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Abstract: In mineral processing, the common requirement for progressively finer milling due to
the decreasing of ore grades implies the need for more challenging water recovery conditions in
thickeners. Several mining operations exist in arid areas, where water recovery becomes critical.
The present paper explores the process of particle separation in batch inclined settlers where the
downward facing wall is subject to heating. To this purpose, two-dimensional numerical simulations
using a mixture model have been run for a number of combinations of temperature jumps at the
downward facing fall, particle diameters, and concentrations. Results show that, for particle sizes
on the order of 10 µm, heating has a significant effect on the particle settling velocity at the bottom,
but it also promotes particle resuspension, affecting the particle concentration at the supernatant
layer. The initial concentration also affects settling: for the concentration range tested (8%–15% by
volume), when re-normalized by the average concentration, particle accumulation rates at the bottom
were found to be lower for higher average concentrations, thus suggesting that the separation process
is more efficient at lower concentrations.

Keywords: thickening; water recovery; Boycott effect; tailings; settling velocity; natural convection

1. Introduction

Solid-liquid separation in mining operations is a critical unit operation occurring in commonly
adverse conditions such as water scarcity, energy cost [1–3], or a naturally fine particle size range [4–6].
While there are several means to recycle water, including centrifugal separation and filtration [7], due to
its considerably low cost per recovered m3 water, gravity settling [8] is still the most commonly-used
technique in the sector. Among this type of technology are lamellar settlers, which are a type of process
equipment consisting of a vessel fitted with a set of parallel inclined plates immersed in a slurry vessel.
Differently from other industries such as water treatment, this kind of equipment has been historically
scarcely used in the mining sector, possibly because their capacity to separate fine solids at small
particle loadings was not such an important requirement in the past; this has changed significantly
in recent years due to the progressively decreasing particle sizes in comminution products. In the
present paper, this working principle is explored, for the first time, in combination with the use of
heat, considerably abundant from natural sources in arid areas, to further enhance the particle settling
process. To this purpose, a set of two-dimensional numerical simulations for the case of batch settling
within a single convection cell consisting of two parallel inclined plates is presented and analyzed.
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The present paper uses a two-phase CFD model using the OpenFOAM library [9], adapted for the
purposes of this problem.

Lamellar equipment [10] uses the Boycott effect [11] either to enhance the settling process in
comparison with upright settlers such as conventional thickeners and clarifiers or to separate fine from
coarse particles in a slurry [12]. In batch settling, as the suspension flows within the inclined plates,
particle settling near the upward facing wall induces the upward flux of a thin, clear liquid below the
downward facing wall. As a result, the velocity of the horizontal boundary between the suspension
and the clear fluid region resulting from the existence of a settling process is considerably larger
than the particle settling velocity. Indeed, when the plate spacing is small—and thus the suspension
height-to-plate spacing, H/b, is large—then dH/dt ∼ v0H/b, where v0 is the vertical settling velocity
of a particle subject or not to hindrance effects due to the concentration [13].

The same arid environment that challenges water supply in several mining operations can offer,
in exchange, very generous solar radiation conditions. The potential for solar energy harvesting in
arid countries is significant, and governments have already started to put incentives and goals toward
the use of these energy sources [14,15]. In the absence of particles, a heated vertical plate induces an
upward vertical flow, whose characteristics will depend on the relative importance of inertial heat
advection and diffusion (given by the Grashof number) and the relative thicknesses of the momentum
and the heat boundary layer (Prandtl number, both described in [16]). When laminar flow is present,
natural convection below a downward facing boundary has been found to share features with its
vertical plate counterpart [16], except by the projection of the gravity term along the angle of the
plate [17]. The paper is organized as follows: Section 2 describes the governing equations used in the
numerical approach; Section 3 indicates the specific cases to be analyzed, recalling the present focus on
fine fraction recovery from process water; Section 4 presents results and a discussion of them, and final
remarks are given in Section 5.

2. Governing Equations

We consider an initially homogeneous, solid-liquid suspension confined in an inclined, slender
batch container of overall height h (Figure 1). According to this figure, the plate spacing is b = W cos θ,
where θ is the cell angle measured with respect to the vertical. The length of the plates is h/ cos θ.

w
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T

Figure 1. Cell. The heated downward-facing, heated wall corresponds to the right side boundary of the
domain. The horizontal arrows denote the heat flux on the downward facing wall, while the diagonal
arrows show a scheme of the liquid (and partially fine solid) fraction flowing upwards near it.

This configuration mimics the batch operation mode of lamella settlers, where normally
the upper and lower plates are closely spaced (a few centimeters’ distance, as reviewed by
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Leung and Probstein [10]). This configuration promotes an accelerated settling of particles, which
implies an upward flow near the downward-facing top plate when compared to the case of particle
settling in an upright settler.

The suspension is modeled as a two-dimensional continuum with solid velocity, density and
volume fraction fields us, ρs, and φs, respectively, superimposed on the liquid with velocity (ul),
density ρl , and volume fraction φl = 1− φs, with the initial average concentration φs(x, t = 0) = φ0,
a constant value.

The mass transport equation for the solid phase is:

∂(φsρs)

∂t
+∇ · (φsρsus) = 0, (1)

while the liquid phase transport equation is given by:

− ∂(φsρl)

∂t
+∇ · [(1− φs)ρlul ] = 0. (2)

From Equations (1) and (2), it is concluded that the mean velocity, defined as 〈u〉 = φsus + (1−
φs)ul , verifies ∇ · 〈u〉 = 0.

The momentum conservation equations are computed in standard form as [18,19]:

∂(φiρiui)

∂t
+∇ · (φiρiuiui) +∇ · (φiτi) = −φi∇p +∇ · (φi ps,i) + φiρig + fi, (3)

where the sub-index i stands for solid s or liquid l. The pressure is assumed common to both phases.
An additional solid pressure contribution psφs, which sharply increases around the maximum packing
fraction φmax, is added on the momentum equation for the solid in order to bound the volume fraction
of solid φs below φmax. This extra pressure term in the liquid equation is zero ps,l = 0. The liquid
density or water density was calculated as a function of temperature only, from Maidment et al. [20]:

ρl(T) = 1000× 1− (T + 288.9414)
508929.2(T + 68.12963)

(T − 3.9863)2, (4)

where T has units of degrees Celsius.
The shear stress tensor for each phase is given by [21]:

τi = µi

(∇ui + (∇ui)
T

2
− 2

3
(∇ · ui)I

)
, (5)

where the effective viscosity of the solid µs is obtained from the expression for the slurry:

µmix = φsµs + φlµl = µl(1 +
φs

φmax
)−[η]φmax , (6)

with µl the temperature-dependent dynamic viscosity of the liquid phase (in this case, water) by [22]:

µ(T) = 2.414× 10−5 × 10
247.8

T−140 , (7)

where T has units of Kelvin. It is noted that this mixture model can alternatively be extended
using formulations suitable for dilute-granular regimes [23,24]. However, considering the mostly
low concentrations in the present domain, the model represented by Equation (6) is a reasonable
approximation of most of the mixture behavior.

The temperature field was calculated by an advection-diffusion equation:

∂(φlρlTl)

∂t
+∇ · (φlρlTlul) = α∇2(φlρlTl). (8)
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In this equation, the thermal diffusivity of the liquid phase, α, has a fixed value of
1.43× 10−7 m2 s−1, corresponding to ambient conditions (25 ◦C). Particles are dilute enough to assume
that their thermal inertia is negligibly small when compared to water mass, and thus, the water
phase temperature remains unaffected by a difference in particle temperature. On the other hand,
it is assumed that particles are small enough to quickly reach the temperature of the liquid phase.
This is seen noting that the heat diffuses within each particle with a time scale τp such as τp ∼ d2

s /αs,
where ds and αs are the particle diameter and thermal diffusivity, respectively. On the other hand,
in a purely convective flow (φ = 0), from dimensional arguments, a convective velocity scale can be
estimated as vc ∼

√
g sin θβ∆Tb, where g, β, and ∆T are the acceleration due to gravity, water thermal

expansion coefficient, and temperature jump, respectively. Comparing the time scale required for the
thermally-diffusive flow to span the particle diameter with the time scale required to offset a particle
of its own size due to convection (in the absence of a drag force), τc = dp/vc, yields the dimensionless

ratio τp/τc =
dp
αs

√
g sin θβ∆Tb. Assuming ds ∼ 10 µm (typical of fine particle content), ∆T ∼ 10 K,

αs ∼ 10−6 m2/s [25], β ∼ 10−4 K−1 [26], and b between 1 cm and 10 cm yields values of τp ∼ 10−4 s
and the ratio τp/τc between about 1/3 and 1/10, which implies that in the slowest particle heating
scenario, the time required for particle heating to reach the surrounding temperature is that required
to displace one particle diameter. Therefore, it is assumed herein that Ts(x, t) = Tl(x, t). Although
this hypothesis is debatable at high particle concentrations (i.e., near the bottom boundary) due to the
high mass of particles and a near-stagnant condition, the particle separation process occurs in dilute
conditions near the downward facing wall. Although experimental evidence shows that there is a wide
applicability of the mixture model even at high concentrations [18], the very weak flow conditions
occurring near the bottom may have significant uncertainty, not only due to the thermal coupling
between phases, but also due to the high viscosity values and particle contacts in the sediment zone,
which are not modeled in detail herein.

The volumetric forces between phases, denoted by the last term of the right-hand side of
Equation (3), are given by fi = fD + fL + fWL, where fD is the drag force, fL is the lift force, and fWL
is the wall lubrication force (see [19] and the references therein, except that in that work, there was
a turbulent dispersion force that here is null because the flow is laminar). Here, fi = fs = −fl is the
force per unit volume the fluid applies on the solid. The computational implementation used in the
present problem is, as in the previous reference, based on the OpenFOAM library.

3. Simulation Cases and Boundary Conditions

The Boycott effect implies the formation of a momentum boundary layer near the downward
facing wall, creating a greater suspension-supernatant boundary velocity than if the tube was
vertical [13]. In a monodisperse suspension of spheres, the separation efficiency in the absence
of heating the downward facing wall is conditioned by the container height, H0, along with ρs, φs, ρl ,
µmix(φs), g, and ds. Table 1 shows the geometry of various cases considered to analyze the combined
effect of heating and particle settling within the cell.

Kinematic boundary conditions at the walls are no slip, without particle flow through them.
This implies a zero particle gradient boundary condition at the walls. In the particular case of the
top (horizontal) boundary, it was necessary to define a thin layer without particles near the top,
thus ensuring numerical stability at the early stages of the flow development. Initially, the temperature
at the walls and in the bulk of the (also homogeneous) suspension was T0 = 20 ◦C. Numerical
experiments started from this condition, imposing a temperature jump at the downward facing wall,
referred to as ∆TDFW in Table 1, such that at this boundary, TDFW = T0 + ∆TDFW. The total number of
cells considered for the present computation was 67,000 for a width equal to 5 cm, corresponding to a
physical element size of 0.8 mm and 1 mm in the horizontal and vertical direction, respectively.
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Table 1. Range of variables studied in the numerical simulations. The acronym DFW stands for
downward facing wall. In all the cases, the initial temperature prior to the start of the heating of
the downward facing wall was T0 = 20 ◦C. At the start of each experiment, the temperature at the
downward facing wall was set as TDFW = T0 + ∆TDFW. Variables ds, φ0, θ, and W denote particle
diameter (monosized), initial concentration (constant), cell inclination, and horizontal projection of cell
spacing, respectively. H0 is equivalent to cos(45), and the length of the cell is 1 m.

Variable Cases Considered

H0 0.707 m
∆TDFW 20, 30, 40, and 50 ◦C

ds 5, 10, and 50 µm
φ0 2%, 5%, 8%, and 15%
θ 45◦

W 5 cm

4. Results and Discussion

Figure 2 shows an example of the flow and particle progression in the cell, for the case ∆TDFW =

30 ◦C, φ0 = 0.05, and ds = 10 µm. The Boycott effect induces particle accumulation at the upward
facing wall, which transport them towards the bottom. In this case, the particle settling process is
enhanced by heating at the downward facing wall, which, besides, accelerating it, as will be discussed
below, tends to create some degree of additional resuspension near the top, as seen by the low,
but nonzero particle concentration near the top for t = 800 s and 1600 s in Figure 2a. On the other hand,
heating also introduces flow variations in the line parallel to the plates. This is observed especially for
t = 200 s and t = 1600 s in Figure 2b. In the former case, near Y = −0.3 m, there is an intense vorticity
zone that tends to accelerate particle migration towards the upward facing wall. For the latter time,
it is seen that vorticity is concentrated near the zone between Y = −0.3 m and Y = −0.4 m, affecting
resuspension. This complex and asymmetrical dynamics impedes relying solely on a simplified Boycott
effect interpretation to predict particle segregation within the cell.

(a)

Figure 2. Cont.
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(b)

Figure 2. Typical flow and particle progression for the case ∆TDFW = 30 ◦C, φ0 = 0.05, and dS = 10 µm
and (from left to right) t = 200 s, 800 s, 1600 s, and 3200 s. (a) Particle concentration (φ, with color scale
in logarithmic scale) and (b) local parallel mean velocity, defined as 〈u〉 · p̂, with p̂ a unit vector parallel
to the upward facing wall.

Results have been analyzed in terms of the relative impact of the key variables shown in Table 1,
in light of the distribution of particles within the cell. This will be seen directly from concentration
maps or spatiotemporal diagrams in the present section. Additionally, data were interpreted in terms
of the particle presence in specific areas of the cell, as depicted in Figure 3. Here, A1 denotes an initial
concentration-dependent settling area at the bottom, A2 a fixed one at the top, and A3 a fixed one
near the upward facing wall. In the former case, the height of A1 was assumed as that corresponding
to the accumulation of particles at the bottom. To enable comparison of results between different
experiments, the sediment accumulation length in the upright case, Y∞ = φ0 H0 cos θ

φmax
, was considered

as a reference length scale. The purpose of the area A2 was to assess particle resuspension due to
convection within the cell and was defined by the horizontal planes bound by Yz = 0.86H0 and H0.

The area A3 was defined as Ysedδ/ cos θ, with δ = 5 mm and Ysed(t) the vertical projection of the
length of the solid bed accumulated near the upward facing wall. In narrow tilted containers, Ysed can
have two connotations: one is to define the boundary between the supernatant region, where below
such a boundary, there is a suspension roughly homogeneously distributed in the horizontal direction;
the second possibility is that Ysed denotes a narrow area near the upward facing wall (as we consider
herein through A3), where particles are concentrated. Herbolzheimer and Acrivos [27] have identified,
in the absence of heating, that these two modes of convection are defined by the particle Reynolds
number, the geometry, and the dimensionless number Λ = H2

0 g(ρs − ρl)φ0/w0µmix [13,28], where
w0 corresponds to the Stokes settling velocity of a particle, corrected by hindrance effects. As in the
latter references, here, Λ� 1, implying that the convective process occurs in an enclosure where the
vertical flow path is considerably higher than the characteristic particle size, a common assumption in
lamellar settlers.
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Figure 3. Zones of interest for the analysis.

4.1. Effect of Temperature

The effect of temperature was analyzed for a particle size where both the Boycott effect and natural
convection are relevant. This is an intermediate situation between two opposites: one where particles
are so coarse that only the Boycott effect (if any) exerts an influence on the separation process and a
second instance where particles are so fine that the time scale for separation is too large, and therefore,
the suspension behaves essentially as a homogeneous medium. It is thus convenient to use a fixed
particle size to isolate the effect of temperature. In particular, a value of ds = 10 µm is considered
throughout this section. Additionally, to put the present problem into a suitable context for mineral
particle separation, an analysis based on particle size is given in Section 4.2.

The effect of temperature on the settling dynamics can be seen looking at the average horizontal
concentration as a function of the vertical coordinate. Figure 4 represents the spatiotemporal evolution
of the suspension in the base case for ∆TDFW = 0 ◦C, 20 ◦C, 30 ◦C, and 50 ◦C. The boundaries between
colors represent average concentration isolines, which can be interpreted as the propagation velocity
of constant concentration waves [8]. The dark zone near the bottom in the figure represents the
sediment accumulation at the bottom of the cell, which has been previously characterized in terms
of average values at A1. Particle resuspension near the top is denoted by the cyan-blue area near the
top for times below about 20 min, where is it evident that this process is short term in comparison
with the settling of the bulk of the suspension towards the bottom section. The orange zone near
the left of each panel denotes the presence of a dense area close to the upward facing wall. Once the
suspension migrated towards the bottom and left a specific height, the average concentration dropped
to values on the order of 1% (yellow-green areas in the figure). Furthermore, a sharp transition
between this (low) concentration and the virtually particle-free area corresponding to the supernatant
(whose concentration has been expressed in previous figures herein in ppm) is denoted by the
green-blue boundary.
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(a) (b)

(c) (d)

Figure 4. Spatiotemporal diagram of concentration for (a) ∆TDFW = 0, (b) ∆TDFW = 20 ◦C,
(c) ∆TDFW = 30 ◦C, and (d) ∆TDFW = 50 ◦C. The x and y axes represent time and vertical position (y = 0
standing for the top of the cell). False color represents horizontally-averaged particle concentration.

The momentum boundary layer buildup at the downward facing wall when particle settling
occurs enhanced when the latter was heated. This is not surprising as in the absence of particle settling,
this process occurs as a direct consequence of natural convection, causing lighter fluid neighboring
the downward facing wall (due to heating) to migrate towards the upper region. The impact of this
heating enhancement on the filling process at the bottom is somewhat suggested in Figure 4a–d (brown
zone), but is more evident from Figure 5, which shows the concurrent impact of the Boycott effect and
heating of the downward facing wall for various values of ∆TDFW and ds = 10 µm, where it is evident,
from the degree of particle accumulation at A1, that heating the downward facing wall enhanced the
accumulation at the bottom of the enclosure.

Figure 5 reveals two different trends on the rate of particle accumulation, depending on whether
the size of the control volume is 0.6Y∞ or 0.9Y∞. In both cases, there is a strong particle accumulation of
the corresponding area; however, when considering a smaller control volume saturation when filling
A1 occurs at relatively early values of time (close to 45 min for ∆TDFW = 0 ◦C) and on the order of
23 min when heating at the downward facing wall is set (Figure 5a). When considering a larger control
area of A1 the initial stage of sedimentation, due to the settling of the suspension, is followed by the
re-accommodation of the sediment placed at the upward facing wall. This naturally occurs at a lower
rate due to the high concentration gravitational flow at this boundary. However, the effect of heating
becomes significant with ∆TDFW = 50 ◦C, where the second slope is close to the first (Figure 5b). It is
suggested that this occurs due to the additional shear, induced by natural convection due to heating,
at the surface of the sediment zone above the upward facing wall. This also is shown in Table 2, where
the end of the settling process can be between ≈4% and 46% faster for ∆TDFW = 50 ◦C heating given
both control areas.
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Figure 5. Effect of temperature on the mean particle volume concentration within A1 = YzW, for ds =

10 µm, θ = 45◦, φ0 = 5%, and W = 5 cm. The mass in A1 in these cases is equivalent to 60% of the total
mass in the cell. (a) Yz = 0.6Y∞ and (b) Yz = 0.9Y∞.

Table 2. Dimensionless particle accumulation lapse in A1 for temperature difference ∆TDFW at
the downward facing wall (t∗∆TDFW

), normalized by the particle accumulation time without heating
(t∗∆TDFW=0), ψ∆TDFW ≡ t∗∆TDFW

/t∗∆TDFW=0, where a and bare the case where Yz = 0.6Y∞ and Yz = 0.9Y∞,
respectively. Here, ds = 10 µm, θ = 45◦, φ0 = 5%, and W = 5 cm.

∆TDFW (K) ψ∆TDFW,a ψ∆TDFW,b

20 0.62 0.54
30 0.58 0.53
40 0.53 0.43
50 0.51 0.29

The particle accumulation sequence was confirmed by the observation of both the settled particle
height at the upward facing wall and the corresponding mass therein (Figure 6). Figure 6a shows the
particle mass confined within A3, where two stages of particle accumulation are observed: a growing
mass phase (Figure 6a), where the confined mass per unit width at t = 0 is φ0A3 and increments as
the combined thermal convection-Boycott effect pushes particles away the downward facing wall,
towards the upward facing wall. This increasing mass near the upward facing wall reaches a limit,
after which the part of the particle matter trapped in A3 is transferred horizontally to the part of A1 not
included in A3. This mass transport process corresponds to a monotonic decrease of the dimensionless
height of the dense thin layer that defines the length of A3, Ysed, whose progression (|dYsed/dt|) is
faster when ∆TDFW is higher. In particular, in light of the present simulations, compared to the base
situation ∆TDFW = 0, the cases ∆TDFW = 50 ◦C and ∆TDFW = 40 ◦C caused decreased rates of Ysed
faster by about 50% and 18%, respectively. In this regard, the contribution of heating to the efficiency
of the separation process is evident.
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Figure 6. Particle accumulation at zone A3 for ds = 10 µm, θ = 45◦, φ0 = 5%, and W = 5 cm. (a) Particle
mass and (b) the vertical position (Ysed) of the particle sediment above the upward facing wall.

A second noticeable sign of the impact of heating at the downward facing wall is the departure
from straight iso-concentration lines for ∆TDFW > 0. While in Figure 4a (∆TDFW = 0), the mean
suspension concentration neighboring the supernatant region (green-blue boundary) follows a straight
line from early times, this is not so for ∆TDFW > 0. This early time behavior can be leading-order
explained using the PNK theory, which states that the supernatant velocity is proportional to the
settling velocity, a constant in the present problem. Besides the observation of the suspension
acceleration effect of heating, it is also seen that this cannot be interpreted as an equivalent higher
settling velocity as there is no longer a single higher (constant) slope, but the influence of a more
complex mechanism that couples particle settling with flow velocity with stronger drag on particles.
This effect of heating can be seen in the yellow/blue and yellow green intersections for times between
5 min and 40 min in Figure 4b,c and for times between 5 min and 20 min in Figure 4d, the latter
corresponding to the strongest heating.

The present results show that, besides that heating promotes an overall faster settling process,
it causes an increase of particle resuspension. This trend is apparent from the light blue/green zones
in Figure 4b–d, denoting increasing (but yet very low) concentrations near the top for higher heating
rates. Figure 7 shows the mean particle concentration at zone A2 (near the top). Although for the
various instances of ∆TDFW that were tested in simulations, a convergence was observed for simulation
times in excess of 60 min, the transient behavior has been found to be significantly different. Higher
temperature jumps at the downward facing wall tend to induce a stronger upward convective flow,
pushing additional particles towards the top of the cell. This can also be seen in the spatiotemporal
diagrams in Figure 4b–d, as a progressively lighter false color in the supernatant region in comparison
with the base case with ∆TDFW = 0 (Figure 4a).

The convergence of mean concentration values in A2 shown in Figure 7 is explained by mass
conservation. When particles reach the top of the enclosure, the same particle- and thermally-induced
circulation that lifts the particles induces a downward motion that exerts a downward drag on the side
near the upward facing wall, thus nudging particles away from the top.
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Figure 7. Mass resuspended at zone A2 for ds = 10 µm, θ = 45◦, φ0 = 5%, and W = 5 cm.

4.2. Effect of Particle Diameter

The PNK model states that efficiency, defined as the vertical speed of the supernatant-suspension
interface, is proportional to the settling velocity, the latter being proportional to d2

s . It is therefore no
surprise that higher particle sizes are related to faster settling speeds and thus to considerably smaller
overall particle deposition times.

Figure 8 shows the impact on heating via the opposing cases of ∆TDFW = 0 ◦C (left column) and
30 ◦C (right column), for particle sizes on the order of those found in copper sulfide comminution
processes, i.e., ds = 10 µm, 50 µm and 100 µm, in Rows 1–3, respectively. It is firstly noted that within
this particle range, the higher the particle size, the more involved is the particle distribution. This can
be attributed to the development of flow instabilities that depend on a monotonically increasing
function of the settling velocity, whose primary effect is to accelerate the overall settling process.
Herbolzheimer [29] analyzed the onset of strong mixing using linear stability analysis to long wave
disturbances and found that, to first order disturbances, the system becomes unstable depending
on a function of the cell geometry and the dimensionless number Λ, suggesting that the onset of
stability occurs at a critical channel distance measured from the base that, in particular, depends on
d−2

s . The present combination of cell geometry, fluid, and particle characteristics shows that such
instability occurs, in the presence of heating for some particle diameter between 10 µm and 50 µm,
even for ∆TDFW = 0 (Figure 8c,d), but not for ds = 10 µm (Figure 8a,b).

The spatiotemporal progressions in Figure 8 suggests that heating the downward facing wall
causes the settling sequence to depart from being explained by the Boycott effect only. Although
the whole process occurs considerably faster than in the smaller particle size, while in the case of
ds = 10 µm the particle input was smooth and occurred from the early stages of the settling process,
as denoted by the contact line between the orange and the brown areas in Figure 8a,b, higher particle
sizes are related to strong particle influxes to the bottom that proceed after a resuspension stage.
This can be seen by the orange-red bands of Figure 8c–f, whose contact lines appear after a stage of
smaller settling rate, denoted by the orange area near the beginning of the process. A comparison
between Figure 8e,f denotes a slight retardation of the sediment bed formation due to heating, an aspect
that can also be noticed by the presence of a second (reddish) high concentration characteristic above
the main one, directed towards the bottom.
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(a) (ds, ∆TDFW) = (10 µm, 0) (b) (ds, ∆TDFW) = (10 µm, 30 ◦C)

(c) (ds, ∆TDFW) = (50 µm, 0) (d) (ds, ∆TDFW) = (50 µm, 30 ◦C)

(e) (ds, ∆TDFW) = (100 µm, 0) (f) (ds, ∆TDFW) = (100 µm, 30 ◦C)

Figure 8. Spatiotemporal diagram of concentration for (a) (ds, ∆TDFW) = (10 µm, 0 ◦C),
(b) (ds, ∆TDFW) = (10 µm, 30 ◦C), (c) (ds, ∆TDFW) = (50 µm, 0 ◦C), (d) (ds, ∆TDFW) = (50 µm, 30 ◦C),
(e) (ds, ∆TDFW) = (100 µm, 0 ◦C), and (f) (ds, ∆TDFW) = (100 µm, 30 ◦C), with θ = 45◦, φ0 = 5%,
and W = 5 cm. The x and y axes represent time and vertical position (y = 0 standing for the top of the
cell). False color represents horizontally-averaged particle concentration.

Besides the observation of a considerable enhancement of sediment base formation (noticeable
by the time scale of Figure 8c–e in contrast to Figure 8a,b), the effect of heating is to enhance,
by higher values of the flow velocity near the downward facing wall, the kinetic energy. Figure 8e,f,
corresponding to ds = 100 µm, confirms this flow nonlinearity. Nonetheless, the quantitative
implications on the sediment bed formation are not evident from the present set of simulations.
Figure 9, showing the temporal progression of particle accumulation at A1 for ds = 50 µm and
ds = 100 µm, exposes the considerable difference on the settling time scale in comparison with 10 µm
(Figure 5).
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Figure 9. Average concentration at zone A1 as a function of particle diameter for (a) ds = 50 µm and
(b) ds = 100 µm.

When comparing the relative impact of the heating on the corresponding particle sizes for
∆TDFW = 30 ◦C, there is no clear distinction on particle accumulation rates. Table 3 shows, for the
case ∆TDFW = 30 ◦C, that the dimensionless time scale of the end of the settling process at A1 was
similar comparing ds = 10 µm and ds = 50 µm, but much shorter for ds = 100 µm. Although this
single result represents no proof of a trend due to the limitations of the numerical scheme used for
computations—a mixture model, where close interaction between particles has only been regarded via
a concentration-dependent viscosity and a solid phase pressure term—it is suggested that the effect of
particle size on the separation efficiency should be analyzed in light of a time scale based both on the
settling velocity and the convective process.

Table 3. Dimensionless particle accumulation lapse in A1 for temperature difference ∆TDFW = 50 ◦C
at the downward facing wall for ds = 10 µm, ds = 50 µm, and ds = 100 µm (t∗50,ds

), normalized by
the particle accumulation time without heating (t∗0,ds

), ψ50,ds ≡ t∗50,ds
/t∗0,ds

. Here, θ = 45◦, φ0 = 5%,
and W = 5 cm.

ds (µm) ψ50,ds

10 0.94
50 0.94

100 0.70

The impact of heating at the downward facing wall is also noticeable noting the concentration
range of the supernatant layer. This is suggested from the spatiotemporal Figure 8b,d,f (heated),
in comparison with their non-heated counterparts in Figure 8a,c,e, respectively.

While there was clear resuspension in the heated cell with 10 µm particles, there was not such
a clear influence of heating on supernatant turbidity for ds = 50 µm and 100 µm. This can also be
seen from the computation of the particle accumulation at A2 in terms of the dimensionless time
τ = tws/b (Figure 10), where the highest contrast between no heating and heating on the supernatant
concentration was found for the smallest particle size tested. An explanation is based on the particle
size being able to be obtained from two key aspects: first is the submerged weight of particles, equal to
(ρl − ρs)gπd3

s /6k̂, exerting a greater force on particles if their size is larger; second is the drag of the
liquid phase on particles, causing them to move upwards and also decreasing with particle diameter.
In Stokes flow—applicable to the present particle range—the drag force on a single particle can be
written as Fd = −3πµurds. Therefore, the work of drag required to move a single particle a distance z
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is related to the change of mechanical energy as ∆E ∼ Fd∆z. Note that the relative velocity, us, can be
related to the absolute velocity of the solid phase as ur = us/(1− φ). If us is a scale of the solid phase
velocity and φ0, the average particle concentration, is a scale of the concentration, then the single effect
of drag is to modify the velocity of the solid phase as:

us|drag ∼
(1− φ0)∆E

µds∆z
, (9)

thus implying that increasing z and ds within the cell causes a decrease of the drag force, proportional
to us, thus reducing the opposing force to particle weight in the supernatant layer by a factor
proportional to 1/ds.
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Figure 10. Average concentration at zone A2 for ds = 10 µm, 50 µm and 100 µm, ∆TDFW = 0 and 50 ◦C
as a function of the dimensionless time τ = tw0/b, with w0 the Stokes velocity for each particle size.

4.3. Effect of Particle Concentration

Increasing mean particle concentration causes, at constant cell dimensions, a higher total particle
volume, which implies an enhanced particle settling per unit time. In the absence of natural convection
due to heating, following the PNK concept, then the position of the interface between the suspension
and the supernatant layer (H(t)) can be written, in terms of the present set of variables, as [13]:

dH
dt

= −w0

(
1 +

H
W

tan θ

)
. (10)

Assuming particle mass concentration in the sediment layer, the top of the sediment layer (with
vertical position hs, measured from the base of the cell) has the form:

dhs

dt
= w0

(
1 +

H0

W
tan θ

)
F(φ0, t), (11)

with:

F(φ0, t) =
φ0 f (φ0)

φm − φ0
exp

[
−w0 f (φ0) tan θ

W
t
]

, (12)

where at low volume concentrations (as in the present case), f (φ0) is a weak function of the
concentration ([30] has derived a similar expression with exponential dependence of the concentration).
Assuming there is no flocculation and considering f (φ0) ≈ 1 − φ1/3

0 [31], suitable for a low
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concentration, the particle concentration-dependent function for early values of time (neglecting

the exponential term in Equation (12)) is given by φ0(1−φ1/3
0 )

φm−φ0
, which is a monotonically-increasing

function with the concentration. For larger values of time, the effect of the exponential term is slight.
Even considering times on the order of the total settling time, the exponential term cause no significant
difference. Solving for the critical condition when H(t f ) = hs(t f ), based on the PNK model, a final
time for settling is estimated, for low concentrations, as:

t f =
W

w0 tan θ
ln
(

1 +
H0

W
tan θ

)
. (13)

Figure 11 shows the time- and concentration-dependent term.
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F
(φ

0,
t)

φ0/φm

t/t f = 0.01
0.1

1

Figure 11. Concentration-dependent function of the rate of particle accumulation at the bottom in the
absence of heating for three values of time, given by Equation (12). Time has been normalized by the
scale of the particle settling process, given by Equation (13).

The same trend to increase the rate of particle accumulation with concentration was reproduced
in the presence of heating at the downward facing wall. This can be seen in terms of the particle
accumulation at zone A1, as shown in Figure 12. However, compared to the non-heating case, it was
found, as expected, that the A1 filling process was faster in front of heating, as discussed above.

A related question is on the impact of increasing particle concentration on the overall efficiency of
the separation process. An indication of this can be observed from the rate of particle accumulation at
A1 in relation with the initial volume of particles or, equivalently, the dimensionless ratio 〈φ〉A1/φ0.
This is depicted in Figure 13, where it is shown that, at equal values of ∆TDFW, the concentration rise
at A1 with time became slower at higher concentrations. This result reveals that particle settling at
the bottom is a more efficient process for lower particle hindrance conditions. However, this implies
that, at equal throughput, comparatively larger settler areas would be required. In this context, a final
choice of particle concentration entering the cell should then be posed in terms of a trade-off analysis.
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Figure 12. Effect of the initial particle concentration on the particle concentration in A1.
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Figure 13. Dependence of the initial particle concentration on the normalized accumulation in A1,
defined as 〈φ〉A1/φ0.

A significant impact of the initial concentration could be seen on the resuspended material near the
top of the cell, in the supernatant layer. This is depicted in Figure 14 for the case ∆TDFW = 30 ◦C. Higher
particle concentrations are bonded to smaller rates of resuspension, whose evidence, in Figure 14,
was lower concentrations in zone A2. As in the previous section, this can also be interpreted in terms
of the drag force between the solid and the liquid phase. The scale shown in Equation (9) suggests that
the drag force, proportional to us, decreased with a factor proportional to (1− φ0)/∆z.
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Figure 14. Effect of the initial particle concentration in the particle concentration in the clear water
zone or A2.

5. Conclusions

The use of heat to enhance particle settling in inclined containers has been tested using
high-resolution, two-dimensional numerical simulations in batch mode. Besides the finding that
particle separation has a nonlinear effect with heating, the present study shows that both the particle
size range and concentration corresponding to the highest enhancement of heating are within the
particle size range of comminution processes and, in particular, copper ore tailings, thus rendering
this approach viable for either primary or secondary solid separation stages in concentrator plants.
Being solely gravity assisted and potentially energized by solar radiation, the use of heat-assisted
lamellar settlers (HALS) could represent a viable option for a combined thickener-HALS unit process.
Further development of this topic requires an extension to the continuous mode of operation, where
a key aspect to consider is the interplay between enhanced settling and stronger mixing at the
supernatant layer, both due to heating, the latter aspect promoting resuspension and therefore naturally
suggesting an optimization problem on best operational conditions.
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