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Abstract: This paper presents a novel approach to modeling the propagation of seismic waves
in a medium containing subvertical fractured inhomogeneities, typical for mineralization zones.
The developed method allows us to perform calculations on a structural computational grid, which
avoids the construction of unstructured grids. For the calculations, the grid-characteristic method
is used. We also present a comparison of the proposed method with the one described at earlier
works and discuss the areas of its practical application. As an example, the numerical results for
a cluster of subvertical fractures are given. A new approach for modeling fractures makes it quite
easy to incorporate fractured objects into the seismic models and perform calculations without using
algorithms on unstructured and curved grids.

Keywords: linear slip model; grid-characteristic method; elastic waves; modeling and inversion;
seismic methods

1. Introduction

Many mineral deposits are associated with fractures filled by fluids occurring in volcanic rocks.
The seismic method can be effectively used for detection of the fractured zones. Interpretation of
seismic data collected over a mineral deposit associated with the fracture fillings requires developing
effective methods of modeling the seismic waves in places with micro- and macrocracks. This is one of
the challenging areas of mathematical modeling in seismic exploration for mineral deposits. Fault
zones and fractures are found in many ore deposits and are important targets in the inversion and
interpretation of seismic data. In addition, faults and fractures can have a large impact on the inversion
and migration of seismic data (for example, anisotropy caused by fracturing). A variety of fractured
structures can also be developed within hydrocarbon deposits in rock formations. They basically
form a system of subvertical equally oriented fractures. In order to construct an accurate model of
a deposit and develop optimal methods of its exploitation, a good general model of surrounding
materials should be created, which requires an accurate reconstruction of the properties and positions
of fractures [1].

Over the past few decades, several studies have been conducted on this topic. In 1980,
Schoenberg [2] proposed a linear slip model, in which he described a sliding surface with special
boundary conditions using approaches based on averaged medium methods. An experimental
verification of this model was made in [3]. Numerical simulation of wave propagation a is well-studied
area in general, with many approaches proposed to date, such as the most popular finite-difference
time-marching schemes [4,5], the spectral elements [6,7], discontinuous Galerkin [8], Helmholtz
finite-difference [9,10] or integral-equation solvers [11,12], etc. Still, the development of the numerical
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methods for modeling the fractured heterogeneities is an area of active research. For example, in [13] the
authors investigated the problem of modeling fractures and faults using the finite difference schemes
(FDTD). However, this approach allows us to describe and model only those fractured structures
which consist of parallel fractures directed along the axes of coordinates (vertical or horizontal).
This drawback can be overcome by using non-structural grids for modeling the fractured media.
Examples of such approaches can be found in [5–7] where the finite-volume methods [14,15] and a
grid-characteristic method [16] are used. Unstructured meshes are suitable for calculating the wave
propagation in a physical region of complex shape, but they require large additional memory for
storing information about the relationships of the mesh’s cells. Recently, the discontinuous Galerkin
(DG) method has also been widely used to solve the problems of modeling the propagation of seismic
waves. For example, in [17,18], it is used to model the wave fields in the fractured media using an
explicit fracture model. The method is also built on unstructured meshes. In [19], three methods were
compared: The discontinuous Galerkin method [20,21], the grid-characteristic method on unstructured
meshes [16], and the grid-characteristic method on structural grids [22–24]. In the work [19], it is
shown that the method based on the structural grids has better performance in comparison to the
unstructured meshes, in addition to a simpler implementation and operation with the grids. In the
work, an anticlinar trap was used as a geological model with a large number of contact surfaces, which
is a typical hydrocarbon deposit. Due to the trap structure, the seismogram involves multiple waves,
which have to be separated from the useful signal, a task that can hardly be performed with low-order
numerical schemes. It is shown, that three numerical methods and their software implementations
are suitable for field data computations. Grid-characteristic method on structured grids is much
more efficient, since it requires fewer operations per one degree of freedom and has a more efficient
implementation on modern computers due to the density of data [19].

The structured grids, which are used in this paper, allow us to save the canonical structure of
neighboring nodes for each grid node, which simplifies programming the method and performing the
calculations. However, this formulation makes it difficult to model the inclined fractures or fractures
that are not aligned with the axes of coordinates. In [25], the authors try to solve this problem using
the overset grids method where a curvilinear structural grid is built around each fracture and then
crosslinked with the main grid using interpolation. In this paper, we propose a novel approach to
modeling the inclined fractured inhomogeneities using the grid-characteristic method on structural
grids without constructing additional grids and without using the curved grids.

The approach proposed in this paper has already been briefly presented by authors at the 81st
EAGE Conference and Exhibition 2019 [26]. The paper [26] gives only the idea of this approach and
calculation for a cluster of subvertical fractures. In the current work, a more detailed description of the
algorithm is given, verification tests on a single fracture are presented. We also investigate the effect
of various positions of a single fracture with the fixed position of the source-receiver system on the
resulting wave reflections. We propose rotating the source-receiver system relative to a fixed fracture
to compare the results with the calculations when the source-receiver system is stationary relative to a
rotatable fracture.

The results of seismic modeling for a stationary fracture in a homogeneous medium with different
settings of the source-receiver system are presented. Similar results are given for a fixed source-receiver
system with different fracture settings. The wave patterns of the responses for each of the series of
calculations are presented. We also conduct a comparative analysis of the synthetic seismograms
produced for each rotation and source-receiver system, the analysis of the influence of the frequency
of the pulse of the source, as well as the step along the coordinate for these problem statements is
conducted. The numerical study illustrates the effectiveness of the developed approach to modeling
the seismic wave propagation in the medium with the fractured zones.
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2. Mathematical Model and Method

We consider a model of ideal isotropic linear elastic material. The grid-characteristic method
(GCM) uses the characteristic properties of the systems of hyperbolic equations, describing the elastic
wave propagation [16]. The mathematical principles of the GCM approach are described in detail in [22].
It is based on representing the equations of motion of the linear elastic medium in the following form:

qt + A1qx + A2qy = 0 (1)

In the last equation, q(t, x, y) is a vector of unknown fields, having five components and equal to

q =

[
v
T

]
= [ v1 v2 T11 T22 T12]

T,

where v is velocity, T is the stress tensor, qt denotes the partial derivative of q with respect to t; qx and
qy denote the partial derivatives of vector q with respect to x and y, respectively.

Matrices Ak, k = 1, 2, are the 5× 5 matrices given by the following expression:

A1 = −


0 0 ρ−1 0 0
0 0 0 0 ρ−1

λ+ 2µ 0 0 0 0
λ 0 0 0 0
0 µ 0 0 0


,

A2 = −


0 0 0 0 ρ−1

0 0 0 ρ−1 0
0 λ 0 0 0
0 λ+ 2µ 0 0 0
µ 0 0 0 0


,

The product of matrix Ak and vector q can be calculated as follows:

Ak

[
v
T

]
= −

[
ρ−1(T·n)

λ(v·n)I + µ(n⊗ v + v⊗ n)

]
,

where ⊗ denotes the tensor product of two vectors.
In the last equation n is a unit vector directed along the x or y directions for matrices A1 or

A2, respectively.
As we discussed above, the GCM approach is based on representing the solutions of the acoustic

and/or elastic wave equations at later time as a linear combination of the displaced at a certain spatial
step solution at some previous time moment. This representation can be used to construct a direct
time-stepping iterative algorithm of computing the wave fields at any time moment from the initial
and boundary conditions. In order to develop this time-stepping formula, we represent matrices Ak
using their spectral decomposition. For example, for matrix A1 we have:

A1 = (Ω1)
−1

Λ1Ω1,

where Λ1 is a 5 × 5 diagonal matrix, formed by the eigenvalues of matrix A1; and (Ω1)
−1 is a 5 × 5

matrix formed by the corresponding eigenvectors. Note that, matrices A1 and A2 have the same set of
eigenvalues: {

cp,−cp, cs,−cs, 0
}
.



Minerals 2020, 10, 122 4 of 17

In the last formula, cp is a P-wave velocity being equal to
(
ρ−1(λ+ 2µ)

)1/2
and cs is an S-wave

velocity being equal to
(
ρ−1µ

)1/2
.

Let us consider some direction x. We assume that the unit vector n is directed along this direction,
while the unit vectors n1 form a Cartesian basis together with n. We also introduce the following
symmetric tensors of rank 2:

Ni j =
1
2

(
ni ⊗ n j + n j ⊗ ni

)
,

where indexes i and j vary from 0 to 1 in order to simplify the final formulas, and n0 = n.
It is shown in [16] that, the solution of Equation (1), vector q, along the x and y directions can be

written as follows:

q(t + τ, x, y) =
J∑

j=1

X1, jq
(
t, x−Λ1, jτ, y

)
,

q(t + τ, x, y) =
J∑

j=1

X2, jq
(
t, x, y−Λ2, jτ

)
, (2)

Here, τ is the time step of the solution, J = 5 corresponds to the number of eigenvalues of the
matrices, and X1, j and X2, j are the characteristic matrices expressed through the components of matrices
A1 and A2 and their eigenvalues as follows:

Xi, j = $∗i, j$i, j, i = 1, 2;

where $∗i, j is the j’s column of matrix (Ωi)
−1, and $i,j is the j’s row of matrix Ωi.

Expression (1) can be used to find the solution, vector q, at any time moment, t + τ, from the
given initial conditions, thus representing a direct time-stepping algorithm of numerical modeling the
elastic wave propagation in heterogeneous media.

Note that matrices X1, j satisfy the following condition:

J∑
j=1

X1, j = I.

Let us assume that matrix A1 has J+ positive, J− negative, and J0 zero eigenvalues, respectively.
Therefore, the sum of matrices, X1, j, corresponding to zero eigenvalues, can be expressed as follows:∑

j∈J0

X1, j = I−
∑
j∈J+

X1, j −
∑
j∈J−

X1, j. (3)

Considering Expression (3), Expression (2) will take the following form:

q(t + τ, x, y) = q(t, x, y) +
∑

j∈J+∪ J−

X1,j
(
q
(
t, x−Λ1,jτ, y

)
− q(t, x, y)

)
.

3. Boundary and Interface Conditions

In order to obtain a unique solution of the system of hyperbolic Equation (1), one should use the
corresponding boundary conditions on the surface of the modeling domain, which, in general terms,
can be written as follows [16]:

Dq(t + τ, x0, y0) = d, (4)
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where D and d are some given matrix and vector, respectively. For example, in a case of elastic media,
two types of boundary conditions can be used. One is based on the given traction, f:

T·n = f,

where n is a unit vector of the outer normal to the boundary of the modeling domain. Another
boundary condition can be based on a given velocity v0 at the boundary:

v = v0.

The boundary conditions can be taken into account before calculating the difference scheme
(using ghost nodes) or at the correction step. In this paper, we use the approach when the boundary
conditions are applied after the step of the difference scheme.

At the boundary, only those characteristics that fall into the integration region are taken into
account at first. We denote such a solution by the text index in. Then, for the case when the normal is
directed to the left we get

q(t + τ, x, y)in = q(t, x, y) +
∑
j∈J−

X1,j

(
q
(
t, x−Λ1,jτ, y

)
− q(t, x, y)

)
,

and
q(t + τ, x, y)in = q(t, x, y) +

∑
j∈J+

X1,j

(
q
(
t, x−Λ1,jτ, y

)
− q(t, x, y)

)
,

when the normal is directed to the right. Similarly, we do this when calculating along a different spatial
axis. Then, at the border, the boundary condition can be performed according to Formula (4).

A fracture can be modeled as a linear slip and contact conditions imposed independently for
every fracture which allows us to avoid constructing the computational grid within the fracture itself.
The double-coastal model described in [22] is used as a model of a fracture. It is a special case of the
Schoenberg model [1] for a model of a fracture with zero openness. The system of equations, which
models a fracture, can be written as follows:

v1xnx + v1yny = v2xnx + v2yny,
f n
1x = − f n

2x, f n
1y = − f n

2y,

f τ1x = f τ2x = 0, f τ1y = f τ2y = 0.
(5)

Here, indexes 1, 2 refer to the left and right sides of the fracture, n is the unit normal vector to the
fracture, the superscripts n and τ are the normal and tangential components, respectively, f = (n T) is
the traction on the surface of the fracture.

4. Model of a Fracture

We propose a novel approach to modeling the inclined fractures on structural grids. The previously
published methods [16,17] allow modeling in the case only, where the fracture boundary coincides
with the cell boundaries (nodes) of the difference grid. In this work, we use two layers of nodes to
explicitly define the fracture in order to correctly set the boundary conditions on the fracture [16].

The discretization scheme of such an algorithm is shown in Figure 1a. The fracture is indicated
by a bold line, around it there is a fragmentation of the nodes of the computational grid used for
the correct calculation of the boundary condition on Fracture (5). The novel approach assumes that
the fracture does not coincide with the boundaries of the cells. Figure 1b schematically depicts an
approach for identifying fractures in a grid. A fracture (thick black line) does not fall into the nodes of
the grid. However, a discrete analogue of the fracture is considered (green line), which passes along the
boundaries of the cells. Fracture is replaced by a bunch of tiny fractures scattering around it (red lines).
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Figure 1. The discretization schemes illustrating different approaches to modeling a single fracture on
a structural grid. Figure (a) shows the approach when the fracture is aligned with the grid cells [7,8].
The new approach (b) implies that the fracture is inclined.

Figure 2 shows the calculation scheme of the boundary (contact) nodes near the fracture. In all
cases, the nodes at the fracture boundary are duplicated.тоMinerals 2019, 9, x FOR PEER REVIEW 6 of 16 
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Figure 2. The layout of the contact nodes of the calculation grid. Red and green dots indicate duplicate
nodes from one and the other side of the fracture. The left picture (a) is shown for the case when the
fracture is aligned with the grid lines, the right picture (b) is for an inclined fracture.

In the case when the crack is aligned with the grid lines, the boundary conditions are calculated
only along one axis (in the case in the figure along the x-axis). In the case of an inclined crack, the
adjustment is made along two axes. In this case, information about the location of the fracture is
lost, i.e., fracture turns out by a bunch of tiny fractures scattering around it and tied to grid points.
This algorithm obviously has a drawback associated with the fact that the discretization of a fracture
depends on the parameter of fineness of the mesh. However, it allows calculations on subvertical and
inclined fractures, using the structural grids. Next, we compare these two methods.

5. Results

In this section, we present examples of calculations and a comparison of the proposed model with
previously published results [16].



Minerals 2020, 10, 122 7 of 17

5.1. The Response from a Single Fracture: Fixed Fracture Position

The propagation of seismic waves from a source in a homogeneous medium with a fracture was
simulated for the two-dimensional case. All calculations were carried out on rectangular structured
grids. The source was located at a distance of 600 m from the center of the fracture. Five hundred
receivers with a step of 1 m were located at a distance of 500 m from the center of the fracture.
The homogeneous medium was a solid with a density of 2500 kg/m3, and the velocity of longitudinal
and transverse waves were 3000 and 1400 m/s, respectively. A fracture 100 m long was located vertically
in a homogeneous medium 2100 × 2100 m in size. At the top, bottom, and sides of the medium,
the non-reflecting boundary conditions were set for the equivalence of the problem at different positions
of the source-receiver system. The time step was 10−4 s. A 30 Hz Ricker pulse was used as a signal
source. Grid size was 2100 × 2100, the computational time for one calculation was about 1200 s at a
single core of modern Intel Core i7-7700K CPU (Intel, Santa Clara, CA, USA).

The calculation was carried out for two models: A vertical fracture directed along the grid axes
and coordinate axes (Figure 3a) and an inclined fracture at an angle of 30◦, modeled by the method
proposed in this paper (Figure 3b). In the first case, the observation system was rotated relative to the
fracture so that the models completely coincided when the coordinate system was rotated.тоMinerals 2019, 9, x FOR PEER REVIEW 7 of 16 
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Figure 3. Fracture wave responses computed using two approaches. Figure (a,c) shows the wave for
the initial setting of the source-receiver system relative to the fracture. On (b,d), the source-receiver
system is located at an angle of 30◦ relative to its initial position.

In all Figure 3a–d, the fracture is depicted in the center of the computational domain by a black
line. The source is indicated by a black cross and is located directly above the source-receiver system
(the black line is directly below the propagating wave). Figure 3a shows a wave for the initial setting of
the source-receiver system relative to the fracture. In Figure 3b, the source-receiver system is located at
an angle of 30◦ relative to its initial position (Figure 3a). In all wave patterns, wave reflections from the
fracture are clearly visible.

Figure 4 shows the wave field for the same calculation, but only the anomalous wave field from
the fracture is displayed. The coincidence of responses is clearly seen from the figure.
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Figure 4. Anomalous wave field from the fracture for two approaches. Figure (a) shows the wave for
the initial formulation of the source-receiver system relative to the fracture. In (b), the source-receiver
system is located at an angle of 30◦ relative to its initial position. The black dot denotes the source
location, white dots depict the location of the first and second receivers, respectively.

Figure 5 shows one-dimensional graphs of the values of the velocity components at one of the
receivers versus time for two calculations. Only the anomalous field from the fracture is shown.
The fracture is rotated at an angle of 30◦. Figure 5a shows the field from the fracture on receiver 2,
and Figure 5b shows the field from the fracture on receiver 2. A fairly good qualitative and quantitative
agreement of the responses is seen. For the case of an inclined fracture in the time domain, t = 0.35–0.4 s
“rattling” is observed due to the fact that the fracture structure is tied to discrete mesh cells. However,
the main peak in the time domain is t = 0.4–0.45 s coincides and does not give a “rattle”. Further
passage of the wavefront also coincides well for both settings.
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5.2. The Response from a Single Fracture: Comparison with Unstructured Mesh

In this test, a model similar to the previous one was used with the 30◦ inclined fracture. The source
was located at a distance of 600 m from the center of the fracture, the receiver was located at a distance
of 500 m from the center of the fracture. The first calculation was carried out on structural grids using
the grid-characteristic method and the fracture model proposed in this paper. The second calculation
was carried out on unstructured mesh using the DG method. The wave snapshots are shown in
Figure 6. The source position is shown by a black dot in the figure, the receiver by white a one. A 30 Hz
Ricker pulse was used as a signal source. Unlike previous calculations, a directional source was used
as the source (it was selected in connection with the features of the code for DG). It can be seen from
the figure that the wave snapshots coincide qualitatively well. The response from the fracture has the
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Figure 6. Fracture wave responses computed using two approaches. A fracture is depicted in the center
of the computational region. Figure (a) shows the wave for the DG (Discontinuous Galerkin) method
on unstructured mesh, (b) for purposed method on structured mesh.

The distribution of the vertical velocity component at the receiver versus time is shown in Figure 7.
Only a part of the signal is shown at time instants from 0.3 to 0.7 s, where there is a response from the
fracture. The figure shows that the main response from the fracture coincides quite well. The arrival
times are the same, the amplitude value is slightly different. The response from the fracture, calculated
by the grid-characteristic method on structural grids is more “rattling”, this is due to the discrete
geometry of the fracture model.
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5.3. The Response from a Single Fracture: Calculation Errors Due to the Angle of Inclination

In the next series of calculations, the difference in the calculated responses was studied for the
case of two scenarios. In the first scenario, a vertical fracture was used, and the observation system
was rotated, in the second scenario, a fixed observation system was used and the fracture was rotated.
The position of the fractures and observation systems was set in such a way that, when turning, all the
systems coincided with each other. The initial setting was similar to the setting from the previous
section. A series of calculations was carried out for various positions of the source-receiver system
with a fixed position of the fracture in space. The source-receiver system for each new calculation was
rotated relative to the fracture by 10◦ keeping the distance to the center of the fracture constant. In total,
35 calculations were performed with a step of 10◦ for various orientations of the source-receiver system
relative to the fixed fracture. A similar series of calculations was carried out for different positions of
the fracture with a fixed orientation of the source-receiver system. With each subsequent calculation,
the fracture was rotated around its center by 10◦. In total, 35 calculations were performed with a step of
10◦ for various fracture orientations. The differences between the obtained seismograms were studied
when turning the source-receiver system with a fixed fracture and when turning a fracture with a fixed
source-receiver system. Moreover, the influence of the source pulse frequency on the obtained errors in
the seismograms was studied. A series of calculations were carried out for the following frequencies:
15, 30, 60 Hz. Grid size for each calculation was 2100 × 2100 nodes, spacing was 1 m.

Figure 8 shows the relative deviations in the decisions for the norm L2. Deviation was calculated
by the formula

err =

√∑
(v(x, t) − v(x, t)

∗
)2√∑

v(x, t)2
100%,

where v(x, t) is the value of velocity at the receiver; the error was summed over all receivers. From
Figure 6, it follows that with decreasing frequency, the error decreases when the source-receiver system
or fractures are rotated by the corresponding angle. At a frequency of 15 Hz, the maximum error
(about 6.5%) is 1–2% less than the maximum error of the similar calculations at a frequency of 30 Hz
(about 8%), which, in turn, is less than the maximum calculation error at a frequency of 60 Hz (about
10%). This result correlates well with the fact that with decreasing sampling size the error falls. Due to
the fact that the new model of fractures is tied to the size of the cell, the longer waves produce a better
result. Moreover, for fractures with a lower slope, the solutions have a smaller error.
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Figure 8. Relative deviation of the norm of errors for two calculations depending on the angle of
rotation of the fracture and on the frequency of the signal.

Figure 9 shows a similar result for an anomalous field only (the field due to the fracture).
The deviation values here are more significant, and they are associated with the discreteness of the
inclined fracture. With increasing frequency, i.e., decreasing wavelength, the error increases. In
Figure 5, peaks are visible that can give such a deviation in error; however, the qualitative coincidence
of the waveform and the main peaks is quite good.
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5.4. Single Fracture Response: Amplitude Study

Modern methods of interpretation increasingly take into account the absolute value of the
amplitude of seismic signal, and not just the arrival times. As shown in Figure 5, the main peaks of
the wave response from fractures come at the same time. Figure 10 shows the plots of the maximum
amplitude of the seismic signal vs. the receiver number, based on the computations of the wave field
reflections from the single fracture. We have compared the amplitudes of the seismic reflections from
the inclined fracture under the angle of 30◦ with the amplitudes of the seismic reflections from the
fracture, parallel to the boundaries of the grid. In our modeling study, 500 receivers of seismic signals
were used. The blue line in Figure 10 denotes the peak amplitudes of the seismic reflections from the
inclined fracture. The black line depicts the peak amplitudes of the seismic reflections from the vertical
fracture, parallel to the boundaries of the grid cells. The plots show a similarity in the responses from
the inclined and vertical structures.
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5.5. Single Fracture Response: Error Dependence on Grid Spacing

The next series of calculations investigates the dependence of the error from the grid step.
The setting is similar to the previous ones, a vertical fracture was used, and the observation system
was rotated, in the second scenario, a fixed observation system was used and the fracture was rotated.
A series of calculations was carried out for various positions of the source-receiver system with a fixed
position of the fracture in space. The source-receiver system for each new calculation was rotated
relative to the fracture by 10◦ keeping the distance between the source-receiver system and the center of
the fracture constant. In total, 19 calculations were performed with a step of 10◦ for various orientations
of the source-receiver system relative to the fixed fracture. Source location is the same as shown in
Figures 3 and 4. The receiver is located at a distance of 100 m to the left of the center of the fracture.
Source frequency is 30 Hz. A series of calculations was carried out for the grid spacing: 1, 2, 4 m. The
calculation parameters are shown in Table 1.

Table 1. Calculation parameters.

Grid Spacing, m Grid Size Time Steps Time Step, s Cells Per
Wavelength

Calculation
Time, s

1 2100 × 2100 5000 10−4 ~46 1180 s
2 1050 × 1050 2500 2 × 10−4 ~23 157 s
4 525 × 525 1250 4 × 10−4 ~11 15 s

Figure 11 shows the relative deviations in the decisions for the norm L2 for various grid spacings.
For calculating the error, only the anomalous field from the fracture was used. The figure shows

that with decreasing spacing, the error decreases. Based on this, we can assume that there is a grid
convergence of the method.
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5.6. Response from a Cluster of Subvertical Fractures

The computations of the wave field reflections from a cluster of the parallel fractures were carried
out. In the first case, the fractures were inclined at an angle of 20◦, and the system of receivers
and source of impulse were parallel to the boundaries of the grid (Figure 12a). In the second case,
the fractures were parallel to the boundaries of the modeling grid, and the system of receivers and
source of impulse were inclined at an angle of 20◦ (Figure 12b).
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Figure 12. The schematic representation of the models with the cluster of parallel fractures. Panel
(a) shows a model with the inclined receivers under 20◦, and a cluster of fractures parallel to the
boundaries of the grid cells. Panel (b) presents the model with the cluster of the inclined fractures
under 20◦ and the receivers parallel to the boundaries of the grid cells.

The seismic reflections from the cluster of the parallel fractures are shown in Figure 13. The overall
wave reflections from the fractures are similar if we rotate the coordinate system of the model in
Figure 12a under the angle of 20◦, which is the angle of the inclined fractures.

Figure 14 shows the seismograms of the vertical velocity components at the receivers for two
models. Only the anomaly part of the response is given. The same color scale is used. A good
qualitative and quantitative agreement of responses is observed. The first response has the largest
amplitude and is clearly visible on seismograms.
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Figure 14. Vertical velocity component seismograms at receivers for a cluster of parallel fractures.
An anomaly field is displayed. (a) The seismogram from the cluster of fractures, parallel to the
boundaries of the grid cells. (b) The seismogram from the cluster of the inclined fractures under 20◦.

Figure 15 shows the recording from the central receiver for the vertical and horizontal
velocity components.
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A good qualitative and quantitative agreement of the result for the two methods is observed.
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6. Discussion and Conclusions

This paper presents a novel approach to modeling the elastic field propagation in a medium
containing the clusters of subvertical fractures. The new approach is based on the use of the
grid-characteristic method [16]. Unlike previously proposed methods, this method can be used for
modeling the seismic responses from subvertical fractured inhomogeneities on a structural rectangular
grid. This greatly simplifies the construction of the numerical model and the use of the algorithms.
The shortcomings of the proposed methodology include the fact that the crack model is discrete and
does not take into account the normal of the crack. The crack is replaced by a discrete analog presented
by a bunch of tiny fractures scattering around it and tied to grid points. At each point, the normal is
taken into account, the total field due to interference gives a response close to real. In addition, in the
case of an inclined crack, the initial grid does not change and the position of the crack can be set only
up to the position of the grid node, respectively, there is an error O(h), where h is the grid spacing.
A comparison of the new approach with the traditional method shows that the results produced by
both methods agree well with each other. The wave fields for a cluster of the inclined fractures and
a cluster of the vertical fractures demonstrate a similar behavior. Thus, the results of the numerical
study demonstrate that the developed method provides an effective tool for modeling the elastic field
propagation in the fractured geological media. This method can be used in interpretation of the seismic
data in the areas with complex fractured geological structures typical for mineral deposits and the
HC reservoirs.

We proposed this method as a method for quick analysis and preliminary calculations of fractured
geological models. Its advantages include:

• Fairly quick calculation and simple implementation in a structural grid. The basic calculation
algorithm does not change; the method is implemented as a “corrector” step.

• The ability to calculate inclined fractures on structural grids.
• The ability to build a fractured inhomogeneity of complex shape.
• The absence of the need to build an unstructured mesh, the binding of the grid to inhomogeneity.
• Fractures can be easily added at any place in the geological models.
• The disadvantages include:
• A rather large integral error.
• Substantial grid spacing reduction required to reduce error.

The use of structural or non-structural grids to calculate dynamic wave disturbances in geological
models is an open discussion. It was shown in [19] that methods on structural grids work up to
100 times faster than a method on unstructured ones. The authors of [27] also say that the use of
finite-element methods and the DG method is more computationally difficult than finite difference
methods. Implementation of finite-elements and DG requires an unstructured mesh, which should
accurately approximate at least the main interfaces of the model. Construction of such a mesh is a
problem of high complexity, which is hard to parallelize and requires manual quality control. Methods
on structural grids are quite easy to parallel [23] and quite effective in both CPU [28] and GPU [29].

It should be noted that this approach is quite easily transferred to the three-dimensional case. The
grid-characteristic method uses splitting in spatial coordinates, and the transition from the 2D to 3D case
is quite simple. Further studies in this direction may be related to transitions to the three-dimensional
case. The authors are working in this direction.
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