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Abstract: Vertices and symmetries of regular and irregular chiral polyhedra are represented by
quaternions with the use of Coxeter graphs. A new technique is introduced to construct the chiral
Archimedean solids, the snub cube and snub dodecahedron together with their dual Catalan solids,
pentagonal icositetrahedron and pentagonal hexecontahedron. Starting with the proper subgroups
of the Coxeter groups W(4; @ A; @ A;), W(43), W(B;) and W(H;3), we derive the orbits
representing the respective solids, the regular and irregular forms of a tetrahedron, icosahedron,
snub cube, and snub dodecahedron. Since the families of tetrahedra, icosahedra and their dual
solids can be transformed to their mirror images by the proper rotational octahedral group, they are
not considered as chiral solids. Regular structures are obtained from irregular solids depending on
the choice of two parameters. We point out that the regular and irregular solids whose vertices are
at the edge mid-points of the irregular icosahedron, irregular snub cube and irregular snub
dodecahedron can be constructed.

Keywords: Coxeter diagrams; irregular chiral polyhedra; quaternions; snub cube; snub dodecahedron

1. Introduction

In fundamental physics, chirality plays a very important role. A Weyl spinor describing a
massless Dirac particle is either in a left-handed state or in a right-handed state. Such states cannot
be transformed to each other by the proper Lorentz transformations. Chirality is a well-defined
quantum number for massless particles. Coxeter groups and their orbits [1] derived from the Coxeter
diagrams describe the molecular structures [2], viral symmetries [3,4], crystallographic and quasi
crystallographic materials [5-7]. Chirality is a very interesting topic in molecular chemistry. Certain
molecular structures are either left-oriented or right-oriented. In three-dimensional Euclidean space,
chirality can be defined as follows: if a solid cannot be transformed to its mirror image by proper
isometries (proper rotations, translations and their compositions), it is called a chiral object. For this
reason, the chiral objects lack the plane and/or central inversion symmetries. In two earlier
publications [8,9], we studied the symmetries of the Platonic—Archimedean solids and their dual
solids, the Catalan solids, and constructed their vertices. Two Archimedean solids, the snub cube and
snub dodecahedron as well as their duals are chiral polyhedral, whose symmetries are the proper
rotational subgroups of the octahedral group and the icosahedral group, respectively. Non-regular,
non-chiral polyhedra have been discussed earlier [10]. Chiral polytopes in general have been studied
in the context of abstract combinatorial form [11-14]. The chiral Archimedean solids, snub cube, snub
dodecahedron and their duals have been constructed by employing several other techniques [15,16],
but it seems that the method in what follows has not been studied earlier in this context.

We follow a systematic method for the construction of the chiral polyhedra. Let G be a rank-3
Coxeter graph where W(G)* represents the proper rotation subgroup of the Coxeter group W (G).
For the snub cube and snub dodecahedron, the Coxeter graphs are the Bz and H;, respectively. To
describe the general technique, we first begin with simpler Coxeter diagrams A1 @ A1 @ Ai and
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A3, although they describe the achiral polyhedra such as the families of regular and irregular
tetrahedron and icosahedron, respectively. We explicitly show that achiral polyhedra possess larger
proper rotational symmetries transforming them to their mirror images. We organize the paper as
follows. In Section 2 we introduce quaternions and construct the Coxeter groups in terms of
quaternions [17]. We extend the group W (A1 & A: @ Ai) to the octahedral group by the symmetry
group Sym(3) of the Coxeter diagram A1 @ A1 @ Ai In Section 3 we obtain the proper rotation
subgroup of the Coxeter group W (A1 @ A1 @ Ai) and determine the vertices of an irregular
tetrahedron. In Section 4 we discuss a similar problem for the Coxeter-Dynkin diagram A; leading
to an icosahedron and again prove that it can be transformed by the group W(Bs)* to its mirror image,
which implies that neither the tetrahedron nor icosahedron are chiral solids. We focus on the irregular
icosahedra constructed either by the proper tetrahedral group or its extension pyritohedral group
and construct the related dual solids tetartoid and pyritohedron. We also construct the irregular
polyhedra taking the mid-points of edges of the irregular icosahedron as vertices. Section 5 deals with
the construction of irregular and regular snub cube and their dual solids from the proper rotational
octahedral symmetry W(Bs)* using the same technique employed in the preceding sections. The chiral
polyhedron taking the mid-points as vertices of the irregular snub cube is also discussed. In Section
6 we repeat a similar technique for the constructions of irregular snub dodecahedra and their dual
solids using the proper icosahedral group W(Hs)*, which is isomorphic to the group of even
permutations of five letters Alt(5). The chiral polyhedra whose vertices are the mid-points of the
edges of the irregular snub dodecahedron are constructed. Irregular polyhedra transform to regular
polyhedra when the parameter describing irregularity turns out to be the solution of certain cubic
equations. Section 7 involves the discussion of the technique for the construction of irregular chiral
polyhedra.

2. Quaternionic Constructions of the Coxeter Groups

Let g = qo + qie;, (i = 1,2,3) be a real unit quaternion with its conjugate defined by g = q, —
q;e;, and the norm qq = gq = 1. The quaternionic imaginary units satisfy the relations:

ee,=—0,+€€,, (i,j,k=123) 1)

where 51)‘ and € are the Kronecker and Levi-Civita symbols, and summation over the repeated

indices is understood. The unit quaternions form a group isomorphic to the special unitary group
SU(2). Quaternions generate the four-dimensional Euclidean space with the scalar product

1 1
. = > (pq +qp) = 3 (rq + qp) ()

The Coxeter diagram A; ¢ A, @ A; can be represented by its quaternionic roots as shown in
Figure 1 where V2 s just the norm.

O O O
\‘(Eel \/Eez \Eeg

Figure 1. The Coxeter diagram A; @ A; @ A; with quaternionic simple roots.
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The Cartan matrix and its inverse are given as follows:

2 00 L0 o
c=[o 2 o[, ct=2l0 1 0 )
00 2 00 1

The simple roots a; and the weight vectors w; for a simply laced root system satisty the scalar
product [18,19]

(@i, @) = Cij, (wi, @) = (C7Nyj, (@i, w)) = 65, (1) = 1,2,3). )
Note that one can express the roots in terms of the weights or vice versa:
a; = Cjw;, w; = (C71);04 ®)

If @;is an arbitrary quaternionic simple root and 7; is the reflection generator with respect to
the plane orthogonal to the simple root a;, then the reflection of an arbitrary quaternion A, an element
in the weight space w;, w,, w3 can be represented as [20]:

A= —SA L= [%—%] A. (6)

It is then straight forward to show that rw; = w; —§;;0; . We will use the notations
[p,q]*A: =pAq and [p,q]A: = pAq for the rotoreflection (rotation and reflection combined) and the
proper rotation, respectively, where p and ¢ are arbitrary unit quaternions. If A is pure imaginary
quaternion, then [p, q]*A == pAq = [p, —q]A.

The Coxeter group W(A4; @ A; @ A;) = < 1,15, 73 > can be generated by three commutative
group elements:

1 = [er, —eq]", 12 = [, —e,]", 13 = [e3, —es]™. ()

They generate the elementary abelian group W (A1 @ A1 @ A1) = C, x €, X Cyi= 23 of
order 8. The scaled root system (%e;, *e,, +e3) represents the vertices of an octahedron and has more
symmetries than the Coxeter group W (A1 @ A1 @ Ai). The automorphism group of the root system
can be obtained by extending the Coxeter group of order 8 by the Dynkin diagram symmetry Sym(3)
of the Coxeter diagram in Figure 1. This is obvious from the diagram where the generators of the
symmetric group Sym(3) of order 6 can be chosen as:

1 1 1 1 .
s= [5(1"‘31 teytes)s(1—e—e _93)]: d=[z(e1—e) —7 (e~ el

s3=d?=1,dsd =s71. 8)

It is clear that the generators permute the quaternionic imaginary units as:
Sie; > e, ez —>e, dieg © ey e; — es,

and satisfy the relations sr;s™' =r,,,drnd =1,, dr;d =r; where the indices are considered
modulo 3.

It is clear that the Coxeter group < ry,7,,13 > isinvariant under the permutation group Sym(3)
by conjugation so that the automorphism group of the root system (+e,, te,, +e;) is an extension of
the group < 7y,7,,73 > by the group Sym(3) which is the octahedral group 23:Sym(3) of order 48
(here: stands for the semi-direct product). It is clear from this notation that the Coxeter group 23 is
an invariant subgroup of the octahedral group. We use a compact notation for the octahedral group
in terms of quaternions as the union of subsets:

Op = [T, £T] V[T, £T"] )

where the sets of quaternions T and T’ are given by:
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T = {1, tey, ke, ks, (21t e Lo, e,
(10)
, 1 1 N 1 1 1
T'={zE1te) s(xep o), Z(H1 L ep) z(tes tey), Z(E1tes) (ke Le)}

Here T and TUT' represent the binary tetrahedral group and the binary octahedral group,
respectively. We have used a short-hand notation for the designation of the groups, e.g., [T, T]
means the set of all [t, +t] € [T, £T] with t € T. The maximal subgroups of the octahedral group can
be written as [21]:

Chiral octahedral group: 0 = [T, T] U [T',T'] = W(B;)*,

Tetrahedral group: T; = [T, TIU [T, -T], (11)

Pyritohedral group: T, = [T, £ T].

The octahedral group, as we will see in what follows, can also be obtained as the Aut(4;) =
The proper rotation subgroup of the Coxeter group W(4; @ A; @ A,) is the Klein four-group
C, X C, represented by the elements:

I =[11], nr, = [e3,—e3], rr3 = [, —eq], 1311 = [e3,—e;] (12)

We also note in passing that the Klein four-group in (12) is invariant by conjugation under the
group generated by s, with s* = 1. The Klein four-group together with the group element s generate
the tetrahedral rotation group, which is represented by [T,T] in our notation.

Next, we use the tetrahedral group T; = W(A4;3). Its Coxeter-Dynkin diagram A; with its
quaternionic roots is shown in Figure 2.

O O O

e t+e, €3- €&, €y- €4
Figure 2. The Coxeter diagram A; with quaternionic simple roots.

The Cartan matrix of the Coxeter diagram A; and its inverse matrix are given by the respective
2 -1 0 L 3 21
c=|-1 2 -1 ct=:]2 4 2 (13)
0o -1 2 1 2 3
The generators of the Coxeter group W (A3) are given by:

matrices:

n = [% (e1 +e3), _%(31 +e)]"
= [ (e — €)= (es — €)' 14
Tz—[ﬁ% €2), \/563 ez)] (14)

(e — e~ (e — )T
[\/732 €1), ﬁez e1)]

1 1
Wy = 5(91 +e;, +e;), w, =e; w3 = 5(_31 +e; +e3).

3=
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The generators in (14) generate the Coxeter group [22-24] which is isomorphic to the tetrahedral
group T, of order 24. The automorphism group Aut(4;) = W(43):C, = O, where C, is generated
by the Dynkin diagram symmetry y = [e;, —e;]", which exchanges the first and the third simple roots
and leaves the second root intact in Figure 2.

The Coxeter diagram Bj leading to the octahedral group W (B3) = Sym(4) X C, = Oy isshown
in Figure 3.

4
O O ®

e - e €z-¢3 €3

Figure 3. The Coxeter diagram B3 with quaternionic simple roots.

The Cartan matrix of the Coxeter diagram B; and its inverse matrix are given by:
2 -1 0 L 2 2 2
c=|-1 2 -2 c'=2]2 4 4 (15)
0 -1 2 1 2 3

The generators below generate the octahedral group given in (9) and the weight vectors are
given by:

n = [\/_17 (e1 —er), —% (e1 — eI

(e; —e3)]” (16)

=

= (e, — ), ——
— (e, —ey), ——
V2 0 T 2
r3 = [e3,—e3]”

Wy = ey, w2=e1+32/w3=%(31+32+e3)

The group generated by the rotations r;7, and r,r3 is isomorphic to the rotational octahedral
group < 111y, 1313 >~ {[T,T] U [T’,F]}.

The Coxeter diagram H; leading to the icosahedral group is shown in Figure 4 with the
quaternionic simple roots:

5

O O

VZe \%(T€1+ e+ 0es) _ﬁez

Figure 4. The Coxeter diagram of Hz with quaternionic simple roots.

Here 7 = 12—@ is the golden ratio and = 1_7\/3 The Cartan matrix of the diagram Hj, its inverse

and the weight vectors are given as follows:

2 -1 0 13‘52 2t 13
C=|-1t 2 —1,C‘1=521'3 47?2 277

0o -1 2 3 2t 142

(17)

W, = %(091 —1€3), w, = —V21es3, w3 = \/T_E (oe; — e3)
The quaternionic generators of the icosahedral group I, = Alt(5) x C, =~ W(H3) are given by:

r = [e, —eq]’,
. ) (18)
T, = [5 (te; + e, + 0e3), -3 (te, + e, +0ge3)]’,
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r3 = [ez,—e]",
or shortly, W(H;) = [1 , if] where ] is the set of 120 quaternionic elements of the binary icosahedral
group generated by the quaternions e; and %(tel + e, + ge;) [20]. The icosahedral rotation group

is represented by the proper rotation subgroup W (H;)* = [I,1] ~ Alt(5). All finite subgroups of the
groups O(3) and O(4)in terms of quaternions can be found in the references [17,25].

A general vector in the dual space is represented by the vector A = a;w; + a,w;, + azwz. We will
use the notation A = a;w; + a,w, + azwsz = (a,a,a3), which are called the Dynkin indices in the Lie
algebraic representation theory [26]. We use the notation W(G)A: = (a,a,a3); for the orbit of the
Coxeter group W(G) generated from the vector A where the letter G represents the Coxeter
diagram. A few examples could be useful to illuminate the situation by recalling the identifications

(8]:
(100) 4, (tetrahedron), (111) 4, (truncated octahedron), (100), (octahedron),
(001)p, (cube), (100),, (dodecahedron), (001), (icosahedron), and(010),,

(icosidodecahedron).

3. The Orbit C, x C;(ajazaz) as an Irregular Tetrahedron

The proper rotation subgroup C, X C, of the Coxeter group W(4; @ A; @ A,) transforms a
generic vector A as follows:

A= E(ale1 + a,e, + ases)

1
nrA = E(—ale1 —aye, + ases),
(19)

a3 = E(a1e1 — aze; — azey),

1
A= 3 (—a.e, + aye, —azes).

These four vectors define the vertices of an irregular tetrahedron with four identical scalene

triangles with edge lengths \/a;2 + a,2, \/a,% + a;2, and \/a;* + a,%. An irregular tetrahedron with
a; = 1,a, = 2,a;3 = 3 is depicted in Figure 5.

Figure 5. An irregular tetrahedron with scalene triangular faces.

Mid-points of the edges of an irregular tetrahedron are given by the vectors *a,e,;, *a,e,, +aze;
forming an irregular octahedron with eight identical scalene triangles of sides /a;% + a,?,
Jaz2 +as?, \Jaz?+ a;? and the corresponding interior angles, say, @,f,y. Four triangles with
identical face-angles a surround the vertex a;e;. The remaining 4 triangles similarly meet at the
opposite vertex —a,e;. This is true for every face-angle around every vertex.
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The mirror image of an irregular tetrahedron is obtained by applying any one of the reflection
generators on these vectors, which lead to the vectors:

1
T'lA = E(_ a,eq + ae, + a3€3),

1
TzA = E(alel - azez + a3e3),
(20)

1
T‘3A = E(alel + a,e; — a3e3),

1
rinr3A = —- (a8, + aze;, + ases).

The vectors in (20) can also be obtained from those in (19) by quaternion conjugation.

The eight vectors in (19) and (20) form a rectangular prism with edge lengths ay,a, and a3
possessing the symmetry (C, X C,): C, = D,p, of order 8. Assume now that we apply the one of the
Dynkin diagram-symmetry operators d on vector A and assume that:

1
A=dA= 3 (ae; + ae, + azes). (21)

If we apply the rotation generators as in (19), we obtain an irregular tetrahedron with identical
four isosceles triangles. The mirror copy of these vectors can be obtained similar to the procedure in
(20) and when all are combined, we obtain a square prism with edge lengths a and as.

A more symmetric case is obtained by assuming;:

A=sh=>a(e; +e, +e3). (22)

In this case, the symmetry is the chiral tetrahedral group, and the vertices in (19) will represent
a regular tetrahedron of edge length v2a which is also invariant under the larger tetrahedral
symmetry T, = [T, T] @ [T’,—T'], as expected. A mirror image of the regular tetrahedron is obtained
either by reflections as described by (20) or by a rotation of 180° around the e; — e, axis, which can
be obtained by the group element:

1 1 —
—(e; —e,),——(e; —e,) | €[T', T']. 23
\/7(1 2) \/2(1 2)|€[T",T'] (23)
A tetrahedron is not a chiral solid since it can be converted to its mirror image by a rotation such
as the one in (23). A regular tetrahedron with its mirror image constitutes a cube which has the full
octahedral symmetry of order 48.

4. The Regular and Irregular Icosahedron Derived from the Orbit W(43)*(a a,az)

The tetrahedral rotational subgroup W(4;)* of the Coxeter group W(45) is the tetrahedral
group of order 12 isomorphic to even permutations of four letters, Alt(4), which can be generated by
the generators a = ry1, and b = 1,73 satisfying the generation relations a® = b® = (ab)? = 1. Let
A = (aya,a3) be a general vector in the weight space of A;. The following sets of vertices form two
equilateral triang]les.

(A, rrA, 1y A) and (A, s, /) (24)

with respective edge lengths \/2(a? + a,a, + a?) and /2(a2 + a,a; + a2). Three more triangles can
be obtained by joining the vertex 1y73A =131y A to the vertices A, nmA and 7r31,A and rrA to
r,73/A. The new edges are of the following lengths.

|11 — 1Al = /2(a2 + ayas + a?),
(25)

[r3m,A — 113A| = \/2(a2 + aja, + ad),



Symmetry 2017, 9, 148 8 of 22

|A = n13A] = | A — | = ’Z(Q% +a3)

The vertices joined to vector A are illustrated in Figure 6.

nrA

rrA
112 A
B

Figure 6. The vertices connected to the general vertex A (note that all vertices are not in the same plane).

Factoring by an overall factor a3 # 0 and defining the parameters x = % and y = ? we obtain
2 2

three classes of triangles. After dropping the overall factor a, we obtain,

equilateral triangle with edge length: A4 = \/2(1 + x + x2),
equilateral triangle with edge length: B = \/2(1 + y + ¥?),
3 scalene triangles with edge lengths: 4, B,C = /2(x2 + y?)

as shown in Figure 6. The sum of the face-angles at the vertex A (at every vertex indeed) is 2?” +
O+ 9+ @) = 5?” where 6,9,and ¢ are the interior angles of the scalene triangles. The angular
deficiency 6 = 2m — 5?11 = g is the same as in the regular icosahedron. Using Descartes’” formula, the
number of vertices can also be obtained as in [27].

4T

Ny == =12. (26)

The vector A can be written in terms of quaternions as A = ae; + fe, + ye; where the new
parameters are defined by

X — X+
a=Ty,[;=Ty,y=ﬁ+1. 27)

The orbit of the chiral tetrahedral group W(43)/C, = [T, ﬂ generated from the vector A canbe
written as:

[T'T]A ={t ae; + Be; L yes, + Pe; tye, *aes, tye; +ae, + fes}

28
(even number of (—) signs). @8

The quaternions in (28) with an odd number of (=) signs constitute the mirror image. A rotation
element, e.g., the one in (23), transforms the quaternions in (28) to their mirror images. This proves
that the set in (28) does not represent a chiral polyhedron. Before we discuss the irregular icosahedral
structures, we point out that for x >0,y =0 or y > 0,x =0, the set of 12 vectors describes a
truncated tetrahedron. For x = y = 0, it describes an octahedron. More interesting cases arise as we
will discuss below.

(1) A=B=C,1+x+x*=1+y+y>=x*+y?

Here, all the edges are equal leading to the solution x =y =x*-1=x*-x—-1=0, = x =
7,0r x = 0. Substituting the first solution for =t whichresultsin a=0,8 =1,y =12, the set of
vectors in (28) can be written as:
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[T,T]A =t{t e, + Te,, te, + te3, +e; + ey} (29)

These vertices, which are also invariant under the pyritohedral symmetry, represent a regular
icosahedron. Note that the vector A = 7(e, + te3) is invariant under the 5-fold rotation by s = [% (o +

e, +te ),1 (0 — e, — te3)] while the other vectors in (29) are transformed to each other. This proves
3):5 3 p

that the pyritohedral group [T,+T | can be extended to the icosahedral group [I,+I] by the
generator s so that the set of vertices in (29) is invariant under the icosahedral group of order 120.
We emphasize that although (29) has a larger symmetry of the icosahedral group, it is obtained from
its chiral tetrahedral subgroup. Its mirror image can be obtained by a rotation of 180° around the
vector e; — e, implying that icosahedron is not a chiral solid.

There is another trivial solution for A = B = C where x = —1,y = 0. The number of vertices in
(28) reduces to 4 representing a regular tetrahedron.

@ A=B#Cy=>(-11/T+4(2+1))

For various values of x and the corresponding y, one obtains an irregular icosahedron
with (4 + 4) equilateral triangles and 12 isosceles triangles. An interesting case would be x =y = —t
with 12 vertices of {+7 e; + oe,, £1e, + oe3, *1e; + 0e;} which represent an irregular icosahedron
with (4 + 4) equilateral triangles with edges of length 2 and 12 isosceles triangles of sides
2,27, 21(Robinson triangles). Any irregular icosahedron with x = y # 0 has a pyritohedral symmetry
of order 24 as pointed out in (11). Another solution of the quadratic equation x = —7,y = —¢ leads
to an irregular icosahedron of (4 + 4) equilateral triangles with edge lengths 2 and 12 isosceles
triangles of edge lengths 2, 2, V6.

G) A=C=#B

This is another case with 12 isosceles triangles but here the 4 sets of equilateral triangles are not
equal to the other set of 4 equilateral triangles. We have x = y? — 1,x # toro and x # 0,y # 0. For
the values y = —1,x = 7, the irregular icosahedron consists of 4 equilateral triangles with edge length
2, 4 equilateral triangles with edge length 27 and 12 Robinson triangles with edge lengths 2,27, 27
as discussed in (2).

4) A#C=B

Here, y=x?>—1,x #toro. For x = —1,y =1, the faces of the irregular icosahedron are
identical to the one in case (3).

() A#=C#B

Now we have x # y?> —1 and y # x? — 1. Taking x = 1,y = 2 the irregular icosahedron will
consist of 4 equilateral triangles with edge of length V6, 4 equilateral triangles of edge length V14,
and 12 scalene triangles with edges v6,v/10 and v14.

4.1. Dual of an Irregular Icosahedron

Now we discuss the construction of a dual of an irregular icosahedron. A dual of an irregular
polyhedron can be obtained by determining the vectors orthogonal to its faces. Referring to Figure 6,
vectors orthogonal to the equilateral faces #1 and #3 can be taken as b; := w; and b3 := w3 as they are
invariant under the rotations 1,73 and r;1;,, respectively. The vectors orthogonal to the faces #2, #4 and
#5 can be determined as:

bz = 11161 + nzez + n3e3,
b4 = rlrzbz = —Nnze; —Nnqi€, + ny, (30)

b5 = 7’37’2b2 = nzeq + nie, + npes,

where n; =y —x,n, =x+y+2xy,n; =x+y.
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These vectors should be rescaled in order to determine the plane orthogonal to the vector A. Let
us redefine the vectors d, := Aw;,d, = b,,d; = gbs,d, = b,,ds = bs . The scale factors can be
determined as:

A_Z(x+y+2)(x+y+2xy)

3x+y+2
1)
_2(x+y+2)(x+y+2xy)
B (x+3y+2)
The dual solid is an irregular dodecahedron with the sets of vertices:
A
[T,ﬂdl =3 (e + e, * e3), (even number of (—) signs)
T, T]d3 = g(iel + e, + e3), (odd number of (—) signs) (32)

[T' T]dz = {&n,e; X nye, £ nzes, knyey £ nze; £ nyes, tnze; £ e, nyes)
(even number of (—) signs).

We will not discuss in detail how an irregular dodecahedron varies with five different cases
discussed above. A few examples would be sufficient in the order of increasing symmetry toward
regularity. The case (5) above corresponds to the invariance under the chiral tetrahedral group.
Substituting x =1,y =2 in (32), we obtain an irregular dodecahedron called a tetartoid
corresponding to the mineral cobaltite. The vertices d;, d;, d3, d, and ds form an irregular pentagon
with three different edge lengths. The tetartoid with its dual irregular icosahedron are depicted in
Figure 7.

(@) (b)

Figure 7. (a) A face transitive irregular dodecahedron (tetartoid) under rotational tetrahedral

symmetry; (b) the dual irregular icosahedron.

Since under the pyritohedral symmetry x =y, the vertices in (32) take a simpler form where:

4x(x + 1)?
A—Q—W,nl—o, n2—2x(x+1), n3—2x., (33)

The edge lengths of the irregular pentagon take the values:

|d1 _d2| = |d2 _d3| = |d3 _d4| = |d1 _d5|

= |%| JBx* +6x3 + 7x% + 4x + 1) (34)
|dy — ds| = 4|x|.
The irregular dodecahedron with the vertices of (32) with Aand ¢ from (33) is called the
pyritohedron. They can also be rearranged and the set can be given in its standard form:
(te; te; tes),
{£(1 — h®e; £ (1 + h)e,},

(35)
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{+(1 — hPe, + (1 + h)es},

{+(1 = hPe; + (1 + h)e,},

X
where h = —.
x+1

A special case x =y = 5 discussed in (2) corresponding to h = Zin (35) is plotted in Figure 8.

Figure 8. The pyritohedron.

In the limit of either x = 7 or x = o, the dodecahedron is regular and the pentagon turns out to
be regular with all edges equal either 47 or —40. After rescaling by 472, the set of vertices of the
dodecahedron with x = 7 are:

%(iel te, t+e;), %{ifel + ge,, +1e, + ge;, +1e; + ge;}. (36)

Each set above is invariant under the pyritohedral group|[T, +T |. The 20 vertices of (36) form a
dodecahedron with regular faces. As such, they possess a larger icosahedral symmetry [I, +1 |.

The first 8 vertices of (36) represent a cube and the second set of 12 vertices, as we recall from
previous discussions, represents an irregular icosahedron with (4 + 4) equilateral triangles and 12
Robinson triangles. The dual of the irregular icosahedron in second set of 12 vertices in (36) is another
irregular dodecahedron whose vertices are the union of a cube and a regular icosahedron albeit with
different magnitudes of vectors.

4.2. Regular and Irregular Icosidodecahedron

It is well known that mid-points of the edges of a regular icosahedron or dodecahedron form
the Archimedean solid icosidodecahedron with 30 vertices 32 faces (12 pentagons + 20 triangles) and
60 edges which can be obtained from the Coxeter graph of H; as an orbit (010),, [28]. Anirregular
icosidodecahedron consists of irregular pentagonal faces and scalene triangles in the most general
case and will be derived from the chiral tetrahedral group and will be extended by pyritohedral
group representing a larger symmetry. One can define five vectors as follows representing the
vertices of the irregular pentagon which is orthogonal to the vertex A:

A+ nrrA A+ 1A N(A + rpr3A) N(A + r3ryA)
a=T3 0 @TT 3 v @TT 5 asT—5—
N(A + r3mA) K(A +1i13h)
“TT o ST

(37)
_x?+3y* +2xy 4+ 2x + 4y +2

Y2+ 3x2+2xy+4x+2y+2

X2 +3y? +2xy +2x +4y +2

K (x +y+2)?

In terms of x and y the vertices read:

1
1= E[_(y + De; +ye; + (x +y + Des], (38)
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1
C, = > [—ve; + (x +y + De, + (y + Des],
c3 = g [xe; + (x +y + Dey, + (x + Des],
Cy = 1 [(x+ De; +xe; + (x +y+ 1es],

2
cs = k(B + 1es.

Here, c¢; with ¢, ¢; with ¢, and ¢ define three orbits under the chiral tetrahedral symmetry
of sizes 12, 12 and 6, respectively. Imposing the pyritohedral group invariance (x = y) and moreover,
letting x = 7 and dividing each vector by a scale factor 272, one obtains the usual quaternionic
vertices of the icosidodecahedron [28]

1 1 1
{5 (e, £ oe, + Te3),§ (toe, tte, + 63),5 (tte; t e, £+ 063)}, (39)

iep iez, ieg

They constitute a subset of the quaternionic binary icosahedral group I. An icosidodecahedron
consists of regular pentagons and equilateral triangles as shown in Figure 9a. A general irregular
icosidodecahedron consists of 12 pentagons of edges a, b, ¢ as shown in Figure 9b. In addition, it has
4 equilateral triangles with edges a, 4 equilateral triangles with edges b, 12 scalene triangles with
edges a,b,c where a,b,c can be expressed in terms of x and y.

(a (b)
Figure 9. (a) Regular icosadodecahedron(x = y = 1); (b) irregular icosidodecahedron (x = 1,y = 2).

5. The Regular and Irregular Snub Cubes Derived from W(B3)*(a,a,a;)

The snub cube is a chiral Archimedean solid with 24 vertices, 60 edges and 38 faces (8 squares,
6 + 24 equilateral triangles). Its vertices and its dual can be determined by employing the same
method described in Sections 3 and 4. The proper rotational subgroup of the Coxeter group W (B3)
is the rotational octahedral group Sym(4) = {[T,T] U [T',T']}, of order 24, which permutes the
diagonals of a cube [21]. The group is generated by two rotation generators a = 137, and b = 1,7y
satisfying the generation relations a* = b®> = (ab)?> = 1. When A is taken as a general vector, the
following sets of vertices form an equilateral triangle and a square, respectively,

(A, o, (7, 71)2/\)/ (D, 731, (1373) 2, 1,7131), (40)

with respective edge lengths /2(a? + a,a, + a2) and \/ 2(a3 + ayaz + %a%). With the vertex ryr3A =

r31 A, we obtain a figure consisting of 7 vertices as shown in Figure 10.



Symmetry 2017, 9, 148 13 of 22

niA LA

nrA ()’ A

nhA rrA
Figure 10. The vertices connected to the vertex A

There are 3 different edge lengths among 11 edges which are given as:

A — 1Al = \/Z(ag +aya; + %a%),

Irsrzh = rimsAl = \2(af + asa; + af), 1)

/ 1
A =rr3Al = A —rrsAl = |2(af + Ea?%)

Factoring by a, # 0 redefining x=Z—:, y=Z—z and a = x+%+1,ﬂ=%+1,y=% and

dropping a,, one obtains the following classes of faces of the irregular snub cube:

6 equilateral triangles with edge length: A = \/2(1 + x + x2),
8 squares with edge length: B = /2(1 + y + y?),

24 scalene triangles with edge lengths: 4,B,C = ’Z(XZ + %yz).

Since the angular deficiency is § = %, the number of vertices of an irregular snub cube is 24.

The vertex A = a;w; + a,w, + azw; can be written in terms of quaternions as A = ae; + fe, +
ves. The orbit generated by the chiral octahedral group reads:

W(B3)*A = {t ae; + Be, + yes, + Be; +ye, + aes, +ye, + ae, + Bes},
42
W(B3)*A = {£ Be; tae, Tyes, Tae ye, + fes, +ye, e, £ aesl,

where A’ = ;A is the mirror image of A. The vertices of (42) represent (1) an octahedron for a; =
1,a, = a3 = 0; (2) truncated octahedron for x =1,y =0; (3) cube fora; =a, =0,a; =1 and 4)
cuboctahedron for a; = a; = 0,a, = 1.

The irregular chiral convex solid will have 24 vertices 38 faces (8 square, 6 equilateral triangles
and 24 scalene triangles) and 60 edges (24 of length A, 24 of length B, 12 of length C). In what follows
we classify them according to their edge lengths of triangles and squares.

(1) Thesnubcube: A=B = C,1+x+x2=1+y+y?=x?+-y?

When all edges are equal, one eliminates the variable satisfying y = x? — 1 and obtains the cubic
equation x3>— x? — x —1 =0 which can also be written as x + x~3 =2 The solution is the
tribonacci constant x = 1111_1)1;10 F’;—:l ~ 1.8393 where F, is the n-th term in the Tribonacci series
0,0,1,1,2,4,7,13,24,44, ....

After dropping an overall factor %(x2+1), vertices of the snub cube and its mirror image are

given by:

W(B3)TA = {txe; + e, + x7les, +e; + x7te, + xe5,+ x7 ey + xe, + €5} (43)
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W(B3)*N = {te; +xe; + x ez, txe; +x e, L ez, 2x7l ey T e, + xes).

For x = 1.8393, the snub cube is shown in Figure 11.

Figure 11. The snub cube.

2 A=B# C,y=—-1+,/(1+2(x%*+x)

For x = 1,y = —21, the irregular snub cube consists of 6 equilateral triangles and 8 squares of
edges V6 respectively and 24 isosceles triangles of edges V6,v6,/2(27 + 3) as shown in Figure 12.

y

Figure 12. The irregular snub cube with squares, equilateral triangles, isosceles triangles and squares

(for x =1,y = —21).

3 A=C#B, x=%y2 -landx®-x2-x-1#0

For y = 4and x = 7 corresponding to a = 10,8 = 3,y = 2, the irregular snub cube consists of
squares of edges V13, equilateral triangles of edges V57 and isosceles triangles with edges v/57,v57
and V13; all edges scaled by V2.

4 A#B=C y=x*—1and ¥¥-x2-x-1%0

For x = 3,y = 8 the irregular snub cube after rescaling by V2 has equilateral triangles of sides
V13, squares of sides V41, and isosceles triangles of edges v41,v41,v/13 as faces.

65) A+C#B

The variables should satisfy the inequalities y # x* — 1 and y? # 2(x + 1).
For x = 2 and y = 4, the irregular snub cube consists of scaled equilateral triangles of sides /7,
squares of sides V13 and the scalene triangles of sides v7, V13 and V10 as shown in Figure 13.
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Figure 13. The irregular snub cube with equilateral triangles, scalene triangles and squares (for x = 2
and y = 4).
5.1. Dual of the Irregular Snub Cube
The vectors orthogonal to the faces in Figure 10 can be determined as:
d, = ey,

d2 = V(Tl1€1 + npe, + n3e3),
1
d3 = E(el + (=7 + 93), (44)

d4, = V(n3el + nie, + lee3),

ds =v(n,e; + nge, —nyes).
Here the parameters are given by:
m=x+D)y+x,n,=xn;=xu+1),
_ 2x+3y+4 1 2x+3y+4 (45)
4x+2y+4 2 (xy+x+y) 2x+y+2)+x(y+2)+yx(y+1)

Vertices of the dual of the irregular snub cube can be written as three sets of orbits under the
chiral octahedral group {[T,T] @[T, T']},

.u'(ieli ieZ! ie3)n

(e, e, +es) (46)

N =

v{(tny e, £ nye; £ nge;), (Enge; +nze, £ nye;), (Enze; £ nye; T nyes)l

The mirror image can be obtained from (46) by exchanging e; < e,.
The dual of the irregular snub cube consists of 24 irregular pentagons with three different edge
lengths in general. However, for the special case y =x*—1 and x*—x*—-x—1=0 which

-3
corresponds to the regular snub cube, the parameters are given by u = g, V= XT, ny = x(2x + 1),
n, = x, ng = x°. The lengths of the edges of the pentagon satisfy the relations
x2-1
4x

>

ldy — d,| = |dy —ds| =
(47)
|d2 _d3| = |d3_d4| = |d4_d5| = VZ—X,

where x =~ 1.8393. The dual of the snub cube is shown in Figure 14.
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Figure 14. Dual of the snub cube (pentagonal icositetrahedron) with its pentagonal face. If we
substitute x = 1,y = 0 in (46) we obtain the Catalan solid tetrakis hexahedron (dual of the truncated
octahedron).

We shall not discuss all duals of the irregular snub cubes. They can be obtained by substituting
x and yin (45) and (46) corresponding to each case above. We will illustrate only the case for x = 2
and y =4 where the pentagon has three different edge lengths. This is the dual of the irregular snub
cube corresponding to the case of (5). It is depicted in Figure 15 with its pentagonal faces consisting
of three different edge lengths satisfying the relations |d; —d,| =|d; —ds|, |dy —d3| = |d3 —
dyl, |ds = ds|.

Figure 15. Dual of the irregular snub cube of Figure 13.

5.2. Chiral Polyhedra with Vertices at the Edge Mid-Points of the Irreqular Snub Cube

With a similar discussion to the case of irregular icosidodecahedron in Section 4, we may
construct a chiral polyhedron assuming the mid-points of edges of an irregular snub cube as vertices.
The vectors whose tips constitute the plane orthogonal to the vector A in Figure 10 which are
constructed similar to (37) and (38) and are given by:

ag=[x+y+De, +(x+y+2)e,+(y+ Des),
=[(x+y+2)e,+ Y+ De,+ (x+y+1es]

3 =U[Rx+y+2)e +e,+ (y+ Des),

cs = W[2x+y+2)e; + (v + e, — €3], “

cs=v'(x+y+2)(e +ey),

, _(@+Ba+@B+y)B++a)y v,_(a+ﬁ)a+(ﬁ+y)ﬁ+(y+a)y
= 2a% + B2 + y2 T (a + B)? '

The vertices ¢; and ¢, are in the same orbit of size 24 under the chiral octahedral group
{{T,T]U[T",T"]}, and the orbit involving c; and c, is of size 24. The orbit of c;consists of cyclic
permutations of the coefficients of the unit quaternions with all possible sign changes. The same
argument is valid for the orbit of c3. The orbit of c5 comprises of 12 quaternions obtained as the cyclic
permutations of the pair of quaternions with all sign changes. Actually, the orbit of c¢5 by itself
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represents the vertices of a cuboctahedron. For all allowed x and y, the chiral polyhedra with 60
vertices can be displayed. However, we will only display the polyhedron corresponding to the special
case where the 60 vertices obtained from (48) represent the mid-points of edges of the regular case,
namely the snub cube. This is obtained, as we discussed before, substituting y = x*> — 1 and using
the real solution of the cubic equation x* —x? —x —1 = 0. Then one obtains y' = v' =1 and the
square lengths of sides of the irregular pentagon obtained from (48) are given by:

o1 — 2l = &3 — cl = Iy — csl = les — er] =124 = /723 ~ 3528 (49)
V2
The vector orthogonal to this pentagon is represented by the vector A and around this pentagon
there are 4 equilateral triangles of sides v2x3 and 1 square of sides 2vx3. With this pentagonal face,
the chiral polyhedron is shown in Figure 16. It has 60 vertices, 62 faces (6 squares, (8 + 24)
equilateral  triangles and 24 irregular pentagons) and 120 edges (96 of
sides 3.528 and 24 of length 4.989).

Figure 16. Chiral polyhedron consisting of equilateral triangles, squares and irregular pentagons.

6. The Regular and Irregular Snub Dodecahedron Derived from W(H3)*(a a,a;)

The snub dodecahedron is a chiral Archimedean solid with 60 vertices, 92 faces (20 pentagons
+80 triangles) and 150 edges. We will discuss how to obtain the snub dodecahedron from an irregular
snub dodecahedron. The vertices of an irregular snub dodecahedron, its dual and the chiral
polyhedron obtained from the mid-points of edges will be constructed by employing the same
technique described in Section 5. The proper rotational subgroup of the icosahedral Coxeter group is
also called chiral icosahedral group W (H;)* = [I,1] ~ Alt(5) which is a simple group of order 60.
They can be generated by the generators a = ry1,, b = 1,13 which satisfy the generation relations a® =
b3 = (ab)? =1. Let A=a,w; +a,w, + azw; be a general vector where w;, (i =1,2,3) can be
obtained from (17). The following sets of vertices form a regular pentagon and an equilateral triangle,
respectively:

(A, A, (1) A, (1) 3 A, () *A), (A, 113, (313)%A) (50)

with respective edge lengths \/2(a? + ta,a, + a2) and \/2(aZ + a,a; + a2). With the addition of the
vertex r;73A = 131 A as shown in Figure 17, there are three edge lengths including /2(a?+a?). The
discussions of Sections 4 and 5 will be repeated to obtain the regular and irregular snub dodecahedra.
The dual and the chiral polyhedron based on the mid-points of edges follow the same technique.
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rrA A
(1) A

rrA

(51 A
nnA nrA

Figure 17. The vertices connected to the vertex A

Numbering of the faces has been done according to the H; diagram of Figure 4. Factoring by

a, # 0, redefining x = %, y= % and dropping % one obtains an irregular snub dodecahedron with
2 2

12 equilateral triangles with edge length: A = /2(1 + x + x2), 20 pentagons with edge length: B =

V2(1+ 1y +y?), 60 scalene triangles with edge lengths: A4,B,C =,/2(x? +y?). The triangles

numbered as 2,4 and 5 are identical scalene triangles, but number 1 is an equilateral triangle. The
angular deficiency is § = 2m — (g + 3?71 +@+ 9+ @)= 115 where 6,9 and ¢ are the interior angles
of the scalene triangles. Descartes’ formula verifies the number of vertices N, = 60.

The orbit [1,7]A generated from the vector A = —ye; — xe, — ©(ty + x + 2)e; involves 60
vectors representing the vertices of an irregular snub dodecahedron. The mirror image [I,1]A’" can
be obtained from the vector A’ = rA = ye; — xe, — 7(ty + x + 2)e;. A few remarks are in order
before we discuss the usual classification. For some special values of the parameters x and y, we
obtain some of the Archimedean solids. For example,

(i) x =1 and y = 0: Truncated icosahedron,
(i1)) x =0 and y = 1: Truncated dodecahedron,
(iii)) x =y = 0: Icosidodecahedron.

Let us follow the sequence of Section 5 to discuss the regular and irregular snub dodecahedra.
(1) The snub dodecahedron:A=B = C,1+x+x%2=1+1y+y? =x%+ y?

Since all edges are equal, it leads to the relations y = (1 — x?) and y? = x + 1 resulting in the
cubic equation x* —x?—x—7=0. The real solution is approximately x = 1.943. The snub
dodecahedron is shown in Figure 18.

Figure 18. The snub dodecahedron.

@ A=B=# C y=5(-1/@+4(x>+x))

For x = —1,y = —1, the irregular snub dodecahedron consists of 12 equilateral triangles and 20
pentagons of sides V2 and 60 isosceles triangles of sides v2,v2,/2(t + 2)

B A=C#B,y?=x+landx®—x2—x—71#0
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For y = 2 and x = 3, the corresponding irregular snub dodecahedron consists of pentagons of
edge length ,/2(27 + 5), equilateral triangles of edge length v26 and isosceles triangles with edge
lengths v26,v26 and /2(27 + 5)

4 A#B=Cx?>=ty+1landx®—-x2—x—-1#0

For y = 1,x = 7, theirregular snub dodecahedron has pentagons of sides /2(t + 2), equilateral

triangles of sides V27, and isosceles triangle of sides J2(t+2), {/2(r+2) and V2r.

(5) A+=C#B

For x = 2 and y = 3, the irregular snub dodecahedron consists of equilateral triangles of sides

V14, pentagons of sides /2(37 + 10) and the scalene triangles of sides V14, /2(37 + 10) and V26

as shown in Figure 19.

Figure 19. Irregular snub dodecahedron with x = 2,y = 3.

6.1. Dual of the Irregular Snub Dodecahedron
We obtain 5 vectors as follows to determine the plane orthogonal to the vertex A:

d; = 2w, = t(0e; — Tey),

d, =v[(y —o)xe; —ay(x + Ve, + (txy + tx + y)es]

d3 = V2pw; = p(—e; — tey),
dy =v[oxe, —oye, + (2xy + tx + y)es]
ds = v[—oxe; + aye, + 2xy + x + y)es],

_ By+Tx+21) _ By +x+217)
'u_‘L'y+(J+2)x+2'v_(ax—y+20)(2xy+‘rx+y)'

1)

The orbits generated from these five vectors represent the vertices of the dual solid of the
irregular snub dodecahedron. Faces of the dual consist of irregular pentagons, one of which is
represented by the vertices of (51). Note that the orbits [I,1|d; and [I,1]d; represent the orbits of
sizes 20 and 12, respectively. The other three vertices are in the same orbit; therefore, one single
notation [I,T]d2 for this orbit of size 60 suffices. Therefore, the dual consists of 92 vertices, 60
irregular pentagons and 150 edges. The regular case is obtained by substituting y = o(1 — x%) and
x = 1.943 in (51). The dual of the snub dodecahedron, the pentagonal hexecontahedron, is shown
Figure 20.
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Figure 20. The pentagonal hexecontahedron (dual of snub dodecahedron).

We also illustrate the dual of the irregular snub dodecahedron obtained from 5) by substituting
the values x = 2 and y = 3 in (51). The 92 vertices with this substitution describe the chiral solid
depicted in Figure 21.

Figure 21. The dual of irregular snub dodecahedron with x = 2 and y = 3.

6.2. Chiral Polyhedra with Vertices at the Edge Mid-Points of the Irregular Snub Dodecahedron

Similar to the previous discussions, we can construct a chiral polyhedron possessing the mid-
points of the edges of the irregular snub cube as vertices. The vectors whose tips constitute the plane
orthogonal to the vector A in Figure 17 are given by:

1
G = 5[—(2)' +10)e; +e; —1(2Ty + 2x + T+ 2)e5],

1
= 5 [=Qy+x+ ey = (c + Dey — 71y +2x + 7+ 2)es],

a
c3 = 5 [—t(zy + ey = (zy + 20 + Dey — 1(2%y +2x + 7+ es)
a
¢4 = [rer — (2x + Ve, — 72ty + 2x + 7+ 2es],

cs = —fr(ry + x + 2)es,
3y +2txy +x*+ 4ty +x(t+2)+ 142
Tyt 2ty + 220+ D) + Gt Dy +dx+1+2
C3yP+2mxy + x4ty +x(t+2) +T+2
b= (ty +x +2)2
In the limit y=0(1-x2), x®—x?—x—1=0anda=p=1(x=1.943); for a snub
dodecahedron, the vertices in (52) are simplified, and the edge lengths of the pentagon satisfy the
relations:

(52)

lcs — 4l
¢ — |l =lcz —c3|l = leyg —c5| = les — ¢4 =T=\/x2+x+1 (53)
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This chiral polyhedron has 150 vertices and 152 faces (12 regular pentagons + 60 irregular
pentagons and (20 + 60) equilateral triangles all surrounding 60 irregular pentagons), a typical one
of which is represented with the relations of vertices in (53). The chiral polyhedron with 300 edges is
illustrated in Figure 22.

Figure 22. Chiral polyhedron whose vertices are the mid-points of the edges of the snub dodecahedron.

7. Concluding Remarks

In this paper we presented a systematic construction of regular and irregular chiral polyhedra,
the snub cube, the snub dodecahedron and their duals using proper rotational subgroups of the
octahedral group and the icosahedral group. Chiral polyhedra whose vertices are the mid-points of
the chiral polyhedra were also constructed. We used the Coxeter diagrams Bs and Hs to obtain the
quaternionic description of the relevant chiral groups. Employing the same technique for the
diagrams A1 @ A1 @ A1 and As, the irregular tetrahedra and icosahedra have been included
although they are not chiral as they can be transformed to their mirror images by the proper rotational
subgroup of the octahedral group.

The dual solids of the irregular icosahedron, the tetartoid and the pyritohedron are also
constructed representing the chiral symmetries of chiral tetrahedral group and the pyritohedral
group, respectively.

This method can be extended to higher dimensional Coxeter groups to determine the irregular-
regular chiral polytopes. For example, the snub 24-cell, a chiral polytope in the 4D Euclidean space
can be determined using the D: Coxeter diagram [29], and its irregular form can be obtained using
the same technique used for the irregular icosahedron.

Author Contributions. The authors N.O.K. and M.K. equally contributed to the paper in conceiving,
programming and writing.
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