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Abstract: We introduce notions of soft rough m-polar fuzzy sets and m-polar fuzzy soft rough sets
as novel hybrid models for soft computing, and investigate some of their fundamental properties.
We discuss the relationship between m-polar fuzzy soft rough approximation operators and crisp
soft rough approximation operators. We also present applications of m-polar fuzzy soft rough sets
to decision-making.
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1. Introduction

The notion of bipolar fuzzy sets was generalized to m-polar fuzzy sets by Chen et al. [1] in 2014.
Chen et al. [1] proved that bipolar fuzzy sets and 2-polar fuzzy sets are cryptomorphic mathematical
tools. In many real life complicated problems, data sometimes comes from 1 agents (n > 2), that is,
multipolar information (not just bipolar information, which corresponds to two-valued logic) exists.
There are many applications of m-polar fuzzy sets to decision-making problems when it is compulsory
to make assessments with a group of agreements. For example, similarity degrees of two logic formulas
that are based on n logic implication operators (n > 2), ordering results of a magazine, a group of
friends wants to plan to visit a country, ordering results of a university. Akram et al. [2-5] promoted the
work on m-polar fuzzy graphs and introduced many new concepts. Li et al. [6] considered different
algebraic operations on m-polar fuzzy graphs. In 1982, Pawlak [7] introduced the idea of rough
set theory, which is an important mathematical tool to handle imprecise, vague and incomplete
information. In fuzzy set theory [8], membership function plays the vital role. However, the selection
of membership function is uncertain. The fuzzy set theory is an uncertain tool to solve the uncertain
problems, but, in rough set theory, two precise boundary lines are established to describe the vague
concepts. Consequently, the rough set theory is a mathematical tool to solve uncertain problems.
Dubois and Prade [9] introduced the ideas of rough fuzzy sets and fuzzy rough sets by combining fuzzy
sets and rough sets. Recently, works on granular computing are progressing rapidly. Xu and Gou [10]
described an overview of interval-valued intuitionistic fuzzy information aggregation techniques, and
their applications in different fields such as decision-making, entropy measure and supplier selection.
Das et al. [11] introduced a robust decision-making approach using intuitionistic trapezoidal fuzzy
number. Cai et al. [12] defined dynamic fuzzy sets by means of shadowed sets and proposed an
analytic solution to computing the pair of thresholds by searching for a balance of uncertainty in the
framework of shadowed sets. Pedrycz and Chen [13] provided various methods of fuzzy sets and
granular computing, brings new concepts, architectures and practice of fuzzy decision-making with
various applications.
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Many real-world problems in different domains, including social sciences, physical sciences,
applied sciences and life sciences contain vague and imprecise information. The classical mathematical
tools and theories are unfit to handle the difficulties of the data having uncertainties, whereas a lot
of theories including probability theory and fuzzy set theory [8] are very helpful mathematical tools
for dealing with different types of uncertain data. Molodtsov [14] indicated the drawbacks of these
theories. In order to overcome these difficulties, Molodtsov [14] introduced the concept of soft set
theory. Maji et al. [15] proposed some fundamental algebraic operations for soft sets. Maji et al. [16]
generalized the idea of soft sets and presented a hybrid model fuzzy soft sets. Alcantud [17-19]
gave a novel approach to the problems of fuzzy soft sets based decision-making. Alcantud and
Santos-Garcia [20,21] produced a completely new approach to soft set based decision-making problems
when information is incomplete. They also proposed and compared an algorithmic solution with
previous approaches in the literature in [20]. Feng et al. [22] gave the novel idea of rough soft sets
by combining the Pawlak rough sets and soft sets. In 2011, Feng et al. [23] introduced the idea of
soft rough sets. All mathematical models, including fuzzy sets, rough sets, soft sets and fuzzy soft
sets have their advantages and drawbacks. One of the crucial drawbacks of all of these models is
that they have a lack of a sufficient number of parameters to handle the uncertain data. In order to
overcome this problem, we combine rough sets, soft sets with m-polar fuzzy sets and propose the
concepts of new hybrid models called soft rough m-polar fuzzy sets and m-polar fuzzy soft rough sets.
We define the lower and upper soft approximations of an m-polar fuzzy set. The idea of m-polar fuzzy
soft rough sets can be utilized to solve different real-life problems. Thus, we present a new method to
decision-making based on m-polar fuzzy soft rough sets.

2. Soft Rough m-Polar Fuzzy Sets

Definition 1. An m-polar fuzzy set (mF set, for short) on a universe Y is a function Q = (p1 0 Q(z),p2 0
Q(z),...,pmoQ(z)) : Y — [0,1]™, where the i-th projection mapping is defined as p; o Q : [0,1]™ — [0, 1].
Denote 0 = (0,0, --,0) is the smallest element in [0,1]" and 1 = (1,1,---,1) is the largest element in
[0, 1]™ [1].

Definition 2. ([14]) Let Y be a nonempty set called universe, T a set of parameters. A pair (7, T) is called a
soft set over Y if i is a mapping given by ny : T — P(Y), where P(Y) is the collection of all subsets of Y.

Definition 3. ([24]) Let Y be an initial universe, (17, T) a soft set on Y. For any N C Y x T, the crisp soft
relation N over Y x T is given by

N = {{(v,w),on(v,w)) | (v,w) €Y x T},

1 if (v,w) €N,

where oy = Y x T — {0,1}, QN(U,ZU)—{ 0 if (nw)¢N.

Definition 4. ([25]) Let Y be the universe of discourse and let T be a set of parameters. For any crisp soft
relation { C Y x T, a set-valued function s : Y — P(T) is given by

Go)={weT|(v,w)€}, veEY.

¢ is referred to as serial if Y v € Y, Gs(v) # @. The pair (Y, T, &) is said to be a crisp soft approximation space.
Forany Q C T, the lower and upper soft approximations of Q about (Y, T, ), denoted by &(Q) and ¢(Q),
respectively, are defined as

Q) ={veY[&)NQ# ¢},
2(Q)={veY|i() CQ}
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The pair (£(Q),&(Q)) is said to be a crisp soft rough set and ¢, : P(T) — P(Y) are, respectively, called
lower and upper crisp soft rough approximation operators. Furthermore, if {(Q) = &(Q), then Q is called a
definable set.

We now define soft rough m-polar fuzzy sets.

Definition 5. Let Y be an initial universe and T a universe of parameters. For any crisp soft relation ¢ over
Y x T, the pair (Y, T, ) is called a crisp soft approximation space. For an arbitrary Q € m(T), the lower and
upper soft approximations of Q about (Y, T, ), denoted by (Q) and ¢(Q), respectively, are defined by

¢(Q) = {(v,Qz(v)) [v e Y},
8(Q) = {(v,Qz(v) |0 €Y},

where

Qe()= A pioQ(w), Q:(v)= \/ pioQ(w).

B wels(v) wels(v)

The pair (§(Q),&(Q)) is called the soft rough mF set of Q about (Y, T, &), and §, & : m(T) — m(Y) are,
respectively, said to be lower and upper soft rough mF approximation operators. Moreover, if £(Q) = £(Q),
then Q is referred to as definable.

Example 1. Let Y = {y1,Y2,Y3,Y4,Y5,Ye } be a universe of discourse, T = {ki, ko, k3,kq} a set of parameters.
Assume that a soft set on'Y is defined by

n(k1) = {y, y2,¥5}, 1(k2) = {y3, ¥4, Y5},
n(ks) =@, n(ky) =Y

Then, a crisp soft relation ¢ over Y x T is given by

&= {(y1 k1), (y2, k1), (ys, k1), (Y3, k2), (ya, ka), (ys, k2), (Y1, ka), (Y2, ka), (Y3, Ka), (Yar ka), (ys, Kka), (Y6, Ka) }-

By Definition 4, we have

&s(y1) = {k1, ka}, s(y2) = {k1, ka},
Gs(y3) = {ka, ka}, Cs(ya) = {ka, ka},
Cs(ys) = {k1, k2, ks}, Cs(ye) = {ka}

Consider a 3-polar fuzzy set Q € m(T) as follows:
Q = {(k1,0.75,0.25,0.13), (kp,0.12,0.7,0.4), (k3,0.3,0.85,0.6), (k4,0.1,0.3,0.5) }.

By Definition 5, we have lower and upper soft approximations:

Qz(y1) = (0.1,0.25,0.13), Qz(y1) = (0.75,0.3,05),
Q:(y2) = (0.1,0.25,0.13), Qé (y2) = (0.75,0.3,0.5),
Qz(ys) = (0.1,0.3,0.4), Qz(y3) = (0.12,0.7,05),
Qg (ya) = (0.1,0.3,04), Qz(v4) = (0.12,07,0.5),
Qe (ys) = (0.1,025,0.13), Qz(ys) = (0.75,07,0.5),
Qz(ye) = (0.1,0.3,0.5), Qs (ve) = (0.1,0.3,0.5).
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Thus,
g(Q) = {(yl, 0.1,0.25,0.13), (y2,0.1,0.25,0.13), (y3,0.1,0.3,0.4), (v4,0.1,0.3,0.4),
(y5,0.1,0.25,0.13), (v6,0.1,0.3,0.5) },
E(Q) = {(y1, 0.75,0.3,0.5), (12,0.75,0.3,0.5), (y3,0.12,0.7,0.5), (v4,0.12,0.7,0.5),
(y5,0.75,0.7,0.5), (y6,0.1,0.3,0.5) }

Hence, the pair (£(Q), &(Q)) is said to be a soft rough 3-polar fuzzy set.
We now present properties of soft rough mF sets.

Theorem 1. Let (Y, T, &) be a crisp soft approximation space. Then, the lower and upper soft rough mF
approximation operators &(Q) and &(Q), respectively, satisfy the following properties, for any Q,R € m(T) :

1L §(Q)=~&(~Q)

2. QCR=4(Q) Cé(R),
3. ¢(QNR) =¢g(Q)NE(R),
4. ¢(QUR) 2Z(Q)UE(R),
5 8(Q) =~E(~Q),

6. QCR=1¢(Q) CiR),
7. G(QUR) =Z(Q)UL(R),
8. ¢(QNR) C&(Q)NE(R),

where ~ Q denotes the compliment of Q.

Proof. 1. From Definition 5, we have

wes(v)

<

. N\ pieQ))vey,

weds(v)

(
(
(o,(1n A pioQ@))lver},
(
(

0, Qg(0)> |ve Y},

It follows that (Q) =~ &(~ Q).
2. It can be easily proved by Definition 5.
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3. By Definition 5,

¢(QNR) =

v,(QNR) (v)> |UGY},
o, \ pie(@NR)(w))|veY},
€Cs

v, (p,- o Q(w)) AN (pi oR(w))> |ve Y},

wels(v) wegs(v)

<
<
(@ A (poQ@)rpioR@))loex},
<
(

z(v) A Rg(v)> |ve Y},
¢

Hence, Q(Q NR) = g(Q) ﬂg(R).

4.  From Definition 5,

¢(QUR) =

Hence, {(QUR) 2 &(Q) UE(R).

50f18

Similarly, properties (5-8) of the upper soft rough mF approximation operator ¢(Q) can be proved

by using the above arguments. [

Example 2. Let Y = {g1, 42, 93,84} be a universe and let T = {ny, ny, n3} be a set of parameters. Consider a

soft set (17, T) over Y is defined as

n(n1) = {g1,82, 84}, n(n2) ={gs}, n(nz) =Y.

Then, a crisp soft relation ¢ on'Y x T is given by

&= {(g1,m),(g2,m1), (84,m), (g3,m2), (§1,13), (82, 13), (83, 13), (g4, 113) }.

By Definition 4,
gs(g1) = {m,n3}, 8s(82) = {m, n3},
Gs(g3) = {ma,ma}, Gs(g4) = {my,m3}.

Consider 3-polar fuzzy sets Q, R € m(T) as follows:
Q = {(11,0.5,0.2,0.3), (12,0.2,0.6,0.5), (13,0.5,0.9,0.1) },

R = {(1,07,0.5,0.1), (12,0.1,0.7,0.4), (13,0.3,0.8,0.6) }.
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Then,
~ Q= {(n1,05,0.8,0.7), (n2,0.8,04,0.5), (n3,0.5,0.1,0.9) },
QUR = {(n1,0.7,05,0.3), (12,0.2,0.7,0.5), (n3,0.5,0.9,0.6) },
QNR = {(n1,05,0.2,0.1), (1n2,0.1,0.6,0.4), (n3,0.3,0.8,0.1) }.
By Definition 5, we have
Z(Q) = {(£1,05,0.2,0.1), (2,0.5,0.2,0.1), (g3,0.2,0.6,0.1), (4,0.5,0.2,0.1) },
Z(Q) = {(£1,0.5,0.9,0.3), (g2,0.5,0.9,0.3), (g3,0.5,0.9,0.5), (4,0.5,0.9,0.3) },
Z(R) = {(1,0.3,0.5,0.1), ($2,0.3,0.5,0.1), (¢3,0.1,0.7,0.4), (g4,0.3,0.5,0.1) },
¢(R) = {(1,0.7,0.8,0.6), (g2,0.7,0.8,0.6), (g3,0.3,0.8,0.6), (g4,0.7,0.8,0.6) },
Z(~ Q) ={(£1,05,0.1,0.7),(82,05,0.1,0.7), (g3,0.5,0.1,0.5), (g4,0.5,0.1,0.7) },
¢(~ Q) ={(£1,05,0.8,09),(g2,0.5,0.8,0.9), (g3,0.8,0.4,0.9), (g4,0.5,0.8,0.9) },
~ &(~ Q) = {(81,0.5,0.9,0.3), ($2,0.5,0.9,0.3), (¢3,0.5,0.9,0.5), (4,0.5,0.9,0.3) },
~&(~ Q) ={(g1,05,02,0.1), (g2,0.5,0.2,0.1), (g3,0.2,0.6,0.1), (g4,0.5,0.2,0.1) },
Z(QUR) = {(g1,0.5,0.5,0.3), (82,0.5,0.5,0.3), (¢3,0.2,0.7,0.5), (g4,0.5,0.5,0.3) },
¢(QUR) = {(81,0.7,0.9,0.6), (2,0.7,0.9,0.6), (3,0.5,0.9,0.6), (g4,0.7,0.9,0.6) },
Z(QNR) ={(g1,0.3,0.2,0.1),(g2,0.3,0.2,0.1),(g3,0.1,0.6,0.1), (g4,0.3,0.2,0.1) },
¢(QNR) ={(g1,05,0.8,0.1),(82,0.5,0.8,0.1), (g3,0.3,0.8,0.4), (g4,0.5,0.8,0.1) }
Now,
Z(Q)UE(R) = {(81,0.5,0.5,0.1), (82,0.5,0.5,0.1), (¢3,0.2,0.7,0.4), (g4,0.5,0.5,0.1) },
¢(Q)UE(R) = {(g1,0.7,0.9,0.6), (2,0.7,0.9,0.6), (3,0.5,0.9,0.6), (g4,0.7,0.9,0.6) },
Z(Q)NE(R) = {(1,0.3,0.2,0.1), ($2,0.3,0.2,0.1), (¢3,0.1,0.6,0.1), (g4,0.3,0.2,0.1) },
Z(Q)NE(R) = {(1,0.5,0.8,0.3), (g2,0.5,0.8,0.3), (¢3,0.3,0.8,0.5), (4,0.5,0.8,0.3) }.
From the above calculations, we observe that the following properties are satisfied:
~{(~ Q) =¢(Q) ~3(~Q)=4(Q)
EQNR) = E(Q)NER), 2QUR) 2 £(QUE(R),
¢(QUR) =¢(Q)UE(R), ¢(QNR) CE(Q)NE(R).

Proposition 1. Let (Y, T,¢) be a crisp soft approximation space. Then, lower and upper soft rough
approximations of mF sets Q and R satisfies the following laws:

1.~ (&QUER) =&~ Q)NE(~R),
2.~ (SQUIR)) =&~ Q)NE(~R),
.~ (BQuir) =&~ QnE(~R),
4.~ (EQUIM) =&~ Q) NE(~R),
5.~ (EQnER)) =&~ QUE(~R),
6. ~(E(QNER)) =&~ QUE(~R),
7.~ (3QNER)) =&~ QUE(~ R),
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8.~ (SQNER)) =&~ QUE(~R).
Proof. Its proof follows immediately from the Definition 5. [

3. mF Soft Rough Sets

Definition 6. Let Y be a universe of discourse, T a set of parameters and V. C T. A pair (T, V) is referred to as
an mF soft set on Y if T is a mapping T: T — m(Y).

Definition 7. Let (T, V') be an mF soft set over Y. Then, an mF subset { of Y x T is referred to as an mF soft
relation from Y to T is given by

¢ = {((xt),prof(x,H) | (x,1) € Y x T},
where { : Y x T — [0,1]™.

IfY ={x1,x0,--- ,xp}, T={t1,t2,- -+, tu}, then an mF soft relation { over Y x T can be presented
as follows:

4 ty t X tn

x1 | pio(x1,t1) pio(xy,t2) -+ pio(xy,ty)
x3 | pio(xa,t1) pio(xzta) -+ pio(x2tn)
Xn | pio(xn,t1) pio(xn,t2) -+ pio(xn ta)

Example 3. Let Y = {x1,x,x3} be a universe, T = {t1,ty,t3} a set of parameters. A 3-polar fuzzy soft
relation { : Y — T of the universe Y x T is given by

Z | h b ts

x1 | (0.6,0.3,0.1) (0.4,0.7,0.6) (0.4,0.6,0.2)
x| (05,03,02) (0.5,0.2,08) (0.6,0.9,0.6)
x3 | (0.3,02,0.1) (0.3,0.4,08) (0.7,0.3,0.5).

We now define m-polar fuzzy soft rough sets.

Definition 8. Let Y be a nonempty set called universe, T a universe of parameters. For any mF soft relation {
onY x T, the pair (Y, T, () is referred to as an mF soft approximation space. For an arbitrary Q € m(T), the
lower and upper soft approximations of Q about (Y, T, ), denoted by {(Q) and {(Q), respectively, are defined
as follows:

(Q) = {(v,Q¢(v)) [veY],

g
Q) = {(v Q) [veY},

where

Qr(v) = A [(1=picQ¢(v,w)) V pioQ(w)],

a weT
Qz(v) = \/ (pioQz(v,w) A pioQ(w)).
weT
The pair ({(Q),(Q)) is called mF soft rough set of Q about (Y, T,{), and {,  : m(T) — m(Y) are,
respectively, said to be lower and upper mF soft rough approximation operators. Moreover, if {(Q) = {(Q),
then Q is said to be definable.
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Exampled4. Let Y = {x1, x5, X3, X4, X5} be the set of five laptops and let T = {t; = size, t, = beautiful, t3 =
technology, ty = price} be the set of parameters. Consider a 3-polar fuzzy soft relation { : Y — T is given by

4 ty tr t3 ty

x1 | (0.6,03,01) (04,07,06) (04,0.6,02) (04,0.6,02)
% | (05,03,02) (05,02,0.8) (0.6,09,0.6) (0.7,0.3,0.6)
%3 | (03,02,0.1) (03,04,0.8) (0.7,03,05) (0.2,0.9,0.9)
x4 | (04,03,06) (05,01,04) (03,01,00) (0.6,0.4,0.4)

xs | (0.2,07,03) (0.4,0.8,0.1) (0.4,0.0,0.7) (0.8,0.9,0.0).

Consider a 3-polar fuzzy subset Q of T as follows:

Q = {(+,03,0.1,07), (£2,0.3,0.6,0.4), (t3,0.5,0.6,0.1), (t4,0.9,0.1,0.4) }.

From Definition 8, the lower and upper soft approximations are given by

Qg(xl) = (0.4, 0.4,0.4),
Q¢ (x2) = (0.5,0.6,0.4),
Q¢ (x3) = (0.5,0.1,0.4),
Q;(x4) = (0.5,0.6,0.6),
Q¢ (xs5) = (0.6,0.1,0.3),
Now,

2(Q) = {(x1,0.4,0.4,04), (x,,0.5,0.6,0.4), (x3,0.5,0.1,0.4), (x4,0.5,0.6,0.6),

x5,0.6,0.1,0.3) }

( )
( )

7(Q) = {(x1,04,0.6,0.4), (x2,0.7,0.6,0.4), (x3,0.5,0.4,0.4), (x4,0.6,0.1,0.6),
( )

Qg(xl

X2

QZ
Q7
Q7

X5

7

x5,0.8,0.6,0.3) }.

X4) =

)
Qz(x2)
(x3) =
(x4)

( ) = (0.8,0.6,0.3).

= (0.4,0.6,04),
= (0.7,0.6,04),

( )
( )
(0.5,0.4,0.4),
(0.6,0.1,0.6),
( )

Hence, the pair (§(Q),(Q)) is called a 3-polar fuzzy soft rough set.

We now present properties of mF soft rough sets.

Theorem 2. Let (Y, T,{) be an mF soft approximation space. Then, the lower and upper soft rough mF
approximation operators {(Q) and Z(Q), respectively, satisfy the following properties, for any Q,R € m(T) :

{(QUR) =(Q)
Z(QNR) € (Q)

where ~ Q denotes the compliment of Q.

O N G R LW N
N
~—
N o |
I
2
S
—~
2
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Proof. 1.  From Definition 8,

o, (1= (~ Q)(0) ) [0 € Y},
1=V (pio(~ Qglv,w) Apio(~Qw))) [ve Y],

weT

<

weT

<
<
(010 A (1= pioQ(o,w)) VpioQ(w)) |ve Y},
(0 A\ (1=pio Qo) VpioQ)) [ver],

<

Thus, {(Q) =~ {(~ Q).

2. It can be proved directly by Definition 8.
3. By Definition 8,

2(QNR) =

(v.(@NR)(0)) [0 €Y},

<U, (1—pio(QﬂR)(v,w))\/pio(QﬂR)(w)>|UEY},
{

{

I
[N A A A

Hence, [(QNR) = Z(Q) NZ(R).
4.  Using Definition 8,

v, (1 —pio (Qv,w) Vv R(U,w))) Vpio (Q(w) Vv R(w))> |ve Y},

0,Q¢(v) V Rg(v)> lve y},
UZ(R).

Thus, {(QUR) 2 {(Q) UZ(R).

The properties (5-8) can be proved by using similar arguments. [

Example 5. Let Y = {wy, wyp, w3, w4} be the set of four cars and let T = {vl, vy, vg} be the set of parameters,
where

e v denotes the Fuel efficiency,
e vy denotes the Price,
e vz denotes the Technology.
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Consider a 3-polar fuzzy soft relation ¢ : Y — T is given by

Z | 01 U2 U3

w; | (0.6,0.3,01) (04,07,0.6) (0.40.6,02)
ws | (05,03,02) (0.5,02,08) (0.6,0.9,0.6)
ws | (03,02,01) (0.3,04,0.8) (0.7,03,0.5)
wy | (0.4,0.3,0.6) (0.5,0.1,0.4) (0.3,0.1,0.0).

Consider 3-polar fuzzy subsets Q, R of T as follows:
Q = {(v1,0.2,0.1,0.9), (v,0.7,0.5,0.3), (v3,0.5,0.6,0.1) },

R = {(v1,04,0.2,05), (v2,0.6,0.7,0.3), (v3,0.4,0.7,0.8) }.

Then,
~Q= {(v1,0.8,0.9, 0.1), (v2,0.3,0.5,0.7), (v3,0.5,0.4, 0.9)},
QUR = {(vl, 0.4,0.2,0.9), (v,,0.7,0.7,0.3), (v3,0.5,0.7,0.8) },
QNR= {(vl, 0.2,0.1,0.5), (v3,0.6,0.5,0.3), (v3,0.4,0.6,0.1) }
By Definition 8, we have
Q(Q) {(wl, 0.4,0.5,0.4), (w,,0.5,0.6,0.3), (w3,0.5,0.6,0.3), (w4, 0.6,0.7,0.6) },
7(Q) = {(wl, 0.4,0.6,0.3), (w,,0.5,0.6,0.3), (w3,0.5,0.4,0.3), (w4, 0.5,0.1,0.6) },
Q(R) {(wl, 0.4,0.7,0.4), (w,,0.4,0.7,0.3), (w3,0.4,0.7,0.3), (w4, 0.6,0.7,0.5) },
Z(R) = {(wl, 0.4,0.7,0.3), (w,,0.5,0.7,0.6), (w3,0.4,0.4,0.5), (w4, 0.5,0.2,0.5) },
~ g(w Q) = {(wl,O 4,0.6,0.3), (w,0.5,0.6,0.3), (ws3,0.5,0.4,0.3), (wy,0.5,0.1, 0.6)},
~(~Q)= {(wl, 0.4,0.5,0.4), (w,,0.5,0.6,0.3), (w3,0.5,0.6,0.3), (w4, 0.6,0.7,0.6) },
Q(Q UR) = {(w1, 0.4,0.7,0.4), (w,,0.5,0.7,0.3), (w3,0.5,0.7,0.3), (w4, 0.6,0.7,0.6) },
Z(QUR) = {(wl, 0.4,0.7,0.3), (w,,0.5,0.7,0.6), (w3,0.5,0.4,0.5), (w4, 0.5,0.2,0.6) },
Q(Q NR) = {(wl, 0.4,0.5,0.4), (w,,0.4,0.6,0.3), (w3,0.4,0.6,0.3), (w4, 0.6,0.7,0.5) },
Z(QNR) = {(wl, 0.4,0.6,0.3), (w,,0.5,0.6,0.3), (w3,0.4,0.4,0.3), (wy,0.5,0.1, 0.5)}
Now,
Q(Q) UZ(R) = {(wl, 0.4,0.7,0.4), (w,0.5,0.7,0.3), (w3,0.5,0.7,0.3), (w4, 0.6,0.7,0.6) },
Z(Q)UZ(R) = {(wl, 0.4,0.7,0.3), (w,,0.5,0.7,0.6), (w3,0.5,0.4,0.5), (w4, 0.5,0.2,0.6) },
Q(Q) N Q(R) {(wl, 0.4,0.5,0.4), (w,,04,0.6,0.3), (w3,0.4,0.6,0.3), (w4, 0.6,0.7,0.5) },
Z(Q)NT(R) = {(w1,0.4,0.6,0.3), (w2,0.5,0.6,0.3), (w3,0.4,0.4,0.3), (w4,0.5,0.1,0.5) }.
From the above calculations,
~{(~ Q) =¢(Q), ~{(~Q) =¢(Q),
Z(QNR) = Z(Q) NL(R), Z(QUR) 2 L(QUL(R),
C(QUR) =Z(Q)UZ(R), C(QNR) CZ(Q)NEZ(R).

Remark 1. In Theorem 2, properties (1) and (5) show that the lower and upper mF soft rough approximations
operators { and T, respectively, are dual to one another.
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Proposition 2. Let (Y, T,{) be an mF soft approximation space. Then, the lower and upper soft rough
approximations of mF sets Q and R satisfy the following laws:

1~ (2QUiR) =2~ Q)NZ(~R),
2~ (8QUIR)) =T~ Q) NE(~R),
.~ (Quir) =g~ Qni(~R),
4.~ (HQUIM) =~ QNL(~R),
5.~ (8QnER)) =2~ QUI(~R),
6.~ (8(QNTR)) =T~ QUE(~R),
7. ~(2QNLR)) =4~ QUI~R),
8. ~(2QNIR) =4~ Q UL~ R).

Proof. Its proof follows immediately from Definition 8. [

Definition 9. Let Y be a universe, Q = {(v,p; 0 Q(v)) |v € Y} € m(Y), and o € [0,1]™. The o-level cut
set of Q and the strong o-level cut set of Q, denoted by Qy and Qq, respectively, are defined as follows:

Qe ={veY|pioQ(o) 20},
Qoy ={veY|pioQv) >0}
Definition 10. Let ¢ be an mF soft relation on Y x T, we define

Co={(vw) €Y xT|piol(v,w) >0},
Co(v) ={w e T|piof(v,w) =0},

Co+ ={(v,w) €Y x T |p;iog(v,w) >0},
lot(v) ={weT|piol(vw) >0}

Then, (s and {4 are two crisp soft relationson Y x T.

We now prove that the mF soft rough approximation operators can be described by crisp soft
rough approximation operators.

Theorem 3. Let (Y, T,{) be an mF soft approximation space and Q € m(T). Then, the upper mF soft rough
approximation operator can be described as follows, Vv € Y:

1.

Q@) =V (7/%(Q)@) = V (cAZ(Q)®),

oefo,1)m oefo1)m
=V (0772 (Q)@) = V(74T (Qen) ().
oelo,1)m cefo1]m

2. [8(Q)ot+ € %o (Qut) € %01 (Qr) € Zp(Q0) S [2(Q)]o
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Proof. 1. Forallv e,

V  (7A%(Q0)@) =suplo € [0,1]" [0 € L,(Q0)},
selo1]m
= sup{o € [0,1]" | Zo(0) N Qo},
=sup{c € [0,1]"|Fwe Tw € {s(v),w € Qs|},
=sup{c € [0,1]" | 3w € T[p; o Q¢ (v,w) > o, pi o Q(w) > 0},
=V (Pi 0 Qz(v,w) Apio Q(w))/

weT

= Qz(v).

By similar arguments, we can compute

Q@) =V (cA%(Q)®) = V (0A%(Q)@) = V (0A%(Q)®)).

celo,1]m celo,1)m celo,1)m

2. By Definitions 9 and 10, we directly verified that {,, (Qr+) C {y(Qor) C ¢, (Qo). Now, it is
Jo

sufficient to show that [{(Q)]o+ C o (Qo+) and I, (Qs) € [2(Q

Forall v € [{(Q)]s+, we have Qz(v) > ¢. By Definition 8, \/ (pi 0 Qz(v,w) A pjo Q(w)) > 0.
weT

Then, there exists wy € T, such that p; o Q (v, wp) A p; o Q(wg) > o, that s, p; o Qz (v, wp) > o
and p; o Q(wg) > 0. Thus, wy € o+ (v) and wy € Q. It follows that (s (v) N Qy # @.
By Definition 4, we have v € {,, (Q+). Hence, [(Q)]o+ C {pi (Qo)-

To prove {,(Qs) C [2(Q)]s, let an arbitrary v € {,(Qs), we have 7,(Q,)(v) = 1.

since Q0r(0) =V [6Q)W] > A L(Q)©) = o we obtain v & [(Q)
Hence, {,(Qcr) C [2(Q)]o-
O

Theorem 4. Let (Y, T,{) be an mF soft approximation apace. If { is serial, then the lower and upper mF soft
rough approximation operators {(Q) and {(Q), respectively, satisfy the following:

L @) =2.3T)=Y,
2. L(Q) CT(Q), forall Q € m(T).

Proof. Its proof follows directly by Definition 8. [

Definition 11. Let Q be an mF set of the universe set Y and let {(Q), {(Q) be the lower and upper soft rough
approximation operators. Then, ring sum operation about mF sets {(Q) and {(Q) is defined by

§(Q) @ 2(Q) = { (v, pio Q¢ (v) + pioQz(v) — pio Qr(v) x pio Qz(v)) [v € Y}

4. Applications to Decision-Making

4.1. Selection of a Hotel

The selection of the right hotel to stay is always a difficult task. Since every person has different
needs when searching for a hotel. The location of the hotel is something that is very important for an
enjoyable stay. There are a number of factors to take into consideration for selecting the right hotel,
whether we are looking for a great location, a great meal option or a great service. Suppose a person
(Mr. Adeel) wants to stay in a hotel for a long period. There are four alternatives in his mind.
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The alternatives are y1, y2, y3, y4. He wants to select the most suitable hotel. The location, meal options
and services are the main parameters for the selection of a hotel.

Let Y = {1, 2,3, Y4} be the set of four hotels under consideration and let T = {z1,z;, z3} be the set
of parameters related to the hotels in Y, where,

'z’ represents the Location,
‘zy” represents the Meal Options,
‘z3” represents the Services.

We give more features of these parameters as follows:

o  The “Location” of the hotel include close to main road, in the green surroundings, in the city center.
o The “Meal options” of the hotel include fast food, fast casual, casual dining.
o  The “Services” of the hotel include Wi-Fi connectivity, fitness center, room service.

Suppose that Adeel explains the “attractiveness of the hotel” by forming a 3-polar fuzzy soft
relation  : Y — T, which is given by

Z | 1 Z2 Z3

1 | (02,06,01) (0.3,04,07) (0.7,0.3,0.2)
Yo | (04,05,07) (0.4,0.5,0.5) (0.7,0.4,0.1)
ys | (0.7,0.8,0.3) (0.8,0.9,04) (0.6,0.2,0.6)
ys | (0.5,0.6,04) (0.6,0.7,0.1) (0.8,05,03).

Thus, { over Y x T is the 3-polar fuzzy soft relation in which location, meal option and price of
the hotels are considered. For example, if we consider “Location” of the hotel, ((y1,21),0.2,0.6,0.1)
means that the hotel y; is 20% close to the main road, 60% in the green surroundings and 10% in the
city center.

We now assume that Adeel gives the optimal normal decision object Q, which is a 3-polar fuzzy
subset of T as follows:

Q = {(21,0.5,0.6,0.7), (22,0.7,0.6,0.9), (23,0.9,0.6,0.8) }.

By Definition 8,

Qz(y2) = (0.6,0.6,0.7), Qz(y2) = (07,05,0.7),
Q¢ (y3) = (0.5,0.6,0.7), Qz(y3) = (0.7,0.6,0.6),
Q¢(ya) = (0.5,0.6,0.7), Qz(ya) = (0.8,0.6,0.4).

Now, 3-polar fuzzy soft rough approximation operators {(Q), {(Q), respectively, are given by

g

Z(Q y1,0.7,0.6,0.8), (2,0.6,0.6,0.7), (y3,0.5,0.6,0.7), (v4,0.5,0.6,0.7) },
14

(Q) = {(

(Q) = {(11,0.7,0.6,0.7), (y2,0.7,0.5,0.7), (y3,0.7,0.6,0.6), (y4,0.8,0.6,0.4) }.
These operators are very close to the decision alternatives y,, n = 1,2,3,4.

By Definition 11, we have the choice set as follows:

2(Q) ©T(Q) = {(11,0.91,0.84,0.94), (2,0.88,0.8,0.91), (3,0.85,0.84,0.88), (s,0.9,0.84,0.82) }.

Thus, Mr. Adeel will select the hotel y; to stay because the optimal decision in the choice set

2(Q) ®2(Q) sy
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The method of selecting a suitable hotel is explained in the following Algorithm 1.

Algorithm 1: Selection of a suitable hotel

1. InputY as universe of discourse.
Input T as a set of parameters.

3. Construct an mF soft relation ¢ : Y — T according to the different needs of the
decision maker.

4. Give an mF subset Q over T, which is an optimal normal decision object according to the
various requirements of decision maker.

5. Compute the mF soft rough approximation operators {(Q) and {(Q) by Definition 8.

6. Find the choice set S = 7(Q) @ {(Q) by Definition 1.

7. Select the optimal decision yy. If p; o S(yx) > M, where M = \/ p; o S(yx), nis equal to

1<k<n
the number of objects in Y, then the optimal decision will be yj.

If there exists more than one optimal choice in step 7 of the Algorithm 1, that is, y, = yx,, where
1 < k; # kj < n, one may go back and change the optimal normal decision object Q and repeat the
Algorithm 1 so that the final decision is only one.

4.2. Selection of a Place

Choosing a place to go when some people have the opportunity to travel can sometimes be
very difficult task. Suppose that a group of ten peoples plan a tour to a suitable place in a country
Z. There are four alternatives in their mind. The alternatives are q1, 92, 43,94. They want to select
the best place for the tour. It is a challenge to find advice in one place. The environment and
cost are the main parameters for the selection of a suitable place. In the environment of the place,
they want to check whether the place has availability of built environment, natural environment
and social environment. The term built environment refers to the man-made surroundings. Built
environment of the place includes buildings, parks and every other things that are made by human
beings. Natural environment of the place includes forests, oceans, rivers, lakes, atmosphere, climate,
weather, etc. The social environment includes the culture and lifestyle of the human beings. Lastly, the
tour cost is an important criteria for the place selection. It includes low, medium and high.

Let Y = {41,492, 93,94} be the set of four places and T = {ay,a;,} be the set of parameters, where

‘a1’ represents the Environment,
‘ay’ represents the Tour Cost.

We give more characteristics of these parameters.

o The “Environment” of the place includes built environment, natural environment, and
social environment.
e  The “Tour Cost” of the place may be low, medium, or high.

Suppose that they describe the “attractiveness of the place” by constructing a 3-polar fuzzy soft
relation ¢ over Y x T, which is given by

Z | 1 ay

g1 (08,0.8,09) (04,0.7,0.6)
g | (05,07,06) (05,0.7,0.8)
g5 | (0.8,06,07) (0.8,09,0.4)
ga | (07,09,0.6) (0.6,0.7,0.8)
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Thus, { : Y — T is the 3-polar fuzzy soft relation in which environment and tour cost of the places
are considered. For example, if we consider “Environment” of the place, ((41,41),0.8,0.8,0.9) means
that the place g include 80% built environment, 80% natural environment and 90% social environment.

We now assume that they give the optimal normal decision object Q, which is a 3-polar fuzzy
subset of T as follows:

Q = {(2,0.8,0.7,0.9), (12,0.7,0.6,0.8) } .

From Definition 8,

Qz(gq1) = (0.7,0.6,0.8), Qz(q1) = (0.8,0.7,0.9),
Qz(q2) = (0.7,0.6,0.8), Qz(42) = (05,0.7,0.8),
Qz(g3) = (0.7,0.6,0.8), Qz(q3) = (0.8,0.6,07),
Qz(g94) = (0.7,0.6,0.8), Qz(44) = (07,07,08).

We now have 3-polar fuzzy soft rough approximation operators {(Q),(Q), respectively,
as follows:

2(Q) = {(41,0.7,0.6,0.8), (q2,0.7,0.6,0.8), (43,0.7,0.6,0.8), (74,0.7,0.6,0.8) },
1 {

(Q) = {(41,0.8,0.7,0.9), (42,0.5,0.7,0.8), (43,0.8,0.6,0.7), (94,0.7,0.7,0.8) }.

These operators are very close to the decision alternatives g,, n = 1,2,3,4.
By Definition 11,

2(Q) ®T(Q) = {(q1,0.94,0.88,0.98), (42,0.85,0.88,0.96), (q3,0.94,0.84,0.94), (44,0.91,0.88,0.96) }..

Thus, the optimal decision in the choice set Z(Q) & {(Q) is q1. Therefore, they will select the place
q1 for the tour.
The method of selecting a suitable place for tour is explained in the following Algorithm 2.

Algorithm 2: Selection of a suitable place

1. Input Y as universe of discourse.

2. Input T as a set of parameters.

3. Construct an mF soft relation { over Y x T according to the different needs of the
decision makers.

4. Give an mF subset Q of T, which is an optimal normal decision object according to the
various requirements of decision makers.

5. Compute the mF soft rough approximation operators {(Q) and {(Q) by Definition 8.

6. Find the choice set S = {(Q) @ {(Q) by Definition 11.

7.  Select the optimal decision gi. If p; 0 S(qx) > M, where M = \/  p; o S(qx), nis equal to the
1<k<n
number of objects in Y, and then the optimal decision will be gy.

If there exists more than one optimal choice in step 7 of the Algorithm 2, that is, g5, = qx; where
1 < k; # kj < n, one may go back and change the optimal normal decision object Q and repeat the
Algorithm 2 so that the final decision is only one.

4.3. Selection of a House

Buying a house is an exhilarating time in many people lives, but it is also a very difficult task to
those who are not particularly real estate savvy. There are a number of factors to take into consideration
for buying the house such as location of the house, size of the house and price of the house. These
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factors among many others influence house buyers before they even get to start thinking about buying
a new house. Suppose a person (Mr. Ali) wants to buy a house. The alternatives in his mind are
u1, U, u3. The size, location and price are the main parameters for the selection of a suitable house.

Let Y = {uj,up, uz} be the set of three houses and let T = {t1, ty, 3} be the set of parameters
related to the houses in Y, where

‘t1” represents the Size,
‘ty” represents the Location,
‘t3” represents the Price.

We give further characteristics of these parameters.

o  The “Size” of the house include small , large, and very large.

o  The “Location” of the house include close to the main road, in the green surroundings, and in the
city center.

o  The “Price” of the house includes low, medium, and high.

Suppose that Ali describes the “attractiveness of the house” by forming a 3-polar fuzzy soft
relation { : Y — T, which is given by

Z | t ty t3

iy | (05,07,09) (0.7,0.6,08) (0.5,0.6,0.9)
iy | (0.8,09,0.1) (0.6,0.8,0.9) (0.8,0.4,0.2)
us | (0.9,0.7,0.6) (0.9,0.8,09) (0.4,0.6,03).

Thus,  over Y x T is the 3-polar fuzzy soft relation in which size, location and price of the houses
are considered. For example, if we consider “Location” of the house, ((u,t1),0.8,0.9,0.1) means that
the house u; is, 80% close to the main road, 90% in the green surroundings and 10% in the city center.

We now assume that Ali gives the optimal normal decision object Q, which is a 3-polar fuzzy
subset of T as follows:

Q = {(+,0.6,0.8,07), (t,0.5,0.8,0.8), (3,0.9,0.8,0.7) }.

By Definition 8,

Qg(lx[l) = (05, 08,07), Qz<l/l1) = (05, 07,08),
Q¢ (up) = (0.5,0.8,0.8), Qz(u2) = (0.8,0.8,0.8),
Q¢(u3) = (0.5,0.8,0.7), Qz(u3) = (0.6,0.8,0.8).

Now, 3-polar fuzzy soft rough approximation operators {(Q), {(Q), respectively, are given by

(Q) = {(u41,05,0.8,0.7), (u,0.5,0.8,0.8), (113,0.5,0.8,0.7) },
(Q) = {(11,0.5,0.7,0.8), (112,0.8,0.8,0.8), (113,0.6,0.8,0.8) }.

These operators are very close to the decision alternatives u,, n =1,2,3.

Using Definition 11,

2(Q) ®Z(Q) = {(11,0.75,0.94,0.94), (1,0.9,0.96,0.96), (113,0.8,0.96,0.94) }.

Hence, Ali will buy the house u, because the optimal decision in the choice set (Q) & Z(Q) is uo.
The method of selecting a suitable house is explained in the following Algorithm 3.
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Algorithm 3: Selection of a suitable house

1. InputY as universe of discourse.

2. Input T as a set of parameters.

3. Construct an mF soft relation { : Y — T according to the different needs of the
decision maker.

4. Give an mF subset Q over T, which is an optimal normal decision object according to the
various requirements of the decision maker.

5. Compute the mF soft rough approximation operators {(Q) and {(Q) by Definition 8.

6. Find the choice set S = {(Q) @ ¢(Q) by Definition 11.

7. Select the optimal decision uy. If p; o S(uy) > M, where M = \/  p; o S(uy), n is equal to
1<k<n
the number of objects in Y, and then the optimal decision will be uy.

If there exist too many optimal choices in step 7 of Algorithm 3, that is, u, = Uk, where 1 <
ki # k; < n, change the optimal normal decision object Q and repeat the Algorithm 3 so that the final
decision is only one.

5. Conclusions

The theory of mF sets plays a vital role in decision-making problems, when multiple information
is given. An mF soft rough set is a combination of an mF set, soft set and rough set. In this paper, we
have presented the concepts of two new hybrid models called soft rough mF sets and mF soft rough
sets, which provide more exactness and compatibility with a system when compared with other hybrid
mathematical models. We have discussed the properties of both hybrid models. We have examined
the relationship between mF soft rough approximation operators and crisp soft rough approximation
operators. We have discussed some applications of mF soft rough sets in real-life decision-making
problems. We are expanding our research work to (1) soft rough mF graphs; (2) soft rough mF
hypergraphs; (3) mF soft rough graphs; (4) mF soft rough hypergraphs; and a (5) decision support
system based on mF soft rough hypergraphs.
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