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Abstract: Temperature variations could potentially impact flotation performance, leading to opera-
tional and economic issues. Several historical and currently operating plants across Canada have
reported seasonal metal losses as one of their major challenges. Improvements in flotation efficiency
at cold temperatures are important for the sustainable development of the industry, especially in view
of expanding mining operations to the north and the increasing impact of climate change-originated
weather extremes on mining operations. To better understand the driving mechanisms of the seasonal
metallurgical variation, the degree of vulnerability of froth flotation to fluctuations in temperature,
and to develop recommendations addressing seasonally driven losses, a series of mono-mineral
flotation tests were conducted. The observed variations in yield and recovery kinetics for different
sulfide minerals follow a similar pattern: higher recovery and slower kinetics at lower temperatures,
and lower recoveries and faster kinetics at higher temperature conditions. Following the results of
the flotation tests, foam height and stability were investigated at different temperatures to explain the
observed variations. A high correlation between changes in mono-mineral flotation behavior and
foam properties with temperature was revealed.

Keywords: temperature; froth flotation; foam stability; entrainment; flotation kinetics

1. Introduction

Temperature is one of the most important factors in mineral processing as it can
affect milling, classification, and flotation, among other operations [1–3]. A comprehensive
review of the effects of temperature on flotation revealed that temperature fluctuations
affect all four flotation components, namely, water, ore, gas, flotation chemicals, and their
interactions [4]. An increase in the flotation pulp temperature leads to higher rates of
surface reactions, intensifying the flotation process [2]. Variations in temperature are
known to affect not only collection zone pH, viscosity, and bubble formation mechanism,
but also froth zone stability [5]. By knowing a given pulp condition and understanding
acting mechanisms, one may predict the change in recovery with respect to temperature [6].
Generally, there is a larger impact of temperature variations in fatty-acid flotation, compared
to xanthate-based sulphide flotation systems. Such disproportional response could be
explained by relatively high solubility of xanthates in cold pulps compared to fatty acids [2].
Therefore, in most cases, it is considered impractical to heat up sulphide pulps during
flotation. Limited applications of sulphide pulp heating were mostly found in the separation
of molybdenite and copper minerals, as well as in sphalerite recovery [7]. Generally, in
sulphide flotation, temperature changes may be used for controlling oxidative reactions
and foamability [2].

O’Connor et al. found that, in pyrite flotation, the increased froth stability at tempera-
tures below 10 ◦C promoted excessive gangue entrainment, leading to poorer concentrate
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grades [5]. According to Equation (1), entrainment is proportional to the water recovery in
the concentrate [8]:

RG = eG·Rw (1)

where RG is the recovery of fine gangue, eG is a gangue material constant (dependent
on particle size and specific gravity), and Rw is water recovery. As for the total recovery
of a mineral of interest (hydrophobized mineral particles) RM, it consists of two main
parts: water recovery-controlled, and water recovery-independent, as demonstrated in
Equation (2):

RM = Rind + eM·Rw (2)

where Rind is the model’s extrapolated intercept on the recovery axis and eM is entrainment
factor for the mineral of interest. Water recovery (Rw), as shown in Equation (3), is a
parameter that depends on two steps: water recovery from pulp zone to froth zone (Rcw)
and water recovery from froth phase to concentrate (R f w). The latter is largely affected by
froth height H f (dm) and residence time τf (min), as shown in Equations (4)–(6) [9]:

Rw =
Rcw·R f w

1− Rcw + Rcw·R f w
(3)

R f w

(
H f

)
= e

−V·ε f ·A·H f
Qa (4)

τf =
ε f ·A·H f

Qa
(5)

R f w = αe−V·τ f (6)

where ε f is air holdup, A is cross-sectional area of the froth phase (dm2), Qa is the rate
of air flow (L/min) passing though the froth zone, α is the fraction of the froth that
reports to the concentrate, and V is water drainage rate (m/s). Liquid drainage and gas
disproportionation constitute two major macroscopic processes destabilizing foams [10].

Coalescence is another important destabilizing mechanism which occurs due to the
drainage from inter-bubble liquid film, leading to lamella film thinning and rupture. There-
fore, this mechanism, with lamella rupture and a subsequent reduction in foam height, also
originates from the drainage macroprocess [11,12]. The rate of liquid drainage [10] (also
known as Reynolds drainage) depends on continuous phase viscosity (Equation (7)), which
renders it a temperature-dependent parameter when considering Barrier’s equation [13],
Equation (8):

V =
2h3·∆P
3µ·r2 (7)

log(µ) = β0 +
β1

T
(8)

where h is the liquid film thickness (m), ∆P is the difference between hydrostatic pressure
and disjoining pressure (N/m2), µ is continuous phase dynamic viscosity (Pa·s), r is bubble
radius (m), β0 and β1 are empirical constants, and T is the temperature (K).

Stabilization of foams may be achieved by increasing continuous phase viscosity, increas-
ing disjoining pressure (by developing osmotic pressure with help of surfactants) [10], at-
taching mineral particles to the bubbles (mechanically preventing bubble convergence) [2,14],
and some other means. Flotation froth should satisfy two principal criteria: it should be
stable enough to allow valuable mineral recovery, while possessing flexibility for gangue
drainage [2,15].

Bhondayi summarized different attempts for froth stability assessment [15], such as
froth half-life time measurements [16], recording froth height at equilibrium [17–20], froth
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phase bubble size measurements [21,22], etc. Froth height was found to have a linear
negative impact on flotation rate constant k [23]:

k = θ0 − θ1·H f (9)

where θ0 is intercept at zero froth height and θ1 is the gradient of the flotation rate constant
versus froth height plot.

Froth recovery is another important parameter affecting the flotation rate constant [24],
which depends on froth half-life time, as per Equation (11) [25]:

k = P·Sb·R f (10)

R f = e
−c·(

τf
t 1

2

)

(11)

where P is ore floatability parameter, Sb is bubble surface area flux (s−1), R f is froth recovery,
c is a froth parameter, and t 1

2 is froth half-life (s).
The froth stability mechanism was suggested by Nesset et al. to explain the observed

variations in zinc concentrate grade at the Matagami plant (Canada). The proposed ex-
planation was that smaller bubbles observed during flotation in winter decrease water
drainage from the froth phase, leading to higher water recoveries and associated increased
gangue entrainment [26].

The aim of this research is to investigate the impact of temperature on Pb-Zn systems
by performing flotation and foam stability tests with single mineral samples of pyrite,
sphalerite, and galena. The test work will allow us to better understand the impacts of
water recovery, foam height, and foam half-life time on the flotation responses, while
simulating cleaner flotation conditions.

2. Materials and Methods
2.1. Sample Preparation

Galena (Morocco), sphalerite (Pierdes Verdes, Mexico), and pyrite (Huanzala, Peru)
samples, all purchased from Ward’s Science (Rochester, NY, USA), were crushed, hand
sorted, and dry milled. Galena and pyrite only required hand sorting, whereas the spha-
lerite was additionally purified using a Mozley table. The detailed sample preparation
procedure is shown in Figure 1.
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Figure 1. Sample preparation procedure for sphalerite, galena, and pyrite samples. Figure 1. Sample preparation procedure for sphalerite, galena, and pyrite samples.

The produced samples were analyzed by Bruker D8 Discovery X-ray Diffractometer
(XRD) (Co Kα source, λ = 1.79 Å) (Bruker AXS GmbH, Karlsruhe, Germany) and ATS
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Scientific Microtrac Sync Size and Shape Particle Analyzer (ATS Scientific Inc., Burlington,
Canada). Rietveld refinement was carried out using Materials Analysis Using Diffraction
(MAUD) Java program (version 2.992) [27]. The produced samples were more than 90%
composed of one mineral phase, which permits them to be termed “monomineralic” [28].

Pyrite, based on the mineralogical composition of the deposit, XRD results, and
mineral matching using “Match!” software (version 3.0), was identified to contain pyrite,
hematite, Al-phase (corundum), and marcasite. Galena was found to contain some cerussite
and fluorite, while sphalerite sample after pre-concentration still contained some galena,
quartz, and calcite, as shown in Figure 2 and Table 1. Their particle size distributions, fitted
to the Rosin–Rammler model, are provided in Figure 3.
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Table 1. Mineralogical composition of pyrite, galena, and sphalerite samples.

Pyrite Sample Galena Sample Sphalerite Sample
Mineral wt.% Mineral wt.% Mineral wt.%

Pyrite 94.2 Galena 95.4 Sphalerite 92.0
Corundum 1.0 Fluorite 0.7 Galena 2.4
Hematite 1.1 Cerussite 3.8 Albite 2.5
Marcasite 1.4 Calcite 1.6
Anatase 2.3 Quartz 1.5
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2.2. Flotation Tests

For flotation tests, mechanical Denver D-1 lab flotation machine was used. A 1.3 L
metal flotation cell was equipped with water cooling/heating jacket connected to the Fisher
Scientific Isotherm® Bath Circulator (Fisher Scientific Inc., Pittsburgh, PA, USA), 3D-printed
froth crowder (at the back of the cell with slots for electrodes), water float with water pump
(for automatic level control), froth scrapers, and endoscope camera for froth surface filming,
see Figure 4. Pulp aeration level was set to 4 L/m, corresponding to the superficial gas
velocity of approximately 0.5 cm/s. To avoid excessive turbulence in the cell, agitation was
set at 800 rpm. Additionally, an under-froth grid and current stabilizers were 3D-printed
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and installed. The under-froth grid aimed at weakening the turbulent flows in the cell
by dissipating their energy and preventing distraction of froth in the upper zone of the
flotation cell (reducing mechanical disruptions of a liquid film in the froth zone to be able
to focus on temperature-originated discrepancies) [29]. The pulp density used in the tests
was set at approximately 10 wt.% (100 g of sample per test with effective cell volume of
1 L).
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Figure 4. Upgraded Denver flotation setup: (a) Denver cell photo with builds on; (b) 3D model of
interior current pacifiers, under-froth grid, level float, and froth crowder at the back.

Flotation tests were performed according to the general full factorial design with two
repeats for each test. Since the most common Pb-Zn selective flotation method (Sheridan–
Griswold method) sequentially recovers lead and zinc at alkali conditions [2], the monomin-
eralic flotation tests for galena, sphalerite, and pyrite were performed at pH 9 and 11, which
are commonly used pH levels in the industry [30]. Lime was used to adjust the pH, sodium
isopropyl xanthate (SIPX) was used as the collector at a dosage of 90 g/t, while methyl
isobutyl carbinol (MIBC) served as the frother at a concentration of 30 ppm (which is above
the critical coalescence concentration [31,32]). The tested temperatures were 10, 20, 30, and
40 ◦C. The detailed monomineralic flotation workflow is shown in Figure 5.

Kinetic flotation tests were performed by collecting seven concentrates and fitting
the flotation recovery to the gamma distribution model using the least squares approach
(Equation (14)) [33,34]:

ϕ(K) =
e−Kλ·Kp−1·λp

Γ(p)
(12)

R̂(t) = R∞

(
1−

(
λ

λ + t

)p)
(13)

min
n

∑
i=1

(
R̂(ti)− R(ti)

)2 (14)

where p is shape factor, λ is scale factor, ϕ(K) is probability density function of flotation
rate constant distribution, K is flotation rate constant, Γ(p) is Euler’s gamma function, R̂(t)
is modeled recovery at time t, R(t) is experimental recovery value at time t, and R∞ is
infinite recovery.

The image analysis of the top froth bubbles was performed using Cellpose generalist
algorithm for cellular segmentation. Cellpose is based on U-net neural network architecture
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already pre-trained on 70,000 objects [35]. Cellpose was fine-tuned by manually training
the algorithm on 1000 bubbles captured by the camera on the froth surface. Such training
is required for better recognition of regions of interest. Subsequently, the largest bubble
size was plotted versus flotation time. A special model was developed to fit the bubble size
data. As a basis of bubble size versus time model, two-parameter Weibull distribution was
used, as shown in Equation (15) [36,37]:

F(t) = 1− e−
t
η

β

(15)

where η is characteristic life (scale factor), β is Weibull slope (shape parameter), and F(t) is
failure distribution function. When β < 1, the function decreases with time, while when
β > 1, the function increases. It has been reported that bubble size on the froth surface
rapidly decreases at the beginning of flotation, reaches the “plateau” area, and starts to
slightly increase by the end of the flotation process. To produce such a “Bathtub curve”, bi-
modal distribution function (beta distribution [38]) was added into Equation (15) to allow β
variation with time. Since beta distribution has U-shape only at shape and scale parameters
below 1, and Weibull shape parameter needs to be below and above 1 to produce Bathtub
curve, a coefficient of 2 was added to the equation before beta distribution term; in addition,
an intercept term was added at the beginning of the equation to fit the smallest bubbles in
the “plateau” area of the curve. The derived model for the description of top froth bubble
size dynamics is provided in Equation (16):

Dmax
b (t) = Dmax

b(eq) + 1− e−
t2·B(a,b,t)

η (16)

where Dmax
b (t) is the diameter of the top bubble on the froth surface, Dmax

b(eq) is an “equilib-
rium” top bubble size in the plateau area of the “Bathtub” curve, B(a, b, t) is beta distribu-
tion of Weibull shape parameter, and a and b are beta distribution shape parameters.

Minerals 2023, 13, x FOR PEER REVIEW  7  of  28 
 

 

 

Figure 5. Monomineralic flotation workflow. 

Kinetic flotation tests were performed by collecting seven concentrates and fitting the 

flotation  recovery  to  the  gamma distribution model using  the  least  squares  approach 

(Equation (14)) [33,34]: 

𝜑ሺ𝐾ሻ ൌ
𝑒ି௄ఒ ∙ 𝐾௣ିଵ ∙ 𝜆௣

𝛤ሺ𝑝ሻ
  (12)

𝑅෠ሺ𝑡ሻ ൌ 𝑅ஶ ቆ1 െ ൬
𝜆

𝜆 ൅ 𝑡
൰

௣

ቇ  (13)

𝑚𝑖𝑛 ෍ ቀ𝑅෠ሺ𝑡௜ሻ െ 𝑅ሺ𝑡௜ሻቁ
ଶ

௡

௜ୀଵ

  (14)

where  𝑝  is shape factor,  𝜆  is scale factor, 𝜑ሺ𝐾ሻ  is probability density function of flota-
tion rate constant distribution, 𝐾  is flotation rate constant,  𝛤ሺ𝑝ሻ  is Euler’s gamma func-

tion,  𝑅෠ሺ𝑡ሻ  is modeled recovery at time  𝑡,  𝑅ሺ𝑡ሻ  is experimental recovery value at time  𝑡, 
and  𝑅ஶ  is infinite recovery. 

The image analysis of the top froth bubbles was performed using Cellpose generalist 

algorithm for cellular segmentation. Cellpose is based on U-net neural network architec-

ture already pre-trained on 70,000 objects [35]. Cellpose was fine-tuned by manually train-

ing the algorithm on 1000 bubbles captured by the camera on the froth surface. Such train-

ing is required for better recognition of regions of interest. Subsequently, the largest bub-

ble size was plotted versus flotation time. A special model was developed to fit the bubble 

size data. As a basis of bubble size versus time model, two-parameter Weibull distribution 

was used, as shown in Equation (15) [36,37]: 

𝐹ሺ𝑡ሻ ൌ 1 െ 𝑒
ି

௧
ఎ

ഁ

  (15)

where  𝜂   is  characteristic  life  (scale  factor),  𝛽   is Weibull  slope  (shape parameter), and 

𝐹ሺ𝑡ሻ  is failure distribution function. When  𝛽  < 1, the function decreases with time, while 

when  𝛽  > 1, the function increases. It has been reported that bubble size on the froth sur-
face rapidly decreases at the beginning of flotation, reaches the “plateau” area, and starts 

to slightly increase by the end of the flotation process. To produce such a “Bathtub curve”, 

bi-modal distribution  function  (beta distribution  [38]) was added  into Equation  (15)  to 

allow  𝛽  variation with time. Since beta distribution has U-shape only at shape and scale 

parameters below 1, and Weibull shape parameter needs to be below and above 1 to pro-

duce Bathtub curve, a coefficient of 2 was added to the equation before beta distribution 

Figure 5. Monomineralic flotation workflow.

2.3. Foam Stability Tests

Foam stability measurements were performed in a small glass column (2 cm diameter
and 20 cm height) equipped with water cooling/heating jacket connected to the Isotherm
bath circulator (Figure 6). The gas bubbles were produced with ceramic frit at the bottom
of the column. The camera (Canon VIXIA HF R800, Canon Canada Inc., Montreal, Canada)
was continuously filming the foam to extract the equilibrium foam height. Central compos-
ite design (CCD) with five factors and five levels was implemented for the experimental
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work. The experimental protocol consisted of water temperature adjustment, chemical
conditioning, foam height testing by air injection, and foam half-life time measurements by
cutting the air supply at the end of the test (recording foam height versus time). Chemical
conditioning included water pH regulation with lime, dosing collector (SIPX), and frother
(MIBC) at desired levels. The tested levels for indicated factors are provided in Table 2.
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Figure 6. Foam stability measurement setup.

Table 2. Central composite design of experimental levels.

Variables Symbol
Tested Levels

Lowest Level
(−β)

Highest Level
(+β)

Temperature, ◦C x1 5 45
pH x2 8 12

MIBC dosage, ppm x3 10 50
SIPX dosage, ppm x4 10 170

Superficial gas velocity (Jg), cm/s x5 0.1 0.9

Relationships between input variables and responses were established through second-
order polynomial with 2-way interaction terms [39]:

yk = b0 +
n

∑
i=1

bixi +
n

∑
i=1

biix2
i +

n−1

∑
i=1

n

∑
j=2

bijxixj + ε (17)

where y is the kth response, b0 is an intercept, bi is the equation linear term coefficient,
bii is the equation cubic term coefficient, bij is the cross-product coefficient, xi and xj are
the variables, n is the number of variables (5, in our case), and ε is a residual (error). The
analysis of the data was performed by using the statistical software package “Minitab®

Statistical Software” (version 21.2). The confidence interval used for analysis of statistical
importance was 95%.

The video from the camera was split frame by frame and analyzed using ImageJ (ver-
sion 1.53t). The processing part included contrast/brightness adjustment, 8-bit conversion
of the images, setting thresholds (Otsu threshold), filling the holes, erosion, dilation, noise
cleaning by setting size threshold, and size analysis of the obtained 2-bit images with foam.
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Foam heights were plotted against time and the equilibrium foam height was modeled by
an adapted exponential Nesset et al. equation [40]:

Fh(t) = Fh(eq) + m·e−dt (18)

where Fh(t) is foam height at time t (mm), Fh(eq) is equilibrium foam height (mm), m is
foam height reduction after reaching a peak at the beginning of the test (difference between
Fh(t) and Fh(eq) in mm), and d is the foam height decay constant.

2.4. Analysis of Foam Stability in Relation to Flotation Response

To investigate the covariances between foam stability parameters, flotation responses,
temperature, and pH, principal component analysis (PCA) was used as a data transforma-
tion tool, allowing data dimensionality to be reduced and allowing for the visualization
of intercorrelations in the data. This data transformation permits us to describe the same
amount of variability contained in the original variables but with fewer uncorrelated dimen-
sions (principal components) [41]. The covariance matrix was constructed by calculating
covariance for each pair of variable/response vectors, as per Equation (19):

cov→
X,
→
Y
=

1
N

n

∑
i=1

(Xi − µX)·(Yi − µY) (19)

where
→
X and

→
Y is a pair of variable/response vectors compared, N is a number of points,

µX and µY are the mean values, and Xi and Yi are individual points in the respective
vectors. As the next step, to perform the transformation of the covariance matrix A that
contains covariations of the initial variables and responses, eigenvalues describing variance
of principal components were found by solving Equation (20):

det(A− λiI) = 0 (20)

where λi are eigenvalues (scalar) and I is the identity matrix. As the third step, correspond-
ing eigenvectors to each λi were found by solving Equation (21):

A·→v i = λi
→
v i (21)

where
→
v i are eigenvectors. After normalizing eigenvectors by dividing each component

by a vector length, a matrix of eigenvectors (V) was used to calculate a matrix of scores, as
shown in Equation (22):

Z = M·V (22)

where Z is a matrix with scores and M is a matrix with standardized original data [41,42].

3. Results
3.1. Flotation Tests

As can be seen from Table 3, the yield of galena (γg), pyrite (γp), and sphalerite (γs) and
the corresponding water recoveries (γw

g , γw
p , and γw

s ) behave in a similar way, indicating a
certain level of correlation between these parameters.

For all tested minerals, it was observed that the concentrates’ yields increase with
decreased temperature. The largest observed yield variation in relative terms could be
noted for pyrite flotation while, in absolute values, galena was impacted more than pyrite
and sphalerite (Figure 7). Conversely, based on the distributions of flotation rate constants
for galena and pyrite, there is a distinct shift of the f(k) curves towards lower values at lower
temperature. Thus, at cold pulps, higher yields at a lower flotation speed may be expected
for these two minerals. Regarding sphalerite, the shift in the flotation rate distribution with
temperature was less evident.
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Table 3. Responses of galena, pyrite, and sphalerite flotation systems under the investigated general
factorial design.

Run
Uncoded Variables Galena Responses Pyrite Responses Sphalerite Responses
pH T, ◦C γg γw

g γp γw
p γs γw

s

1 9.0 30.0 31.8 12.0 4.5 15.3 37.7 21.9
2 11.0 30.0 14.1 12.8 6.8 22.2 14.5 18.8
3 9.0 40.0 23.6 7.5 2.6 6.9 9.6 11.7
4 11.0 10.0 29.5 38.9 20.8 44.9 26.2 47.9
5 11.0 20.0 25.6 21.3 11.5 38.5 20 24.8
6 9.0 40.0 26.8 8.0 1.6 8.5 9 9.9
7 11.0 40.0 10.6 7.0 3.7 6.3 4.7 10.1
8 11.0 40.0 11.5 6.6 4.2 8.6 4.3 9.8
9 9.0 20.0 66.3 22.8 11.3 30.1 52.2 29.4

10 11.0 20.0 24.7 20.5 12.2 38.3 22.4 26.3
11 9.0 20.0 66.9 25.0 10.8 30.2 53.5 30.6
12 9.0 10.0 90.8 48.0 28.1 45.8 77.6 44
13 11.0 30.0 15.5 14.0 4.7 18.6 15.3 19.5
14 9.0 10.0 88.6 46.4 23.8 37.3 77 44.5
15 9.0 30.0 35.0 15.3 2.7 15.2 36.5 19.8
16 11.0 10.0 28.2 36.2 19.3 40.4 24.2 46.1
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Change in the flotation pH, similarly to temperature variations, led to shifts in flotation
rate distributions. For all tested minerals, the flotation rate was higher at pH 9 than at
pH 11, as seen in Figure 8.

Regarding the top size of bubbles on the froth surface, generally, there were larger
bubbles in cold pulps for all tested minerals (Figure 9). Additionally, it was reported that
bubble sizes increase with flotation time. The projection area of the largest bubbles on
the froth surface for the tests with all three minerals vary approximately between 0.1 and
0.4 cm2. At a temperature of 30 ◦C, the shapes of bubble size models represent a “bathtub”
curve: rapid decrease of bubble size at the beginning of the process, reaching plateau area,
and a slight increase in bubble sizes by the end of flotation test. For pulps at 10 ◦C for
pyrite and sphalerite, the shapes of the models are different: there were no extremely large
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bubbles at the beginning of the flotation, as well as no extensive plateau area. The bubbles
for these two minerals continuously increase during the flotation process.
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3.1.1. Galena

Results of galena flotation served as a basis for the constructed MiniTab model, the
adequacy of which may be confirmed by high F-values and low p-values: F-value� Fcritical
(the critical value for the model in question is 3.5), whereas p-values are significantly below
the considered α of 0.05 (Table 4).
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Table 4. General full factorial model summary for galena flotation responses (summary of ANOVA
for regression galena flotation model).

F-Value p-Value R2 R2
adj SD 1

γg γw
g γg γw

g γg γw
g γg γw

g γg γw
g

764.89 764.89 0.000 0.000 99.85% 99.52% 99.72% 99.10% 1.39 1.32

Notes: 1 SD—standard deviation.

High R2 and R2
adj values, and relatively low standard deviation indicate good fit of

the models [43].
Equations (23) and (24) demonstrate regressions fitting mineral and water yields,

respectively, in galena sample flotation:

yGn
min = 36.844 + 16.881·b(pH9)− 16.881·b(pH11) + 22.431·b(T10)

+9.031·b(T20)− 12.744·b(T30)− 18.719·b(T40) + 13.544
· b(pH9T10) + 3.844·b(pH9T20)− 7.581·b(pH9T30)
−9.806·b(pH9T40)− 13.544·b(pH11T10)− 3.844
· b(pH11T20) + 7.581·b(pH11T30) + 9.806·b(pH11T40)

(23)

yGn
w = 21.394 + 1.731·b(pH9)− 1.731·b(pH11) + 20.981·b(T10) + 1.006

· b(T20)− 7.869·b(T30)− 14.119·b(T40) + 3.094
· b(pH9T10)− 0.231·b(pH9T20)− 1.606·b(pH9T30)
−1.256·b(pH9T40)− 3.094·b(pH11T10) + 0.231
· b(pH11T20) + 1.606·b(pH11T30) + 1.256·b(pH11T40)

(24)

where b is a binary equation coefficient (bε{0, 1}).
As can be seen from Equations (23) and (24), the coefficients in front of pH11, and T30

and T40 terms are negative, suggesting that increased pH and temperature have a negative
impact on mineral and water yields. These trends could also be seen from the main effects
and interaction plots (Figure 10).

Minerals 2023, 13, x FOR PEER REVIEW  13  of  28 
 

 

𝑦௠௜௡
ீ௡ ൌ 36.844 ൅ 16.881 ∙ 𝑏ሺ𝑝𝐻ଽሻ െ 16.881 ∙ 𝑏ሺ𝑝𝐻ଵଵሻ ൅ 22.431 ∙ 𝑏ሺ𝑇ଵ଴ሻ

൅ 9.031 ∙ 𝑏ሺ𝑇ଶ଴ሻ െ 12.744 ∙ 𝑏ሺ𝑇ଷ଴ሻ െ 18.719 ∙ 𝑏ሺ𝑇ସ଴ሻ ൅ 13.544
∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଵ଴ሻ ൅ 3.844 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଶ଴ሻ െ 7.581 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଷ଴ሻ
െ 9.806 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ସ଴ሻ െ 13.544 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଵ଴ሻ െ 3.844
∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଶ଴ሻ ൅ 7.581 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଷ଴ሻ ൅ 9.806 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ସ଴ሻ 

(23) 

𝑦௪
ீ௡ ൌ 21.394 ൅ 1.731 ∙ 𝑏ሺ𝑝𝐻ଽሻ െ 1.731 ∙ 𝑏ሺ𝑝𝐻ଵଵሻ ൅ 20.981 ∙ 𝑏ሺ𝑇ଵ଴ሻ ൅ 1.006

∙ 𝑏ሺ𝑇ଶ଴ሻ െ 7.869 ∙ 𝑏ሺ𝑇ଷ଴ሻ െ 14.119 ∙ 𝑏ሺ𝑇ସ଴ሻ ൅ 3.094
∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଵ଴ሻ െ 0.231 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଶ଴ሻ െ 1.606 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ଷ଴ሻ
െ 1.256 ∙ 𝑏ሺ𝑝𝐻ଽ 𝑇ସ଴ሻ െ 3.094 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଵ଴ሻ ൅ 0.231
∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଶ଴ሻ ൅ 1.606 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ଷ଴ሻ ൅ 1.256 ∙ 𝑏ሺ𝑝𝐻ଵଵ 𝑇ସ଴ሻ 

(24) 

where  𝑏  is a binary equation coefficient (𝑏 𝜖 ሼ0, 1ሽ). 
As can be seen from Equations (23) and (24), the coefficients in front of  𝑝𝐻ଵଵ, and  𝑇ଷ଴ 

and  𝑇ସ଴  terms are negative, suggesting that increased pH and temperature have a nega-

tive impact on mineral and water yields. These trends could also be seen from the main 

effects and interaction plots (Figure 10). 

 
 

(a)  (b) 

 
 

(c)  (d) 

Figure 10. Galena flotation main effects and interaction plots: (a) main effects plot for galena recov-

ery; (b) interaction plot for galena recovery; (c) main effects plot for water recovery; (d) interaction 

plot for water recovery. 

By consulting the Pareto chart for standardized effects with respect to water and min-

eral yields, as well as water versus mineral yield plot (Figure 11), it could be concluded 

that pH is the most important parameter for mineral recovery, while temperature is the 

most significant factor for water recovery. 

Figure 10. Galena flotation main effects and interaction plots: (a) main effects plot for galena recovery;
(b) interaction plot for galena recovery; (c) main effects plot for water recovery; (d) interaction plot
for water recovery.



Minerals 2023, 13, 615 13 of 27

By consulting the Pareto chart for standardized effects with respect to water and
mineral yields, as well as water versus mineral yield plot (Figure 11), it could be concluded
that pH is the most important parameter for mineral recovery, while temperature is the
most significant factor for water recovery.
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3.1.2. Pyrite

Similar to galena flotation results, a model for pyrite flotation is significant, with
p-values approaching 0 and F-values considerably greater than F-critical (Table 5).

Table 5. General full factorial model summary for pyrite flotation responses (summary of ANOVA
for regression pyrite flotation model).

F-Value p-Value R2 R2
adj SD 1

γp γw
p γp γw

p γp γw
p γp γw

p γp γw
p

77.59 61.03 0.000 0.000 98.55% 98.16% 97.28% 96.55% 1.38 2.66

Notes: 1 SD—standard deviation.

Good regression model performance was confirmed as all R2 values were above
0.8 [44]. The standard deviations are also in the acceptable range, considering the objectives
of the test work.

From the equations of pyrite and water yields (Equations (25) and (26)), it could be
concluded that the mineral yield increases at low pH and temperature, whereas the water
recovery generally increases at higher pH and lower temperature, which is also confirmed
in Figure 12:

yPy
min = 10.538+ 0.138·b(pH9)− 0.138·b(pH11) + 12.463·b(T10) + 0.913·b(T20)

−5.863·b(T30)− 7.513·b(T40) + 2.813·b(pH9T10)− 0.537
·b(pH9T20)− 1.213·b(pH9T30)− 1.062·b(pH9T40)− 2.813
·b(pH11T10) + 0.537·b(pH11T20) + 1.213·b(pH11T30) + 1.062
·b(pH11T40)

(25)
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yPy
w = 25.444− 1.781·b(pH9) + 1.781·b(pH11) + 16.660·b(T10) + 8.830·b(T20)

−7.620·b(T30)− 17.870·b(T40) + 1.230·b(pH9T10)− 2.340
·b(pH9T20)− 0.790·b(pH9T30) + 1.910·b(pH9T40)− 1.230
·b(pH11T10) + 2.340·b(pH11T20) + 0.790·b(pH11T30)− 1.910
·b(pH11T40)

(26)
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Figure 12. Pyrite flotation main effects and interaction plots: (a) main effects plot for pyrite recovery;
(b) interaction plot for pyrite recovery; (c) main effects plot for water recovery; (d) interaction plot for
water recovery.

From the Pareto chart (Figure 13a), it can be seen that for pyrite and water recoveries,
the most important factor is temperature. For pyrite yield, the second most important
factor is the interaction between temperature and pH. For water recovery, the second most
important term is pH (Figure 13a). There is a relatively small impact of pH on water
recovery as well as an insignificant pH effect on mineral recovery for the pyritic pulp
system, which can be seen on the plot with mineral yields versus water recovery. In
contrast to galena flotation, for pyrite tests it is more difficult to distinguish pH lines on the
scatterplot (Figure 13b).
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p ); (b) water recovery versus pyrite

yield at different pH and temperatures.

3.1.3. Sphalerite

Sphalerite models also passed statistical significance and goodness of fit evaluation,
demonstrating high R2 values, F-values above critical, and p-values below the set threshold
(Table 6).

Table 6. General full factorial model summary for pyrite flotation responses (summary of ANOVA
for regression pyrite flotation model).

F-Value p-Value R2 R2
adj SD 1

γs γw
s γs γw

s γs γw
s γs γw

s γs γw
s

1337.60 401.17 0.000 0.000 99.91% 99.72% 99.84% 99.47% 0.95 0.98

Notes: 1 SD—standard deviation.

The regression models obtained for sphalerite yield (Equation (27)) followed a trend
like those of the regression equations for pyrite and galena: higher yields at lower pH
and temperatures. Water recovery (Equation (28)) in sphalerite flotation, like for galena,
followed a trend like that of mineral recovery, in terms of temperature effects (Figure 14):

ySph
min = 30.294+ 13.844·b(pH9)− 13.844·b(pH11) + 20.956·b(T10) + 6.731

·b(T20)− 4.294·b(T30)− 23.394·b(T40) + 12.206·b(pH9T10)
+1.981·b(pH9T20)− 2.744·b(pH9T30)− 11.444·b(pH9T40)
−12.206·b(pH11T10)− 1.981·b(pH11T20) + 2.744·b(pH11T30)
+11.444·b(pH11T40)

(27)

ySph
w = 25.944+ 0.531·b(pH9)− 0.531·b(pH11) + 19.681·b(T10) + 1.831·b(T20)

−5.944·b(T30)− 15.569·b(T40)− 1.906·b(pH9T10) + 1.694
·b(pH9T20) + 0.319·b(pH9T30)− 0.106·b(pH9T40) + 1.906
·b(pH11T10)− 1.694·b(pH11T20)− 0.319·b(pH11T30) + 0.106
·b(pH11T40)

(28)
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Figure 14. Sphalerite flotation main effects and interaction plots: (a) main effects plot for spha-
lerite recovery; (b) iInteraction plot for sphalerite recovery; (c) main effects plot for water recovery;
(d) interaction plot for water recovery.

For sphalerite flotation, the most important factor, based on the absolute t-values
provided on the Pareto chart, was pH. The contribution of temperature was also significant,
but slightly less than pH (Figure 15a). The mineral yield–water recovery plot looks similar
to that of galena: the lower the temperature, the larger deviation of mineral yields at
different pH (as observed from Figure 15b).
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3.2. Foam Stability Tests

The results of 32 foam stability tests are provided in Table 7.

Table 7. Foam stability central composite design results.

Run
Coded Variables Foam Stability Responses

x1 x2 x3 x4 x5 Hf, mm t 1
2 , s

1 −1 −1 1 1 1 33.1 2.7
2 0 0 2 0 0 15.1 2.6
3 0 0 0 0 0 12.3 1.6
4 −1 1 −1 1 1 32.3 2.7
5 0 0 0 0 0 12.5 1.6
6 0 0 −2 0 0 11.7 1.3
7 1 1 1 1 1 17.6 1.5
8 1 1 −1 −1 1 19.9 1.0
9 0 0 0 0 −2 5 0.0
10 −1 −1 −1 −1 1 30.4 2.4
11 1 −1 1 1 −1 8.9 1.1
12 1 −1 −1 1 1 13.9 1.0
13 −1 1 1 1 −1 10.8 2.2
14 2 0 0 0 0 11.1 1.0
15 1 1 −1 1 −1 7.9 1.2
16 0 0 0 0 0 11.2 1.6
17 0 2 0 0 0 17.4 1.6
18 −1 −1 1 −1 −1 9.7 2.3
19 0 0 0 0 0 13 1.6
20 0 0 0 2 0 14 1.3
21 0 −2 0 0 0 11.6 1.5
22 1 −1 −1 −1 −1 7.9 1.2
23 0 0 0 0 0 10.8 1.5
24 −1 −1 −1 1 −1 8.4 2.9
25 1 1 1 −1 −1 7.6 1.8
26 −1 1 1 −1 1 36 2.2
27 0 0 0 −2 0 12.9 2.0
28 −2 0 0 0 0 28.3 3.1
29 0 0 0 0 2 31 1.9
30 −1 1 −1 −1 −1 7.6 2.3
31 1 −1 1 −1 1 12.7 1.2
32 0 0 0 0 0 11.7 1.5

Response surface regression results and goodness of fit are summarized in Table 8.
The F-values observed for both models (responses) were above the F-critical value of 2.65
and, thus, meaning that under the considered confidence level of 95%, the model fits the
data better than a model without independent variables (intercept-only model).As can be
seen from the p-values calculated from the F-values, the models produced were statistically
significant under the assumption of a confidence interval of 95% (alpha = 0.05). Assuming
the null hypothesis is true and parameters of the models produced have no effect on
responses, there is only a 4.8% chance of achieving same level of variation in foam half-life
time, and a less than 0.001% chance of achieving the observed variations in foam heights,
which are both below the set alpha value. Therefore, there is sufficient statistical evidence
for the models being considered statistically significant.
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Table 8. Summary of CCD models’ goodness of fit and ANOVA.

F-Value p-Value R2 R2
adj SD 1

γs γw
s γs γw

s γs γw
s γs γw

s γs γw
s

1337.60 401.17 0.000 0.000 99.91% 99.72% 99.84% 99.47% 0.95 0.98

Notes: 1 SD—standard deviation.

The regression equations produced for foam half-life time and foam height in coded
units are presented in Equations (29) and (30), with statistically significant equation param-
eters provided in bold:

y
(

t 1
2

)
= 1.546 −0.5768x1 + 0.01x2 + 0.1166x3 − 0.0163x4 + 0.1414x5

+0.1554x2
1 + 0.0316x2

2 + 0.1329x2
3 + 0.0579x2

4 − 0.1214x2
5

+0.131x1x2 + 0.134x1x3 − 0.106x1x4 − 0.06x1x5
+0.044x2x3 − 0.031x2x4 + 0.001x2x5 − 0.059x3x4
+0.027x3x5 + 0.077x4x5

(29)

y
(

H f

)
= 11.96 −4.429x1 + 1.096x2 + 0.621x3 + 0.138x4 + 7.463x5

+1.902x2
1 + 0.602x2

2 + 0.327x2
3 + 0.34x2

4 + 1.477x2
5

+0.281x1x2 − 0.856x1x3 − 0.044x1x4 − 3.969x1x5
+0.031x2x3 − 0.381x2x4 + 1.044x2x5 + 0.481x3x4
−0.144x3x5 − 0.331x4x5

(30)

Factor-by-factor investigations using the t-test revealed important parameters of the
model; the results are displayed in Figure 16a. The level of aeration (Jg), water temperature
(T), pH, and MIBC dosage had a pronounced effect on foam stability, while SIPX dosage’s
t-value is below 2.2 (tcritical). An increase in Jg, pH, and MIBC dosage had a positive effect on
foam height, whereas temperature increase had a clear negative effect. Important two-way
interaction terms of the model are temperature × aeration, temperature × temperature,
aeration × aeration, pH × aeration, temperature × MIBC dosage, and pH × pH. As
for the foam half-life time, only one parameter was found to be statistically significant:
temperature. Similar to the foam height case, temperature had a negative impact on the
foam half-life time (as seen in Figure 16b).
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time.

From the contour plots (Figure 17), Jg appears to have an impact on the foam half-life
time at lower temperatures (at higher Jg, foam half-life was longer). However, this effect
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disappears as soon as temperature increases above 15 ◦C. Conversely, pH appears to have
more pronounced effect at extreme temperatures: at higher temperatures, pH increase
stabilizes foam, which is reflected by longer foam half-life. Regarding MIBC dosage, a clear
effect could be observed at higher temperatures (above 25 ◦C).
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From the foam height contour plots (Figure 18b) it can be observed that pH has a
similar impact on foam depth as foam half-life in pH-temperature coordinates: pH effect
is pronounced at elevated temperatures. However, the contour plot of foam height in
MIBC–temperature coordinates (Figure 18c) shows that MIBC does not significantly affect
foam height when the temperature is above 25 ◦C. Aeration–temperature pairing influences
foam height in a different way (as seen in Figure 18a): temperature has a limited influence
on the foamability at low Jg. The effect starts to be more pronounced only when Jg reaches
0.5 cm/s. Above this value, both factors have an approximately similar impact on foam
height, as suggested by the 45◦ contour line.
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3.3. Relationship between Foam Stability and Flotation Performance

As it derives from the loading plots (Figure 19), the performed PCA allowed more
than 85% of the total variability to be captured for all datasets by two principal components.
There is a common correlation pattern between temperature and foam stability parameters
(negative correlation with foam height and foam half-life) expressed by vectors facing in
the opposite directions. Flotation kinetics parameters (scale and shape of gamma model)
for all three minerals also exhibit negative correlation, but with pH. The positions of water
recovery vectors are close to the vectors explaining foam stability, indicating high correla-
tion. Regarding mineral yields, pyrite recovery is in good correlation with foam stability
parameters, while sphalerite recovery is closely related to flotation kinetics parameter.
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4. Discussion

Aeration is the most important factor for foam height. As the gas flow rate increases,
thicker foams are produced due to more bubbles accumulating [45], which increases the
volume and froth coefficient (a product of froth volume and froth stability in seconds).

Frother dosage is another important parameter for foam stability, proven by the
foam height results presented. MIBC adsorption at the air/water interface increases
electrostatic repulsion between bubbles, which retards the thinning of the liquid film. From
the perspective of disjoining pressure, such electrostatic repulsion creates positive pressure,
which stabilizes the foam [46].
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The aeration–pH interaction pair could be explained by aeration bubbles coming in
full contact with water and helping dissolved CO2 escape from the solution (outgassing).
A subsequent drop in carbonates concentration provokes pH increase [47].

The observed increase in foam height with pH (when pH is controlled by lime) corre-
lates well with the literature [48,49]. The suggested mechanism explaining the increased
stability is reduction of repulsive forces of bubbles and particles. This results in an increase
in ionic strength of the pulp and subsequent shrinkage of the double layer. The mechanism
has previously been confirmed by zeta potential measurements [50,51]. The increased
foam stability eventually translates into increased water recovery and solids entrainment.
Manipulation of lime dosages were also reported as a possible means of reducing frother
consumption [52]. In some cases, high salt concentration (such as that reported for Raglan
Mine in Canada [53]) in process water allows flotation to operate without frother.

Another significant interaction between factors which control foam height was tem-
perature and MIBC dosage. As seen from the Pareto chart (Figure 16a), the interaction is
negative, which could be explained by ease of MIBC evaporation, reflected by low flash
point (41 ◦C) [54]. In the industry, MIBC has been reported to evaporate directly from
flotation cells [55]. Thus, an increase in temperature speeds up MIBC evaporation, reducing
frother concentration in the system, which produces less stable and, hence, lower height
foam/froths.

The impact of aeration–temperature interaction on foamability could be explained
in several ways. Foamability was reported to decrease with an increasing gas solubility,
which is temperature dependent [56]. Another connection between aeration, temperature,
and foam height could be attributed to bubble size. An increase in aeration would increase
bubble sizes (which would impact foam drainage); however, an increase in temperature was
reported to decrease bubble size [57]. A decrease in bubble size in the froth phase may also
be observed in Section 3.1. The observed bubble sizes reported in this work decrease at the
beginning as a result of froth drainage and the subsequent bubble collapse. After reaching
a steady state (amounts of froth generated and collapsed become equalized), due to low
MIBC concentration in the flotation cell (by the frother reporting to the concentrates and
the flotation pulp being diluted by the addition of water), the bubble size starts to increase
again, indicating froth degradation with time. Concerning bubble size variations with
temperature, some research claims such size variations originate from the pulp phase [58]
whereas, in other sources, it has been claimed that in thicker foams, bubble sizes are larger
as a result of the processes occurring in the foam zone (coalescence) [59]. Most probably,
both mechanisms take place, to a different extent depending on the flotation conditions.

For another froth stability parameter—half-life—only temperature was found to be
statistically significant. Interestingly, MIBC dosage did not play a critical role for foam
stability. This can be explained by the fact that the operating conditions for the tests
were above or close to the critical coalescence concentration (around 10 ppm) reported
for MIBC in various sources [31,32,60–63]. This indicates that there was a negligibly low
effect or no effect of the tested dosages on bubble size variation and hence, derived foam
stability/instability.

As for the flotation tests, it could be seen from the plots that the largest yields and
fastest flotation kinetics were observed for galena, followed by sphalerite and pyrite.
This could be attributed to galena being more electrochemically active than pyrite and
adsorbing more collector [64]. Moreover, simulations of water molecule adsorption on
pyrite and galena surfaces revealed that pyrite is generally more hydrophilic, which was
confirmed by contact angle measurements (approximately 50◦ for galena compared to 20◦

for pyrite) [65,66]. Sphalerite normally has an inert surface due to a broad band gap which
prevents oxygen and xanthate adsorption and renders it poorly floatable in the inactivated
state [67,68]. Activated sphalerite, on the contrary, has contact angles closer to the ones
observed for galena [69]. In this work, based on the flotation results and mineralogical
composition of sphalerite sample, it may be suggested that a certain degree of sphalerite
activation occurred, most probably due to the presence of galena (as shown in Table 1).
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Regarding the impact of temperature on water recovery and mineral yields, from
Figures 11, 13 and 15, it can be concluded that only the galena plot clearly exhibited Rind
fraction of the feed, the flotation of which is independent from water recovery. Higher
correlations of mineral yields and water recoveries observed for pyrite and sphalerite
compared to galena could be attributed to lower mineral densities for the first two minerals
(5 and 4.1 g/cm3, respectively, versus 7.6 g/cm3) [70], which makes their drainage from the
froth less efficient.

As mentioned in the Introduction, particles are known to enhance foam stability.
However, for understanding the fundamental aspects of froth stability, the demonstrated
correlations between flotation (three-phase system), and foam stability tests (two-phase
system) help to better understand the behavior of the froth flotation process, without
masking the impact of individual factors by a strong stabilizing effect of particle presence.
As the next research step, froth stability tests will be performed to investigate the extent of
foam stabilization with particles. In addition, it should be emphasized that the design of
the experiment was used in the research for understanding and explaining flotation and
foam stability systems, rather than for optimizing the responses.

5. Conclusions

Mono-mineral flotation tests revealed higher yields at colder temperatures. Flotation
rate, on the contrary, was faster at elevated temperatures, which could be explained by
smaller bubbles and chemical aspects of flotation. Foam height and half-life were found to
be inversely correlated to temperature, while foam height, lime, frother dosages, as well as
aeration were found to have a positive impact. The principal component analysis helped
to determine that, for all tested minerals, flotation rate model parameters are inversely
related to pH, while water recovery was found to be strongly correlated with foam height
and half-life. Overall, it may be concluded that froth varies with temperature, which
substantially impacts the concentrate grade and mineral yield in flotation plants.
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Nomenclature

Symbol Description Units
RG is the recovery of fine gangue
eG is a gangue material constant
Rw is water recovery
Rind is the model’s extrapolated intercept on the recovery axis
eM is the entrainment factor for the mineral of interest
ε f is air holdup
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A is cross-sectional area of the froth phase (dm2)
Qa is the rate of air flow passing though the froth zone (L/min)
α is the fraction of the froth that reports to the concentrate
V is water drainage rate (m/s)
h is the liquid film thickness (m)
∆P is the difference between hydrostatic pressure and disjoining pressure (N/m2)
µ is continuous phase dynamic viscosity (Pa·s)
r is bubble radius (m)
β0 and β1 are empirical constants
T is the temperature (K)
Rcw is water recovery from pulp zone to froth zone
R f w is water recovery from froth phase to the concentrate
H f is froth (foam) height (dm)
τf is the residence time (min)
θ0 is intercept at zero froth height
θ1 is the gradient of the flotation rate constant versus froth height plot
k is the flotation rate constant
P is ore floatability parameter
Sb is bubble surface area flux (s−1)
R f is froth recovery
c is a froth parameter
t 1

2 is froth half-life (s)
p is a shape factor of gamma distribution
λ is a scale factor of gamma distribution
ϕ(K) is probability density function of flotation rate constant distribution
K is flotation rate constant
Γ(p) is Euler’s gamma function
R̂(t) is modeled recovery at time t
R(t) is experimental recovery value at time t
R∞ is infinite recovery
η is characteristic life (scale factor)
β is Weibull slope (shape parameter)
F(t) is failure distribution function
Dmax

b (t) is the diameter of the top bubble on the froth surface (cm)
Dmax

b(eq) is an “equilibrium” top bubble size in the plateau area of the “Bathtub” curve (cm)

B(a, b, t) is beta distribution of Weibull shape parameter,
a and b are beta distribution shape parameters
y is the kth response of the second-order model (polynomial)
b0 is an intercept of the second-order model (polynomial)
bi is the second-order model equation linear term coefficient
bii is the second-order model equation cubic term coefficient
bij is the cross-product coefficient of the second-order model
xi and xj are the variables of the second-order model
n is the number of variables
ε is a residual (error)
Fh(t) is foam height at time t (mm)
Fh(eq) is equilibrium foam height (mm)
m is foam height reduction after reaching a peak at the beginning of the test (mm)

(difference between Fh(t) and Fh(eq))
d is the foam height decay constant
→
X and

→
Y is a pair of variable/response vectors compared

N is the number of points
µX and µY are the mean values
Xi and Yi are individual points in the respective vectors
λi are eigenvalues
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I is the identity matrix
→
v i are eigenvectors
V is a matrix of normalized eigenvectors
Z is a matrix with scores
M is a matrix with standardized original data
γg is galena flotation yield
γp is pyrite flotation yield
γs is sphalerite flotation yield
γw

g is water recovery during galena flotation
γw

p is water recovery during pyrite flotation
γw

s is water recovery during sphalerite flotation
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