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Abstract: Ion-adsorption-type rare-earth ores (IATREOs) that have experienced granite weathering
have good permeability, and their leaching process involves the solute transport problem, which
is dominated by convection. Because of the oscillation and dispersion errors of existing numerical
methods for solving the convective-dominated solute transport equation, the results have low
precision in the twin leaching process. In this paper, the convection–dispersion equation is decoupled
into the dispersion equation, the convection equation, and the source-sink equation; the
Crank–Nicolson and implicit difference methods are used to solve the dispersion equation and
the source-sink equation, respectively. The solution of the convection equation is achieved on the
basis of its physical interpretation. Therefore, a decoupling method for the convective-dominated
solute transport equation is established. In comparison to the two examples with analytical solutions,
the calculation errors of the method established in this paper are less than 2.00%, and it can solve the
oscillation and dispersion problems. The rationality of the method is further demonstrated through
the column leaching experiment of IATREOs. In comparison to the test results, the coefficients of
determination of the breakthrough curves of rare-earth ions and ammonium ions calculated by the
proposed method are all greater than 0.850, and the peak concentration error of rare-earth ions is
less than 7.00%. This indicates that the proposed method can simulate the leaching process well.
Furthermore, by combining the multiple/half method and the dichotomy method, an optimization
method for determining the leaching agent amount was established to analyze the relationship
between the leaching agent and the ratio of dispersion to pillar length. The results can provide a
solution that can be used to mine IATREOs from experience to theory.

Keywords: ion-adsorption-type rare-earth ores; numerical simulation; solute transport; convective-
dominated

1. Introduction

Medium and heavy rare-earth ores are crucial for high-precision products, and they
are mainly obtained from ion-adsorption-type rare-earth ores (IATREOs) [1,2]. The leaching
process of IATREOs can be divided into two processes: the exchange process, where the
cations in the leaching agent solution undergo an ion exchange reaction with the cations
adsorbed on the surface of the mineral soil particles [3–5], and the transport process, where
the ions in the solution move down with the flow of water [4,6]. It can be seen that
ionic rare-earth leaching is an issue of solute transport, and its twin model can be built
by using the leaching solute transport theory [7–9]. Guo et al. [10] reviewed the solute
transport mechanism of the ionic rare-earth leaching process. Long et al. [11] used the
revealed difference method to solve the convection–dispersion equation to simulate the
leaching process. Liu et al. [12] studied the seepage–reaction–stress-coupled simulation in
the leaching process of IATREOs based on the solute transport module of COMSOL. The
theory of solute transport based on convection and dispersion has been established. When
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convection is dominant, existing numerical methods are prone to introduce oscillation
and dispersion errors, resulting in poor accuracy [13,14]. Therefore, establishing a high-
precision solution to the convection-dominated solute transport equation is crucial to
ensure the comprehensive application of the solute transport theory in leaching IATREOs.

A significant amount of research has been conducted to find a numerical solution
to the convective-dominated solute transport problem; several methods, including the
Euler method, Lagrange method, and Euler–Lagrange method, have been proposed. Based
on the conventional numerical results, the Euler method [15,16] increases the numerical
dispersion coefficient and revises the calculation results, which reduces the oscillation and
dispersion of the calculation results to a certain extent. However, this method increases
the complexity of differential decomposition, leading to the large computation burden
of 2D and 3D problems [17]. Further, the Lagrange method transforms the coordinate
system. When the motion of the coordinate system is the same as the convective motion,
the problem of convection–dispersion motion is transformed into the problem of solute
dispersion in the Lagrange coordinate system. The results show that the Lagrange method
weakens the oscillation and dispersion of the calculated results. Similar to the Euler method,
the Lagrange method also suffers from issues regarding large computational burdens and
long calculation times, making it difficult to solve the 3D solute transport equation [18,19].
The Euler–Lagrange method proposes a series of improved algorithms [20,21] on the basis
of introducing the characteristic line method into the calculation of the solute transport
equation [22]. The results show that the Euler–Lagrange method and its improved algo-
rithm can obtain ideal results by adopting low-price interpolation near non-steep peak
surfaces. However, near steep peak surfaces, using low-price interpolation still leads to
numerical dispersion [23]. Although significant research has been conducted to find a
numerical solution to the convection-dominated solute transport equation, most methods
have certain limitations, and the oscillation and dispersion problems of numerical solutions
must still be solved.

The convection-dominated solute transport equation is prone to oscillation and disper-
sion problems, mainly because of the convection term. For the pure convection equation,
there is an accurate solution. Therefore, the convection equation can be decoupled from
the solute transport equation, and the existing accurate solution can be used to solve the
convection equation so as to improve the solution accuracy of the convection–dispersion
method. Based on this idea, the solute transport equation is decoupled into the dispersion
equation, convection equation, and source-sink equation, and a decoupling method for
the convection-dominated solute transport equation is established. The rationale of the
proposed method was verified through theory and experimentation, and it was applied to
determine the optimal amount of leaching agent.

2. Experimental
2.1. Ore Samples

Ore samples were taken from an ion adsorption rare-earth mine in Xinfeng, Jiangxi
Province. All of the samples were air-dried in a ventilated environment and then sealed.
The rare-earth partition was obtained through inductively coupled plasma mass spectrom-
etry (ICP-MS) at the Center of Analysis and Testing at Jiangxi University of Science and
Technology. The results are shown in Table 1; the relative molecular mass of rare-earth
ions and rare-earth oxides was determined using a method of weighted averages, and the
calculation formulas are Equations (1) and (2), respectively. The valence state of rare-earth
ions can also be calculated from the rare-earth partition table through conducting weighted
average calculations (Equation (3)).

MRE =
15

∑
p=1

np M2
RE,pαp/MREO,p

15
∑

p=1
np MRE,pαp/MREO,p

(1)
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MREO =
15

∑
p=1

αp MREO,p (2)

a =
15

∑
p=1

npaRE,pαp/MREO,p
15
∑

p=1
npαp/MREO,p

(3)

where MRE is the relative molecular mass of the rare-earth ions; MREO is the relative
molecular mass of the rare-earth oxides; p = 1, 2, 3, . . . , 15 represent La, Ce, Pr, . . . , Y,
respectively; np is the atomic number of the rare-earth element in a rare-earth oxide; αp
is the amount of a certain rare-earth oxide in the total amount of rare-earth oxide as a
percentage, as shown in Table 1; MRE,p and MREO,p are the relative molecular masses of
a certain rare-earth ion and a rare-earth oxide, respectively; a is the average valence of
rare-earth ions; aRE,p is the valence of the corresponding rare-earth ion, i.e., when p = 1, the
rare-earth ion is a Lanthanum ion, as aRE,p = 3.

Table 1. Rare-earth partitioning of the ion-exchangeable phase of ore samples (wt%).

Component La2O3 CeO2 Pr6O11 Nd2O3 Sm2O3

Cotent 22.73 15.54 5.08 20.71 4.9

Component Eu2O3 Gd2O3 Tb4O7 Dy2O3 Ho2O3

Cotent 0.93 3.96 0.65 3.18 0.67

Component Er2O3 Tm2O3 Yb2O3 Lu2O3 Y2O3

Cotent 1.86 0.33 1.55 0.29 17.63

2.2. Grade Experiment of Ore Samples

Air-dried ore samples (0.05 kg) were poured into a glass funnel using moderate-speed
filter paper (pore size 30–50 µm). Next, 0.30 L of (NH4)2SO4 solution ((NH4)2SO4 in the
paper is the analytical reagent), with a concentration of 20 g/L, was added into the funnel
each time. A measuring cylinder of 0.50 L was placed at the bottom of the funnel. The
process of the experiment is shown in Figure 1. The volume of the leaching solution
was measured and denoted as VRE,j. The concentration of rare-earth ions in the leaching
solution was measured using the xylenol orange EDTA volumetric method [24], and this is
denoted as cRE,j. Then, the grade of the ore sample was calculated using Equation (4). The
detailed testing process was based on the experimental protocol of Long et al. [25].

εRE =

MREO
J

∑
j=1

VRE,jcRE,j

2MREms
(4)

where εRE is the grade of the ore sample in g/kg; j is the amount of collected solution, j = 1, 2,
. . . , J, where J is the total amount of liquid collected; VRE,j is the volume of the leaching solution,
L; cRE,j is the concentration of rare-earth ions in g/L; ms is the mass of the ore samples in kg.
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2.3. Ion Exchange Equilibrium Experiment

Five kg of the ore samples were sieved using a GZS-1 high-frequency vibrating screen
machine (made by Zhejiang Dedong Motor Co., Ltd., Taizhou, China, the aperture was
0.3 mm). Percentages of the ore samples (0%, 10%, and 15%), which were smaller than
0.3 mm, were added into three 10.00 kg raw ore samples, then they were mixed well, and
they were recorded as M0, M10, and M15, respectively.

The M0 ore sample (0.05 kg) was placed into nine centrifuge bottles. The (NH4)2SO4
solution (0.30 L), at various concentrations of 3, 4, 6, 8, 10, 13, 15, 18, and 20 g/L, was added
into nine centrifuge bottles. All of the bottles were first put into an 85-2A magnetic stirrer
(made by Changzhou Yuexin Instrument Manufacturing Co., Ltd., Changzhou, China), and
the temperature was set at 30 ◦C, oscillated for 2 h, and then left to stand for 30 min. The
medium-speed filter paper was used for the solid–liquid separation. The concentration of
rare-earth ions in the leachate was measured by using the xylenol orange EDTA volumetric
method. The ion exchange equilibrium test procedure for the M10 and M15 samples was
the same as that which is mentioned above. The process of the ion exchange equilibrium
experiment is shown in Figure 2.
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2.4. Column Leaching Experiment

The column leaching experiment of the M0 ore sample used taken as an example. The
ore sample was turned into a wet ore sample with a mass moisture content of 10.0%. The
ore pillar height was set to 0.20 m, and the void ratio was set to 1.0. A wet permeable stone
was placed in a PVC pipe with a height of 0.30 m and an inner diameter of 0.075 m. Next, a
filter paper was placed on the permeable stone, and a layer of coarse sand, with a thickness
of 0.03 m, was evenly laid on the filter paper. The ore pillar was loaded in four layers,
with an average thickness of 0.05 m, and it was scratched between the layers. After the ore
pillar step was completed, a filter paper was placed on the top, and an overflow pipe was
installed at 0.03 m above the filter paper. A BSZ-16 automatic liquid collector (made by the
Shanghai Qingpu-Huxi Instruments Factory, Shanghai, China) was placed at the bottom of
the ore pillar to collect the leachate. The column leaching test device is shown in Figure 3.

First, 132.53 mL (produced by AKDL-II-20 ultrapure water machine and made by
Chengdu Aike Water Treatment Equipment Co., Ltd., Chengdu, China) of deionized water
was added to the ore pillar, and the BT101L peristaltic pump (made by Balding Lead Fluid
Technology Co., Ltd., Baoding, China) was used to continuously inject deionized water
into the ore pillar. When the relative error between the injected quantity and outflow of
deionized water was less than 1%, the deionized water was quickly replaced by (NH4)2SO4,
with a concentration of 20 g/L; this moment was taken as the start time of the column
leaching test. The volume of leaching solution collected was measured each time, and the
concentrations of rare-earth ions, ammonium ions, and sulfate ions in the leaching solution
were measured using the xylenol orange EDTA volumetric method, Nessler’s reagent
spectrophotometer method [26], and Eriochrome black T EDTA titration method [27]. The
leaching test for the M10 and M15 samples was the same as that are those mentioned above.
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3. Modelling
3.1. Ion-Exchange Equilibrium Model

The leaching agent cationic desorption of IATREOs is a solid–liquid ion exchange
process, whose reaction equation can be expressed by Equation (5) [8,28]. The Kerr model is
usually used to describe the ion exchange equilibrium process of leaching IATREOs [29,30],
and it is expressed as Equation (6).

REXa + aNH+
4 ↔ aNH4X + REa+ (5)

K =
(qNH)

acRE

qRE(cNH)
a (6)

where RE represents the rare-earth ions; NH represents the ammonium ions; X represents the
clay minerals, X = Al2Si2O5(OH)4; q is the solid phase ion concentration in g/kg; c is the liquid
phase ion concentration in g/L; K is the ion exchange selectivity coefficient in (L/kg)a−1.

Before and after leaching, the leaching agent cations and rare-earth ions should satisfy
the law of conservation of mass, and the number of adsorption sites on the ore surface
should remain conserved [25,31]; Equations (7)–(9) can then be obtained. Equations (7)–(9)
can be substituted into Equation (6) such that the relational formula between the cation
concentration of the added leaching agent and the leached rare-earth ion concentration can
be obtained, as shown in Equation (10). Taking the ion exchange selection coefficient as
a basic unknown quantity, the ion exchange selectivity coefficient of the ore sample was
determined by fitting the data of the ion-exchange equilibrium experiment in Section 2.3
with Equation (10).

cNH = c0
NH +

aMNH
(
c0

RE − cRE
)

MRE
(7)

qRE = q0
RE +

(
c0

RE − cRE

)VL

ms
(8)

qNH = q0
NH −

(
c0

RE − cRE

) aMNHVL

MREms
(9)

K =

[
q0

NH −
(
c0

RE − cRE
) aMNHVL

MREms

]a
cRE[

q0
RE +

(
c0

RE − cRE
)VL

ms

][
c0

NH +
aMNH(c0

RE−cRE)
MRE

]a (10)
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where the superscript 0 represents the ion concentration before leaching, and
q0

RE = 2εREMRE/MREO; MNH is the relative molecular mass of ammonium ions; VL is
the volume of the added leaching agent solution in L.

3.2. Solute Transport Parameters Determination

When sulfates are used as leaching agents in the column leaching experiment, the
adsorption of sulfate ions by mineral samples is always weak or non-existent [32]. In
the process of leaching, sulfate ions are regarded as being non-reactive solutes. Under
constant concentration boundary conditions, the average pore velocity and hydrodynamic
dispersion coefficient of the ore pillars [13] can be determined by Equations (11) and (12),
respectively, according to their relative concentration cR

SO (cR
SO = cSO/ca

SO; cSO is the con-
centration of sulfate ions in the leachate and ca

SO is the concentration of sulfate ions in the
leaching agent) breakthrough curve of the sulfate ions.

u =
L

t0.5
(11)

D =
1
8

(
L− ut0.16√

t0.16
− L− ut0.84√

t0.84

)2
(12)

where u is the average pore velocity in m/d; D is the hydrodynamic dispersion coefficient
in m2/d; D = αu, where α is the dispersion in m; L is the length of the soil column in m;
t0.16, t0.5, and t0.84 are the corresponding times when cR

SO = 0.16, cR
SO = 0.5, and cR

SO = 0.84,
respectively, in the relative concentration breakthrough curve of sulfate ions, d.

3.3. Decoupling Method

Taking the Kerr model as the source-sink term, the convection—dispersion equation
is used to describe the one-dimensional ionic rare-earth leaching process. The migration
process of cations in the ore pillar can be expressed by Equation (13). The fixed solution
conditions of the column leaching experiment in Section 2.4 are described by Equation (14).

∂cA

∂t
= D

∂2cA

∂z2 − u
∂cA

∂z
+ IA (13)


cA(t ≥ 0, z = 0) = ca

A
cA(t = 0, z > 0) = c0

A
qA(t = 0, z > 0) = q0

A
∂cA(t≥0, z=L)

∂z = 0

(14)

where A represents the ions migrating in the ore pillar, where A = RE, SO, or NH; t is
time in d; z is the vertical coordinate; m is the positive direction vertically downwards;
IA is the source and sink term of the ion, which is described by the Kerr model; ca

A is the
concentration of A ions in the leaching agent; c0

A and q0
A are the concentrations of A ions in

the liquid and solid phases before leaching, respectively.
It is assumed that, in the ore pillar, the interactions between the dispersion, convection,

and ion exchange of the ions is small, and it can be ignored. That is, at a certain moment,
the ion migration process can be decoupled into three independent processes: diffusion,
convection, and source-sink term processes. The dispersion equation and the convection
equation are shown in Equations (15) and (16), respectively. Equation (15) is an ellipse
equation, which yields high-precision results through the conventional numerical method.
In this paper, the Crank–Nicolson difference method is used to solve Equation (15), and the
result is Equation (17). Equation (16), which is a hyperbolic equation, and its corresponding
numerical form are unconditionally unstable [13], therefore, the calculation results are poor.
Equation (16) represents the pure convection equation, which can be calculated through its
physical process. The characteristics of the pure convection process are as follows: if the
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ion concentration at time t and position x is ck
i , after time interval ∆t, the ion concentration

at position x + u∆t is also ck
i , and Equation (16) can be calculated using Equation (18).

∂c̃A

∂t
= D

∂2 c̃A

∂z2 (15)

∂cA

∂t
= −u

∂cA

∂z
(16)

− D∆t
∆z2 c̃A|k+1

i−1 +

(
1 +

2D∆t
∆z2

)
c̃A|k+1

i − D∆t
∆z2 c̃A|k+1

i+1 = cA|ki (17)

cA|k+1
i+g = c̃A|ki (18)

where c̃ and c denote the ion concentrations under diffusion and convection, respectively;
k and i are time and coordinate nodes, respectively, where k = 0, 1, 2, . . . , Nk and i = 1, 2,
. . . , Ni − 1; ∆t and ∆z are the time and coordinate steps, respectively; g is a positive integer,
g = u∆t/∆z.

The specific calculation steps for the convection–dispersion equation are as follows:
(1) When k = 0, considering the influence of the diffusion process, the ion concentration
distribution c̃A|1i at different positions can be obtained through Equation (17). (2) On the basis
of the dispersion process, considering the influence of the convection process, the concentration
distribution of the example in step (1) is corrected by Equation (18) to be c̃A|1i . (3) On the basis
of steps (1) and (2), considering the source-sink process, the Kerr model of the column leaching
process is shown in Equation (19), and the concentration distribution of rare-earth ions in the
liquid phase can be determined by using Equation (19). (4) The concentration distribution of
the liquid phase leaching agent cations, solid phase rare-earth ions, and solid phase leaching
agent cations are obtained by substituting the concentration distribution of the liquid phase
rare-earth ions into Equations (20)–(22). (5) Analogously, the concentration distribution
of liquid phase rare-earth ions, solid phase rare-earth ions, liquid phase leaching agent
cations, and solid phase leaching agent cations at different times can be obtained. A flow
chart of the calculation process is shown in Figure 4.

K =

[
qNH|ki −

(
cRE|k+1

i − cRE|k+1
i

)
aMNHVL
MREms

]a
cRE|k+1

i[
qRE|ki +

(
cRE|k+1

i − cRE|k+1
i

)
VL
ms

][
cNH|k+1

i +
aMNH

(
cRE|k+1

i − cRE|k+1
i

)
MRE

]a (19)

cNH|k+1
i = cNH|k+1

i +
aMNH

(
cRE|k+1

i − cRE|k+1
i

)
MRE

(20)

qRE|k+1
i = qRE|

k+1
i +

(
cRE|k+1

i − cRE|k+1
i

)VL

ms
(21)

qNH|k+1
i = qNH

∣∣k+1
i −

(
cRE|k+1

i − cRE|k+1
i

) aMNHVL

MREms
(22)

where VL/ms = θ0(1 + e)/ρs, θ0 is the volumetric water content of the ore pillar, in m3/m3;
e is the pore ratio of the ore pillar; ρs is the density of soil particles, which is taken as
ρs = 2700 kg/m3 in this paper.



Minerals 2023, 13, 89 8 of 16

Minerals 2023, 13, x FOR PEER REVIEW 8 of 17 
 

 

concentration distribution of the example in step (1) is corrected by Equation (18) to be 
1

A i
c . (3) On the basis of steps (1) and (2), considering the source-sink process, the Kerr 
model of the column leaching process is shown in Equation (19), and the concentration 
distribution of rare-earth ions in the liquid phase can be determined by using Equation 
(19). (4) The concentration distribution of the liquid phase leaching agent cations, solid 
phase rare-earth ions, and solid phase leaching agent cations are obtained by substituting 
the concentration distribution of the liquid phase rare-earth ions into Equations (20)–(22). 
(5) Analogously, the concentration distribution of liquid phase rare-earth ions, solid phase 
rare-earth ions, liquid phase leaching agent cations, and solid phase leaching agent cations 
at different times can be obtained. A flow chart of the calculation process is shown in 
Figure 4. 

( )

( ) ( )

1 1 1NH L
NH RE RE RE

RE s

1 1
NH RE RE11 1 L

RE RE RE NH
s RE

a
k k k k

i i ii

ak k

i ikk k k

i i i i

aM Vq c c c
M m

K
aM c cVq c c c

m M

+ + +

+ +

++ +

 
− − 

 =
 −   + − +       

 
(19)

( )1 1
NH RE RE1 1

NH NH
RE

k k

i ik k

i i

aM c c
c c

M

+ +

+ +
−

= +  (20)

( )1 1 1 1 L
RE RE RE RE

s

k k k k

i i i i

Vq q c c
m

+ + + += + −  (21)

( )1 1 1 1 NH L
NH NH RE RE

RE s

k k k k

i ii i

aM Vq q c c
M m

+ + + += − −  (22)

where VL/ms = θ0(1 + e)/ρs, θ0 is the volumetric water content of the ore pillar, in m3/m3; e 
is the pore ratio of the ore pillar; ρs is the density of soil particles, which is taken as ρs = 
2700 kg/m3 in this paper. 

 

Start

k  = 0

Dispersion equation

1
A

Calculate ion concentration 

     in liquid phase  k

i
c +

Convection equation

k<Nk−1

End

No

Yes

k = k+1

Conservation of mass and 
Conservation of adsorption site 

Source-sink equation   

1 1 1
NH RE NHCalculate andk k k

i i i
c q q+ + +

,

1
A

Correct ion concentration 

   in liquid phase k

ic +

1
A

Secondary correct ion concentration 

           in liquid phase k

ic +

Figure 4. Flow chart of the decoupling method.

4. Results and Discussion
4.1. Relative Molecular Weight and Valence of the Rare-Earth Ions

From the distribution data shown in Table 1, the proportions of Y2O3 and Eu2O3
are found to be 0.93% and 17.63%, respectively; this indicates that the test ore samples
are of the medium yttrium and rich europium types. Using Equations (1) and (2), the
relative molecular masses of the rare-earth ions and rare-earth oxides were calculated to be
135.9 and 331.77 g/mol, respectively. The average valence of the rare-earth ions calculated
by Equation (3) is +3.19.

4.2. Grades of Ore Samples

The grades of all ore samples are shown in Figure 5, and they were analyzed through
Equation (4). The grades of the M0 ore sample in parallel tests were found to be 1.25, 1.24,
and 1.26 g/kg, respectively; those of the M10 sample were 1.28, 1.27, and 1.30 g/kg, and
those of the M15 sample were 1.35, 1.31, and 1.30 g/kg, respectively. The cv (variation
coefficients) of the test results for the M0, M10, and M15 samples are 0.80%, 1.74%, and
1.40%, respectively, which are all less than 5.00%, indicating that the grade experiment
has good repeatability. The average value of three parallel tests was taken as the grade of
the sample, therefore, the grades of the M0, M10, and M15 ore samples are 1.25, 1.28, and
1.32 g/kg, respectively.

4.3. Ion Exchange Selectivity Coefficient

The results for the ion-exchange equilibrium experiment are shown in Figure 6. When
one is increasing the cation concentration of the leaching agent, the rare-earth ion con-
centration in the leachate first increases and then stabilizes. By taking the ion exchange
selection coefficient K as the basic unknown quantity, the data in Figure 6 were fitted using
Equation (10), and the K values of M0, M10, and M15 are 3.21 × 10−2, 1.77 × 10−2, and
1.56 × 10−2 (L/kg)2.19, respectively. By taking cRE as the basic unknown quantity and
substituting the result of the K value into Equation (10), the relationship curve between
the ammonium ion concentration of the added leaching agent and the rare-earth ion con-
centration of the leachate was obtained, and it has been plotted in Figure 6. Further, the
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coefficients of determination between the fitting results and experimental values are 0.984,
0.992, and 0.987, respectively. It can be seen that the Kerr model can better describe the ion
exchange process.
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4.4. Determining u and D

The relative concentration breakthrough curves of the sulfate ions for M0, M10, and
M15 are shown in Figure 7. According to the figure, the values of t0.16, t0.5, and t0.84 were
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obtained, as listed in Table 2. According to Table 2, u and D of the three pillars were
obtained using Equations (11) and (12), respectively. The results are also listed in Table 2.
The Peclet numbers (Pe = uL/D) of the three pillars are 208, 227, and 327, respectively. It
can be seen that the leaching process of the three pillars was convection dominated.
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Table 2. u and D of M0, M10, and M15.

Parameters M0 M10 M15

t0.16 (d) 1.34 1.94 2.48
t0.5 (d) 1.51 2.10 2.72
t0.84 (d) 1.63 2.34 2.90
u (m/d) 1.32 × 10−1 9.52 × 10−1 7.35 × 10−1

D (m2/d) 1.27 × 10−4 0.84 × 10−4 0.45 × 10−4

4.5. Model Verification
4.5.1. Theoretical Verification

The two examples in the study by Mei et al. [33] were used to verify the rationality of
the method proposed in this paper. The parameters in Example 1 are L = 120 m, u = 2 m/d,
and D = 0.04 m2/d, the ions are non-reactive ions, and the concentration of injected
agent was always 1.00 g/L. The parameters of Example 2 are L = 120 m, u = 2 m/d, and
D = 0.04 m2/d, the ions are non-reactive ions, the change in the ion concentration with the
coordinates at the initial time is shown in Equation (23), and the concentration of injected
agent was always 0.00 g/L. The analytical solutions of Example 1 and Example 2 are
Equation (11) and Equation (24), respectively. At the initial time, the solid phase rare-earth
ion concentration, solid phase ammonium ion concentration, and liquid phase rare-earth
ion concentration were set to 0, while the ammonium ion breakthrough curves at time
t = 25 d were calculated by using the decoupling method under the two example parameters,
as shown in Figure 8. The results of the analytical solution and the upstream weighting
method (with a weighting factor of 0.8877) have also been plotted in Figure 8.

c(t = 0, z ≥ 0) = exp

[
− (z− z0)

2

2σ2
0

]
(23)

c(t, x) =
σ0√

σ2
0 + 2Dt

exp

[
− (z− z0 − ut)2

2σ2
0

]
(24)

where z0 = 20 m and σ0 = 8 m.
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For Example 1 and Example 2, when the weighting factor is taken as 0.8877, the
calculation results of the upstream weighting method exhibit no oscillation phenomena.
However, in comparison to the analytical solution, in the area where the concentration
changes greatly (Example 1: z ∈ [40, 60] and Example 2: z ∈ [40, 100]), the calculation
result of the upstream weighting method is smoother, indicating that when the weight-
ing coefficient is 0.8877, and the upstream weighting method can resolve the oscillation
problem, but the dispersion phenomenon cannot be avoided. The calculation results of
the proposed method agree well with the analytical solutions. The average relative error
(Equation (25)) was used to quantify the accuracy of the calculation results. The average
relative errors of Example 1 and Example 2 are 0.14% and 1.92%, respectively. It follows
that the proposed method mitigates the oscillation and dispersion problems when one is
solving the convection-dominated solute transport equation.

ξ =

∫ L
0 |cAna − cDec|dz∫ L

0 cAnadz
× 100% (25)

where ξ is the average relative error, cAna is the analytical solution of the breakthrough
curves, and cDec is the breakthrough curve calculated by the proposed method.

4.5.2. Experimental Verification

The breakthrough curves of the column leaching experiments for the three samples
are shown in Figure 9. At the end of the test, the volumetric water content of the M0,
M10, and M15 pillars were 0.426, 0.428, and 0.445, respectively. In combination with the
basic parameters measured above—the volume water content, RE grade, ion exchange
selectivity coefficient, u, and D—the proposed method in Section 3.3 was used to simulate
the IATREOs leaching process, and the breakthrough curves of ammonium ions and rare-
earth ions were then obtained, as shown in Figure 9. The breakthrough curve calculated by
the upstream weighting method has also been plotted in Figure 9. Table 3 shows the peak
concentration, error, and coefficient of determination between the calculated results and
the test results.

From Table 3, it can be seen that for the breakthrough curve of rare-earth ions, the
upstream weighting method is negatively correlated with the test results, and the peak
concentration error exceeds 45.00%, while the determination coefficients of the proposed
method are all greater than 0.850, and the peak concentration error is less than 7.00%. For
the breakthrough curves of the ammonium ions, the coefficients of determination of the
upstream weighting method and the proposed method in this paper are all greater than
0.900. The results of the upstream weighting method show that the breakthrough curve of
the rare-earth ions cannot be accurately predicted when the dispersion error is introduced
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into the solution algorithm. Further, the proposed method can simulate the rare-earth
leaching process well.
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Figure 9. Breakthrough curves of ammonium ions and rare-earth ions: (a) M0, (b) M10, and (c) M15.

Table 3. Parameter comparison between the test and calculation results.

Ore Samples Method
Peak Concentration Coefficient of Determination

Value (g/L) Error (%) Rare-Earth Ion Ammonium Ion

M0
Experimental data 11.81 - - -

Upstream weighting 6.25 47.08 0.726 0.977
Proposed method 11.32 4.15 0.930 0.989

M10
Experimental data 11.28 - - -

Upstream weighting 5.72 49.29 0.525 0.947
Proposed method 10.58 6.21 0.859 0.951

M15
Experimental data 12.06 - - -

Upstream weighting 6.15 45.48 0.314 0.935
Proposed method 11.49 1.86 0.881 0.969

4.6. Optimization of Leaching Agent Consumption

The injected leaching agent concentration ca
NS, the target rare-earth leaching rate

ηaim, and the tolerance σ are given. Assuming that m0
inj (the amount of leaching agent)

is ALρsq0
RE/(1 + e), Tinj (the total time during which the leaching agent was injected) is

found to be m0
inj/
(
uAθ0ca

NS
)
. Then, upon injecting the water, the boundary conditions of

the upper boundary are shown in Equation (26). The method proposed in Section 3.3 was
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then used to calculate the breakthrough curve of rare-earth ions, and η0 (the rare-earth
leaching rate) was calculated by Equation (27).{

cA
(
0 ≤ t ≤ Tinj, z = 0

)
= ca

A
cA
(
t > Tinj, z = 0

)
= 0

(26)

η =

∫ z
0 [cRE(t = 0, z)− cRE(t = T, z)]dz∫ z

0 cRE(t = 0, z)dz
× 100% (27)

(1) When η0 (the rare-earth leaching rate) ∈ [ηaim − σ, ηaim + σ], the calculation was
completed if the result of the preset leaching agent consumption was calculated to be m0

inj.
When the rare-earth leaching rate η < ηaim − σ, the preset leaching agent consumption
was updated to m1

inj = 2m0
inj. When the rare-earth leaching rate η > ηaim + σ, the preset

leaching agent consumption was updated to be m1
inj = m0

inj/2; by using m1
inj as the

amount of leaching agent, the rare-earth leaching rate η1 was then recalculated.
(2) When the rare-earth leaching rate (η0 − ηaim)(η1 − ηaim) < 0, the dichotomy method

was used to update the preset leaching agent consumption, otherwise, step (1) was
repeated. The abovementioned process was repeated until the rare-earth leaching rate
η ∈ [ηaim − σ, ηaim + σ]; the leaching agent consumption was then determined.

The rare-earth grade of the ore pillar is 1.25 g/kg, the concentration of the leaching agent
is 20.0 g/L, the ion exchange selection coefficient is 3.21 × 10−2 (L/kg)2.19, the inner diameter
of the ore pillar is 0.075 m, the void ratio was set as 1.0, the target leaching rate was set to 90.0%,
and the tolerance is 1.0%. When the column length was 0.2–0.8 m and the dispersion was
0.005–0.02 m, the leaching agent consumption was calculated by using the aforementioned
method. The change rule of leaching agent unit consumption according to the column length
and dispersion was analyzed to establish a corresponding mathematical relationship.

The calculation results of the leaching agent unit consumption changing according to
the column length and dispersion are shown in Figure 10. It can be seen from Figure 10
that the unit consumption has a negative correlation with the column length, and it has
a positive correlation with the dispersion. This is because the greater the dispersion is,
the more obvious the dispersion effect of ions in the ore body is, the lower the cation
concentration of the leaching agent is [34,35], and the lower the leaching efficiency is.
Therefore, the greater the dispersion is, more leaching agent is needed to leach a unit mass
of rare-earth ions.
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with a quadratic function, and the results have also been plotted in Figure 11, with a
coefficient of determination of 0.992. It can be seen that the relationship of the variation
of the leaching agent unit consumption with the dispersion and column length can be
quantified by Equation (28).

κ = −135.30
( α

L

)2
+ 38.32

α

L
+ 1.46 (28)Minerals 2023, 13, x FOR PEER REVIEW 15 of 17 
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5. Conclusions

(1) In this paper, a decoupling method is proposed to solve the solute transport equation.
In detail, the solute transport is decoupled into the dispersion, convection, and source-
sink equations. The dispersion equation is used to calculate the distribution of the
ion concentration, and the convection equation and the source-sink equation are then
used to correct the ion concentration.

(2) In comparison to the analytical solutions of the two convection-dominated problems,
the upstream weighting method can solve the oscillation problem, but this still incurs
a large dispersion error. The method proposed in this paper is in good agreement
with the analytical solution, which shows that the proposed method can solve both
the oscillation and dispersion problems.

(3) By comparing the simulation results of the leaching process through the proposed
method with the experimental data, it can be found that the coefficients of determina-
tion of the breakthrough curves of rare-earth ions and ammonium ions are greater
than 0.850 and 0.900, respectively, and the peak concentration error of rare-earth ions
is less than 7.00%, indicating that the proposed method can simulate the leaching
process of IATREOs well.

(4) The leaching agent unit consumption κ is inversely proportional to the column length
L, and it has a positive correlation with the dispersion α. The mathematical relationship
between the three is κ = −135.30(α/L)2 + 38.32α/L + 1.46.
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