} be a sequence of nonnegative real numbers satisfying the following
relation:

api1 < (1—by)ay +byey+dy,, neN, (18)

where {by}, {cy} and {d,} are sequences of real numbers satisfying
n=1

(ii) limsupc, <0;

n—o0

(i) dy >0, Y dy < oo.
n=0

Then, 71[1_1’1’1 a, = 0.

3. Main Result

A A A A .
Throughout, we let &} 1\17 = /\Nn o]y 1\1]\' 11 -0 ]Ml,n’ where © )l(?,n = I. Define the
stepsize v, by
Ol | (1=} )Lt 2 ,
LI — @Y YL, £0,
o= I (I=@) L2 i (19)
Y, otherwise,

where v, depends on 6, € [a,b] C (0,1) and 7 is any nonnegative number.

Lemma 5. Let H be a real Hilbert space and A : H — 2H be a monotone mapping. Then for
0 < s <r, wehave

[l = Jxl| < 2f]x = JPx]].

Proof: Notice that 1 (x — J4) € AJ#xand 1 (x — J2x) € AJ2x. Using the monotonicity
of A, we have

(L= ) — (= ), o= ) > 0
That is
(x = Jix =2 (x = Jx), JAx = %) 2 0,
which implies that

(x = J&x, Jéx — Jix) > 2 (x — JAx, JAx — JPx).

| ®n

Using Lemma 2 (ii), we obtain

= JAx|P =[x = ) > ;(IIX*I{‘XH” |2 = A2 =[x = J2] ),

that is

L5\ A, _ jAa2 1 s Aqe_ (s 1 A2
—| = — — > - - — — — - — — —
<2+27>||]S'x ]7’ x|| - <2 2r>||x ]V xH 21, 2 ||x ]S xH

and N
rrs 2 —Ss A2 r—s A2
(55 )t = pxiie < (52 )l = il = (52 ) e = P
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Since 0 < s < r, we obtain

r—s
e = gl < (15 ) = sl

which implies
[T = Tl < [lx = 2. (20)
Now, since ||x — JAx|| < ||x — JAx|| + ||JAx — J2x]|, by (20), we obtain

[lx — J&x]] [l = J2xl[ + [|x — T«

2||x = Jx]].

Lemma 6. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and
Hj respectively and L : Hy — Hpy be a bounded linear operator. Assume F is a real valued
bifunction on C x C which admits condition C1-C4. Let ¢ : Hy — R U {400} be a proper, lower
semicontinuous convex function, g be a B-inverse strongly monotone mapping and f : Hi — Rbea
differentiable function, such that V f is a contraction with coefficient c € (0,1). Fori =1,2--- N,
let A; : H — 2™ and B; : Hy — 2H2 be finite families of monotone mappings. Assume
Q = GMEP(F,g,¢) NT # @, whereT = {x* € Hy : 0 € NN A;(x*) and Lx* € Hy: 0 €
NN, B;(Lx*)}. For an arbitrary xo € Hy, let {x,} C Hj be a sequence defined iteratively by

F(un,y) + (g(un),y — un) + ¢(y) — p(un) + %,l<y — U, Uy —xn) >0,y € Hy,
Zn =ty — YuL*(I = @5 )Luy, (21)
Xnt = &V f (z0) + (1= )@Y 20,

where {ry,} is a nonnegative sequence of real numbers, {a, } and {A;,} are sequences in (0,1), yx

is a nonnegative sequence defined by (19), satisfying the following restrictions:
e}

(i) Y ay=o00, lim a, = 0;
n=1 n—o00

(i) 0<Ai<Ain

(i) 0<a<r, <b<2B

Then {x,}, {zn} and {u,} are bounded.

Proof. Observe that u,, can be rewritten as u,, = Kfn (xp — rng(xy)) for each n. Fix p € Q.
Since p = KL (p — rup), g is p-inverse strongly monotone and r, € (0,2p), forany n € R,
we have from (21) and Lemma 2 (ii) that

fun —plP = K}, (x0 — rag(xn)) — K7, (p — rug(p)|?
< ||xn_”n8(xn)_(P_rng(i’)mz
= [(xn = p) = ra(8(xn) —g(p)II?
= |lxn = pII> = 2ra(xn — p,8(xn) — g(p)) + rillg(xn) — g (P (22)
< xn = plP = 2Brallg(xn) — g(P)I1> + il g (xn) — g(p)I 2
= |lxn = plI> = ra(2B = ra)l1g(xu) — g(p)II?
<l —pl*
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Also by Lemma 2, we have

B;
llzo = pIP = llun = yaL* (1= @3 )Luty = pl[?
= fun = p = 7ul* (1= DR )Luy|?
llitn = pI? = 29 (it = p, L*(I = 3 )Lutw) + 73| |L*(I = D} ) Ly

B; * B;
itn = pl2 — 2 Lty — Lp, (1= @ )Luy) + 93 |L° (1~ @ YLuy|> (23)

< = plP =29 |(I = @ )Lutu| P+ 97 ||L* (T = @5 )Lt |
B; B;
<l = pI2 =yl (1= @ YLug| [+ A3||L* (1= @ ) Laay |2

[lin = pI* = 7ulll(I = 7 )Lutn| > = | |L*(I = DY ) Luun| .
Using the definition of vy,, we obtain
|20 = plI* < [lun = plI?, (24)

hence, |[zn — p[| < |[un — pl| < [|xn — pl].
Further, we obtain that

w1 =Pl = & VF(za) + (1= an) @Y 2 = pl|
[l (Vf(z0) = p) + (1= &) (@3 20 = p)|

< IV — pll+ (=)0 2, — p]
< @l [Vf(zn) = VP +anl[V(p) = pll + (1= an)l|22 — Pl (25)
< ancllzn = pll + anl [V f(p) = pll +[|(1 = an) |20 = pl|
= (I —an(1=c))llzn = pll + anl [V f(p) = pll
—c
< (= a (1=l pll+ =D 5() — .
Let K = max{||xo — p||, ||Vf p”}WeshowthatHxn pl| < Kforalln > 0. Indeed, we
seethat||xo—p||§KNowsuppose||x] pl| < K for some j € N. Then, we have that
aj(1=)|[Vf(p) —pll
e —pll < (11— )l — pll + L
< (1—ai(1—-c))K+aj(l-c)K (26)
< K.

By induction, we obtain that ||x, — p|| < K for all n. Therefore {x,} is bounded, conse-
quently {z,} and {u,} are bounded. [

Theorem 1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Hp,
respectively and L : Hy — Hj be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : H; — R U {400} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping and f : H; — R be a differentiable function,
such that V f is a contraction with coefficient ¢ € (0,1). Fori =1,2--- ,N, let A; : Hy — 2
and B; : Hy — 212 be finite families of monotone mappings. Assume Q = GMEP(F,g,¢) NT #
@, whereT = {p € Hy : 0 € NN, A;(p) and Lp € Hy : 0 € NN, Bi(Lp)}. For an arbitrary
xo € Hy, let {x,} C Hj be a sequence defined iteratively by (21) satisfying the conditions of
Lemma 6. Then {x, } converges strongly to p € Q), where p = PaV f(p).

Proof. We observe from (21), that
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[xs1 = plI?

IN

IN

IN

IN

IN

(anVf(zn) + (1 - ”‘n)(qbﬁ.{nzn —P)Xnt1—P)

(Ve X1 = ) (1= ) (@ 20— p, %01 — )

wn(Vf(zn) = VE(p), %ns1 = p) +an(VE(p) = p,%u1 = p) + (1= n) (@4 20— p, Xp1 — p)

a1V F(z) = VFE) - [nsr — pll+ (@~ @)@ 20— pll - [1x1 — pl

+an(Vf(p) = pXns1 = p) (27)
T (1970 = TP+ ltna = IR ) + (52 ) (108 20 = pIP+ 113012 = 917

+an(Vf(p) = p,Xnt1 —p)

o = AP + e — I+ 5 = i+ L

+o, (Vf(p) — p,xpt1 — p)

Wl\zn —plP+ %\Ixnﬂ = pPIP +an(Vf(p) = p xus1 = p)

WHW -pl*+ %erH»l —pIP +an(Vf(p) = pxur1 —p),
that is

=l < (=l =l = plF + 01 =) (T2 (VS ) = Pt =)

1= a1 = Al = pIF + 01 = A (25 (VS 0) = Pt =) ) @8)

IN

From now the rest of the proof shall be divide into two cases.

Case 1: Suppose that there exists 1y € N such that {||x, — p||} is not monotonically
increasing. Then by Lemma 6, we have that {||x, — p||} is convergent. From (21), we have
by Lemma 2 that

i1 = pI? = llanV(za) + (1= an) @3 20— pl?
1wV (f(zn) = p) + (1 — ) (@} 20 — p)|? (29)
|V f(zn) = I+ (1= an) |93 20— plI? = an (1= ) ||V f(z0) — @} zal 2

[V f(zn) = p|? + (1 = )20 — pl [

IN

Thus,
|20 = pI* = %041 = pIP = an(|[V £ (zn) = plI> = |20 — ). (30)
From (23), we have that
Bi * Bi
111 = @8 L]yl |1 (1~ @F YLy |
< fun = plI> = |20 — pl?

< lun = pII? = lxnsr = I + an (V£ (z0) = pI? = 12 = plI?)
<l = I = lxnr1 = plI? + an([IV f(z0) = pIP = |20 = pII?),

by using restriction (i) in Lemma 6, we have

. B; B;
’111_1}010')’11 [||(I - (I)A;,n)LunHz —nl|L*(I = ‘D)\;’n)Lun| ‘2] =0. 31)



< anl[Vf(zn) = zull + (1= @) |93 20 — 2|
< anl[Vf(za) = V)| +anl[VF(p) = zall + (1 = )|z — D} 2l
< "‘nCHZn*PH+an||vf(f’)*Zn”*(1*”‘n)||zn*®j€i;zn”-

Observe from (21), that

Aj Aj
195 20— pl| > [t — pll — @l [V (zn) — @7 2],

L%
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Using (19), we have that
B; 4
[[(I = @y! )Lu||
B; 2 * B; 2 )‘z,n
[[(I = @37 ) Lun| | = yul[L*(I = @30 JLun]|"] = 6,(1 = 6n) : , (32
= Dl = Y nll] = (1= [1L#(1 = @3 ) Luua| 2
thus by (31), we obtain
B;
(1= @8 )Lug| 2
0(1—6y) B — 0, as n — oo.
L7 (1 — ®F ) Luy [P
Therefore, since 8, € (0,1), we obtain
=@ )L
lim T = (33)
e [ (1— O ) Laty|
Notice that || L*(I — @3/ )Luy|| < ||L*[| -||(I = @} )Luy||, which implies
B, [IL*[| - [](I = @y, , ) Lun |2
11— @8 YLy < -0
' L7 — @B ) Lau |
by (33), we obtain
; B; —
Jim [[(1— @8 Luy|| =0, )
consequently,
: *(7 _ pbi _
Jim [[L*(I = @," )Lun|| = 0. (35)
From (21), we see that
llzw = unll = |[ttn = Yul* (1 = B )Lty — ]
<l LT = @5 )Ly,
By (35), we get that
1}5%0||Zn—un|| =0. (36)
Furthermore, we have from (21),
[[xn+1 — znl| ||“nvf(zn)+(1—”‘n)q>3?ifnzn—Zn||
= |lan(Vf(zn) —zn) + (1 - “n)(q:’)iinzn = zu)|| (37)
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using the nonexpansivity of Cfo , we obtain that

A Aj
0< Iz = pll = [|@ 20— Y pll

A
=l pll— 10 2 |
Aj
<l = pll = s = pll + anl [V f(20) = @) zal[-

Using restriction (i) in Lemma 6, the boundedness of {z, } and the convergence of {||x, —
p||}, we have that ||z, — p|| — ||<1>/’€iinzn — p|| = 0as n — oo. Thus by the strong nonexpan-

sivity of CDIAL‘," , we get that

. A,
M ||zn — @)} zn| =0.
Using this and restriction (i) of Lemma 6 in (38), we get
tim [y~ 2l =0, @)
Observe from (28), that
—fun = pII> < —lxns1 = plI?> = an(1 = ) = pl > + 20 (Vf(p) = p, Xn11 — ), (39)
since ||un — xu||?> < ||xn — pl|? — ||un — p||?, using (39), we have that
1t = a2 < [0 = pII2 = [1t041 = PII2 = (1 = )1t — pIP + 280 (VF(p) = pXws1 = ),
thus, by restriction (i) in Lemma 6, we obtain
nli_r)r;o||un—an:||K,ann—xn||:0. (40)
Combining (36) and (40), we obtain
Moreover, since
xn41 = xnll < lxn41 — zal |+ [120 — xall,
we have that
[|Xp11— xn]] = 0 as n — oo. (42)

Furthermore,

Aj A; A; A;
1w = @ xull < I%n = Xl |+ 1 %nga = @Y zal| + |97 — @ x|

IN

A
20 = Xl + 21 — @Y 2l + (20 — 2], (43)

but

1%s1 = @0 zull = [lanVf(za) + (1= )@Y 25 = DY 2]

= ocn||Vf(zn)—<1>;\4_" zy|| =0, as n — oo

in

Hence, by substituting this, (41) and (42) into (43), we obtain

lim \|(1—q>;‘i{n)xnu =0.

n—o0
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Since 0 < A; < A;,,, we have by Lemma 5, that
. A;
nlgroloH(I_(b)\i)an =0. (44)

Now, since {x,} is bounded in Hj, there exists a subsequence {x,} of {x,} such that
Xp; — x* € Hj. First, we show that x* € ﬂf\ilAfl(O). Consider for each j € N,

Aj Aj Aj Aj
||(I - q)/\i’)x*Hz < <(I - CI)/\I-I)X*IJC»< - xrlj> + <(I - q)/\;)X*/ xt’l]' - q)/\;xn]‘>
(1= @1)x", @Y, — @7ix"). (45)
Since {x4;} C {xx}, as a consequence of (44), we have

; Aj —
. | |xnj — @) xnj|| =0. (46)

]

Therefore, using Xp; — x* and (46) in (45), we have
. _ Ai *||
tim (7 @] = . @)
Thus, x* = CDi_ix* and hence x* € ﬂf\ilAfl(O).
Secondly, we show that Lx* € N¥, B;!(0). Consider again for each j € N,

(= @P)Le*|P < ((I—@F)Lx*, Lx* — Lzy) + (I — @Y ) Lx*, Lz, — @Y Lz,)
+H((I = @) Lx*, DLz, — DT Lx*), (48)

observe that,

B; B; B; B
(I =@y JLug|l < [|(I =@y JLzy — (I =@y )Lut|[ + [[(I = )7 )Ly |
< |[Lzn = Lug|| + ||@F Lzy — @ Luty|| +||(I = @ )Lty ||

B;
< 2[Lll20 — ] + 11 (1= @ L],
which by (34) and (36), implies
; B; —
lim [[(I —@° )Lzn[| = 0.
Again, since 0 < A; < A;,,, we have by Lemma 5, that
: B; —
Lim [|(I = ®y)Lz4| = 0. (49)
So for any subsequence {z,,} C {zx}, we also have that

; B; —
Jim [[(I — @) Lzy, || = 0. (50)

Thus, by the linearity and continuity of L, Lx,; — Lx* as j — oo and |[zy — xu[| — 0 as
n — oo implies Lz,; — Lx* as j — co. Hence from (49), we have

; Bivy ¥ || —
Tim [[(1 - ®F)Lx*|| = 0. 61)
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(8(ye), ye — uny)

Therefore, Lx* = <1> Lx thatis Lx* € ﬂl 1B; ~1(0). Further, we show that x* € GMEP

(F,g,¢). From (40), we have u,; — x*. Since u, = KE (xy — rag(xn)), forany y € C,
we have

Flutn, )+ (g(t0),y — ) +9() = ) + -y — i = %) 20. (52)

n
It follows from condition (C2) of the bifunction F, that
1
(§(un),y — un)Pp(y) — p(un) + a@ — Un, U — Xn) = F(y,un).
Replacing n by n;, we have
1
<8(”n]-):y - un,’> + T<y - Mn]. - an> 2 P(yr ui’lj) + ¢(”n,‘) - <P(?/) (53)

1

Lety; = ty+ (1 —t)x* forallt € (0,1] and y € C. Then we have y; € C. So from (53),
we have

Un; — Xn;
> 1= 1)) = (o= o)) = (=, 4 Ft ) + ) — )
]
un]- - Xn]
(Yt — tny, 8(ye) — &) + (e — ttny, §(ttmy) — g(xn;)) — { ye =ty ———— (54)
nj

+F(]/t/uﬂj) + ‘P(unj) - 4’(%)'

Since nlgrolo |[ttn — xn|| = O, we obtain |[g(un;) — g(xn,)|| — 0 as n — co. Moreover, since g

is monotone, we have (y; — un;, g(yt) — g(un;)) = 0. Therefore by (C4) of the bifunction F
and the weak lower semicontinuity of ¢, taking the limit of (54), we obtain

(yr —x%,8(y)) = Fye, x7) + ¢(x7) = ¢ (ye)- (55)

Using (C1) of bifunction F and (55), we obtain

F(yt,ye) + ¢(yt) — ¢(yt)
SfF(ytr]/) (L= HF(ye, x*) +tp(y) + (1 = )p(x*) — ¢(vt)
HE(ye,y) + ¢(y) — (o)l + (1 = ) [F(ye, x°) + ¢(x*) — ¢(yr)]
< tF(yry) + ¢y) — ()] + (1 — ) (ye — x*, g(yr))
HE(yey) +o(y) — ¢(y)] + (1 — )ty — x*, g(yi)),

I/\\

this implies that

F(yt,y) + (1= t){y — x%,g(yt)) + ¢(y) — ¢(y:) > 0. (56)

By letting t — 0, we have

F(x*,y) +(g(x"),y —x*) + ¢(y) — ¢(x*)) >0, y € C, (57)

which implies x* € GMEP(F, g, ¢).
Finally we show that x, — p = PaV f(p). Let {xy} be subsequence of {x,}, such
that Xp; — x* and

lim sup
n—o0 1-—

2(Vf(p) = pxwi —p) = 2(Vf(p) =P xupr1 = p), (58)

001
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since |[x,1+1 — Xu|| = 0asn — coand x,; — x*, it follows that Xp4+1 — x*. Consequently,
we obtain by (12), that

2 2
lim sup m(vf@) —pxXns1—p) = ——5(Vf(p) —p,x" —p) <0. (59)

n—o0 1- CZ

By using Lemma 4 in (28), we conlude that ||x, — p|| — 0 as n — oo. Thus, x, — p as
n — oo, ditto for both {u,} and {z,}.

Case 2: Let ', = ||x,, — p|| be monotonically nondecreasing. Define 7 : N — N for all
n > ny (for some ng large enough) by

T(n) :=max{k e N:k <n, T} <Tp1}
Clearly, T is nondecreasing, T(n) — oo as n — oo and
0<Trm) <Timys1, V n2=no.
By using similar argument as in Case 1, we make the following conclusions

: B; —
lim ||(I — CDAi)LxT(n)H =0,

n—o0

: * B; —
Tim [|L*(1 - %)Ly || = 0,

Jim {[ute(n) = Xo(n)|| = 0,
nlglgo ||xr(n)+1 - xT(l’l)H =0
and
. 2
limsup == (Vf(p) ~ p, ¥eguys1 — p) <0 (60)
n—oo

Using the boundedness of {x,(,,) }, we can obtain a subsequence of {x,(,) } which converges
weakly to x* € NN, A;l(O), Lx* € NN, B;l(O) and x* € GMEP(F,¢,g). Therefore, it
follows from (28), that

er(n)-&-l - p||2 < [1 - ‘XT(H)(]‘ - Cz)] ‘ ‘xT(H) - P‘ ‘2

2
e (1= ) (122 V0 = pxeia =) ). (6D

Since I'r(y) < T'y(n)41, we obtain [|xy(,) — X7(y)41/| < 0. Thus, from (61), we obtain

2
ar(n)(l - CZ)HxT(n) - P||2 < aT(Vl)(l - Cz) <1_C2vf(p) — PrXt(n)+1 — P>) (62)
We note that ar(, (1 — c?) > 0, then from (62), we get
nh_I;f.}o ||x'r(n) - PHZ <0

This implies

y}l_{rolo ||xT(n) - P||2 =0,
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hence
lim ‘ |x'r(n) - pH =0.

Using this and nlgrolo [ Xz ()41 — Xz(n)|| = 0, we obtain

||xr(n)+1 - PH < ||xr(n)+1 - xr(n)“ + ||xr(n) - P|| —0, as n — oo.

Further, for n > ny, we clearly observe that T'(,,) < Ty(,y4q if n # T(n), (ie., T(n) < n).
Since I'; > T'j,4 for T(u) +1 < j < n. Consequently, for all n > ng

0<Ty max{rT(n)rrT(n)Jrl} = rT(n)Jrl' (63)
Using (63), we conclude that li_{n ||x, — p|| =0, thatisx, — p. O
n—oo

The following are some consequences of our main theorem.
Let u = Vf(z,) in (21), we have the following corollary:

Corollary 1. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Hp,
respectively and L : Hy — Hj be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : H] — R U {400} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping. Fori =1,2--- N, let A; : H; — 2 and
B; : Hy — 2™ be finite families of monotone mappings. Assume Q) = GMEP(F,g,¢) NT # @,
where T = {p € H; : 0 € NN, A;(p) and Lp € Hy : 0 € NY, Bi(Lp)}. For an arbitrary
u,xg € Hy, let {x,} C Hj be a sequence defined iteratively by

Fun,y) +(g(un), y — ”‘n> +¢(y) — ¢(itn) + 7oy — thn,ttn — xn) 20, y € Hy,

Zp =ty — Y L*(I — @fz_ ”)Lun, (64)

A.
Xpi1 = apu+ (1 — ocn)CDAi’nzn,

where {ry, } is a nonnegative sequence of real numbers, {a, }and {A; , } are sequences in (0,1), yx

is a nonnegative sequence defined by (19), satisfying the following restrictions:
e}

(i) Y ay=o00, lim a, = 0;
n=1 n—o0

(i) 0<A; <Ay

(ii)) 0<a<r, <b<2B

Then x,, converges strongly to p € Q, where p = PaV f(p).

For i = 1,2, we obtain the following result for approximation a common solution of
a split null point for a sum of monotone operators and generalized mixed equilibrium
problem.

Corollary 2. Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces Hy and Hy,
respectively and L : Hy — Hy be a bounded linear operator. Assume F is a real valued bifunction on
C x C which admits condition C1-C4. Let ¢ : H; — R U {400} be a proper, lower semicontinuous
function, g be a B-inverse strongly monotone mapping. Fori = 1,2, let A; : H; — 2M and
B; : Hy — 212 be finite families of monotone mappings. Assume QO = GMEP(F,g,¢) NT # @,
whereT = {p € H; : 0 € N7, A;(p) and Lp € Hy : 0 € N2, B;(Lp)}. For an arbitrary
u,xg € Hy, let {x,} C Hj be a sequence defined iteratively by

F(un,y) +(8§(un),y — un) + ¢(y) — p(un) + %W —Un,Up — Xn) 20, y € Hy,
Zn =ty = yul*(I = (J2 o]} ))Litn, (65)

A A
Y1 = i+ (1= @) (22 0 [ )z,
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where {r,} is a nonnegative sequence of real numbers, {a, }and {A; , } are sequences in (0,1), v»
is a nonnegative sequence defined by (19), satisfying the following restrictions:

(i) Y ay=o00, lima, =0;
n=1 n—oo

(i) 0<A;<Aiy

(iii) 0<a<r, <b<2B

Then x,, converges strongly to p € Q), where p = PV f(p).

4. Numerical Example

In this section, we provide some numerical examples. The algorithm was coded in
MATLAB 2019a on a Dell i7 Dual core 8.00 GB(7.78 GB usable) RAM laptop.

Example 1. Let E; = E; = C = Q = l»(R) be the linear spaces of 2-summable sequences
{x;j };“’:1 of scalars in R, that is

6H(R) = {x = (x1, 22+ ,x;--+), x; €ER and ) xi]? < oo},
j=1

with the inner product (-,-) : bp X £y — R defined by (x,y) = § xjy; and the norm || - || :
j=1

l — Rby ||x]] :== OZO‘, |x|2, where x = {xj}]?“’:l, y = {y; - Let L £y — {5 be given by

1=
Lx = (x1,x,- - S Xj, ,) forall x = {x;}2, € o, then L*y = (y1,v2,- - i , ) for each
Yy ={yi}w € L.

Let f(x) = %x(s)z, Vx € £, itis easy to that f is differentiable with V f = x. For each

i =1,2---N,define A;(x) : £ — > and B;(x) : £, — €» by A;(x) = ix and B;(x) = %ix
respectively for all x € /5.

For each u, v € {5, define the bifunction F : C x C — Rby F(u,v) = uv + 150 — 15u —
u?, the function g : C — Hy by ¢(u) =u, Vu € Hyand ¢ : H] — RU {+c0} by ¢(u) =0,
for each u € Hj. For each x € C, we have the following steps to get {u, } : Find u such that

0 < o)+ (g(u),0—u)+4(0) ~ 9(u) + (0~ u,u—2)
= uv+150—15u—u2+v—u+%(v—u,u—x)
= uv+16v—16u—u2+%<v—u,u—x>
= (u+16)(v—u)+%(v—u,u—x>
= (v—u)<u+16+1(v—u,u—x>)

x — 16r

for all v € C. Hence, by Lemma 3 (2), it follows that u = PR Therefore, u, =
Xn — 161y
m+1
1 1 1

For i = 1,2, choose the sequences 0y = ——, 1y = ———, Aj, = —— and
n+1 2n2—1""" in+2
v = 0.25. We obtain the graph of errors against the number of iterations for different values

of xg. The following cases are presented in Figure 1 below:

Casel xp = (0.435,0.896,1.004,---0,- - - ),
Case?2 xp = (—0.987,0.615, —2.804,---0,- - - ),
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Case3 xo = (3.45,6.000,1.53,--0,- - -).

10tF —o—u 4
¢ ——{z)
o)

10%F | k|

“xn+1-xn”

107 \ ]

102k — | | | | 4

0 10 20 30 40 50 60
Iteration number (n)

1Py g Xl

102k | ; 1 | | | .
0 10 20 30 40 50 60
Iteration number (n)

102 T . T |

—o—{u,}
——{z)
)

— L =
0 10 20 30 40 50 60
Iteration number (n)

Figure 1. Case 1 (top); Case 2 (middle); Case 3 (bottom).
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Example 2. Let Hy = Hy = R? be endowed with an inner product (x,y) = x -y = x1y1 + Xy,
where x = (x1,%2),y = (y1,Y2) and the euclidean norm. Let L : R? — R? be defined by
L(x) = (x1 + x2,2%1 +2x2), x = (x1,x2) and f(x) = {x%. Foreachi = 1,2 --N, define
Ai(x) : R? — R? and B;(x) : R? — R? by A;(x) = ix and B;(x) = %ix respectively, where
x = (x1,x2). Let y = (y1,42),z = (21,22) € R?. Define F(z,y) = —3z% +2zy + y?,g(z) = z
and ¢(z) = z. By simple calculation, we obtain that

8+ 17

Un

1 -1 1
Choose the sequences a;, = \/ﬁ, Ty = 2:27_1, Ain = — and y = 0.25. For
i=1,2,(21) becomes

Fttn, y) + (g(un),y = ttu) + ¢(y) = @(un) + 5y — thn,tn — xn) > 0, y € Hy,

Zn = ity — Yl * (I = [} 0 J32) Ly, (66)
1 1 A LA

X = 7v y4 + 1—7 10 ZZ 7

n+1 2n2+3 f( ﬂ) ( 2n2+3>1/\n ]n n

We make different choices of our initial value as follow:
Casel, x = (05,1), Case2, x =(-0.05,05), and Case3, x = (—1.5,1.0).

We use ||x,11 — x4]|?> < 2 x 1073 as our stopping criterion and plot the graphs of
errors against the number of iterations. See Figure 2.

10°°

. . . .
0 5 10 15 20 25
Iteration number (n)

Figure 2. Cont.
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HXn-o-l-xn”

10°°
0 5 10 15 20 25

Iteration number (n)

102

10

.
0 5 10 15 20 25
Iteration number (n)

Figure 2. Case 1 (top); Case 2 (middle); Case 3 (bottom).

5. Conclusions

This paper considered the approximation of common solutions of a split null point
problem for a finite family of maximal monotone operators and generalized mixed equilib-
rium problem in real Hilbert spaces. We proposed an iterative algorithm which does not
depend on the prior knowledge of the operator norm as being used by many authors in the
literature [39,42]. We proved a strong convergence of the proposed algorithm to a common
solution of the two problems. We displayed some numerical examples to illustrate our
method. Our result improves some existing results in the literature.
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