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Abstract: The review is devoted to exact solutions with hidden symmetries arising in a
multidimensional gravitational model containing scalar fields and antisymmetric forms. These
solutions are defined on a manifold of the form M = My X M; X ... X M,,, where all M; with
i > 1 are fixed Einstein (e.g., Ricci-flat) spaces. We consider a warped product metricon M . Here,
M) is a base manifold, and all scale factors (of the warped product), scalar fields and potentials for
monomial forms are functions on My . The monomial forms (of the electric or magnetic type) appear
in the so-called composite brane ansatz for fields of forms. Under certain restrictions on branes, the
sigma-model approach for the solutions to field equations was derived in earlier publications with
V.N.Melnikov. The sigma model is defined on the manifold M, of dimension dy # 2. By using the
sigma-model approach, several classes of exact solutions, e.g., solutions with harmonic functions,
S-brane, black brane and fluxbrane solutions, are obtained. For dy = 1, the solutions are governed
by moduli functions that obey Toda-like equations. For certain brane intersections related to Lie
algebras of finite rank—non-singular Kac-Moody (KM) algebras—the moduli functions are governed
by Toda equations corresponding to these algebras. For finite-dimensional semi-simple Lie algebras,
the Toda equations are integrable, and for black brane and fluxbrane configurations, they give rise to
polynomial moduli functions. Some examples of solutions, e.g., corresponding to finite dimensional
semi-simple Lie algebras, hyperbolic KM algebras: Hy(q,q9), AE;, H Agl) , E1p and Lorentzian KM
algebra Py, are presented.

Keywords: brane; Lie algebra

1. Introduction

In this review, we deal with certain aspects of multidimensional models of gravity, which are
rather popular at present time. As is widely known, the history of the multidimensional approach
begins with the well-known papers of Kaluza and Klein on five-dimensional theories, which were
continued then by Jordan in his works. These papers were in some sense a source of inspiration for
Brans and Dicke in their well-known work on a scalar-tensor gravitational theory. After their work,
many investigations were performed in models with fundamental scalar fields, both conformal and
non-conformal; see [1] and the references therein.

A revival of the ideas of many dimensions started in the 1970s and continues now, mainly due to
the development of unified theories. In the 1970s, interest in multidimensional gravitational models
was stimulated mainly by: (i) the ideas of gauge theories leading to a non-Abelian generalization
of the Kaluza-Klein approach and (ii) by supergravitational theories [2,3].

In the 1980s, the supergravitational theories “gave the baton” to the superstring theory [4] and in
the 1990s to the so-called M-theory [5,6].
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Usually, having a multidimensional model, one can obtain a four-dimensional one by a
dimensional reduction based on the decomposition of the manifold:

M = M* X M, 1)

where M* is a four-dimensional manifold and M;,; is some internal manifold (widely considered to
be compact).

Here, we overview a sigma-model approach and several classes of exact solutions for the
multidimensional gravitational model governed by the Lagrangian:

1
L =R[g] —2A — haﬁgMNaM(p‘xaN(pﬁ -y - exp(2Aaa 9") (F")?, ()

a

where g is metric, F* = dA” are forms (of ranks n,), ¢* are scalar fields, A, = (As) are certain
vectors and A is a cosmological constant (the matrix (f,p) is invertible). The Lagrangians of such
a type may describe (pure bosonic) solutions in supergravitational models [7], when the so-called
Chern-Simons terms are zero.

We deal with the solutions having a block-diagonal (warped-product) metrics ¢ defined on the
D-dimensional product manifold M, i.e.,

n ; .
g=e"1g"+ Y Mg, M=Myx M x...x My, 3)
=1

1

where g° is a metricon My and gi are fixed Einstein (or Ricci-flat) metricson M;, i > 0. The moduli
7v,¢' and scalar fields ¢* are functions on My, and fields of forms are also governed by several scalar
functions on My . Any F? is supposed to be a sum of (linear independent) monoms, corresponding to
electric or magnetic p-branes (p-dimensional analogues of membranes), i.e., the so-called composite
p-brane ansatz is considered.

Here, we are interested in brane solutions, which have intersection rules related to a certain
subclass of Lie algebras, namely non-singular Kac-Moody (KM) algebras. Kac-Moody (KM) Lie
algebras [8-10] play a rather important role in different areas of mathematical physics (see [10-13] and
the references therein).

We recall that KM Lie algebra is a Lie algebra generated by the relations [10]:

[hi,hjl =0, [ei, fj] = dijhj, ®
[hilej] = Ajjej, [hirfj] = _Aifff’ ©)
(ades) 11 (e) = 0 (i £ ), ©
(@df)M(F) =0 (i #)). 7

Here, A = (Al-]-) is a generalized Cartan matrix, i,j = 1,...,r, and r is the rank of the
KM algebra. This means that all A; = 2; Aj; for i # j are non-positive integers, and A;; = 0
implies Aj; =0.

In what follows, the matrix A is restricted to be non-degenerate (i.e., detA # 0) and
symmetrizable i.e., A = BD, where B is a symmetric matrix and D is an invertible diagonal
matrix (D may be chosen in such way that all of its entries D;; are positive rational numbers [10]).
Here, we do not consider singular KM algebras with det A = 0, e.g., affine ones. Recall that affine KM
algebras are of much interest for conformal field theories, superstring theories, etc. [4,11].

In the case when A is positive definite (the Euclidean case), we get ordinary finite dimensional
Lie algebras [10,11]. For non-Euclidean signatures of A, all KM algebras are infinite-dimensional.
Among these, the Lorentzian KM algebras with pseudo-Euclidean signatures (=, +,...,+) forthe
Cartan matrix A are of current interest, since they contain a subclass of the so-called hyperbolic KM
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algebras widely used in modern mathematical physics. Hyperbolic KM algebras are by definition
Lorentzian Kac-Moody algebras with the property that removing any node from their Dynkin diagram
leaves one with a Dynkin diagram of the affine or finite type. The hyperbolic KM algebras can be
completely classified [14-16] and have rank 2 < r < 10. For r > 3, there is a finite number of
hyperbolic algebras. For rank 10, there are four algebras, known as Ejy, BEyg, CEjp and DEyy.
Hyperbolic KM algebras appeared in ordinary gravity [17] (F3 = AE3 = Hj3 ), supergravity: [18,19]
(E10), [20] ( F3), strings [21], etc.

The growth of interest in hyperbolic algebras in theoretical and mathematical physics
appeared in 2001 after the publication of Damour and Henneaux [22] devoted to a description of
chaotic (BKL-type [23]) behavior near the singularity in string-inspired low energy models (e.g.,
supergravitational ones) [24] (see also [25]). It should be noted that these results were based on
a billiard approach in multidimensional cosmology with different matter sources (for D = 4 suggested
by Chitre [26]) elaborated in our papers [27-31] (see also [32-34]).

The description of oscillating behavior near the singularity in D = 11 supergravity [2] (which
is related to M-theory [5,6]) in terms of motion of a point-like particle in a nine-dimensional billiard
(of finite volume) corresponding to the Weyl chamber of the hyperbolic KM algebra Ejy inspired
another description of D = 11 supergravity in [35]: a formal “small tension” expansion of D = 11
supergravity near a space-like singularity was shown to be equivalent (at least up to 30th order in
height) to a null geodesic motion in the infinite dimensional coset space £19/K(&19) (here, K(&yp) is
the maximal compact subgroup of the hyperbolic Kac-Moody group £1o(R)).

Recall that Ejyp KM algebra is an over-extension of the finite dimensional Lie algebra Eg, i.e.,
Eig = E8+ * . However, there is another extension of Eg—the so-called very extended Kac-Moody
algebra of the Eg algebra—called Ej; = E{ ©" (to get an understanding of very extended algebras
and some of their properties, see [36] and the references therein). It has been proposed by P.West
that the Lorentzian (non-hyperbolic) KM algebra Ej; is responsible for a hidden algebraic structure
characterizing 11-dimensional supergravity [37]. The same very extended algebra occurs in IIA [37]
and IIB supergravities [38]. Moreover, it was conjectured that an analogous hidden structure is
realized in the effective action of the bosonic string (with the KM algebra ky; = D;T+ ) [37] and also
for pure D dimensional gravity (with the KM algebra A*7 [39]). It has been suggested in [40]
that all of the so-called maximally-oxidized theories (see also [13]) possess the very extension G+
of the simple Lie algebra G . It was shown in [41] that the BPSsolutions of the oxidized theory of a
simply laced group G form representations of a subgroup of the Weyl transformations of the algebra
G**1 . For other aspects of very-extended Kac-Moody algebras (e.g., Eq1), see also [42-45] and the
references therein.

In this paper, we briefly review another possibility for utilizing non-singular (e.g., hyperbolic)
KM algebras suggested in three of our papers [46—48]. This possibility (implicitly assumed also
in [49-54]) is related to certain classes of exact solutions describing intersecting composite branes in a
multidimensional gravitational model containing scalar fields and antisymmetric forms defined on
(warped) product manifolds M = My X My X ... x My, where M; are Ricci-flat spaces (i > 1). From
a pure mathematical point of view, these solutions may be obtained from sigma-models or Toda chains
corresponding to certain non-singular KM algebras. The information about the (hidden) KM algebra is
encoded in intersection rules, which relate the dimensions of brane intersections with non-diagonal
components of the generalized Cartan matrix A [55]. We deal here with generalized Cartan matrices
of the form: ,

_2(urur)

s,s/ € S, with (U5, U°) # 0, forall s € S (S is a finite set). Here, U° are the so-called brane
(co-)vectors. They are linear functions on RN where N =n+1,and I is the number of scalar fields.
The indefinite scalar product (.,.) [56] is defined on (RN)* and has the signature (—1,+1,...,+1)
when all scalar fields have positive kinetic terms, i.e., there are no phantoms (or ghosts). The matrix

A (8)
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A is symmetrizable. U°-vectors may be put in one-to-one correspondence with simple roots a5 of
the generalized KM algebra after a suitable normalizing. For indecomposable A (when the KM
algebra is simple), the matrices ((US,U*)) and ((as|ay)) are proportional to each other. Here, (.|.)
is a non-degenerate bilinear symmetric form on a root space obeying (as|as) > 0 for all simple
roots ag [10].

We note that the minisuperspace bilinear form (.,.) coming from the multidimensional
gravitational model [56] should not coincide with the bilinear form (.|.) from [10], and hence, there
exist physical examples where all (U, U°) are negative. Some examples of this are given below (see
Section 5). For D = 11 supergravity and ten-dimensional IIA, IIB supergravities, all (U°,U°) =2
[44,55] and corresponding KM algebras are simply laced. It was shown in our papers [29-31] that
the inequality (U°,U®) > 0 is a necessary condition for the formation of the billiard wall (ifone
approaches the singularity) by the s-th matter source (e.g., a fluid component or a brane).

The scalar products for brane vectors U° were found in [56] (for the electric case, see also [57-59]):

I dsdg

(U U ) =dgy + 2D +XsXs < As, Ay >, )
where d; and dy are dimensions of the brane world volumes corresponding to branes s and
s, respectively, dyy is the dimension of intersection of the brane world volumes, D is the total
space-time dimension, )xs = +1, —1 for electric or magnetic brane, respectively, and < As, Ay >
is the non-degenerate scalar product of the /-dimensional dilatonic coupling vectors As; and Ay
corresponding to branes s and s’ .

Relations (8) and (9) define the brane intersection rules [55]:

1
dsgy = dgs’ + EKS/ASS/, (10)
s #s',where K; = (U%, U°) and:
dsdg
diy = DS—SZ = XsXs' < As, Ay > (11

are the dimensions of the so-called orthogonal (or A; @ ... ® A; -) intersections of branes following
from the orthogonality conditions [56]:

(s, u') =0, (12)

s # s’ . The orthogonality relations (12) for brane intersections in the non-composite electric case were
suggested in [57,58] and for the composite electric case in [59].

Relations (9) and (11) were derived in [56] for rather general assumptions: the branes were
composite; the number of scalar fields | was arbitrary; as well as the signature of the bilinear form
< .,. > (or equivalently, the signature of the kinetic term for scalar fields), Ricci-flat factor spaces M;
had arbitrary dimensions d; and signatures. The intersection rules (11) appeared earlier (in different
notations) in [60-62] when all d; =1 (i > 0),and < .,. > was positive definite (in [60,61], | =1,
and total space-time had a pseudo-Euclidean signature). The intersection rules (11) were also used
in [55,63-65] in the context of intersecting black brane solutions.

It was proven in [66] that the target space of the sigma model describing composite
electro-magnetic brane configurations on the product of several Ricci-flat spaces is a homogeneous
(coset) space G/H. It is locally symmetric (i.e., the Riemann tensor is covariantly constant:
VRiem = 0) if and only if:

(e —us)(us,u’) =0 (13)

forall s and s’,i.e., when any two brane vectors U° and us' , 8 #s', are either coinciding U® = us
or orthogonal (U°, Us/) = 0 (for two electric branes and | = 1, see also [67]).
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Now, relations for brane vectors U° (8) and (9) (with U°® being identified with roots a;)
are widely used in the G™** -approach [13,41]. The orthogonality condition (12) describing the
intersection of branes [56-59] was rediscovered in [44] (for some particular intersecting configurations
of M-theory, it was done in [68]). It was found in the context of GT ' -algebras that the intersection
rules for extremal branes are encoded in orthogonality conditions between the various roots from
which the branes arise, i.e., (as|ag) =0, s #s’, where as should be real positive roots (“real” means
that (as|as) > 0). In [44], another condition on brane, root vectors was found: & + ay should not be
aroot, s # s’ . The last condition is trivial for M-theory and for IIA and IIB supergravities, but for
low energy effective actions of heterotic strings, it forbids certain intersections that do not take place
due to non-zero contributions of Chern-Simons terms.

It should be noted that the orthogonality relations for brane intersections (12) appeared in
1996-1997. The standard intersection rules (11) gave back the well-known zero binding energy
configurations preserving some supersymmetries. These brane configurations were originally derived
from supersymmetry and duality arguments (see for example [69-71] and the reference therein) or by
using a no-force condition (suggested for M-branes in [72]).

2. The Model

2.1. The Action

We consider the model governed by action:

1
5= 2 [ 4°2\/IgHRIg]~ 28 — hupg Mg ane? (14)
Oa
-y o exp[2Aa(go)}(F”)§} + SGH,
acA A’

where ¢ = gyndz™ @ dzN is the metric on the manifold M, dimM =D, ¢ = (¢*) € R! is a vector
of dilatonic scalar fields, (/) is a non-degenerate symmetric I x I matrix (I € N), 0, # 0,

1

F* =dA* = —
ng!

Fity ..My, dzMi AL A dzMia

is an n,; -form (n, > 2) on a D -dimensional manifold M, A is a cosmological constant and A,
is a one-form on R!: Aa(@) = Agug®, a €A, x=1,...,1. In (14), we denote |g| = | det(gmn)|,
(F”)§ =Fy, . M, FY, .. N, gMiNe [ oMuaNua g € A, where A is some finite set (for example, of positive
integers), and Sgy is the standard Gibbons-Hawking boundary term [73]. In models with one
time, all 6, = 1 when the signature of the metricis (—1,+1,...,+1). x? is the multidimensional
gravitational constant.

2.2. Ansatz for Composite Branes

Let us consider the manifold:
M= Myx M X...x My, (15)

with the metric:

n i .
g = eZy(x)gO + 2 62¢’(x)§zl (16)
i=1

where ¢ = g?“/(x)dx” ® dx" is an arbitrary metric with any signature on the manifold My and
8" = g, (vi)dy]" @ dy]" is a metricon M; satisfying the equation:

Rmini [gl] = (:l‘gifl,'n,'/ (17)
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my,n; = 1,...,d;; & = const, i = 1,...,n. Here, gi = p;‘gi is the pullback of the metric gi
to the manifold M by the canonical projection: p; : M — M;, i = 0,...,n. Thus, (M; g') are
Einstein spaces, i = 1,...,n. The functions v, qbi : My — R are smooth. We denote d, = dimM,, ;

v=0,...,n; D=Y_ysd,. We put any manifold M, , v =0,...,n, to be oriented and connected.
Then, the volume d; -form:
. di
TiE\/\gl(yi)My}/\.../\dyi, (18)

e(i) = sign(det(gfnini)) =+1 (19)

and signature parameter:

are correctly defined forall i =1,...,n.
Let ) = Q(n) be a set of all non-empty subsets of {1,...,n}. The number of elements in Q) is
Q| =2" —1.Forany I = {iy,...,ix} € Q, i1 <...<i;,wedenote:

()=t A AT, (20)
e(I) =e(iy)...e(ig), (21)
Mp=M; x...xX M, (22)
() =) d. (23)

icl

Here, t; = p;1; is the pullback of the form 7; to the manifold M by the canonical projection:
pi:M—M;,i=1,...,n. Wealso put 7(?) =¢(?) =1 and d(@) =0.
For fields of forms, we consider the following composite electromagnetic ansatz:

e Z ]_-(a,e,l) + Z }'(ﬂ,m/]) (24)
IEQﬂ’E ]EQa,m
where:
]_-(a,e,l) — dplael) A T(I), (25)
Fam) = 2400 4 (dglem)) p1(J)) (26)

are elementary forms of electric and magnetic types, respectively, a € A, I € Oy, | € Q1 and
Qo CQ, v=e,m.In(26), x = x[g| is the Hodge operator on (M, g):

81" Ny...N;
(x@0)MyMp , = T EMi.Mp (Ny..NW 1k,
where rank w = k.
For scalar functions, we put:
9" = ¢ (x), P =D(x), (27)
s € S. Thus, ¢* and ®° are functions on Mj .
Here and below:
S=S.USu, So=Usea{a} x{v} x Qup, (28)

v = ¢, m . Here and in what follows, LI means the union of non-intersecting sets. The set S consists
of elements s = (a5, s, Is) , where a5 € A is the color index, vs = e, m is the electro-magnetic index
and set Is € (), describes the location of brane.

Due to (25) and (26):

d)=n,—1, d(J)=D—n,—1, (29)
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for I € Oy, and | € Oy (ie., in the electric and magnetic case, respectively).

2.3. The Sigma Model
Let dg # 2 and:

1 &
T=700) = 55 L (30)
f=

i.e., the generalized harmonic gauge (frame) is used.

Here, we put two restrictions on sets of branes that guarantee the block-diagonal form
of the energy-momentum tensor and the existence of the sigma-model representation (without
additional constraints):

(R1) d(In])<d(I)-2, (31)

forany I,] € Oy, a €A, v=re,m (here d(I) =d(]))and
(R2) d(INJ)#0 fordy=1, d(INJ)#1 fordy=3. (32)
It was proven in [56] that equations of motion for the model (14) and the Bianchi identities:
dF® =0, (33)

s € Sy, for fields from (16), (24)—(27), when Restrictions (31) and (32) are imposed, are equivalent to
the equations of motion for the ¢ -model governed by the action:

1 d A A
So0 = 2 /d 0xy/ |80{R[80] — Gapg™0,0%0,0" (34)
— Y esexp (—2U50) %0, %9, % — ZV},
seS

where (04) = (cpi, ¢*), ko # 0, the index set S is defined in (28),

n .
V =V(¢p) = Ae?10®) — % Y Eidre 2 +2m0(@) (35)
i=1
is the potential,
A Giji O
G = Y 36
(Gas) ( 0 Iy ) (36)
is the target space metric with:
did;
G,‘]’ = d,’&,‘]’ + 7610 5 (37)
and co-vectors:
Uy = Wy = Y dip' — xsha (@), (W) = (didir,, —xshaw), (38)
icls
s = (as,vs,I5) . Here, xe = +1 and xm = —1;
it =)0 (39)

jel
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is an indicator of i belonging to I: 6;; =1 for i € I and é;; = 0 otherwise; and:
e = (—elg]) 7% 2e(1s) b, (40)
s €S, e[g] = signdet(gmn) - More explicitly, (40) reads:
es = €(I5)0,, for vs = ¢; es = —¢[gle(Is)0n,, for vs = m. 41)

For finite internal space volumes V; (e.g., compact M; ) and electric p-branes (i.e., all Q,,, = @),
the action (34) coincides with the action (14) when x* = K% Vi

3. Solutions Governed by Harmonic Functions

3.1. Solutions with a Block-Orthogonal Set of U° and Ricci-Flat Factor-Spaces

Here, we consider a special class of solutions to equations of motion governed by several harmonic
functions when all factor spaces are Ricci-flat and the cosmological constant is zero, i.e., {; = A =0,
i =1,...,n. In certain situations, these solutions describe extremal black branes charged by fields
of forms.

The solutions crucially depend on scalar products of U*-vectors (U°, US,) ; 5,5 €S, where:

(u,u’y = GABu,ug, (42)

for U= (Uy), U = (U,) eRN, N=n+I and:

gy _ [ GV 0
(G )_ ( 0 hzxﬁ ) (43)

is the inverse matrix to the matrix (36). Here, as in [74], we have:

Y U] 1

Y — 44
G d; + 2-D’ (44)
i,j=1,...,n.
The scalar products (42) for vectors U° were calculated in [56] and are given by:
/ d(Is)d(ILy
(s, u*) =d(I,Nnly) + % + XsXs’/\astx)\us/ﬁh“ﬂr (45)

where (h*f) = (haﬁ)’1 ,and s = (as,vs,I5), s = (ag,vy,Iy) belong to the index set S defined
in (28). This relation is a very important one since it encodes brane data (e.g., intersections) via the
scalar products of U-vectors.
Let:
S=85U---USy, (46)

Si#@0,i=1,...,k,and:
(U, ) =0 (47)

forall s € S;, s’ ¢ Sj, i #j;ij=1,...,k. Relation (46) means that the set S is a union of k
non-intersecting (non-empty) subsets Si,...,Sx. According to (47), the set of vectors (U*,s € S)
has a block-orthogonal structure with respect to the scalar product (42), i.e., it splits into k mutually
orthogonal blocks (U%,s € S;),i=1,...,k.

Here, we consider exact solutions in the model (14), when vectors (U°,s € S) obey the
block-orthogonal decomposition (46) and (47) with scalar products defined in (45) [46]. These solutions
were obtained from the corresponding solutions to the ¢ -model equations of motion [46].
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Proposition 1. Let (Mo, g°) be Ricci-flat: R;,[g°] = 0. Then, the field configuration:

' o= LelMEing, @ = (48)
seS

s € S, satisfies the field equations corresponding to the action (34) with V = 0 if the real numbers vs obey the
relations:

Yo (e, U )egvl = —1 (49)

s'eS
s € S, the functions Hs > 0 are harmonic, i.e., A[gO]Hs =0, s € S,and Hs are coinciding inside blocks:
Hs; = Hy for s,s' € S;,i=1,...,k.

Using the sigma-model solution from Proposition 1 and the relations for contra-variant
components [56]:

d(ls)
D2’

us = g, — U™ = —xsAL, (50)

s = (as,vs,Is) , we get [46]:

1/(2-D) "
§= (H R ) {g )y (HHZ“VS"”S> ¢ } 1)

seS i=1 \s€S
Pt = — Z Ag‘sxsssvsz In Hy, (52)

seS
F' =Y F°6, (53)

seS
where i=1,...,n,a=1,...,1, a € A and:

F¥ =vedH; P AT(L5), forvs =e, (54)
F* = vs(xodHs) A T(I5), for vg = m, (55)

H; are harmonic functions on (M), go) , which coincide inside blocks (i.e., H; = Hy for s,s’ €
S;, i=1,...,k), and the relations (49) on the parameters v are imposed. Here, the matrix ((U?, Us,))
and parameters ¢, s € S, are defined in (45) and (40), respectively; A; = h"‘ﬁ)\ulg , %0 = *[¢] is the
Hodge operator on (M, g"), and:

I={1,...,n}\1I (56)
is the dual set (in (55), we redefined the sign of the v; -parameter).

3.2. Solutions Related to Non-Singular KM Algebras

Now, we study the solutions (51)-(55) in more detail and show that some of them may be related
to non-singular KM algebras. We put:

= (W, u) #0 (57)
forall s € S and introduce the matrix A = (Ay):

20U, U¥)

e =0

(58)
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s,s' € S. Here, some ordering in S is assumed.
Using this definition and (45), we obtain the intersection rules [55]:

1
d(IsN1y) = A(s,s') + 5 Ko Assrs (59)

where s # ', and:

d(Is)d(Iy)

A(s,s') = D >

— XsXs' Aasara, ph™P (60)

defines the so-called “orthogonal” intersection rules [56] (see also [60-62] for d; = 1).
In D =11 and D = 10 (IIA and [IB) supergravity models, all K; = 2, and hence, the
intersection rules (59) in this case have a simpler form [55]:

d(IsN1y) = A(s,s') + Ay, (61)

where s # s’ , implying Ay = Ay, . The corresponding KM algebra is simply-laced in this case.
For det A # 0, Relation (49) may be rewritten in the equivalent form:

—e V2 (U5, U°) =2 ) A% =, (62)

s'eS

where s € S, and (ASS/) = A~!. Thus, Equation (49) may be resolved in terms of vs for certain
es = +1, s € S. We note that due to (47), the matrix A has a block-diagonal structure, and hence,
for any i-th block, the set of parameters (vs,s € S;) depends on the matrix inverse to the matrix
(ASS/,'S, s e Si) .

Now, we consider the one-block case when the brane intersections are related to some non-singular
KM algebras.

3.2.1. Finite-Dimensional Lie Algebras [47]

Let A be a Cartan matrix of a simple finite-dimensional Lie algebra. In this case,
Asy € {0,—1,—2,-3}, s # s’ . The elements of inverse matrix A~! are positive (see Ch. 7 in [11]),
and hence, we get from (62) the same signature relation as in the orthogonal case [56]:

es(U°, U°) <0, (63)

sES.
When all (U°,U°) >0,weget e, <0,s€S.
Moreover, all bs are natural numbers:

bs - 1’15 S N, (64)

s€s.
The integers ns coincide with the components of the twice dual Weyl vector in the basis of simple
co-roots (see Ch. 3.1.7 in [11]).

3.2.2. Hyperbolic KM algebras

Let A be a generalized Cartan matrix corresponding to a simple hyperbolic KM algebra.
For the hyperbolic algebras, the following relations are satisfied:

es(U°, U°) > 0, (65)
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since all b; are negative in the hyperbolic case [36]:
bs <0, (66)

where s € S.
For (U, U°) >0,weget ¢, >0,s€S.1f 6,, >0 forall s € S, then:

e(Is) =1forovs =e¢; e(Is) = —elg] for vs = m. (67)

For a pseudo-Euclidean metric ¢, all ¢(I;) = 1, and hence, all branes are Euclidean or should
contain an even number of time directions: 2,4,.... For ¢[g] = 1, only magnetic branes may be
pseudo-Euclidean.

Remark 1. The inequalities (66) guarantee the existence of a principal (real) so(1,2) subalgebra for any
hyperbolic Kac—Moody algebra [36,75]. Similarly, the inequalities (64) imply the existence of a principal so(3)
subalgebra for any finite dimensional (semi-)simple Lie algebra. It was shown in [36] that this property is not
just restricted to hyperbolic algebras, but holds for a wider class of Lorentzian algebras obeying the inequalities
bs <0 forall s.

Example 1. F3 = AEj3 algebra [48].

Now, we consider an example of the solution corresponding to the hyperbolic KM algebra 3
with the Cartan matrix:

2 -2 0
A= —2 2 -1 |, (68)
o -1 2

F3 contains Agl) affine subalgebra (it corresponds to the Geroch group) and A, subalgebra.
There exists an example of the solution with the A-matrix (68) for 11-dimensional model governed by

5= [ atzyflgl{ Rlg) - (P2 - g2, ©9)

where rankF* = rankF* = 4. Here, A = {4, 4x} . We consider a configuration with two magnetic
five-branes corresponding to the form F* and one electric two-brane corresponding to the form
F*. We denote S = {s1,82,53}, as, = as, = 4, as, = 4% and vs, = vs; = m, vs, = e, where
d(ls;) =d(I,;) =6 and d(Is,) = 3.

The intersection rules (59) read:

the action:

d(I; NL,) =0, d(,NI,) =1, d(I;NI,) =4 (70)

For the manifold (15), we put n = 5 and dy = 2, dp = 4, d3 = dy =1, d5s = 2.
The corresponding brane sets are the following: Is, = {1,2}, I,, = {4,5}, I, = {2,3,4} .
The solution reads:

g=H12 {—dt ®dt+ H¢' + H3¢? + H'3 + HY¢* + H'0g } ) (71)
dH = | . .
F* = E{vslrg/\u/\r5+v53r1/\*r5}, (72)
dH
o= SV g b A s, (73)

4t H2
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where 1/31 = %, 1/522 =5 and 1/523 =2 (see (62)).
All metrics ¢' are Ricci-flat (i = 1,...,5) and have Euclidean signatures (this agrees with
Relations (65) and (40)), and H = ht + hy > 0, where &, hy are constants. The metric (71) may be also

rewritten using the synchronous time variable f;:
g = —dts @ dt, +f3/5§1 +ffl/5gf\2 +f8/5g3 _’_f72/5§4 +f2/5g5’ (74)

where f = 5ht; = H5>0,h>0 and t; > 0. The metric describes the power-law “inflation” in
D =11. Itis singular for t; — +0.

In the next example, we consider a chain of the so-called Bp -models (D > 11) suggested in [55].
For D = 11, the Bp-model coincides with the truncated (i.e., without the Chern-Simons term)
bosonic sector of D = 11 supergravity [2], which is related to M-theory. For D = 12, it coincides with
the truncated 12-dimensional model from [76], which may be related to F-theory [77].

Bp -models: The Bp -model has the action [55]:

— — D=7 1 T = a
o= [ %=/ gI{ Rls] + "Nongong — L, 1 ewl2agl(F)2}, @
.

where ¢ = (¢,...,¢") eR!, Ao = (Ap1,..., Ay) €R!, I=D—11, rankF* =a, a=4,...,D—7.
Here, vectors A, satisfy the relations:

Aadp = N(a,b) — % = A, (76)

N(a,b) = min(a,b) — 3, (77)

a,b=4,...,D—7 and 7\D_7 = —27t4. For D > 11, vectors 7\4, . ..,XD_g are linearly independent
(it may be verified that matrix (A,) is positive definite, and hence, the set of vectors obeying (76)
does exist).

The model (75) contains ! scalar fields with a negative kinetic term (i.e., hyg = —dup in (14))
coupled to several forms (the number of forms is (! + 1)).

For the brane world volumes, we have the following dimensions (see (29)):

d(I)=3,...,D—8, I¢€Q,, (78)
dI)=D-5,...,6, I€ Qqn. (79)

Thus, there are (I + 1) electricand (I + 1) magnetic p-branes, p = d(I) — 1. In the Bp -model,
all Kg=2.

Example 2. Hj(q1,q2) algebra [46].

Let

2 —
A= ( o o ) q142 > 4, (80)

71,92 € N. This is the Cartan matrix for the hyperbolic KM algebra Hj(g1,42) [10]. From (62), we get:

eV (U, U°) (q192 —4) = 245 + 4, 81)
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s € {1,2} = S. An example of the H(g,q)-solution for the Bp-model with two electric
p-branes (p = dy,d> ), corresponding to F? and F? fields and intersecting on time manifold, is
the following [46]:

g=H20-2g0 _ g2/@2gr @ dt + ¢ + ¢2, (82)
F* =wdH ' Adt A1y, (83)

FP = vodH A dt Ay, (84)
¢=—(Aa+A)(9—2) "InH (85)

where dg =3, di =a—-2,a=q9g+4,a<b,dy=b—-2,D =a+b,and v% = 1/% = (q—Z)’l.
The signature restrictions are: ¢; = €y = — 1. Thus, the space-time (M, g) should contain at least three
time directions. The minimal D is 15. For D =15, weget a=7, b =8, dy =5, dp =6 and g = 3.

Remark 2 (Affine Lie algebras). We note that affine KM algebras (with det A = 0) do not appear in the
solutions (51)—(55). Indeed, any affine Cartan matrix satisfies the relations:

z as’As’s =0 (86)
s'eS

with as > 0 called Coxeter labels [11], s € S . This relation makes impossible the existence of the solution to
Equation (49), since the latter is incompatible with Equations (48) and (58).

3.2.3. Generalized Majumdar—Papapetrou Solutions

Now, we return to a “multi-block” solution (51)—(55). Let My = R, dy > 2, gO = Opdxt @ dx",
di=1and gl = —dt®dt. For:

_ qsb

where X; is the finite non-empty subset Xs C My, s € S, all g4 > 0,and Xs; = Xy, q¢ = gsp for
beXs =Xy, ss € S]-, j =1,...,k. The harmonic functions (87) are defined in domain M\ X,
X = Uses Xs , and generate the solutions (51)—(55).

Denote S(b) = {s € S| b€ X}, b € X (in the one-block case, when k =1, all X; = X and
S(b) = S). We have a horizon at point b w.r.t. time t, when x — b € X, if and only if:

e 1
§1<b>:s§(b)< el — 7—5 2 0. (88)

This relation follows just from the requirement of the infinite propagation time of light to b € X.
Majumdar-Papapetrou  solution: Recall that the well-known four-dimensional
Majumdar-Papapetrou (MP) solution [78,79] corresponding to the Lie algebra A; in our notation reads:

¢ = H?§" — H2dt ® dt, (89)
F=vdH ' Adt, (90)

where 12 =2, go = E?:l dx' @ dx* and H is a harmonic function. We have one electric zero-brane
(point) “attached” to the time manifold; d(;) =1, s = —1 and (U®,U°) = 1/2. In this case (e.g.,
for the extremal Reissner-Nordstrom black hole), we get ¢1(b) =1, b € X. Points b are the points
of (regular) horizon.

For certain examples of finite-dimensional semisimple Lie algebras (e.g., for A1 & ... ® Aq,
A, , etc.), the poles b in H; correspond to (regular) horizons, and the solution under consideration
describes a collection of k blocks of extremal charged black branes (in equilibrium) [46].
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Hyperbolic KM algebras: Let us consider a generalized one-block (k = 1) MP solution
corresponding to a hyperbolic KM algebra, such that (U°,U°) > 0 for all s € S. In this case,
all &, >0, s € S, and hence, ¢;(b) < 0. Thus, any point b € X is not a point of the horizon (it may
be checked using the analysis carried out in [46] that any non-exceptional point b is a singular one).
As a consequence, the generalized MP solution corresponding to any hyperbolic KM algebra does not
describe a collection of extremal charged black branes (in equilibrium) when all (U, U®) > 0.

Remark 3. Here, we do not consider the solutions in supergravity models (e.g., in D = 11 supergravity) with
partially preserving supersymmetries. For supersymmetric solutions, see [71,80—-88] and the references therein.

3.3. Toda-Like Solutions

3.3.1. Toda-Like Lagrangian

Action (34) may be also written in the form:
1 d 0 0 A B
So0 = 232 /d 0x1/I8°{R[g"] — Gap(X)g " 90X 0y X" — 2V} 91)

where X = (XA) = (f[)i, ¢*, D) € RY, and the mini-supermetric
G = G,3(X)dX” ® dXP on the minisuperspace M =RN, N =n+1+ S| (|S] is the number
of elements in S) is defined by the relation:
Gj 0 0
(Gap(X)) =] 0 hyg 0 : (92)
0 0 esexp(—2U%(0))dsy

Here, we consider exact solutions to field equations corresponding to the action (91):

2V,

R“L[l/ [go] = gAB (X)aVXAaVXB —+ mgﬂw (93)
1 5 1 5 5
oV 18106 (X873, X°) - 30250 (X9, x X = v, 09
where s € S. Here, V,C = E)V/BXC.
We put:
XA (x) = FA(H(x)), (95)

where F: (u_,uy) — RN (u+ F(u)) is a smooth function, H : My — R is a harmonic function
on My (i.e., A[g°]H = 0), satisfying u_ < H(x) < u; forall x € My. We take all factor spaces as
Ricci-flat, and the cosmological constant is set to zero, i.e., the relations ¢; = 0 and A = 0 are satisfied.

In this case, the potential is zero: V = 0. It may be verified that the field Equations (93) and (94)
are satisfied identically if the map F obeys the Lagrange equations for the Lagrangian:

L= %QAB(F)PAPB (96)

with the zero-energy constraint:

Gap(F)FAEP = 0. (97)
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Here, FA = %. This means that F : (u_,u;) — RN is a null-geodesic map for the
minisupermetric G. Thus, we are led to the Lagrange system (96) with the minisupermetric G
defined in (92).

The problem of integrability will be simplified if we integrate the Lagrange equations

corresponding to ®° (i.e., the Maxwell-type equations for s € S, and Bianchi identities for s € S;; ):
% (exp(—2U°(0))D°) = 0 <= ° = Qs exp(2U°(0)), (98)

where Qs are constants and s € S. Here, (FA) = (04,®%). Weput Qs #0 forall s € S.

For fixed Q = (Qs,s € S), the Lagrange equations for the Lagrangian (96) corresponding to
(c?) = (¢!, 9*) , when Equation (98) is substituted, are equivalent to the Lagrange equations for the
Lagrangian:

1. 4.
LQ = EGABO'AO'B - VQ, (99)
where:
Z es Q% exp[2U° (7)), (100)
seS

and the matrix ( Ga ) is defined in (36). The zero-energy constraint (97) reads:
1.
Eq = icAB(rA(rB + Vg =0. (101)

3.3.2. The Solutions

Here, as above, we are interested in exact solutions for a special case when Ks = (U°,U°) # 0, for
all s € S5, and the generalized Cartan matrix (58) is non-degenerate. It follows from the non-degeneracy
of the matrix (58) that vectors U, s € S, are linearly independent. Hence, the number of vectors U®
should not exceed the dimension of R"*!  i.e., S| <n+1.

The exact solutions were obtained in [49] and are:

g= (H FUhs/( ) {exp(ZcOH +2e9)3° (102)
s€S
+ Z(Hfs 2 5’“) exp(2c'H +2¢') }
i=1 'seS
exp(¢") = (Hfi‘ S’“”ﬁ) exp(c"H + ), (103)
s€S
a=1,...,I and F*" =} ;g F*5; with:
=Q, <H f57A55/> dHAT(Is), s€S,, (104)
s'eS
F* = Qs(*odH) A 1(I5), s €Sy, (105)
where xo = [¢°] is the Hodge operator on (M, g") . Here,
fs = fs(H) = exp(=¢q°(H)), (106)
where g°(u) is a solution to the Toda-like equations:
¢ = —Bsexp( Y Awi®) (107)

s'es
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with:
Bs = KSSSQE' (108)

s€S,and H = H(x) (x € M) is a harmonic function on (M, ") . Vectors ¢ = (c#) and ¢ = (¢4)
satisfy the linear constraints:

Us(c) = Usyet = Y dic’ — XsAaac® =0, US(2) =0, (109)
i€l
s €S, and:
I o N id@f (110)
2—dy = 2—do 5

The zero-energy constraint reads:

2
n . 1 n .
14 ﬁ . i\2 .ot frng
2ET + hypc’c —I—l;dl(c) + p— (;w) 0, (111)
where: ,
Er=1 ¥ hdudie’ + L Asexp( X A 112
s,s'eS seS s'eS

is an integration constant (energy) for the solutions from (107) and As = %ss Q2.
We note that Equation (107) correspond to the Lagrangian:

1 .y /
Lr = Y hsAgqiq® — ) Asexp( ) Awq®), (113)
s,8'eS seS s'eS
where hs = K1,
Thus, the solution is given by Relations (102)-(106) with the functions 4° being defined in (107)
and with relations on the parameters of solutions A, (A=i,a,0), imposed by (109)—(111).

4. Cosmological-Type, e.g., S-Brane, Solutions

Now, we consider the case dy =1, My =R, i.e.,, we are interested in applications to the sector
with dependence on a single variable. We consider the manifold:

M= (u_,uy) x M x...x M, (114)

with a metric: .
g = we?Mdu @ du + ) 2w gi, (115)
i=1
where w = +1, u is a distinguished coordinate, which by convention, will be called “time”; (M;, gi)
are oriented and connected Einstein spaces (see (17)), i = 1,...,n. The functions 7,¢': (u_,u;) — R
are smooth.
Here, we adopt the brane ansatz from Section 2, putting ¢ = wdu ® du .

4.1. Lagrange Dynamics

It follows from Section 2.3 that the equations of motion and the Bianchi identities for the field
configuration under consideration (with the restrictions from Section 2.3 imposed) are equivalent to
equations of motion for the one-dimensional ¢ -model with the action:

So = % / duN{Ging)id)j +happ P + Y e exp[—2U° (¢, 9)] (D7) — w—sz(@}, (116)

seS
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where ¥ = dx/du,

Eidie 29" F20(9) 117)

Vi = —wV = —wAe?1®) 4 %
i=1

n
=
is the potential with vo(¢) = Y1, dip, N = exp(yp — ) > 0 is the lapse function, U = U*(¢, ¢)
are defined in (38), ¢; are defined in (40) for s = (45,05, I5) € S, Gij = d;0;; — d;d; are components of
“pure cosmological” minisupermetric, i,j =1,...,n,and matrix (G;;) has pseudo-Euclidean signature
(=, +,...,+) [74,89].

In the electric case (F (amI) — 0) for finite internal space volumes V;, the action (116) coincides
with the action (14) if y = —w/;c% , K2 = K%Vl LV

Action (116) may be also written in the form:

S, = %/du/\/ {Gap0)XAx —2n 2y, }, (118)
where X = (XA) = (¢!, %, ®°) € RN, N = n+1+ S|, and minisupermetric G is defined in (92).
Scalar products: The minisuperspace metric (92) may be also written in the form
G =G+ Yesese 20 [dds @ dD°, where o = (04) = (¢, ¢4),
G = Gppdo? @ do® = Gyjd¢' @ A/ + hypde® @ dgF, (119)

is the truncated minisupermetric, and U*(c) = LI;UA is defined in (38). The potential (117) now reads:

Vi = (—wA)e™ ) 4 f %gjdjezw @, (120)
j=1
where
W(o)= Ut = ¢/ +70(¢),  (U,) = (-3 +d;0), (121)
UMo) = Ul = yo(¢),  (Uh) = (;,0). (122)

The integrability of the Lagrange system (118) crucially depends on the scalar products of
co-vectors U2, U/, US (see (42)). These products are defined by (45) and the following relations [56]:

A
(u,wy=-"-1, (123)
aj
. D—-1
i 77Ay _ N Ay —
d(ls)

(us,uty = —é;1,, (s, ut) =

(125)

where s = (45,05, 1s) €S;i,j=1,...,n.

Toda-like representation: We put v = 7o(¢), i.e., the harmonic time gauge is considered.
Integrating the Lagrange equations corresponding to ®° (see (98)), we are led to the Lagrangian
from (99) and the zero-energy constraint (101) with the modified potential:

1
Vo =Va+ 5 ) &sQF exp[2U*(0)], (126)
seS
where V;, is defined in (117).
4.2. Solutions with A =0

Here, we consider solutions with A = 0.
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4.2.1. Solutions with Ricci-Flat Factor-Spaces

Let all spaces be Ricci-flat, i.e., {1 =---=¢, =0.
Since H(u) = u is a harmonic function on (My, g°) with ¢° = wdu ® du , we get for the metric
and scalar fields from (102) and (103) [49]:

g= (H FRIhs/( ) {exp(ZcOu + 2% wdu @ du (127)
s€S
n . . .
L (TR explacu+ 201 |,
i=1 seS$
exp(¢ (Hfhsxh ”5> exp(c*u +c"), (128)
s€S
a=1,...,1,and F* =} g5 F° with:
= Qs <H f57A55/> du At(ls), seS,, (129)
s'eS
F* = Qst(ls), S € Sp (130)

Qs #0,s€S.
Here, fs = fs(u) = exp(—¢°(u)) and ¢°(u) obey Toda-like Equation (107).
Relations (110) and (111) take the form:

n . n .
A=Y dod, =Y 47, (131)
=1 =1
n . n . 2
2Er + I’laﬁcacﬂ + 2 di(Cl)Z — Z dict ] =0, (132)
i=1 i=1

with E7 from (112), and all other relations (e.g., Constraints (109)) are unchanged.

This solution in the special case of an A, Toda chain was obtained earlier in [90] (see also [91]).
Some special configurations were considered earlier in [92-94].

Currently, the cosmological solutions with branes are considered often in a context of S-brane
terminology [95]. S-branes were originally space-like analogues of D-branes; see also [53,96-103] and the
references therein.

Remark 4. The solutions of this subsection could be readily extended to the case when the Toda-like potential
for scalar fields is added (into the action) [104,105].

4.2.2. Solutions with One Curved Factor-Space

The cosmological solution with Ricci-flat spaces may be also modified to the following case:
¢1#0, Gy =...=¢Cy=0,1ie., onespaceis curved, the others are Ricci-flatand 1 ¢ I;, s € S, i.e,
all “brane” submanifolds do not contain M; .

The potential (100) is modified for ¢; # 0 as follows (see (126)):

= 2 Y eeQexplal*(0)] + swiad expl2Ul!(0)] (133)

seS

where U'(c) is defined in (121) (d; > 1).



Symmetry 2017, 9, 155 19 of 54

For the scalar products, we get from (123) and (125):

wt,uty = dl -1<0, (ULU)=0 (134)
1
forall s € S.
The solution in the case under consideration may be obtained by a small modification of the
solution from the previous section (using (134), relations uti = —5{ /dy, U™ =0)[49]:
g = (TR0 O -2 ) 15 )2/ 00 exp(actu -+ 21 (139)
s€S
n
x [wdu @ du + f2(u)§'] + Z(H[fs(u)] —~2hs 11;) exp(2c'u +2¢')3' }
i=2 s€S
exp(¢ (F[fhqu ‘“) exp(c*u +c*), (136)
seS

and F* = Y .05 F° with forms F° defined in (129) and (130).
Here, fs = fs(u) = exp(—q°(u)), where ¢°(u) obey Toda-like Equation (107) and:

fi(u) = Rsinh(y/Cy (1 —u1)), C; > 0, Eyw > 0; (137)
Rsin(\/a(u 1)), C1 <0, &Hw > 0; (138)
Rcosh(v/Cy(u—u1)), C; >0, &w < 0; (139)

&1(dy —1)[Y2, C1 =0, Gw >0, (140)

u1,Cy are constants, and R = |&(d; —1)/Cq|1/2.
The vectors ¢ = (c?) and ¢ = (¢4) satisfy the linear constraints:

U'(c)=U"(t) =0, r=s,1, (141)

(for r = s, see (109)) and the zero-energy constraint:

G

2
i _ W B L N g (a2 1 U
d1—1*2ET+h"‘5CC + Y di(c') +7d1_1 i;dlc ) (142)

i=2
4.2.3. Special Solutions for Block-Orthogonal Set of Vectors U?®

Let us consider block-orthogonal case: (46) and (47). In this case, we get:

fo= ()" (143)
where by =2Y s A, (A%) = (Ayy) ! and:
Fs(u) = Rgsinh(/Cs(u — us)), Cs > 0, nses < 0; (144)
Rs sin( \/>(u s)), Cs <0, 17565 < 0; (145)
R, cosh \F(u us)), Cs >0, nse5 > 0; (146)
||(3:|| (u—us), Cs =0, nse5 <0, (147)

where Rs = |Qs|/(|vs||Cs|V/?),
yoi? = b (148)
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ns = £1, Cs, us are constants, s € S. The constants C;, us are coinciding inside the blocks:
us =uy, Cs=Cy,s,s €8S;,i=1,...,k. The ratios sng/(bshs) also coincide inside the blocks,
or equivalently,

2
€s Q? _ & Qs

14
b buhy’ (149)
s,ss€S;,i=1,...,k.
For the energy integration constant (112), we get:
Ep= 1t Y Csbsh (150)
T — 7 sUs/ls-

seS

The solution (135)-(130) with a block-orthogonal set of U® -vectors was obtained in [106,107] (for
the non-composite case, see also [108]). The generalized KM algebra corresponding to the generalized
Cartan matrix A in this case is semisimple. In the special orthogonal (or A; ® ... ® A1) case when:
|S1] = ... =|Sk| =1, the solution was obtained in [55].

Thus, here, we presented a large class of exact solutions for invertible generalized Cartan matrices
(e.g., corresponding to hyperbolic KM algebras). These solutions are governed by Toda-type equations.
They are integrable in quadratures for finite-dimensional semisimple Lie algebras ([109-113]) in
agreement with the Adler-van Moerbeke criterion [113] (see also [114]).

The problem of integrability of Toda-chains related to Lorentzian (e.g., hyperbolic) KM algebras
is much more complicated than in the Euclidean case. This is supported by the result from [115]
(based on calculation of the Kovalevskaya exponents) where it was shown that the known cases
of algebraic integrability for Euclidean Toda chains have no direct analogues in the case of spaces
with pseudo-Euclidean metrics because the full-parameter expansions of the general solution contain
complex powers of the independent variable. A similar result, using the Painleve property, was
obtained earlier for two-dimensional Toda chains related to hyperbolic KM algebras [116].

4.3. Examples of S-Brane Solutions

Example 3. S-brane solution governed by the Eqg Toda chain.

Let us consider the Bjs-model in 16-dimensional pseudo-Euclidean space of signature
(=, +,...,+) with six forms F4 .., F? and five scalar fields cpl, ey g05 ; see (75). Recall that for two
branes corresponding to the F* and F' forms, the orthogonal (or (A; + Aj) -) intersection rules
read [54,55]:

(a—=1)eNy (b—1), = N(a,b) = min(a,b) — 3, (151)
(a—1)eNy(D—-b—1)y,=a—1—N(a,b) (152)

where d, N, d;, denotes the dimension of orthogonal intersection for two branes with the dimensions
of their world volumes being d and d’. d, N, d], coincides with the symbol A(s,s’) from (60) (Here,
as in [54], our notations differ from those adopted in string theory. For example, for the intersection of
M2- and M5-branes, we write 3N, 6 =2 instead of 2N5 = 1.). The subscripts v, v’ = ¢, m here indicate
whether the brane is an electric (e ) or a magnetic () one. In what follows, we will be interested in
the following orthogonal intersections: 4, Ny 4e =2, 4. Mo 5e =2, 4N 11, =3, 5. Ny 11, = 4.

Here, we deal with 10 (S-)branes: eight electric branes si, 52,53, 54,55, 56,58,59 corresponding
to five-form F°, one electric brane s; corresponding to six-form F® and one magnetic brane sy
corresponding to four-form F*. The brane sets are as follows: I; = {3,4,10,12}, I, = {1,6,7,12},
I = {8,9,10,12}, I, = {1,2,3,12}, Is = {5,6,10,12}, Iy = {1,4,8,12}, I = {2,7,10,12,13},
Is = {3,6,812}, I = {1,10,11,12}, I;o = {1,2,3,4,5,6,7,8,9,10,11} .
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It may be verified that these sets do obey Ejq intersection rules following from the relations (61)
(with I, = I;) and the Dynkin diagram from Figure 1.

10

1 2 3 4 5 6 7 8 9

Figure 1. Dynkin diagram for Ejy hyperbolic Kac-Moody (KM) algebra.

Now, we present a cosmological S-brane solution from Section 4.2.1 for the configuration of ten
branes under consideration. In what follows, the relations ¢, = +1 and hs =1/2, s € S, are used.
The metric (127) reads:

1/14
= [( IT fs)4f;fll(ﬂ {eZC°f+2C*’dt®dt+( Fofafefofio) Le2 2 dxl @ dx (153)

s£7,10
_|_(f4f7f10)—162c2t+262dx2®dx2+ (fifafsfio) ! 2828 413 o 4,3
F(fifefio) L2 2 axt @ dxt + (fs fr0) 1e2 20 dxS @ da
+(fofsfafio) 2 4x6 @ dx® + (o fy fro) 162 2 4y @ dx”
+(f3f6f8f10)71 2C8t+268dx8®dx8 + (fafi0)~ 1 2c t+287 40 @ dx®
e

710

F(fifsfsfrfofio) 12 a0 @ dx'0 4 (fo fro)

9
_ 124 =12 _ 134 513
+(l | fs) 162(3 t42¢ dle ® dle +f7 162C t42¢ dxl3 ® dxlS

11 11
1, 2c t+2¢ dxll ®dx11

144 5s14 154 7715
+62c t+2¢ dx14 ®dxl4 +62c t+2¢ dx15 ®dxl5}.

For scalar fields (128), we get:

1
ot = E[ Asa( Y. Infs) — AeaIn f7 4+ Age In fro] + cot + T (154)
$#£7,10
a=1,...,5 (here, we used the relations Ay = —A,y ).

The form fields (see (129) and (130)) are as follows:

F* = Qqodx!? Adx3 Adx Adx?®®, (155)

= Quf; 2fodt Adx® Adx* Adx™0 Adx'2 + Qo fi fy 2 frdt Adxt Adx® Adx” A dx'? (156)
+Qafafs 2 fadt AdxB Adx® Adx'0 Adx!? + Qufsf 2 fsdt Adx Adx® Adx® A dx'?
+Qsfafs 2 fedt Adx® Ndx® Ndx0 Ndx? + Qg fsfo 2 frdt Adx! Adxt Adx® A dx!?
+Qsfrfg *fodt Adx® Adx® A dx® A dx!? + Qofsfy 2dt Adx! Adx'® Adx™ Adx!2,

= Qrfefs *fafiodt Adx® Adx” Adx'® Adx'? Adx'3, (157)

where Q; #0, s =1,...,,10. Here:

15 15
d=Yd, =Y, (158)
j=1 j=1
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s = exp(—g°(t)) and g°(t) obey Toda-type equations:
f p(—4q q y ype eq
q° = _ZQS exp( § : Ass’qS ); (159)
s'=1

s =1,..,10, where (Ayy) is the Cartan matrix for the KM algebra Ej (with the Dynkin diagram
from Figure 1), and the energy integration constant:

1 10 o, 1 10 10 ,
Er=g ) Awiq +5 ) Qiexp( )] Awd®), (160)
s,8'=1 s=1 s'=1
obeys the constraint:
5 15 15 \2
2Er — Z(c‘z;)z +Y () - ( c’) =0. (161)
a=1 i=1 i=1

The brane constraints (109) are in our case:

5
Ut(c)=c+ct+c10 42— ZlAS“cg =0, UYe)=0o, (162)
K=
5
W) =ct 4+ +c” + 12— Z;l)t&xcé =0, u?(c) =0,
N=

5=0, Uc)=0,

5
W)=+ +c0+ 2= ) Asect
a=1
5
Ute) =c' + P+ +c? = Y Asacl, =0,  U*(e) =0,
a=1
5
U(c) =c®+c®+cl0 412 - Y Asucy =0, us(e) =0,
a=1
5
U(c) =ct+c*+ B+ 12— 21A5,16?0 =0, ut(e) =o,
=

5
U )=+ +ct0 42 418 - 21 AeaCy =0, u’(c) =0,
=

5
U(e) =B+ +cB+ 12— ) AsaCqp =0, ud(e) =o,
a=1
5
U(c) =ct 404t cl2 - Z:l)tg;ac"q‘, =0, uw’(e) =0,
=

1 5
U%c) =Y d+ Y Auwcy =0, U (@) =0.
i=1 a=1

Remark 5. For a special choice of integration constants ¢! = 0 and ¢y = 0, we get a solution governed by
the Eqg Toda chain with the energy constraint Er = 0. According to the result from [30], we obtain a never
ending asymptotical oscillating behavior of scale factors, which is described by the motion of a point-like particle
in a billiard B C H . This billiard has a finite volume since Eqq is hyperbolic.

Special one-block solution: Now, we consider a special one-block solution (see Section 4.2.3).
This solution is valid when a special set of charges is considered (see (149)):

Q2 = Q|bs, (163)
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where Q # 0 and [47]:

10
bs =2 2 A% = —60,—-122, 186, —252, —320, —390, —462, —306, —152, —230, (164)

s'=1

s=1,..,10. Recall that (A%') = (A,y)!.
In this case, f; = (f)b, where:

f(t) = |Q|v2/Csinh(V/C(t — tg)), C > 0, (165)

1Qly/2/ICIsin(y/ICI (¢ — o)), € <0,

1QIV2(t — tp), C=0

and t( is a constant.
From (150), we get:
Er = —620C, (166)

where relation Y!°, by = —2480 was used.
For the special solution under consideration, the electric monomials in (156) and (157) have
a simpler form:

FS = Qsf 2dt n1(I5), (167)

where s =1,2,...,9.

Solution with one harmonic function: Let C = 0 and all ¢! =& = 0, c% = C_zf, = 0. In this
case, H = f(t) = |Q|v2(t —ty) > 0 is a harmonic function on the one-dimensional manifold
((to, +00), —dt ® dt) , and our solution coincides with the one-block solution (51)—(55) (if signvs =
—signQs forall s).

Example 4. S-brane solution governed by H Aél) Toda chain.

Now, we consider the Bj; -model in the 11-dimensional pseudo-Euclidean space of signature
(—, 4+, ..., +) with four-form F*.

Here, we deal with four electric branes ( SM2 -branes) s1, s3,53,54 corresponding to the four-form
F*. The brane sets are the following ones: I} = {1,2,3}, b = {4,5,6,}, I3 = {7,8,9}, Ih =
{1,4,10} .

It may be verified that these sets obey the intersection rules corresponding to the hyperbolic KM
algebra H Agl) with the following Cartan matrix:

2 -1 -1 0
A= ) (168)

(see (61) with I, = I;).
Now, we give a cosmological S-brane solution from Section 4.2.1 for the configuration of four
branes under consideration. In what follows, the relations ¢ = +1 and hs =1/2, s € S, are used.



Symmetry 2017, 9, 155 24 of 54

The metric (127) reads [117]:

g= (f1f2f3f4)1/3{—ezcot“éodt @ dt + (f1f4)*1ez‘fl”2c_ldxl @ dx! (169)

+fl—1ezc2t+2@2dx2 ® dx> _|_fl—1€203t+2c‘3dx3 ® dxd
+(f2f4)_1ezc4t+2‘%dx4 ® dxt +f2—16205t+2c‘5dx5 ® dx®
+f{16206t+256dx6 & dx® +f;162c7t+257dx7 ® dx?

_ 8 =8 _ 9 =9
+f3 1e2c t+2¢ de ®dx8 +f3 1e2C t4-2¢ dx9 ®dx9

_ 1044 7 ~10
_|_f4 1€2C t+2¢ dxlO ® dxlO}'

The form field (see (129)) is as follows:

F* = Quf; 2 fafadt Adx! Adx® Adx® + Qofi fy 2 fadt Adx* Adx® A dx® (170)
+Qafifofy 2dt Adx” Adx® Adx® + Qufsf2dt Adxt Adxt Adx™®,

where Q; #0, s=1,...,4. Here:
10 10
d=Yd P=Y7 (171)
j=1 j=1
fs = exp(—4g°(t)) and ¢°(t) obey the Toda-type equations:

4
P =-2Qexp( Y Awq®), (172)

s'=1

s =1,..,4, where (Ayy) is the Cartan matrix (168) for the KM algebra HAgl) , and the energy
integration constant:

1 & L, 18 4 /
Er = g Z Ass’qsqS/ + E 2 Qz exp( 2 Ass’qs )/ (173)
s,8'=1 s=1 s'=1

obeys the constraint:
10 10 \2
2Er+ Y () - [ X | =o. (174)
i=1 i=1

The brane constraints (109) read in this case as follows:

Ul(c)=ct+c2+ =0, U =0, (175)
)=+ +cf =0, u?(e) =0,
W) =c"+E+c% =0, ul(c) =0,
Ut(c) =ct+ct+c0 =0, ut(c) =0,

<

Since F* A F* = 0, this solution also obeys the equations of motion of 11-dimensional
supergravity.

Special one-block solution. Now, we consider a special one-block solution (see Section 4.2.3).
This solution is valid when a special set of charges is considered (see (149)):

Q2 = Q?|bs|, (176)
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where Q # 0 and:
4
bs=2) A® =-12,-12,—14,—6. (177)

s'=1
In this case, f; = (f)b, where f is the same as in (165).
For the energy integration constant, we have:

Er = —11C, (178)
(see (150)).
Example 5. S-brane solution governed by Py Toda chain with E = 0.

Now, we consider the Bj; -model in the 11-dimensional pseudo-Euclidean space of signature
(—, 4+, ..., +) with four-form F*.

Here, we deal with ten electric branes ( SM2 -branes) s, ..., 519 corresponding to the four-form F4.
The brane sets are taken from [13,118] as: I = {1,4,7}, L = {8,9,10}, Iz = {2,5,7}, I, = {4,6,10},
Is ={2,3,9}, I = {1,2,8}, I, = {1,3,10}, Iy = {4,5,8}, Iy = {3,6,7}, I,y = {5,6,9} .

These sets obey the intersection rules corresponding to the Lorentzian KM algebra Pjy (we call it
Petersen algebra) with the following Cartan matrix:

2 -1 0 0 -1 0 0 0 0 -1
-1 2 -1 0 0O 0O 0O 0 -1 o0
o -12 -1 0 O -1 0 O O
0 -1 2 -1 -1 0 0 0 O

(179)

0 -1 0 0 0 2 -1 0 -1
0 o 0 -1 0 -1 2 -1 0
o -1 0 0o O -1 0 -1 2 0
-1 0 0 o0 0 -1 -1 0 o0 2

The Dynkin diagram for this Cartan matrix could be represented by the Petersen graph (“a star
inside a pentagon”). Pjy is the Lorentzian KM algebra. It is a subalgebra of Ejg [13,118].

Let us present an S -brane solution for the configuration of 10 electric branes under consideration.
The metric (127) reads [117]:

10 \1/3
§= (Hﬁ) {—dt ®dt + (fifefr) tdx! @ dx! (180)
s=1

+(fafsfe) ldx® @ dx® + (fsfrfo) tdx® @ dx®
+(fifafs) tdxt @ dxt + (fafsfro) ldx® @ dx®
+(fafofi0) 'dx® @ dx® + (fufafo) 'dx” @ dx”
+(fafefs) tdx® @ dx® + (fofsfio) tdx® @ dx’

+(fofafr) ldx0 @ dxw}-
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The form field (see (129)) is the following:

F* = Qi 2 fofsfrodt Adx Adx* Adx” + Qafify 2 fafodt Adx® Adx® Adx® (181)
+Qsfofy 2 fafrdt Adx? Adx® Ndx” + Qufafy 2 fsfedt Adx* Adx® Adx!?,
Qsfifafs 2fedt Adx® Adx® Adx® + Qe fafs 2 fofrodt Adxt Adx? Ada®
+Q7f3f5 2 fafrodt Adxt Adx® Adx™® + Qs fs fr fg 2 fodt A dx* A dx® A da®
Qofofefsfs 2dt Adx> Adx® Adx” + Quofifefrfrordt Adx® Adx® Adx®,

where Qs #0, s =1,..,10. Here, fs =exp(—¢°(t)) and 4°(t) obey the Toda-type equations:

10
F=-2Q¢exp( Y Awq®) (182)

s'=1
where (Agy) is the Cartan matrix (179) for the KM algebra Py, and the energy constraint:

1 4

5,8/ =

| 10 10 ,
As°q" + 5 ), Qiexp( ) Awq™) =0 (183)
1 s=1 s'=1

is obeyed. Here, we used the fact that the two sets of linear equations— U*(c) = 0, U°(¢) = 0,
s = 1,...,10 —have trivial solutions: ¢ =0, ¢ = 0, due to the linear independence of vectors U*.
Since F* A F* = 0, this solution also obeys the equations of motion of 11-dimensional supergravity.

Remark 6. As pointed out in [118], we do not obtain a never ending asymptotic oscillating behavior of the
scale factors in this case, since the Lorentzian KM algebra Pyg is not hyperbolic, and the corresponding billiard
B C H? has an infinite volume.

Special one-block solution. Now, we consider a special one-block solution. The calculations give
us the following relations:

10
bs=2) A¥ =-2 (184)

s'=1

s =1,...,10 and hence, the special solution is valid (see (149)), when all charges are equal:

Q=0 (185)

where Q # 0. In this case, all f; = f‘z , where:

f(t) = 1QI(t — t), (186)

and t( is constant. The metric (180) may be rewritten using the synchronous time variable ¢; :

g = —dt;@dt; + A7 Y dx' @ dx, (187)
i=1

where A > 0 and t; > 0. This metric coincides with the power-law, inflationary solution in the model
with a one-component perfect fluid when the following equation of state is adopted: p = %p , where p
is pressure and p is the density of fluid [119,120].
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5. Black Brane Solutions

In this section, we consider the spherically-symmetric case of the metric (135), i.e., weput w =1,
M; = s gl = d021 , where dQé1 is the canonical metric on a unit sphere s d1 > 2. In this case,
éjl =d;—1. Weput M =R, g2 = —dt®dt,ie., M, is a time manifold.

Let C; > 0. We consider solutions defined on some interval [u(, +o0) with a horizon at © = +c0.

When the matrix (h,p) is positive definite and:

2€L, VseS, (188)

i.e., all branes have a common time direction f, the horizon condition singles out the unique solution
with C; > 0 and linear asymptotics at infinity:

g =—Pu+p +o(l), (189)

u — +oo, where p°, B° are constants, s € S [51,52].
In this case:

A/ = =0 + U + Y hb U4, (190)
sES

B/n=2Y A¥ =b, (191)
s'eS

where s € S, A = (i,a), i = \/C;, the matrix (A%) is inverse of the generalized Cartan matrix
(Ass’) and h = (Ul, Ul)il = dl/(l — dl) .
Let us introduce a new radial variable R = R(u) through the relations:

exp(—2jiu) =1— % p=np/d> (192)
where u > 0, RY > 2u,d=d —1. Weput ¢ =0 and ¢°(0) =0, A = (i,a), s € S. These
relations guarantee the asymptotic flatness (for R — +o0) of the (2 + d;) -dimensional section of
the metric.

Let us denote H; = fse’ﬁs”, s € S. Then, Solutions (135)-(130) may be written as
follows [50-52]:

g= (]‘[th“s)/ (D-2) ){( ) dR © dR + R2d0O3, (193)
seS
—(TTH:) <1 P;) dt @ dt + Z(HH ) }
seS i=3 seS
exp(g") = [ HEXM, (194)
seS

where F* =Y ¢ 0, F°,and:

r=-2 (HH )dR/\T(Is), (195)

s'eS

seS,,
F* = Qst(ls), (196)

seS,.
Here, Qs #0, hs = K7 1 seS,and the generalized Cartan matrix (Agy) is non-degenerate.
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Functions Hs > 0 obey the equations:

d ((1—-2uz) d - —Ay
E <I_IstHS> = Bs H Hs’ 7 (197)
s'es
Hy((2p) ™" = 0) = Hyo € (0, +), (198)
H(+0) =1, (199)

s€S,where Hy(z) >0, >0, z=R¢€(0,2u)"") and By = e,K,Q2/d? £ 0.

There exist solutions to Equations (197)-(198) of the polynomial type. The simplest example
occurs in the orthogonal case [55,65] (for d; =1, see also [63,64]): (U, LIS,) =0,fors#5s",s5:s €8S.
In this case, (Asy) = diag(2,...,2) is a Cartan matrix for the semisimple Lie algebra A; & ... ® Ay
and:

Hy(z) =1+ Psz (200)

with Ps # 0, satisfying:
Py(P, +2y) = —Bs, (201)

ses.
In [107,108,121], this solution was generalized to a block-orthogonal case (46) and (47). In this
case (200), is modified as follows:
Hs(z) = (1+ Pz), (202)

where bs are defined in (191) and parameters Ps coincide inside blocks, i.e., Ps = Py for s,s' € §;,
i=1,...,k. The parameters P; # 0 satisfy the relations [54,107,121]:

Ps(Ps +2}1) = _Bs/bs/ (203)

s € S, and the parameters B;/bs coincide inside blocks, i.e.,, Bs/b; = By /by for s,s' € S;,
i=1,...,k.
For earlier supergravity solutions, see [122,123] and the references therein.

Finite-dimensional Lie algebras:

Let (Agy) be a Cartan matrix for a finite-dimensional semisimple Lie algebra G . In this case,
all powers in (191) are natural numbers, which coincide with the components of twice the dual Weyl
vector in the basis of simple co-roots [11], and hence, all functions H; are polynomials, s € S.

Conjecture 1. Let (Asy) be a Cartan matrix for a semisimple finite-dimensional Lie algebra G . Then,
the solutions to Equations (197)—(199) (if they exist) have a polynomial structure:

Hi(z) =1+ Y PW2F, (204)
k=1

where Ps(k) are constants, k =1,...,15; 1y =bs =2) g A% € N and Ps(ns) #0,s€8S.

In the extremal case (u = +0), an analogue of this conjecture was suggested previously in [94].
Conjecture 1 was verified for the Ay, and Cyyq1 Lie algebras in [51,52]. Explicit expressions for
polynomials corresponding to Lie algebras C; and Aj were obtained in [124,125], respectively.

Remark 7. In various notations, the A1 -solution with H =1+ % appeared earlier for dilatonic black hole
solutions in [126] and [127,128] ( D = 4 ) and was extended to the multidimensional case in [127-130] (the
results of [128] seem to be correct ones up to a typo in the first Formula (2.1) for the action in [128], which
should be eliminated: the kinetic term for the scalar field should be multiplied by extra factor 1/2 ). A special
case with A2 =1/2 (A is dilatonic coupling) was considered earlier in [131,132].
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Example 6. Solution for Aj.

Here, we consider solutions related to the Lie algebra A, = sl (3) with the Cartan matrix

(Ase) = ( _21 _21 ) . (205)

According to the results of previous section, we seek the solutions to Equations (197)—(199) in the
following form (see (204); here, ny =np =2):

Hy =14 Pz + P22, (206)

where P, = Ps(l) and Ps(z) # ( are constants, s =1,2.
From (197) we get for Py + P +4u # 0 [50]:

@ _ BB (B+2p)
2(Py + Py + 41)’

_— _PS(PS +2u)(Ps + 4pu)
Bs = Pi+P+4u (207)

s = 1,2. Here, we denote s +1 = 2,1 for s = 1,2, respectively. For P; + P, +4u = 0, we get a
special (exceptional) solution with P; = P, = —2y, ZPS(Z) =By >0 and By + By = 442.

Thus, in the A; -case, the non-exceptional solution is described by Relations (193)-(196) with
S = {s1,52} (identified with {1,2}), intersection rules:

d(Isl N 152) = A(Sl,SZ) — K, (208)

where symbol A(sq,sy) is defined in (60) and K = K5, = (U%,U*%) # 0; functions Hs; = H; are
defined by Relations (212) and (207) with z = R, i=1,2.

The 4d dilatonic dyon solution corresponding to the Lie algebra A, [51] (with A% =3/2, where
A is dilatonic coupling) after Kaluza—Klein uplift to D = 5 gives us the well-known Gibbons-Wiltshire
solution [133], which is in an agreement with the general spherically-symmetric dyon solution (related
to A, Toda chain) from [134].

Aj -dyon in D = 11 supergravity: Let us consider dyonic black-hole solutions with electric
two-brane and magnetic five-brane defined on the manifold:

M = (2u, +00) x (My = §%) x (My = R) x M3 x My, (209)

where dimM3 = 2 and dimMy = 5. The solution reads,

dR ® dR
= HY/3H2/3) TR0 L R2402 21
§ = TR TR (210)

2
—H;'Hj! (1 - 15‘) dt@dt+ Hy'¢> + H;lg‘*},

F= —%H;ZHZdR Adt A3+ Qo A T3, (211)
where metrics g2 and g3 are Ricci-flat metrics of Euclidean signature, and H; are defined by (212),
where z = R~! and parameters P, Ps(z) , Bs =Bs = —ZQE , s =1,2, satisfy (207).

The solution describes the A;-dyon consisting of electric two-brane with world volume
isomorphic to (M, = R) x M3 and magnetic five-brane with world volume isomorphic to (M, =
R) x My . The “branes” are intersecting on the time manifold M, = R. Here, K; = (U°, U°) = 2,
¢s = —1 forall s € S. In our notations, the A, intersection rule reads: 3N6=1.
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The field configurations (210) and (211) also satisfies to equations of motion for D = 11
supergravity (in this case, F A F = 0). This solution in a special case H; = Hy = H? (P; = P,,
Q% = Q% ) was considered in [121]. The four-dimensional section of the metric (210) in this special case
coincides with the Reissner-Nordstrom metric. In the extremal case, y — +0, the multi-black-hole
generalization was considered in [46].

It should be noted that black hole solutions corresponding to Lie algebras Ap = sl(n + 1) were
considered in [135].

Hyperbolic KM algebras: Let (A,y) be a Cartan matrix for an infinite-dimensional hyperbolic
KM algebra G . In this case, all powers in (191) are negative numbers, and hence, we have no chance
to get a polynomial structure for Hs . Here, we are led to an open problem of seeking solutions to the
set of “master” Equations (197)—(198). These solutions define special solutions to Toda-chain equations
corresponding to the hyperbolic KM algebra G .

Example 7. Black hole solutions for Ay & Ay, Ay and Hy(q,q) KM algebras.

Let us consider the four-dimensional model governed by the action:

1 1
— 4 MN 2A@ (712 2A@ (12\2
S = / d*z\/Ig{R[g] — eg" " Ompong — ¢ (F)"— ¢ (F5)°}. (212)

Here, F! and F? are two-forms, @ the scalar field, and ¢ = £1.

We consider a black brane solution defined on R, x 5% x R with two electric branes s; and s,
corresponding to forms F! and F?, respectively, with the sets I; = I, = {2} . Here, R, is the subset
of R, My = §2, g1 = dQ% , the canonical metricon S2, M, =R, g2 = —dt®dt and ¢1 = e, = —1.

The scalar products of U -vectors are (we identify U’ = U ):

1 1
wh,u') = (U u?) = 5 +eAr 40,  (ULU?) = 5 A2, (213)

The matrix A from (58) is a generalized non-degenerate Cartan matrix if and only if:

2(Ut,u?)
=—q, 214
(uz’ uZ) q ( )
or equivalently,
2+9q
eA? = — 1 (215)
2(2—q¢)
where g =0,1,3,4,.... This takes place when:
e = +1, qg=0,1, (216)
e=—1, q=23,4,5,.. (217)
and: 2t
2 q
= . (218)
22 —4¢]

The first branch (& = +1) corresponds to finite dimensional Lie algebras A; ® A; (g = 0),
Ay (g=1), and the second one (¢ = —1) corresponds to hyperbolic KM algebras H(q,9),
g = 3,4, .... In the hyperbolic case, the scalar field ¢ is a phantom (ghost).
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The black brane solution reads (see (193)—(195)):

-1
g= (Hle)h{ (1 - 2;‘) dR ® dR + R*d%3 (219)
—(HyHy)™2 <1 — 2};‘) dt®dt},
exp(9) = (H1/Ha)™, (220)
F* = %H;Z(HS-)% AdR, (221)

s=1,2.Here, h=(2—q)/2 and §=2,1 for s = 1,2, respectively.
The moduli functions Hs > 0 obey the Equations (see (197)):

d ((1-2uz) d _2Q% o
dZ(H dZH) — 20 2y, (222)

with the boundary conditions Hs((2u)~' —0) = Hy € (0,+0), Hs(+0) =1, s = 1,2, imposed.
Here, 4 >0, z=1/R € (0,(2u)"!). For g = 0,1, the solutions to Equations (222) with the boundary
conditions imposed were given in [50-52]. They are polynomials of degrees one and two for ¢ = 0
and g =1, respectively. For g = 3,4, ..., the exact solutions to Equation (222) are not known yet.

Special solution with Q3 = Q3:

Now, we consider the special one-block solution from (202) and (201). Since bs =2/(2 —¢q) and
Bs =2Q?%/(q—2), it takes place when Q2 = Q3 = Q* > 0. The moduli functions read:

Hy = H¥2-9,  H=1+Pz, (223)

where z = 1/R and g # 2. These functions obey Hs(z) >0 for z € [0, (2u) '] if P > —2u (u > 0).
Due to this inequality and the relation P(P +2u) = Q? (following from (203)), we get:

P=—pu+\/p>+Q?>0. (224)

In this special case, the solution (219)—(221) has the following form:

-1
g= H2{ (1 - 2};‘) dR ® dR + R?d03 (225)
2
_yg4(1_<t
it (1-2) o),
=0, (226)
= H%"{zdt AdR, (227)

s = 1,2 . Remarkably, this special solution does not depend on g. The metric (225) coincides with the
metric of the Reissner-Nordstrém solution (when the Maxwell two-form is F = v/2Q(HR)~2dt A dR).

In the extremal case u — +0, we are led to the special case of a
Majumdar-Papapetrou-type solution:

¢ =H*"—H %dt®dt, (228)
=0, (229)
S = v, dH ' Adt, (230)
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where gO = Z?:l dx! ® dx', H is a harmonic function on My = R? and v2=1,s=1,2. Here, vs =

—Qs/Q.

Example 8. Black brane solution corresponding to the KM algebra HAgl) =A5".

Now, we consider the Bjs-model in 15-dimensional pseudo-Euclidean space of signature
(—, 4+, ..., +) with the forms F*,..., F8.

Here, we deal with four electric branes s1,s, 53,54 corresponding to the six-form F® . The brane
setsare: I} = {1,2,3,11,12}, I, = {4,5,6,11,12}, I = {7,8,9,11,12}, I, = {1,4,10,11,12} .

It may be verified that these sets obey the intersection rules corresponding to the hyperbolic KM
algebra HAél) with the Cartan matrix (168) (see (61) with I, = I;).

Now, we give a black brane solution for the configuration of four branes under consideration.

In what follows, the relations ¢; = +1 and hs =1/2, s € S, are used.

The metric (193) reads [136]:

-1
g= (H1H2H3H4)5/13{ (1 — 2;) dR ® dR + R2d0%3 (231)

R
+(H;Hy) ldx! @ dx + Hy Hdx? @ dx? + dx® @ dx’)
+(HzH. ) ldx* @ dx* + Hy Hdx® @ dx® + dx® @ dx®)
Hy 'dx” @ dx” + dx® @ dx® + dx® @ dx’]

(H1H2H3H4 |:( 2“) dt ® dtt + dt? & dt2:|
'
"

+H4_1dx10 ® dxlo}.

Here, ! = x11 and #2 = x12 are time-like variables. In this case, the 2 x 2 gravitational mass
matrix (M;;) [137,138] is a degenerate one.
The non-zero form field is:

F® = —QiR2H *HyH3dR A dt' A dt? Adx! Adx? A dx® (232)
—QoR2H Hy *H3dR A dt' A dt? Adx* Adx® A dx®
—Q3R2HyHyHy 2HydR A dt' Adt? Adx” A dx® A dx®
—Q4R2H3H, 2dR A dtt Adt* Adx! Adx* A dx™®,

where Q; 20, s=1,2,3,4.
The scalar fields read: .
(Pa = _E)%a 11‘1(H1H2H3H4), (233)

«=1,2,3,4. Here, H; > 0 obey the equations:

d ((1-2uz) d o T Ay

with the boundary conditions Hs((2u)™' —0) = Hy € (0,+c0) and Hs(+0) = 1, s = 1,...,4.
Here, u>0,z=R1¢€ (0,(2u)7") and (A,y) is the Cartan matrix (168) for the KM algebra HAS) .
Special one-block solution: This solution is valid when a special set of charges is considered:

Q% = Q?|bs|, (235)
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where Q # 0 and:
4
bs=2) A¥ =-12,-12,-14,—6, (236)
s'=1

for s =1,2,3,4, respectively. In this case, the moduli functions read:
Hs=H», H=1+P/R, (237)

where P(P +2u) = 2Q?%. These functions obey H > 0 for R € [2u,+o) if P > —2u (u > 0).
Due to this inequality and the relation P(P +2u) = Q?, we get:

P=—pu+/p2+20Q2%>0. (238)

The Hawking temperature in this case is [54] Ty = (14 P/2u)?*/(87u) . It diverges as y — +0.
This is in agreement with the fact that the metric (231) has a singularity at R = +0 if u = +0.

Example 9. Black brane solution corresponding to the Lorentzian KM algebra Py .

Now, we consider another solution for the Bys-model in 15-dimensional pseudo-Euclidean space
of signature (—, +, ..., +) with the non-zero six-form Fo.

Here, we deal with ten electric branes sy, ...,519 corresponding to the four-form F*. The
brane sets are: L = {1,4,7,11,12}, I, = {8,9,10,11,12}, Iz = {2,5,7,11,12}, I, =
{4,6,10,11,12}, s ={2,3,9,11,12}, Iy = {1,2,8,11,12}, I, = {1,3,10,11,12}, I3 =
{4,5,8,11,12}, Iy = {3,6,7,11,12}, I;p = {5,6,9,11,12} .

These sets obey the intersection rules corresponding to the Lorentzian KM algebra Pjy (Petersen
algebra) with the Cartan matrix (179).

Let us present a black brane solution for the configuration of 10 electric branes under
consideration. The metric (193) reads [136]:

10 5/13 o\ !
g= <H Hs> { ( - lg‘) dR ® dR + R2d02 (239)
s=1
10 -1 2]/[
—(TTHs Kl—R)dtl@dtl—i-dtz@dtz
s=1
(H1H6H7) 1dx & dx
+(H3H5H6) Liax? & dx? + (H5H7H9) Tx® ® dx®
+(HyHyHg) ldx* ® dx* 4+ (H3HgHyp) ~'dx® @ dx®
+(HyHoHyp) ~'dx® @ dx® + (HyHzHo) 'dx” @ dx”
+(H2HgHg) ™~ Yaxd® @ dx® + (HyHsHyg) ™ Ldx® @ dx®

+(H2H4H7)_1dx10 ® dx10 } .
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The form field is:

F® = —Q;R2H ?HyHsHyodR A dt' A dt? Adx' Adx A dx” (240)

—QoR™2H;H, 2H3HodR A dt* Adt? A dx® Adx® A dx™®
—Q3R2HyHy 2HyHydR A dt' A dt? A dx® A dx® A dx’
—Q4R?H3H, ?HsHedR A dt' A dt? A dx* A dx® A dx™®
—QsR™2H;HyHg *HgdR A dt* A dt? Adx® Adx® A dx®
—QsR2HyH, *HoHygdR A dt' A dt? A dx' A dx® A dax®
—Q7R™2H3H, *HgHygdR A dt' A dt? Adx' A dx® A dx!®
—QsR ?HsH7Hg 2HodR A dt' A dt? A dx* A dx® A da®
—QoR™2HyHgHgHy 2dR A dt* A dt* A dx® Adx® A dx’
—Q1oR2HyHgHyH fdR A dt' A dt? Adx® Adx® A dx®,

where Q; #0,s=1,...,10.

The scalar fields read:
10
¢" = —2Aaln <]’[ H) , (41)
s=1
«=1,2,3,4. Here, Hs > 0 obey the equations:
i (1 — 2]’[2) iH _ 2Q2 11_0[ HfAss/ (242)
dz H, dz °) =5 ] s

with the boundary conditions Hs((2u)~' —0) = Hy € (0,+c0), and Hs(+0) =1, s = 1,..,10.
Here, # >0, z=R 1€ (0,(2u)"1),and (A,y) is the Cartan matrix (179) for the KM algebra Py .

Special one-block solution. Now, we consider a special one-block solution. This solution is valid
if a special set of charges is considered: Q2 =2Q? (Q # 0) in agreement with (235) and:

10
bs=2) A¥ =-2, (243)

s'=1

for s =1,...,,10. In this case, the functions H; are:
Hi=H2%  H=1+P/R, (244)

where P(P +2u) = 2Q*. As in the previous case, we get a well-defined solution for
P=—pu+/p2+20?>0and u>0.

The Hawking temperature in this case has the following form: Ty = (1+ P/2u)'%/(87ty) . It is
smaller than that in the previous example, but it also diverges as # — +0. It is in agreement with the
singularity of the metric (239) at R = +0 for y = +0.

6. Fluxbrane Solutions

6.1. Preliminary Notes

In past decades, there were many papers devoted to multidimensional generalizations
of the well-known Melvin solution [139]; for exact solutions and their applications,
see [67,126,128,133,140-165] and the references therein.

We remind that the original Melvin solution describes the gravitational field of a magnetic flux
tube. In the works of Gibbons and Wiltshire [133] and Gibbons and Maeda [128], the Melvin solution
was generalized to arbitrary dimensions (in [128] with the inclusion of dilaton), and hence, the simplest
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fluxbranes appeared (the term fluxbrane was suggested in [145]; the Melvin solution is currently
denoted as F1).

In papers [142-145], devoted to the Kaluza-Klein—-Melvin solution (e.g., non-perturbative
instability and pair production of magnetically charged black holes), it was shown that F1-fluxbrane
supported by the potential one-form has a nice interpretation as a modding of flat space in one
dimension higher. This “modding” technique is widely used in the construction of new solutions
in supergravitational models and also for various physical applications in string and M-theory:
construction of exact string backgrounds [141], duality between 0A and IIA string theories [147], the
dielectric effect [150,151,153], construction of supersymmetric configurations [155,156], etc.

The “modding” technique may be also used for Fp-fluxbranes supported by forms of higher
ranks (constructed by the use of one-forms). Another approach suggested in [67,146], which works
for Fp-fluxbranes, is based on generating techniques for certain duality groups. An important result
here is a construction by Chen, Gal’tsov and Sharakin [146] of intersecting F6 and F3 fluxbranes
corresponding to M-branes in D = 11 supergravity.

The third and the most direct method is based on solving of Einstein equations [148,149,154]. Here,
we overview this approach using the p-brane solutions from [49] (for a review of p-brane solutions,
see [7,54]). We remind that in [49], a family of p-brane “cosmological-type” solutions with nearly
arbitrary (up to some restrictions) intersection rules were obtained (see Section 2). These solutions are
defined up to solutions to Toda-type equations and contain as a special case a subclass of solutions with
cylindrical symmetry. Here, we single out a subclass of generalized fluxbrane configurations related
to Toda-type equations with certain asymptotical conditions imposed (Section 3). These fluxbrane
solutions are governed by functions H;(z) > 0 defined on the interval (0,zp) and obeying a set
of second order non-linear differential equations:

d z d N —A.
— | —-—H; ) =8B H, ", 24
% (5am) 11, 45)

with the following boundary conditions imposed: Hs(4+0) =1, s € S (S is a non-empty set). In (245),
all B, # 0 are constants, and (Ayy) is a “quasi-Cartan” matrix ( Ass = 2 ) coinciding with the Cartan
one when intersections are related to Lie algebras. In most interesting examples, zg = 400, and
all Bs >0.

We remind that different equations occur for black brane solutions from [50-52] (see Section 5):

d (1 —2]12) d _ R _Ass/

where p > 0 is the extremality parameter, z € (0, (2u)~!) and all Bs # 0, (in most interesting cases,
Bs < 0). For black brane solutions, the finite limits (on a horizon) Hs((2‘u)’1 —0) = Hg > 0 exist.

We note that fluxbrane “master equations” (245) may be obtained from the black brane ones (246)
in the limit y — oo. In [166], it was shown that black brane moduli functions may be obtained from
fluxbrane ones at least for small enough charge densities. For different aspects of p-brane/fluxbrane
correspondence, see [152,158].

6.2. The Choice of Parameters

In what follows, we put:
w1, =1, (247)

i.e., the manifold M; is one-dimensional one and:

1el, VseS, (248)
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i.e., all branes contain the M;j-submanifold. We note that the restriction (R2) (32) is satisfied
automatically due to (248).
Here, we restrict ourselves to solutions with linear asymptotics at infinity:

g = —pu+p +o(1), (249)

u — +oo, where f°, B° are constants, s € S. This relation gives us an asymptotical solution to Toda
type Equation (107) if:

Y A >0, (250)
s'es

forall s € S. In this case, the energy (112) reads:

1 /
Er = 1 Y hsA BB (251)
s5,5'€S
We put:
=0 B =0 (252)
A = (i,a), s € S (these relations guarantee the asymptotical flatness for u — +co of the
two-dimensional section of the metric for M; = S! and ¢' = d¢p ® d¢).
We also put:
A =5+ Y npus, (253)
seS
g =2Y A%, (254)
s'eS

where s € S, A = (i,a),and the matrix (A%) isinverse to the matrix (Ay) = (2(Us,Us)/ (U, U?)).
It may be verified that the constraints (109) and (132) are satisfied identically, due to the conditions (247)
and (248).

Relations (253) and (254) look similar to analogous relations for black branes [51,52,54]; see
Equations (190) and (191), which appear from the horizon condition.

6.3. The Main Solution

We introduce a new radial variable:

exp(—u) = p (255)

and denote:
Hy = fie P = 0 F (256)

s € §. Then, the solutions (10)—(12) may be written as follows [159]:

g= (]1 HA072)) {dp ®dp (257)
s€
+ (H nghs) pz gl + Z (H H;2h55i15 ) gi},
seS i=2 s€S
exp(@®) = [T HEF, (258)
seS
F* = Z op. F*, (259)

seS
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where:
—A_
FP=—Qs (H H, " ) pdo A T(Is), (260)
s'eS
sES,,
F* = Qst(ls), (261)
SES,.
Here, Qs #0, hs = K 1. parameters Ks # 0 and the non-degenerate matrix (Agy) are defined
by the relations:
(Ass) = (2Bss' /By ), (262)
where: IV
Bss’ = (Is N Is/) + % + XSXS’/\IX%/\/&ZS/ haﬁ, (263)
s,s' €S, with (h*F) = (k)"
Here, we assume that:
(i) B #0, (264)
forall s€ S, and:
(i) det(B,y) # 0, (265)

i.e., the matrix (B,y) is a non-degenerate one.
Functions Hs > 0 obey the equations:

d < o st) —A.y
o _ B TTHA, (266)
pdp \ H; dp ’ SI;IS s

s € S, where Bs; # 0 are defined in (108). These equations follow from Toda-type Equation (107) and
the definitions (255) and (256).
It follows from (249), (252) and (256) that there exist finite limits:

Hy —1, (267)

seS, for p—=0.
For the cylindrically-symmetric case:

M =8', ¢ =dp@dp, (268)

0 < ¢ < 27, we get a family of composite fluxbrane solutions. They are defined up to solutions to
radial Equation (266) with the boundary conditions (267) imposed. We note that the conic singularity
for p = 40 is absent due to (267), and the metric is smooth if all moduli functions are positive.
In the next subsections, we consider several exact solutions to Equations (266) and (267).
Another possibility:
M =R, g¢'=—dt@dt, (269)

—oo < t < 400 (t isa time variable), will lead us to the generalized Milne-type solution.

6.4. Fluxbrane Intersection Rules

The fluxbrane submanifold (world volume) is isomorphic to M(I;) and has the following
dimension:
d(I;) =D —1—d(I), (270)
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s € §; see (20)—(23). The fluxbrane intersection rules read:
d(IsNIy) =D —1—d(I;) —d(Iy) +d(Is N Iy), (271)
s #s', with p-brane intersections defined in (262). This relation follows from the identity:
LNy =1\ (LUl), (272)

see (56).
We note that here we use p-brane notations for the description of flux p-branes or Fp -branes.
An electric (magnetic) p-brane corresponds to a magnetic (electric) F(D —3 — p) fluxbrane.

6.5. Polynomial Structure of H, for Finite-Dimensional Semi-Simple Lie Algebras

Now, we deal with solutions to second order non-linear differential Equation (266) that may be
rewritten as follows: p p )
z —A g
(22 )==:B H, ", 273
dz (Hs dz s) 477 s’l;[s s @73

where Hs(z) >0, s €S, z = p?. Equation (267) reads:
Hy(z = +0) =1, (274)

sES.
In general, one may try to seek solutions of (273) in a class of functions analytical in some
disc |z| < L:
Hy(z) =1+ Y PM2, (275)
k=1
(k)

where P;™’ are constants, s € S. Substitution of (275) into (273) gives us an infinite chain of relations
on parameters Ps(k) and Bs . The first relation in this chain:
_pm _1
P,=D7 = 185’ (276)

s € S, corresponds to the z0 -term in the decomposition of (273). For analytical function Hs(z) (275)
(z = p?), the metric (257) is regularat p =0.

Orthogonal case: Meanwhile, there exist solutions to Equations (273)—(274) of the polynomial
type. The simplest example occurs in the orthogonal case, when:

(U°,U¥) = By =0, 277)

for s #5', 5,8 € S. In this case, (Ay) = diag(2,...,2) is a Cartan matrix for a semisimple Lie
algebra A1 ®...® A; and:
Hs(z) =1+ Pyz, (278)

with Ps # 0 satisfying (276) (for the A; -case, see [154]).
Block-orthogonal case: The solution (278) may be generalized to so-called “block-orthogonal”
(BO) case:
S=S5U---US, (279)

S; #D,ie., theset S is a union of k non-intersecting (non-empty) subsets Sy, ..., S;, and:

(U, U) =0 (280)
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forallsc S;, s’ € Sj ,i#7j;1i,j=1,...,k.For “block-orthogonal” black branes, see [108,121]. In this
case, (278) is modified as follows:
Hy(z) = (14 Ps2), (281)

where B° are defined in (254) and parameters Ps are coinciding inside blocks, i.e., P; = Py for
s,s €S;,i=1,...,k, and satisfy the following relations:

P = Bs/(4p°), (282)

for B #0, s € S. In this case, H;s are analytical in |z| < L, where L = min(|Ps|~!,s € S).
Let (Asy) be a Cartan matrix for a finite-dimensional semisimple Lie algebra G . In this case, all
powers in (254) are natural numbers:

p=2Y A% =n, €N, (283)

s'eS

and hence, all functions H; are polynomials, s € S. Integers 75 coincide with the components of the
twice dual Weyl vector in the basis of simple co-roots [11], which appeared earlier in Section 6.

Conjecture 2. Let (Ayy) be a Cartan matrix for a semisimple finite-dimensional Lie algebra G . Then,
the solution to Equations (273) and (274) (if exists) is a polynomial:

Hyz) =1+ Y PV, (284)
k=1

(k)

where P;"’ are constants, k =1,...,n,, and integers n; are defined in (283) and Ps("s) #0,s€S.

This conjecture may be verified for Lie algebras A, Cy,+1 repeating all arguments from [51,52]
for the black brane case with the replacement of F(z) =1 —2uz by F(z) =z.

6.6. Solutions for Lie Algebra Ap

Let us consider the Lie algebra A = sI(3) with the Cartan matrix (205).
According to Conjecture 2, we seek the solutions to Equations (273)—(274) in the following form
(1’11 =np =2 )Z )
Hy =14 Pz + P¥22, (285)

where P; and Ps(z) # 0 are constants, s =1,2.
The substitution of (285) into Equation (273) and decomposition in powers of z lead us to relations
(276) and:

P@ = [11131 p,. (286)
Thus, in the Aj; -case, the solution is described by relations (257)—-(261) with S = {sq,s,}, p-brane

intersection rules (262) or, equivalently,

d(Is, )d(I 1
d(l;, NI;,) = % = XsiXsohas,  Aay = 5K, (287)
d(Is,))?
d(ISi) - ( ( Sl)) +/\115i : )Lasl' = K’ (288)

D-2

where K = K, # 0, and functions Hs, = H; are defined by Relations (276), (285) and (286) with
_ 2 i
z=p,1=1,2.
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6.7. Examples of Fluxbrane Solutions

Here, we present certain examples of fluxbrane solutions with M; = S! and ¢! = dp @ d¢.
In all examples below, the total metric ¢ has the signature (—,+,...,+), and all (p-brane) signature
parameters are positive: 5 = ¢(I;) = +1 (here, all §, = 1). In what follows, 0 < p < +co. In all
examples, the metrics are regular at p = 0.

6.7.1. Solutions for Algebra A;

We start with single fluxbrane solutions (S = {s} ).
Melvin solution ( F1 fluxbrane): Let D =4, n =3, M, = R with ¢> = —~dt®dt and M3z =R
with ¢ =dy®dy,and I; = {1} . The solution reads [139]:

g—Hz{dp®dp+H4p2dcp®d¢—dt®dt+diy®d17}. (289)
F= —QH 2pdp Ad¢, (290)

where H =1+ $Q%?. Here, —Q is proportional to magnetic field in the core.

F6 fluxbrane (corresponding to M2 -brane): Consider D = 11 supergravity with the metric g
and four-form F in the bosonic sector [2]. Let n = 3, M3 be a seven-dimensional (Ricci-flat) manifold
with the metric g% = gi’wdx” ®dx" of signature (—,+,...,+) and M, be a two-dimensional (flat)
manifold of signature (+,+) with the metric ¢*> = ¢2,,dy" ® dy" and I; = {1,2}. The solution
reads:

g= H1/3{dp®dp+H1(p2d¢®d¢+g2) +g3}, (291)
F=—QH 2pdo Ndgp A 1, (292)

where H =1+ 1Q2p?. For flat g%, this solution was obtained earlier in [146].

F3 fluxbrane (corresponding to MS5-brane): Now, we consider the solution dual to F6.
Let n =3, M3 be the four-dimensional (Ricci-flat) manifold with the metric ¢* = gfwdx?‘ ® dxV of
signature (—,+,+,+),and M, be the five-dimensional (Ricci-flat) manifold of signature (+,...,+)
with the metric ¢? = ¢2,,dy™ ® dy" and I; = {1,2} . The solution reads:

g = H2/3{dp®dp+H1(p2d<p®d¢+g2) +g3}, (293)
F = Q13, (294)

where H =1+ %Q2p2 . For flat ¢?> and ¢°, see [146].
F7,F6,F5 and F1, F2, F3 fluxbranesin IIA supergravity: The bosonic part of action for D = 10
I1A supergravity reads:

= 1
5= /dloz\/Q{R[g] ~ (9¢9)? - Eze%ff’(ﬂ)z} = /P4 NFEA A2, (295)
where F* = dA"1 4+ (5ZA1 A F3 isana-form, a = 2,3,4, and:
Ay =3Ay,  A3=-2Ay, AI=1/8. (296)
The dimensions of p-brane world volumes are:

d=d(a,x) = { 1,2,3 inelectriccase, x = +1, (297)

7,6,5 inmagneticcase, x = —1,



Symmetry 2017, 9, 155 41 of 54

for a =2,3,4, respectively.
The fluxbrane solutions read:

g= Hd/s{dp@@dp+H‘1p2d¢®d¢+H_1§2 +g3}, (298)
exp(29) = HY, (299)
and:
F*= —QH 2pdp A1y, for x=+1, (300)
or
F" = Qf3, for x=—1, (301)

with H=1+10Q%?, a=2,3,4.

For x = +1, we geta F(9 —a) fluxbrane with d) =a—2, d3 =10 —a, and for x = -1,
we obtain a (dual) F(a — 1) fluxbrane with d) =8 —a, d3 =a, (a = 2,3,4) (here, the presence of
Chern-Simons terms does not modify the solutions from Section 6.3).

6.7.2. Solution for Algebra A; @& A

F6 N F3 fluxbranes. Weput n =5, dy = 1, ¢ = dy* @dy?, d3 = 1, ¢ = dy’ @ dy?,
dy = 4; g* has the Euclidean signature, ds = 3; ¢° has the signature (—,+,+); I, = {1,2,3} and
I, = {1,2,4} . The solution has the following form:

g =H,3H}/ 3{dp ®dp + H, 'H, (p*dp @ dp+ §*) + H, '¢> + H,,'¢* + §5}, (302)
F=—Q.H,2pdp Nd¢ A dyy Adys + Qudys A T, (303)

where Hy = 1+ %Qng , s =e¢,m. For flat gi , see [146].

6.7.3. Solutions for Algebra A;

F6 N F3 fluxbranes with Aj-intersection: Now, we consider a new F6 N F3 fluxbrane
configuration with (a non-standard) A, intersection rules defined on the manifold:

M = (0, +OO) X My X My X M3 X My, (304)

where d, =2, d3 =5, dy = 2. The solution is as follows:

g = H3/3H,%/3{dp ®dp+ H, 'H,,'p*dp @ dp + H, '¢* + H,,' ¢% + g‘*}, (305)
F = —QcH, *Hypdp Nddp Nt + Quta Ay, (306)

where metrics ¢?> and ¢° are (Ricci-flat) metrics of Euclidean signature, g* is the (flat) metric of the
signature (—,+) and:

1
Hs =1+ Pp® + 1Plpzp‘*, (307)

where P = 102, s =¢,m.
Dyonic flux tube in Kaluza-Klein model: Let us consider the four-dimensional model:

1
_ 4 2
S = /Md zw/|g|{R[g] — gi“’aygoavfp ~ 5 exp[2A¢]F } (308)
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with scalar field ¢, two-form F = dA and A = —+/3/2. This model originates after Kaluza—Klein
reduction of five-dimensional gravity. The five-dimensional metric in this case reads:

g®) = @g,dxt @ dx¥ + 02 (dy + A) @ (dy + A), (309)

where:

A=V2A=V2A,dx", @ =exp(29/V6). (310)

We consider the “dyonic” flux-tube solution defined on the manifold:
M = (0,400) x (M; = S1) x My, (311)

where My = R? and ¢?> = —dt ® dt + dnj @ dj . This solution reads:

¢ = (H.Hy)'? {dp ®dp — H, 'H,,'p%d¢p @ dp — dt @ dt +dn @ d;y}, (312)
exp ¢ = H}/?H,"?, (313)
F=dA = —Q.H,; 2Hypdp N d¢ + Qudt A dy, (314)

where functions H; are defined by Relations (307),
For the five-metric, we obtain from (309)—(313):

¢® = Hy,{dp ® dp + H, 'H,,' 0*dp @ dp — dt @ dt + dyy @ dn} (315)
+H.H,, (dy + A) @ (dy + A),

dA = 2F. For Q, — 0, we get the solution from [128], and for Q. — 0, we are led to its dual
version (see [146]).

6.8. Generalized Melvin Solution with Several Two-Forms

Now, we consider a generalization of the Melvin solution, which was presented earlier in [162].
It appears in the model that contains the metric, n Abelian two-forms and | > n scalar fields.
The action reads:

5= [ /lsl{Rls) = hops Vongtong’ -3 Y ewlon@l ), e

where ¢ = gMN(x)dxM ® dxN is a metric, @“ are scalar fields, « = 1,...,1; (h,,qg) is symmetric
non-degenerate [ X | matrix, F® = dA° = %FJS\ANdzM AdzN are two-forms and A, are linear functions:
As(@) = Asa™, s=1,..,n.

This solution is governed by a certain non-degenerate (quasi-Cartan) matrix (Agy),
s,s’=1,...,n. Itis a special case of the so-called generalized fluxbrane solutions from [159];
see Relations (257)—(259).

Here, we assume that (Agy) is a Cartan matrix for some simple finite-dimensional Lie algebra G
of rank n (Ass =2 forall s). According to Conjecture 2 [159], the solutions to master Equation (245)
with the boundary conditions imposed ( Hs(+0) = 1) are polynomials:

s
Hy(z) =1+ Y PM2K, (317)
k=1
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(k)

where Py’ are constants. Here, Ps("s) # 0 and:

n
ns=2% A%, (318)

s'=1

where we denote (ASSI) = (Ayy)~!. Integers n; are components of a twice dual Weyl vector in the
basis of simple (co-)roots [11].

We consider a family of exact solutions to field equations corresponding to the action (316) and
depending on one variable p. The solutions are defined on the manifold:

M = (0, +00) x M; x My, (319)

where M; is a one-dimensional manifold (say S or R)and M, is a (D-2)-dimensional Ricci-flat
manifold. The solution reads [162]:

n n
g=([Ta""") {wdp @dp+ (T H; 2 )pPdg @ dg +g2}, (320)

s=1 s=1

@y _ T gt
exp(¢*) = HHS , (321)
s=1
FS =g, (]‘[ H;Ass/> pdp A dg, (322)
s'=1

s =1,...,n; « = 1,...,1, where w = =1, gl = d¢ ® d¢ is a metric on M; and g2 is a
Ricci-flat metric on M,. Here, g; # 0 are integration constants, g, = —Qs in the notations of
[162], s=1,...,n.

The functions Hs(z) > 0, z = p?, obey the master equations:

d z d n —Ayy
e (Hsdsz) =P 5[11 H,", (323)

with the following boundary conditions:

Hy(4+0) =1, (324)
where: 1

Py = ZKSqE, (325)
s=1,...,n.

The parameters hs satisfy the relations:
hs =K;!,  Ks=Bs >0, (326)

where:

1
By =1+ 57— +Asy gh"?, (327)

s,s' =1,..,n,with (h*f) = (hus)~! . In the relations above, we denote A% = h*fAsg and:
(As) = (2Boy/Buy) . (328)

It may be shown that if the matrix (f,4) has a Euclidean signature, > n,and (A,y) is a Cartan
matrix for a simple Lie algebra G of rank 7, there exists a set of co-vectors Ay,..., A, obeying (328).
Thus, the solution is valid at least when [ > n, and the matrix (h,g) is positive-definite.
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The solution under consideration is a special case of the fluxbrane (for w = +1, M; = S1)and
S-brane (w = —1) solutions from [159,161], respectively.

If w = 41 and the (Ricci-flat) metric g» has a pseudo-Euclidean signature, we get a
multidimensional generalization of Melvin’s solution [139].

In our notations, Melvin’s solution (without the scalar field) correspondsto D =4, n =1, [ =0,
M; =S' (0< ¢ <2m), My = RZ?, g =—dtRdt+dx®dx and G = A;.

For w = —1 and g, of the Euclidean signature, we obtain a cosmological solution with a horizon
(as p=40)if M; =R (—o0 < ¢p < 40).

Flux integrals for simple finite-dimensional Lie algebras: Here, we deal with the solution that
corresponds to a simple finite-dimensional Lie algebra G, i.e., the matrix A = (A,y) coincides with
the Cartan matrix of this Lie algebra. We putalso n =, w = +1 and M; = S!, hyp = d4p and
denote (Ag) = (M%) = A5, s=1,...,n

Due to (326)—(328), we get:

D-3
KS D 2 + /\5/ (329)
hs = I(S_1 , and
1 D-3
Ak = 5KiAg = 5= (330)

s, =1,...,n.((329) is a special case of (330)).
Now, let us consider the oriented two-dimensional manifold M, = (0,+c) x S'. The flux
integrals:

+o0
5 — FS:Z/ dopBS, 331
" ), dee (331)
where: .
B =g, [H *, (332)
1=1

are convergent for all s, if the conjecture for the Lie algebra G (on polynomial structure of moduli
functions Hj ) is obeyed for the Lie algebra G under consideration.
Indeed, due to polynomial assumption (317), we have:

~ Cop¥s,  Cs=P™), (333)

as p — +co; s =1,...,n. From (332) and (333) and the equality )} Agn; = 2, following from (323),
we get:
B® ~ qsC%0~ H C (334)

and hence, the integral (331) is convergent forany s =1,...,n.
By using master Equation (323), we obtain:

/'+ dpoB® = q.P 1= /+°° 24y (335)
Jo pp=" =45 2 Hsdz s

1 1 z d 1 1
o Equ ZEJroo (Hs dzHS> N Eﬂsqus ’

which implies (see (325)) [165]:
O = 4mngqy ths, (336)

s=1,...,n
Thus, any flux ®° depends on one integration constant gs # 0, while the integrand form F*
depends on all constants: q1,...,qx .
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We note that for D = 4 and ¢*> = —dt ® dt +dx @ dx, gs is coinciding with the value of the
x-component of the magnetic field on the axis of symmetry.

Here, we present fluxbrane polynomials corresponding to Lie algebras A;, Ay, Az, C, G
and related fluxes. Here, as in [166], we use other parameters p; instead of P;:

Ps = Ps /ns, (337)

s=1,..,n.
Aq -case: The simplest example occurs in the case of the Lie algebra A; = sI(2). Here, n; = 1.
We get [159]:
Hy =1+piz (338)

and:
o' = dmg; 'hy, (339)

which is also valid for Melvin’s solution with D =4 and h; =2.
A; -case: For the Lie algebra A, = s1(3) with the Cartan matrix:

(Asy) = < 31 _21 ) (340)

we have [159,161,166] n1 = n, = 2 and:

Hy =14 2p1z + p1p27, (341)
Hy =1+ 2ppz + p1p2z>. (342)

We get in this case:
(@', %) =8nh(q; ', 9, 1), (343)

where hi = hy, = h.
Ajz -case: The polynomials for the Aj -case read as follows [166,167]:

Hy =1+3p1z+3p1 p222 + p1 p2p323, (344)
Hy =1+4poz+ 3(101 P2+ P2P3)22 +4p1papaz® + prpspsz’, (345)
H3z =1+3p3z+ 3p2p322 + p1 p2p3z3. (346)

Here, we have (n1,n3,n3) = (3,4,3) and:
(@', ®?,@%) = 4rh(3q; 1,495 1,35 1) (347)

with iy =hy, =hy = h.
C, -case: For the Lie algebra C; = so(5) with the Cartan matrix:

(Aser) = < _22 _21 ) (348)

we get n; =3 and np = 4. For C; -polynomials, we obtain [161,166]:

Hy =1+ 3p1z + 3p1p22° + pipz>, (349)
Hy = 1+4paz + 6p1paz® + 4pipaz + plpszt. (350)

In this case, we find:
(@', @%) = 4n(3hugy ", 4hag; ') (351)
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where hy = 2h, .
G; -case: For the Lie algebra G, with the Cartan matrix:

(Aw) = ( 2 _21> (52

we get n; = 6 and ny = 10. In this case, the fluxbrane polynomials read [161,166]:

Hy = 1+ 6p1z + 15p1ppz® + 20p3paz® + (353)
15pipaz* +6pip3z° + pip3z’,
Hy = 1+ 10poz + 45p1 paz? 4+ 120p3 ppz® + pap2(135p1 + 75p,)z* (354)

+252p3p32° + pip3 (75;71 + 135;72) 2% + 120p1p32”
+45p3 p3z° + 10pSp3z’ + pip3z'’.
We are led to relations:
(@', @) = 47t(6h19, ', 10hag, ) (355)

where hy = 3h; .
Fluxbrane polynomials and fluxes, corresponding to the Lie algebra E4, were calculated recently
in [168].

Remark 8. The relation for flux integrals (336) is also valid when the matrix (Agg) is a Cartan matrix of a
finite-dimensional semi-simple Lie algebra G = G1 @ - - - @ Gy, where Gy, ..., Gy are simple Lie (sub)algebras.
In this case, the Cartan matrix (A;j) has a block-diagonal form, i.e., (A;) = diag((Al(llj)l),~ e, (Al(f])k)) ,
where (Al(:]i) is the Cartan matrix of the Lie algebra G,, a = 1,...,k. The set of polynomials in this case
splits in the direct union of sets of polynomials corresponding to Lie algebras Gy, ..., Gy .

An open problem here is to study the convergence of flux integrals for non-polynomial solutions
for moduli functions corresponding to non-Cartan matrices (Agy), e.g., for the model with two
two-forms from [169], see also [170-173] and the references therein.

7. Conclusions

Here, we reviewed several families of exact solutions in multidimensional gravity with a set of
scalar fields and fields of forms related to non-singular (e.g., hyperbolic) KM algebras.

The solutions describe composite electromagnetic branes defined on warped products of Ricci-flat,
or sometimes Einstein, spaces of arbitrary dimensions and signatures. The metrics are block-diagonal,
and all scale factors, scalar fields and fields of forms depend on the points of some manifold My .
The solutions include those depending on harmonic functions, S-branes and spherically-symmetric
solutions (e.g., black-branes). Our approach is based on the sigma-model representation obtained
in [56] under the rather general assumption of intersections of composite branes (when the stress-energy
tensor has a diagonal structure).

We were dealing with rather general intersection rules [55] governed by the invertible
generalized Cartan matrix corresponding to the certain generalized KM Lie algebra G. For

G=A1® - D Aq (r terms), we get the well-known standard (e.g., supersymmetry preserving)
intersection rules [56,60-62].

We have also considered a class of special “block-orthogonal” solutions corresponding to
semisimple KM algebras and governed by several harmonic functions. Certain examples of one-block
solutions (e.g., corresponding to KM algebras H»(q,q), AE3) were considered.
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In the one-block case, a generalization of the solutions to those governed by several functions of
one harmonic function H and obeying Toda-type equations was presented.

For finite-dimensional (semi-simple) Lie algebras, we are led to integrable Lagrange systems,
while the Toda chains corresponding to infinite-dimensional (non-singular) KM algebras are not
well studied yet. Some examples of S-brane solutions corresponding to Lorentzian KM algebras
HAgl) = AS", Eqp and Pjy were presented.

We have also considered general classes of cosmological-type solutions (e.g., S-brane
and spherically-symmetric solutions) governed by Toda-type equations, containing black brane
configurations as a special case. The “master” equations for moduli functions have polynomial
solutions in the finite-dimensional case (according to our conjecture [50-52]), while in the
infinite-dimensional case, we have only a special family of the so-called block-orthogonal solutions
corresponding to semi-simple non-singular KM algebras. Examples of four-dimensional dilatonic
black hole solutions corresponding to KM algebras Ay & A;, Ay and H(gq,9) (g > 2) were given.

We note that the problem of integrability of Toda chain equations corresponding to (non-singular)
KM algebras arises also in the context of fluxbrane solutions [159] that have also a polynomial structure
of moduli functions for finite-dimensional Lie algebras (see also [162]). (For similar S-brane solutions
governed by polynomial functions and their applications in connection with cosmological problems,
see [161,174,175].)

Here, we were dealing only with the case of non-degenerate matrix A. It is an open problem
to find general classes of solutions with branes for the degenerate case when det A = 0 (e.g.,
corresponding to affine KM algebras). Some special solutions of such a type with the maximal
set of composite electric S-branes (e.g., when A is not obviously a generalized Cartan matrix) were
found in [176,177] and generalized in [178,179] for the arbitrary (anti-)self-dual parallel charge density
form of dimension 2m defined on the Ricci-flat Riemannian sum-manifold of dimension 4m . In
these examples, the restrictions on brane intersections were replaced by more general condition on the
stress-energy tensor: TM =0, M # N.

Here, we have also presented a short review of a family of fluxbrane solutions with general
intersection rules. The metrics of solutions contain n Ricci-flat metrics. The solutions are defined
up to a set of “moduli” functions Hs; obeying a set of equations with the boundary conditions
imposed. These solutions are new and generalize many special fluxbrane solutions considered earlier
in the literature.

Here, we suggested a conjecture on polynomial structure of H; for intersections related to
semisimple Lie algebras. This conjecture is valid for Lie algebras A;;, and C,,4;, m > 1, as may be
verified with a little modification of the proof for the black brane case.

We have presented explicit formulas for A; @ ... @ A; (orthogonal), block-orthogonal and A,
solutions. These formulas are illustrated by certain examples of solutions in D = 10,11 supergravities
(e.g., with A, intersection rules) and the Kaluza—Klein dyonic A, flux tube.

We have also considered the generalized Melvin solution for an arbitrary simple finite-dimensional
Lie algebra G . The solution contains metric, n Abelian two-forms and # scalar fields, where # is
the rank of G . Itis governed by a set of n moduli functions H,(z) obeying n ordinary differential
equations with certain boundary conditions imposed. As was conjectured earlier, these functions
should be polynomials, the so-called fluxbrane polynomials, which depend on integration constants
gs, s = 1,...,n. In the case when the conjecture on the polynomial structure for the Lie algebra
G is satisfied, it is proven that two-form flux integrals ®° over a proper 2d submanifold are finite
and obey relations g,®° = 4mnshs , where hs > 0 are certain constants (related to dilatonic coupling
vectors) and n; are powers of the polynomials, which are components of a twice dual Weyl vector in
the basis of simple (co-)roots, s = 1,...,n. Examples of polynomials and fluxes for Lie algebras A,
Ay, Az, Cy, Gy are presented.

An open problem is to study the fluxes for the solutions related to infinite-dimensional Lorentzian
Kac-Moody algebras, e.g., hyperbolic ones. In this case, one should deal with phantom scalar fields



Symmetry 2017, 9, 155 48 of 54

in the model and non-polynomial solutions to master equations for moduli functions. The methods
considered in this paper may be used in the study of the mathematical aspects of the higher dimensional
version of the modified gravity model [180-182] with several scalar fields and fields of forms.
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