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Abstract

The exploration of marine minerals, essential for sustainable development, requires ad-
vanced techniques for accurate resource delineation. The self-potential (SP) method, sensi-
tive to mineral polarization, has been increasingly deployed using autonomous underwater
vehicles. This approach enables dense planar SP data acquisition, offering the potential
to reduce inversion uncertainties through enhanced data volume. This study investigates
the benefits of inverting planar SP datasets for improving the spatial delineation of sub-
surface deposits. An analytical solution was derived to describe SP responses of spherical
polarization models under a planar measurement grid. An adaptive Markov chain Monte
Carlo algorithm within the Bayesian framework was employed to quantitatively assess the
constraints imposed by the enriched dataset. The proposed methodology was validated
through two synthetic cases, along with a laboratory-scale experiment that monitored
the redox process of a spherical iron—copper model. The results showed that, compared
to single-line data, the planar data reduced the average error in parameter means from
10.9% and 6.4% to 4.1% and 1.7% for synthetic and experimental cases, respectively. In
addition, the 95% credible intervals of model parameters narrowed by nearly 50% and
40%, respectively.

Keywords: self-potential; marine minerals; Bayesian inversion; Markov chain Monte Carlo

1. Introduction

The seabed hosts substantial metallic mineral resources with commercial exploitation
potential, including polymetallic nodules, cobalt-rich crusts, and polymetallic sulfides,
which constitute critical material foundations for sustainable development [1,2]. As ter-
restrial reserves dwindle, international interest in exploring and developing these marine
resources has grown significantly in recent years [3-5]. In this context, developing accurate
and efficient exploration technologies for marine minerals is of critical importance and
practical relevance.

Geophysical methods play a key role in marine mineral exploration. Commonly
used techniques include active methods, such as induced polarization [6,7], resistivity
surveying [8,9], and electromagnetic methods [10-12], as well as passive approaches like
gravity and magnetic surveys [13,14] and the self-potential (SP) method [15-17]. Among
these, the SP method is particularly sensitive to subsurface electrochemical gradients. It
can directly reflect redox gradients generated during the natural polarization of buried
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deposits by measuring SP signals above the seafloor [18,19]. Due to this capability, the
SP method has gained increasing attention and application in recent years for exploring
marine metallic mineral resources, particularly seafloor massive sulfides [15-18].

In terrestrial environments, SP measurements are typically conducted along single line
due to constraints such as complex topography and limited acquisition efficiency [20-22].
However, the small datasets obtained from such single-line surveys often lead to sig-
nificant challenges in inversion and interpretation, including strong non-uniqueness of
solutions and difficulties in accurately characterizing the 3D spatial structure of subsurface
targets [21-23]. In contrast, recent advances in marine exploration have introduced novel
SP acquisition systems based on autonomous underwater vehicles, which enable efficient
collection of SP data over planar grids composed of multiple survey lines [24-27]. This
progress makes it essential to quantitatively evaluate how planar data inversion improves
the delineation of subsurface ore structures compared to single-line inversion.

This study aims to quantitatively analyze the effectiveness of inverting SP data from
planar surveys in improving the structural constraints of subsurface deposits. Building
upon the analytical solution for a spherical polarization model under a single survey line,
we extended the model by incorporating coordinates from adjacent survey lines to derive an
analytical solution suitable for planar acquisitions. A Markov chain Monte Carlo (MCMC)
algorithm within the Bayesian framework was then employed for stochastic inversion,
quantifying the constraint ability of different data volumes on parameter uncertainties. The
quantitative investigation began with synthetic cases. Furthermore, a physical simulation
experiment was designed to model the redox process of metallic minerals. We employed
a multi-channel SP monitoring platform to record SP data generated during the redox
process of a spherical iron—copper model, enabling evaluating the positive effect of planar
SP measurements for delineating subsurface ore structures.

2. Theory
2.1. Analytical Solution for Planar Acquisition

There are two primary numerical approaches for SP forward modeling. The first
involves solving the governing Poisson equation using numerical methods such as the
finite element [28], finite difference [29], finite volume [30], or related coupled techniques.
In contrast, the second approach relies on analytical solutions, where subsurface targets
are idealized as regular geometric shapes, allowing direct calculation of the surface SP
responses. These analytical solutions, enabling near-instantaneous forward modeling,
characterize SP anomalies based on the positions of the polarization poles, the dipole
moment density, and the geometry of the source body. Commonly used idealized shapes
include spheres, cylinders, and sheet-like structures, which simplify the representation of
natural polarization for minerals.

This study takes the spherical polarization model as an example. For the single-line
acquisition, the SP anomaly ¢(x) (mV) along a profile passing over the center of a sphere
can be expressed as [20]:

X — xg) cos 6 + hsin6
{(x —x)? +h2]q

o(x) = k' M

where K is the polarization parameter (mV), xj is the x-coordinate of the sphere center (m),

h is the depth to the center (m), 0 is the polarization angle, and q = 1.5 is the shape factor.
In marine environments, measurements utilizing autonomous underwater vehicles

can efficiently acquire SP data over planar surveys. As illustrated in Figure 1, based on
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Equation (1), the expression for SP applicable to planar surveys can be derived. The SP
value ¢(x, y, z) at point (x, y, z) on the seafloor can be expressed as:

|z — zo]

(x = x0)> + (y = y0)* + (z — 20)*]"

¢(x,y,z) =K [ )

where (xo, 1o, zo) denotes the spatial coordinates of the sphere center. Note that this model
is specifically applicable to a spherical model with vertical polarization. However, by
modifying the shape factor, it can also be adapted to model a vertically polarized cylinder
(when g =0.5).

X X0 ’° /’ .
- 3 L’ 2 X-axis
' X-axis - {-——-—q(x,y2)
1 ‘\\\ /,/
] \ ~
[ J e I T _.(x(); yOJ Z)
I AY 1
. \ |
Y-axis o
'
_——— )
P Z-axis
¥
(a) (b)

Figure 1. Schematic diagram for data acquisition: (a) single-line acquisition; (b) planar acquisition.

2.2. Uncertainty Inversion by MCMC

Corresponding to these two forward modeling schemes discussed above, the quantita-
tive interpretation approaches for SP data are, respectively, (1) gradient-based inversion,
specifically referring to algorithms that require repeated forward modeling of complex
resistivity models; and (2) global optimization inversion, typically based on analytical
solutions describing the natural polarization of simple geometric bodies. The former is
suitable for complex models but is highly dependent on initial models and computation-
ally intensive [16]. In mineral exploration, SP data interpretation often employs the later
approach to infer the model parameters related to deposit distributions. These models
have a few parameters, making global optimization algorithms commonly used for such
inversion. Widely adopted algorithms include particle swarm optimization [31], simulated
annealing [32], and the whale optimization algorithm [33].

Given the high non-uniqueness in SP inversion, quantifying the uncertainty of model
parameters can help address the ill-posed nature [34]. In this study, we employed an
adaptive MCMC algorithm within the Bayesian framework to perform uncertainty inver-
sion of SP data. This approach facilitates the investigation of parameter uncertainties and
correlations [34,35].

The Bayesian approach for parameter estimation is typically implemented with the
aid of MCMC, which utilizes a random walk strategy to generate samples that follow
the posterior distribution of model parameters [36]. To maintain detailed balance and
ergodicity, this study employed the adaptive Metropolis algorithm [37] to perform MCMC
sampling. The implementation of the adaptive Metropolis algorithm follows the procedure
outlined below [34,35]:

1.  Initialization:

1

Assume k model vectors m?, m?, ..., m*~! have been sampled.

2. Candidate sampling:
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To obtain the next model vector m*

, a candidate vector mq is sampled from a Gaus-
sian proposal distribution with the mean value at the current model m*~! and with the

covariance matrix C¥. C* can be expressed as:

- )

ok — 0 k < ko
sy KK +spel k> ko

1

where KF = cov(mo, m!, ..., mF _1), sp=24%2/nis a scaling parameter (with n being the

dimension of mq), € is a small positive value, I denotes an n x n identity matrix, and k
defines the burn-in period.

3. Acceptance criterion:

Determine whether the candidate vector m.q is accepted (i.e., m* = my) or rejected

(i.e., m* = m*~1). The acceptance probability is given by:
B(m*1, my) = min Tmea) ,1 4)
c 7(mk-T1)

In the adaptive Metropolis algorithm, the ratio 7(m.q)/ 7(mF~1) can be describes as:

n(mcd> _ PO(mcd)P(d|mcd)

(mk1) — Py(mF-1)P(d[mk 1) ©)

where the likelihood P(d | m.q) or P(d | m¥—1) quantifies the fit between the observed data d
and the data predicted from f(mgq) or f(m*~1), with f denoting the forward operator. The
prior distribution Py(myg) or Po(m*~1) is typically defined by prescribed parameter bounds:

1 my € [a,b]

6
0 mgy ¢ [ab] ©

Py(my) =

where [a, b] is the prior bounds for m4.
4.  Iteration:

Repeat the steps above until k reaches a predefined threshold.

3. Synthetic Case Validation
3.1. Laboratory-Scale Case

In the first synthetic case, the model is established based on the experimental scale.
The sphere center is set at coordinates (50 cm, 25 cm, —25 ¢cm), with a polarization intensity
of 5 mV. The measurement points cover a range of 0~100 cm along the x-axis and 0~50 cm
along the y-axis, with a spacing of 5 cm. To unify the degrees of freedom, the parameter
Yo = 25 cm is treated as known. Thus, the model parameters for both the single-line and
planar surveys are defined as [xg = 50 cm, zp = —25 cm, K =5 mV, g = 1.5]. The initial model
is [30 cm, —15 cm, 10 mV, 1.2], while the initial covariance during the burn-in period is
configured as 5% of the prior range for each parameter. Each inversion run consists of
50,000 forward simulations, with the first 20,000 iterations designated as the burn-in phase.
The inversion results under 10% and 20% noise levels are, respectively, summarized in
Tables 1 and 2, where the mean values and 95% credible intervals of the MCMC-inferred
parameters are computed from the last 30,000 samples. The computational time for a single
inversion run is approximately 1.5 s.

The MCMC inversion results indicate that (1) the parameter x is estimated with the
highest accuracy in terms of the posterior mean and also exhibits the narrowest 95% credible
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interval, indicating the highest sensitivity; (2) the parameter K shows the lowest confidence
level, which can be attributed to the fact that its value is jointly influenced by multiple
parameters controlling the amplitude; (3) statistical analysis of the posterior samples reveals
that, compared to the single-line data, the planar data leads to an average reduction of
nearly 50% in the width of the 95% credible interval, while the mean relative difference in
the estimated parameters decreases from 13.5% to 3.5% in the 10% noise case and from 9.6%
to 6.1% in the 20% noise case; and (4) higher noise levels increase the sampling acceptance
rate, resulting in a widening of the average 95% credible intervals from 48.9% and 19.9% in
the 10% noise case to 75.9% and 36.6% in the 20% noise case, respectively. These findings
demonstrate the superior capability of planar SP data in delineating the distribution of
subsurface targets.

Table 1. Summary of the MCMC estimated model parameters obtained from the lab-scale synthetic
model under 10% noise level. In the 5th and 6th columns, the estimated mean values of model
parameters are highlighted in bold, followed by the associated relative differences presented within
parentheses; the 95% credible intervals are enclosed in square brackets, and the relative lengths of
them are indicated in italics.

Parameter True Value Prior Mean Prior Bounds Inv.ersmn .Results of Inversion Results of
Single-Line Data Planar Data
50.24 (0.5%) 49.95 (1.0%)
%o (em) 50 30 0~100 [49.90, 50.54] 1.3% [49.57,50.12] 1.1%
—22.87 (8.5%) —24.53 (1.9%)
7o (cm) - -5 —50-0 [—26.77, —19.81] 27.8% [—26.03, —23.34] 10.8%
6.81 (36.2%) 5.42 (8.4%)
K (mV) 5 10 0~20 [3.49, 10.02] 130.6% [4.35, 6.93] 51.6%
3 1.37 (8.7%) 1.46 (2.7%)

90) 15 1.2 1~2 [1.15,1.69] 36.0% [1.34,1.58] 16.0%
Table 2. Summary of the MCMC estimated model parameters obtained from the lab-scale synthetic
model under 20% noise level. In the 5th and 6th columns, the estimated mean values of model
parameters are highlighted in bold, followed by the associated relative differences presented within
parentheses; the 95% credible intervals are enclosed in square brackets, and the relative lengths of
them are indicated in italics.

. . Inversion Results of Inversion Results of

Parameter True Value Prior Mean Prior Bounds Single-Line Data Planar Data
49.84 (0.3%) 49.98 (0.4%)

%o (em) 50 30 0~100 (48.94, 50.50] 3.1% [49.49, 50.68] 2.4%

—24.11 (3.6%) —24.47 (2.1%)
Zo (cm) —25 —15 —500 [—31.75, —19.01] 51.0% [—28.37, —21.65] 26.9%

6.45 (29.0%) 5.90 (18.0%)

K(mV) 5 10 0~20 [2.59, 12.07] 189.6% [4.11, 8.59] 89.6%
. 1.42 (5.3%) 1.44 (4.0%)

90) 15 1.2 1-2 [1.07, 1.97] 60.0% [1.24, 1.65] 27.3%

Figures 2 and 3 present histograms of the parameter distributions obtained from
MCMC sampling, along with the correlations between parameters. The following ob-
servations can be made: (1) The histograms visually reflect the uncertainty in the model
parameters; (2) The parameter g exhibits strong negative correlations with zg and K, with
correlation coefficients of —0.9855 and —0.9803 in the 10% noise case and —0.9692 and
—0.9200 in the 20% noise case for the single-line data, and —0.8780 and —0.9805 in the 10%
noise case and —0.9357 and —0.9723 in the 20% noise case for the planar data, respectively.
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This behavior is consistent with the model formulation, in which the contribution of g to SP
values is the same as that of zy and K (Note that this relation holds when the base of the
denominator is less than 1 and its exponent is greater than 1); (3) A positive correlation is
observed between K and zg, with correlation coefficients of 0.9568 and 0.8302 in the 10%
noise case and 0.8676 and 0.8583 in the 20% noise case. This apparent positive correlation
stems from the negative value of zy, which reverses the inherent correlation direction.
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Figure 2. MCMC solutions from synthetic SP data with a noise level of 10%; The on-diagonal plots
represent the posterior probability distribution of model parameters, and the off-diagonal scatterplots
represent the pairwise correlations in the MCMC sampling (blue for single-line data and orange for

planar data).
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Figure 3. MCMC solutions from synthetic SP data with a noise level of 20%; The on-diagonal plots
represent the posterior probability distribution of model parameters, and the off-diagonal scatterplots
represent the pairwise correlations in the MCMC sampling (blue for single-line data and orange for
planar data).
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3.2. Field-Scale Case

In the second synthetic case, the model is established based on a field scale with
two spherical deposits. The sphere centers are, respectively, set at coordinates (60 m,
50 m, —15m) and (140 m, 50 m, —15 m), with a polarization intensity of 1000 mV. The
measurement points cover a range of 0~200 m along the x-axis and 0~100 m along the
y-axis, with a spacing of 10 m. To unify the degrees of freedom, the parameter 1y = 50 m is
treated as known. Thus, the model parameters for both the single-line and planar surveys
are defined as [xg 1 =60 m, xg » =140 m, zg 1 = —15m, zp » = —15 m, K ; = 1000 mV,
K, =1000mV, g 1 = 1.5, q » = 1.5], where the subscripts 1 and 2, respectively, represent the
two spherical deposits. The initial model is [80 m, 120 m, —10 m, —10 m, 600 mV, 600 mV,
1.2, 1.2], while the initial covariance during the burn-in period is configured as 5% of the
prior range for each parameter. Each inversion run consists of 100,000 forward simulations,
with the first 50,000 iterations designated as the burn-in phase. The inversion results
under 10% noise level are summarized in Table 3, where the mean values and 95% credible
intervals of the MCMC-inferred parameters are computed from the last 50,000 samples.
The computational time for a single inversion run is approximately 10 s.

Table 3. Summary of the MCMC estimated model parameters obtained from the field-scale synthetic
model under 10% noise level. In the 5th and 6th columns, the estimated mean values of model
parameters are highlighted in bold, followed by the associated relative differences presented within
parentheses; the 95% credible intervals are enclosed in square brackets, and the relative lengths of
them are indicated in italics.

Parameter True Value Prior Mean Prior Bounds In;f;}:iglzsg;:aOf Invelr)iia(r)‘r;rR ];thl;ts of
Xo_1 (m) 60 80 0~200 [59.6102.,2 20(%;110/21% [5931%,0 20(.%5210/3).0%
Xo_2 (m) 140 120 0~200 [1391.33,'1194(()(.)612;/01).0% [1391.;1(7):611(()963?03.7%
201 (m) -15 —10 —50-0 [—153;?'—2?35.472;/01)0.2% [—15:119%{31512.4570]/028%
202 (m) ~15 —10 —50~-0 [—1;213%0541(3?.).818?0;.0% [—15_.312%{81511.45101/02.1%
K1 (mV) 1000 600 500~1500 [51433412%.536(35767]W;)4!.6% [892.22,41?015458?01)5.6%
K3 (mV) 1000 600 500~1500 [5347.33:58639%1?@.9% [866.3(7),9 ii%é?é%;/oz)4.z%

9.10) 15 12 1~2 [1.211.%10’.2‘;']7;/07).3% [1.31;322']7;/20%
92() L5 1.2 1~2 [1.218‘,415.é39']3;/00).7% [1.315.,418.217']3;/27%

Statistical analysis of the field-scale case shows a conclusion consistent with that of
the laboratory-scale cases: planar data provides stronger constraints on parameter recovery.
This improvement is evident in both the accuracy of the mean model (the average error
decreases from 9.6% to 2.8%) and a smaller uncertainty assessed by the 95% credible interval
(the average relative length decreases from 20.2% to 10.8%). The main difference lies in
the sampling correlations between parameters, which are primarily observed between g
and K and show a positive correlation (average correlation coefficient of 0.9253). This is
because the base of the denominator is greater than 1 and the exponent g > 1, causing the
contribution of g to the SP value to oppose that of K. Additionally, in the single-line test,
the underestimation of K is related to the underestimation of 4.
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4. Laboratory Experiment Validation
4.1. Laboratory Experiment

Laboratory-scale physical simulation provides an effective approach for investigating
SP signals within the framework of the geobattery model [38]. In this study, a spherical
iron—copper model was used to simulate the natural polarization of a metallic ore body. A
multi-channel SP monitoring platform was employed to measure the SP signals generated at
the anode of the geobattery model. The experimental setup mainly consists of the following
components: (1) a 192-channel SP data logger with a sensitivity of 0.01 mV; (2) 120 micro-
button sintered Ag—AgCl non-polarized electrodes, each 6 mm in diameter, fixed in an
insulated polymer plastic holder and arranged in a 24 x 5 grid with spacings of 4 cm and
6 cm, respectively; (3) a plexiglass tank with dimensions of 100 cm x 50 cm x 50 cm (x-,
Y-, z-axis); and (4) iron and copper hemispheres, each 15 cm in diameter. This platform
has been successfully applied in several previous SP monitoring experiments, including
studies on iron corrosion, fluid migration, and microbial activities [39].

The redox monitoring experiment in this study was conducted in tap water for the
following reasons: (1) Tap water contains abundant oxygen and conductive ions, which
promote faster and more active redox reactions and facilitate the formation of an external
circuit; (2) The nearly homogeneous medium helps minimize noise disturbances and inter-
ference from other types of SP signals (e.g., diffusion potentials and streaming potentials),
resulting in a more well-defined redox-induced SP anomaly; (3) The transparent nature
of both water and the plexiglass tank allows direct visual observation of the dynamic
oxidation and corrosion processes occurring at the anode during the experiment.

As shown in Figure 4, the iron hemisphere is positioned at the top with the copper
hemisphere at the bottom, resulting in a geobattery configuration where the cathode and
anode are reversed compared to the conventional arrangement. This setup offers improved
control over the corroded surface and facilitates enhanced observation of Fe?* related rust
formation during the experiment.

Anode
Fe > Fe* +2¢” Fe’* > Fe* +¢

Fe(III)
Iron rust

hemisphere

anion Copper anion
hemisphere

0,+2H,0 +4e” — 40H"
Cathode

Figure 4. Electron transfer mechanisms and electrochemical half-cell reactions within the
geobattery framework.

The electrochemistry underlying the corrosion of the iron hemisphere can be described
as follows [40]:

Step 1: At the upper section, iron acts as an electron donor. The rust formation process
initiates with the oxidation of iron to ferrous ions (Fe?*) through the following reactions:

Fe — Fe?t 4 2e~ 7)
Fe’* + 20H™ — Fe(OH), 8)
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Step 2: Fe(OH); is unstable and undergoes further oxidation to ferric ions (Fe3*), re-
sulting in the formation of rust species such as ferric oxyhydroxide hydrate (FeOOH-xH,O)
and ferric oxide hydrate (Fe;O3-xHO), where x denotes the number of water molecules
complexed with the Fe®* oxide:

Fe?t — Fe’t + e~ ©9)
4Fe(OH), 4 O, — 4FeOOH + 2H,0 (10)
4Fe(OH), + O, — 2Fe;O3 + 4H,0 (11)

Step 3: At the lower section, copper facilitates the downward transfer of electrons,
while oxygen serves as the electron acceptor according to:

O, +2H,0 + 4~ — 40H™ (12)

These redox reaction equations elucidate the electron transfer mechanism involved in
the natural polarization of metallic minerals, and provide the theoretical foundation for the
physical experiment conducted in this study.

Figure 5 shows the electrode arrangement and numbering system, while Figure 6
presents the experimental setup for the vertical polarization test. The electrode holder was
fixed at a height of 35 cm using insulated plastic tubes, with the water level maintained
at a height of 40 cm. The reference electrode was placed at a corner of the tank bottom
to minimize disturbance from the measurement area. Each set of measurements with
the 120-channel electrodes requires approximately 20.48 s. A total of 3977 datasets was
recorded throughout the experiment, corresponding to a total duration of approximately
22.62 h. The first 2609 datasets (spanning 14.8 h) and the last 309 datasets were designated
as background monitoring. Datasets 2610 to 3668 covered the redox monitoring process,
lasting approximately 6 h. During the experiment, the spherical model was positioned
in the center of the tank, with its center located approximately 20 cm from the electrode
holder and a polarization angle 6 of 90°.

#120 #105 #85 #65 #45 #25 #5
W]
=
o
=]
#116 #101 #81 #61 #41 #21 #1
92 cm

Figure 5. Electrode arrangement and numbering; The gray area indicates the projection of the model.

The raw time-series SP data recorded by electrodes 46 to 75, located above the model,
are shown in Figure 7. The following observations were made: (1) During the background
monitoring phase, the SP signals remained stable and fluctuated near the zero baseline.
(2) After the initiation of the redox experiment, electrodes close to the sphere quickly
detected a prominent positive SP anomaly exceeding 40 mV. The signals then stabilized
and persisted until the sphere was removed, after which they rapidly declined to the
background noise level.
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Figure 6. Photograph of the experimental setup.
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Figure 7. Raw time-series SP data recorded from the electrodes (Nos. 46 to 75) situated above
the model.

Figure 8 shows the SP distribution at different time points: 10 h (background monitor-
ing phase), 16.85 h (2 h after placement of the model), and 19.85 h (5 h after placement).

The following characteristics were observed: (1) The measured data were of high quality
with minimal interference; (2) The anomaly maximum coincided with the projection of the

model; (3) The SP field exhibited a symmetric distribution around the anomaly maximum,

decaying concentrically with increasing distance.
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(a) SP/mV
2

SP/mV
o
I

0.25 0.5 0.75 17
(c)

o

0.25 0.5 0.75
X/m

oo

Figure 8. SP distributions at different time points: (a) the 10th hour; 2 h (b) and 5 h (c) after the
placement of the model. The black circles indicate the projection of the model.

Figure 9 illustrates the accumulation of Fe3* rust on the iron hemisphere during the
experiment, with images captured at 2 h and 5 h after the placement. The corresponding
SP signals are shown in Figures 8b and 8c respectively. The following observations were
made: after the spherical model was placed in water, Fe3* rust rapidly accumulated on the
surface of the iron hemisphere. The rust coverage increased over time and was distributed
relatively uniformly. In contrast, the copper hemisphere, which functioned solely as an
electron conductor, exhibited no visible change.

(a) (b)

Figure 9. Photographs of the model at different time points: 2 h (a) and 5 h (b) after the placement.

4.2. MCMC Inversion

For the MCMC inversion of the experimental data, the measurement taken at the 5th
hour after the placement (Figure 8c) was used to estimate parameter uncertainties. The
single-line data consisted of measurements from the main survey line electrodes (Nos. 3, 8, 13,
..., 113, and 118), while the planar grid data comprised all 120 channels. In the experimental
configuration, the sphere center was located at (50 cm, 25 cm, —20 cm) with an unknown
polarization intensity. The measurement points spanned x = 4~96 cm and y = 13~37 cm, with
respective spacings of 4 cm and 6 cm. i = 25 cm was treated as a known parameter. Thus,
the model parameters for both the single-line and planar surveys were defined as [xyp = 50 cm,
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zg = —20 cm, K (unknown), g = 1.5]. The initial model was set to [30 cm, —10 cm, 10 mV, 1.2],
and other MCMC settings were consistent with the first synthetic case.

The mean values and 95% credible intervals of the parameters estimated through
MCMC inversion are summarized in Table 4. The results lead to conclusions consistent
with those from the synthetic case: (1) The estimate of x( achieves the highest accuracy and
the lowest uncertainty; (2) Compared to the single-line data, the planar data reduces the
average width of the 95% credible interval by nearly 40%, and lowers the mean relative
difference of the parameter estimates from 6.4% to 1.7%.

Table 4. Summary of the MCMC estimated model parameters obtained from the laboratory experi-
ment. In the 5th and 6th columns, the estimated mean values of model parameters are highlighted in
bold, followed by the associated relative differences presented within parentheses; the 95% credible
intervals are enclosed in square brackets, and the relative lengths of them are indicated in italics.

Parameter True Value Prior Mean Prior Bounds Insvi;rgs;:-riilieesﬁﬁaof Inve;i;il;:{];sal:;ts of

50.26 (0.5%) 50.27 (0.5%)

%o (cm) 50 30 0~100 [49.56, 51.02] 2.9% [49.96, 50.98] 2.0%

—18.68 (6.6%) —20.63 (3.2%)
Zo (cm) —20 —10 —50~0 [—21.96, —14.62] 36.7% [—22.71, —17.98] 23.7%
2.99 2.04

K(mV) \ 10 0~20 [1.36, 5.82] [1.46,2.97]
] 1.32 (12.0%) 1.48 (1.3%)

90) 15 1.2 1~2 [1.02, 1.62] 40.0% [1.30, 1.63] 22.0%

Figure 10 presents the posterior probability distributions of model parameters and
their correlation relationships obtained from MCMC sampling. The results are consistent
with the findings from the synthetic model: parameter g shows negative correlations with
zp and K, with correlation coefficients of —0.9379 and —0.9639 for the single-line data, and
—0.9446 and —0.9795 for the planar data. Meanwhile, a positive correlation is observed
between K and zj, with coefficients of 0.8998 and 0.8931, respectively.

xO/cm ZO/cm
49 50 51 52 -25 =20 -15 0

xU/cm

0.8931 -0.9446 | =15
) @

[] [
i6 ° o —0.9379 o —0.9639
: [ ]

49 50 51 52-25  -20 -15 0 2 4 6 1 12 14 16
xO/crn zolcm KimV q
Figure 10. MCMC solutions from laboratory SP data. The on-diagonal plots represent the posterior
probability distribution of model parameters, and the off-diagonal scatterplots represent the pairwise
correlations in the MCMC sampling (blue for single-line data and orange for planar data).
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5. Conclusions

This study employed an adaptive MCMC algorithm within the Bayesian framework
to evaluate the performance of planar SP data, in comparison with single-line data, in
reconstructing model parameters and reducing associated uncertainties. The analysis was
conducted using two synthetic cases and a raw SP dataset obtained from a redox monitoring
experiment on a spherical iron-copper model. The stochastic inversion results provided
information on the sensitivity of the distribution and polarization intensity of subsurface
targets. Numerical outcomes show that the parameter x( can be reliably estimated, with
relative deviations from the true values remaining below 3%. In contrast, the accuracy
in estimating parameter K is much lower than other parameters, and is associated with a
larger uncertainty, as reflected by an average relative length of the 95% credible interval
exceeding 70%. Comparisons across datasets with different volumes indicate that the use
of planar data reduces the uncertainty of estimated parameters by 40%~50%, while the
relative difference of the parameters decreases by 70%~75%. Note that the quantitative
conclusions drawn here are specific to the models and datasets employed in this work.
In addition, extending the analytical solution to 3D space and adapting it to other non-
vertically polarized models currently presents challenges in mathematical derivation.
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