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1. Introduction

The purpose of this paper is to extend the results of [1,2], where cubature formulas for numerical
integration connected with three types of multivariate Chebyshev-like polynomials arising from Weyl
group orbit functions are developed. The specific goal of this article is to derive the cubature rules
and corresponding approximation methods for the family of the polynomials arising from symmetric
exponential Weyl group orbit sums [3,4] and detail specializations of the general results for the
two-variable polynomials.

The family of polynomials induced by the symmetric Weyl group orbit functions (C-functions)
forms one of the most natural generalizations of the classical Chebyshev polynomials of one
variable—indeed, the lowest symmetric orbit function arising from the Weyl group of A; coincides with
the common cosine function of one variable and thus induces the family of Chebyshev polynomials of
the first kind [5]. The continuous and discrete orthogonality of the sets of cosine functions cos(#nx)
generalize to the families of multivariate C-functions [4,6,7]. This generalization serves as an essential
starting point for deriving the cubature formulas and approximation methods.

Cubature formulas for numerical integration constitute multivariate generalizations of classical
quadrature formulas for functions of one variable. A weighted integral over some domain inside R" of
any given function is estimated by a finite weighted sum of values of the same function on a specific
set of points (nodes). A standard requirement is imposed: the cubature formula has to hold as an exact
equality for polynomials up to a certain degree. Numerous types of cubature formulas with diverse
shapes of the integration domains and various efficiencies exist [8]. The efficiency of a given cubature
formula reflects how the achieved maximal degree of the polynomials relates to the number of the
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necessary nodes. Optimal cubature formulas of the highest possible efficiency (Gaussian formulas) are
for multivariate functions obtained for instance in [1,2,9,10].

The sequence of Gaussian cubature formulas derived in [9] arises from the antisymmetric orbit
functions (S-functions) of the Weyl groups of type A, n € N. Generalization of these cubature formulas
from [9] to polynomials of the S-functions of Weyl groups of any type and rank is achieved in [2].
A crucial concept, which allows the generalization of the A,, formulas, is a novel definition of a degree
of the underlying polynomials. This generalized degree (m-degree) is based on invariants of the Weyl
groups and their corresponding root systems. Besides the polynomials corresponding to the C- and
S-functions, two additional families of multivariate polynomials arise from Weyl group orbit functions
of mixed symmetries [1]. These hybrid orbit functions (5°- and S!-functions) exist only for root systems
of Weyl groups with two different lengths of roots—By;, C;, F4 and G,. The cubature formulas related
to the polynomials of these S°- and S'-functions are developed in [1]. Deduction of the remaining
cubature formulas, which correspond to the polynomials of the C-functions, completes in this paper
the results of [1,2,9]. The integration domains and nodes of these cubature formulas are constructed in
a similar way as one-dimensional Gauss-Chebyshev formulas and their Chebyshev nodes.

Instead of a classical one-dimensional interval, the multivariate C-functions are considered in
the fundamental domain of the affine Weyl group—a simplex F C R". The discrete orthogonality
relations of C-functions are performed over a finite fragment of a grid Fj; C F, with the parameter
M € N controlling the density of Fjs inside F. The simplex F together with the set of points Fj; have to
be transformed via a transform which induces the corresponding family of polynomials (X-transform).
This process results in the integration domain () of non-standard shape and the set of nodes )y,
with specifically distributed points inside (2. The last ingredient, needed for successful practical
implementation, is the explicit form of the weight polynomial K. For practical purposes, the explicit
construction of all two-variable cases is presented.

Except for direct numerical integration, one of the most immediate applications of the developed
cubature formulas is related multivariate polynomial approximation [11]. The Hilbert basis of the
orthogonal multivariate polynomials induced by the C-functions guarantees that any function from the
corresponding Hilbert space is expressed as a series involving these polynomials. A specific truncated
sum of this expansion provides the best approximation of the function by the polynomials. Among
other potential applications of the developed cubature formulas are calculations in fluid flows [12], laser
optics [13], stochastic dynamics [14], magnetostatic modelling [15], micromagnetic simulations [16],
electromagnetic wave propagation [17], liquid crystal colloids [18] and quantum dynamics [19].

The paper is organized as follows. In Section 2, notation and pertinent properties of Weyl groups,
affine Weyl groups and C-functions are reviewed. In Section 3, the cubature formulas related to
C-functions are deduced. In Section 4, the explicit cubature formulas of the rank two cases Ay, Cz, Gy
are constructed. In Section 5, polynomial approximation methods are developed.

2. Root Systems and Polynomials

2.1. Pertinent Properties of Root Systems and Weight Lattices

The notation, established in [7], is used. Recall that, to the Lie algebra of the compact,
connected, simply connected simple Lie group G of rank n, corresponds the set of simple roots
A = (a1,...,ay) [3,20-22]. The set A spans the Euclidean space R", with the scalar product denoted by
(, ). The following standard objects related to the set of simple roots A are used.

The marks my, ..., my, of the highest root £ = —ag = mjay + -+ + muay.
The Coxeter number m =1+ my + - - + m, of G.
The Cartan matrix C and its determinant.

¢ =detC. (1)

e The root lattice Q = Zaq + - - - + Za,.
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The Z-dual lattice to Q,
PV ={o¥ eR"[(0", @) € Z, Yo € A} = Zao{ + -+ + Za),

with the vectors ) given by
(w/, aj)y = 6.

The dual root lattice Q¥ = Zay + - - - + Za,/, where aly = 2a;/{a;, ;).

The dual marks m}’ ,...,m, of the highest dual root n = —ag = m¥a1V +---+mya,. The marks and

the dual marks are summarized in Table 1 in [7]. The highest dual root 1) satisfies foralli =1, ...,n
n, a;) = 0. ()
e  The Z-dual weight lattice to Q"
p= {weR”Hw, aVyeZ, YoV eQV} = Zawy + -+ Zawy
with the vectors w; given by (w;, a}/> = 0;j. For A € P the following notation is used,
A=MNwi+ -+ Awy, = (A, ..., Ay). (3)
e The partial ordering on P is given: for A,v € P it holds that v < A if and only if

A=v =k + - +kua, withk; € Z20 foralli € {1,...,n}.
e  The half of the sum of the positive roots

p=w1+- -+ wpy.
e  The cone of positive weights P* and the cone of strictly positive weights P*+ = p + P
Pt =722 +---+2*°,, PT" =Nw;+---+ No,.

e  nreflections r,, @ € Ain (n — 1)-dimensional “mirrors” orthogonal to simple roots intersecting at
the origin denoted by

71 = Tay, «oorn =ty

Following [2], we define so called m-degree of A € P as the scalar product of A with the highest
dual root 1), i.e., by the relation

Al = (A, ) = /\177’1}/ +- 1+ /\nm,\{.

Let us denote a finite subset of the cone of the positive weights Pt consisting of the weights of the
m-degree not exceeding M by P, i.e.,

Py ={AePTIAl, <M.
Recall also the separation lemma which asserts for A € PT, A #0and any M € N that
Al <2M = A ¢ MQ. 4)

Note that this lemma is proved in [2] for M > m only—the proof, however, can be repeated
verbatim with any M € N.
For two dominant weights A, v € PT for which v < A we have for their m—degrees

n
Al =Wl = (A =v, 1) = Y kidaty, 1), ki > 0. ®)
i=1
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Taking into account Equation (2), we have the following proposition.

Proposition 1. For two dominant weights A, v € PT with v < A it holds that v}y, < |Aly.

2.2. Affine Weyl Groups

The Weyl group W is generated by n reflections r1, ..., r,, and its order |W| can be calculated using
the formula
Wl =nlmqy...myec. 6)

The affine Weyl group W2 is the semidirect product of the Abelian group of translations Q¥ and
of the Weyl group W,
waff — Qv s w. ?)

The fundamental domain F of Waff, which consists of precisely one point of each Waff—orbit, is the
wy

convex hull of the points {0, :—11, o } Considering 7 + 1 real parameters vy, ..., ¥y > 0, we have

P:{ylw}’+...+yna),\{|y0+y1m1+...+ynmn:1}' (®)

The volumes vol(F) = |F| of the simplices F are calculated in [7].
Considering the standard action of W on R", we denote for A € R” the isotropy group and its
order by
Stab(A) = {w e W|wA = A}, hy =|[Stab(A)],

and denote the orbit by
WA = {wA e R" |w € W}.

Then the orbit-stabilizer theorem gives for the orders

144
war =4, ©
A

Considering the standard action of W on the torus R" /QV, we denote for x € R"/Q" the order of
its orbit by ¢(x), i.e.,
e(x) = |{wx eR"/Q"|we w}‘ . (10)

For an arbitrary M € N, the grid Fy is given as cosets from the W-invariant group I%APV /QY with
a representative element in the fundamental domain F

1
Fy = —PY VNL.
M= 3 /Q

The representative points of Fjs can be explicitly written as

Up

u
FM:{—la);/-i-"'-l-M

M wy | ug,uy, ..., up € Z7°, u0+u1ml+"'+unmn:M}‘ (11)
The numbers of elements of Fps, denoted by |Fpl, are also calculated in [7] for all simple Lie algebras.
2.3. Orbit Functions

Symmetric orbit functions [4] are defined as complex functions C, : R” — C with the labels A € PT,

Calx) = Z 2Ty e RY, (12)

veWA
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Note that in [7] the results for C-functions are formulated for the normalized C-functions ®,
which are related to the orbit sums (12) as

®, =h, Cy.

Due to the symmetries with respect to the Weyl group W as well as with respect to the shifts
from QV
Ca(wx) =Cy(x), Ci(x+q")=Ci(x), weW,q"€Q, (13)

it is sufficient to consider C-functions restricted to the fundamental domain of the affine Weyl group F.
Moreover, the C-functions are continuously orthogonal on F,

F|IW
fCA(x)CA/(x)dx: il |6,\,/V. (14)
F ha

and form a Hilbert basis of the space £2(F) [4], i.e., any function f € £2(F) can be expanded into the
series of C-functions

7: 2 caCy, = |F}|l|/1\/\/| f;?(x)CA(x) dx. (15)

Aept

Special case of the orthogonality relations (14) is when one of the weights is equal to zero,

fF Ca(x) dx = [FI5y. (16)

For any M € N, the C-functions from a certain subset of P* are also discretely orthogonal on Fj
and form a basis of the space of discretized functions CFm of dimension |Fay| [7]; special case of these
orthogonality relations is when one of the weights is equal to zero modulo the lattice MQ,

Y, i) =

x€Fp

{CM” AeMQ, a7

0 A¢MQ.

The key point in developing the cubature formulas is comparison of Formulas (16) and (17) in the
following proposition.

Proposition 2. Forany M € Nand A € PZ\A_I it holds that

%ﬁq@w_$WZdWMﬂ (18)

Proof. Suppose first that A = 0. Then from (16) and (17) we obtain

1
7 fF Co(x) dx ST Y e(x)Co(x)
Secondly let A # 0 and |A|;; < 2M. Then from the separation lemma (4) we have that A ¢ MQ

and thus .
ELCA(x) dx=0= YT Z e(x)Cx(x).

Let us denote for convenience the C-functions corresponding to the basic dominant weights w; by
Z jr i.e. ,
Z Ji = Ca)]"
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Recall from [3], Ch. VI, §4 that any W-invariant sum of the exponential functions ¢2™" @ can be
expressed as a linear combination of some functions C; with A € P*. Also for any A € P™ a function of
the monomial type Zi\lZ;z ...Zm can be expressed as the sum of C-functions labeled by less or equal

dominant weights than A, i.e.,

.z = Z &Cy & €C, c;=1. (19)

V<A, vePt

Conversely, any function C;, A € P™ can be expressed as a polynomial in variables Z1,...,Z,,
i.e., there exist multivariate polynomials p) € C[y, ..., yx] such that

Cr=pA(Z1,.. Zn) = Z 47072 ... 20, dyeC, dy=1. (20)

v<A,vePt

Antisymmetric orbit functions [23] are defined as complex functions S; : R” — C with the
labels A € PTT,
Si(x) = Z det(w) 2@ x e R™, (21)
weW

The antisymmetry with respect to the Weyl group W and the symmetry with respect to the shifts
from QY holds

Sa(wx) = (detw) Sy (x), Si(x+4g")=S,(x), weW,q" Q.
Recall that Proposition 9 in [23] states that for the lowest S-function S, it holds that

Sp(x) =0, x€F\F, (22)
Sp(x) #0, x€F°, (23)
where F° denotes the interior of F. Since the square of the absolute value ISPI2 =S pS_p is a W-invariant
sum of exponentials it can be expressed as a linear combination of C-functions. Each C-function in
this combination is moreover a polynomial of the form (20). Thus there exists a unique polynomial

KeClyi,...,y,) such that _
ISoI> = K(Z4, ..., Zy). (24)

3. Cubature Formulas

3.1. The X-Transform

The key component in the development of the cubature formulas is the integration by substitution.
The X-transform transforms the fundamental domain F ¢ R" to the domain () € R" on which are the
cubature rules defined. In order to obtain a real valued transform we first need to examine the values
of the C-functions.

The C-functions of the algebras

Al,Bn(Vl > 3), Cy (1’1 > 2), Dzk(k > 2), E7,Eg,Fy4,Gp (25)

are real-valued [4]. Using the notation (3), for the remaining cases it holds that

An(n22) 0 Coy g () = Ciapn,qny) (%),

Dojy1(k22): C(Al,7\2,-~~//\2k—1,7\2k,7\2k+1)(x) = Cly g /\Zk—l/\zkH/AZk)(x) ’ (26)

E6: Clayaansaisie) (®) = Cias iy g ipage) (X) -
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Specializing the relations (26) for the C-functions corresponding to the basic dominant weights Z;,
we obtain that the functions Z jare real valued, except for the following cases for which it holds that

Ag(k=1) 1 Zj=Zy j1, j=1,....k
Agei1(k21) + Zj=Zpjio, j=1,...,k
Doky1(k22): Zox = Zogia, (27)
E¢: Zp=724,71 =75

Taking into account (27), we introduce the real-valued functions X;, j € {1,...,n} as follows.
For the cases (25), we set

and for the remaining cases (27), we define
Zi+ Zoj—j+1 Zj=Zok-j+1
] Jt+ ] ]+
AZk: Xj:f/XZk—]’Jrl:T']Zl/""k’
i
Zi+Zop_i Z:—Zoj_i
j 2k—j+2 j 2k—j+2
A1 Xj=——F— X1 =Zk1, Xop-jro = ——5——,j=1....k
] 2 Zox+Z ]Z Z “ @)
2k 2k+1 2k — Lok+1 .
D2k+12 Xj:Zj,sz:T,X2k+1:T,]:l,...,Zk—l,
Zy+Zs Zo+2Z4 Zo—2Z4 Z1—7Z5
Eg: X1=—,Xp = X3 =73,Xy = X5 = X¢ = Zg.
6 1 2 742 2 7 A3 3,04 2i 7 A5 2 726 6
Thus, we obtain a crucial mapping X : R” — R” given by
X(x) = (X1(x),..., Xu(x)). (30)

The image () C R" of the fundamental domain F under the mapping X forms the integration
domain on which the cubature rules will be formulated, i.e.,

Q = X(F). (31)

In order to use the mapping X for an integration by substitution we need to know that it is
one-to-one except for possibly some set of zero measure. Since the image (y; C R” of the set of points
Fp1 under the mapping X forms the set of nodes for the cubature rules, i.e.,

QM = X(FM>, (32)
a discretized version of the one-to-one correspondence of the restricted mapping Xy of X to Fy, i.e.,
Xp = X 5, (33)

is also essential. Note that due to the periodicity of C-functions (13), the restriction (33) is well-defined
for the cosets from Fj,.

Proposition 3. The mapping X : F — Q), given by (30), is a one-to-one correspondence except for some set
of zero measure. For any M € N is the restriction mapping Xp1 : Fp — Q. given by (33), a one-to-one
correspondence and thus it holds that

1l = [Fpl. (34)

Proof. Let us assume that there exists a set F’ C F of non-zero measure such that X(x) = X(y) with
x,y € F'. Since the transforms (28) and (29) are as regular linear mappings one-to-one correspondences,
this fact implies that Z;(x) = Z1(y),...,Zn(x) = Zu(y) with x,y € F’. Then from the polynomial
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expression (20) we obtain for all A € P that it holds that C,(x) = C,(y). Since the C-functions
Cj, A € P* form a Hilbert basis of the space £2(F) we conclude that for any f € £2(F) is valid that
f(x) = f(y), x,y € F/ which is a contradiction.

Retracing the steps of the continuous case above, let us assume that there exist two distinct points
x,y € Fpp, x # ysuch that X(x) = X(y). Since the transforms (28) and (29) are as regular linear mappings
one-to-one correspondences, this fact again implies that Z; (x) = Z1(y), ..., Zu(x) = Z,(y). Then from
the polynomial expression (20) we obtain for all A € P* that it holds that C,(x) = C,(y). The same
equality has to hold for those C-functions C, which form a basis of the space C'M. We conclude that
for any f € C™ is valid that f(x) = f(y), x # y which is a contradiction. O

The absolute value of the determinant of the Jacobian matrix of the X-transform (30) is essential
for construction of the cubature formulas—its value is determined in the following proposition.

Proposition 4. The absolute value of the Jacobian determinant |J(X)| of the X-transform (30) is given by

x(2m)"
X)) = —==5-1Sp (X)I, 35
(01 = TSy (3) 35)
where x is defined as
2731 for A,
1
5 or D
= % f 2k+1 (36)
1 for Eg
1 otherwise.

Proof. Note that the X-transform can be composed of the following two transforms: the transform
C:x (Z1(x),...,Zy(x)) and the transform R : (Zy,...,Z,) — (Xy,...,X,) via relations (28) and (29).
To calculate the Jacobian of the transform (, let us denote by a" the matrix of the coordinates (in columns)
of the vectors a}’, ..., in the standard orthonormal basis of R" and by 4y, .. ., a, the coordinates of
a point x € R" in a"-basis, i.e.,, x = a1alv + -+ +aya,. If a denotes the coordinates ay, ..., ay arranged
in a column vector then it holds that x = aa. The absolute value of the Jacobian of the mapping
aw (Zi(ava),...,Zy(a"a)) is according to Equation (32) in [2] given by (27)"|S,(a"a)|. Using the
chain rule, this implies for the absolute value of the Jacobian [J(C)| of the map C that

(O = | deta | (2m)"|Sp (x)1.
It can be seen directly from Formula (6) and Proposition 2.1 in [7] that
|deta”| = |W||F|.

The calculation of the absolute value of the Jacobian determinant x = |J,(R)| is straightforward
from definitions (28) and (29). O

3.2. The Cubature Formula

We attach to any A € P™ a monomial y* = y?l ...y € Clyy, ..., yn] and assign to this monomial
the m-degree |A];, of A. The m-degree of a polynomial p € Clyy, ..., yu], denoted by deg,, p, is defined
as the largest m-degree of a polynomial occurring in p(y) = p(y1, ..., yn). For instance we observe from
Proposition 1 and (20) that the m-degree of each C-polynomial p, coincides with the m-degree of A,

deg,, pr = Al (37)
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The subspace ITy; € C[y, ..., yx] is formed by the polynomials of m-degree at most M, i.e.,

HME{PGC[ylr---/]/n“degmpSM} ) )

In order to investigate how the m-degree of a polynomial changes under the substitution of the
type (29) we formulate the following proposition.

Proposition 5. Let j,k € {1,...,n} be two distinct indices j < k such that m;’ = ml\(’ and p,p € Clyr, ..., Yn]
two polynomials such that

_ Yi+ Yk Yi— Yk
Py, Yn) :p(yl,...,yj_l,]T,m,]/k—ll ]21' soYn)

holds. Then deg,,p = deg,p.

Proof. Since any polynomial p € I1j; is a linear combination of monomials y)\ with |A|,, < M, it is
sufficient to prove p € ITy for all monomials p of m-degree at most M. If p is a monomial y* with

Al < M, then
Aj A
- (Yt Y\ (Y vk A

Using the binomial expansion, we obtain

A A
_ 1 ! Aes (A (A At A= (r+s) A
_ _1\ s (M rts Tk 1
R Yo b Tl |
r=0 s=0 IefL,....n}\{j k)

Therefore, the m-degree of the polynomial p is given by

deg,p = nr}gx{(r +s)m; + (Aj+ A= (r+s))my + Z Ay}

\

Since we assume that m]V =m),

we conclude that deg,, p = Y,_; Ay’ = deg,,p. O

Having the Xj-transform (33), it is possible to transfer uniquely the values (10) of ¢(x), x € Fj to
the points of (), i.e., by the relation

(y) = e(Xyly), yeQum. (39)

Taking the inverse transforms of (28) and (29) and substituting them into the polynomials (24)
and (20) we obtain the polynomials K, p, € C[ys, ..., yx] such that

1SoI> = K(X1, ..., Xn). (40)

Theorem 6 (Cubature formula). For any M € N and any p € T1pp-1 it holds that

[ o= oz (5) X wwnt). )
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Proof. Proposition 3 guarantees that the X-transform is one-to-one except for some set of measure
zero and Proposition 4 together with (23) gives that the Jacobian determinant is non-zero except for the
boundary of F. Thus using the integration by substitution y = X(x) we obtain

1 x(2m)"
fnp(y)K 2(y)dy = ETW] pr(X(x))dx

The one-to-one correspondence for the points Fy; and () from Proposition 3 enables us to rewrite
the finite sum in (41) as

= (3) X ) = o () X c@px). )

yEQM xeFp

Successively applying Proposition 5 to perform the substitutions (29) in p we conclude that there
exists a polynomial p € Iy such thatp(Zy,...,Z,) = p(Xy, ..., Xn). Due to (19) we obtain for the
polynomial p that

p(Xa, o Xa) =P(Z1, Ze) = ), G2y 222y = ) @ Y, oG

+ + +
AP, 4 APy, vSAveP

and therefore it holds that

Ffrxoa= ¥oa Y ep [a@a @)

¥ +
AGPZM—l V<A, veP

and
1

= Y )= Y T Y, ams Y WG, (a)

x€Fpm Aep} | vsA,vePt xeFpm

Since Proposition 1 states that for all v < A it holds that [v|,, < |Al; < 2M —1, we connect
Equations (43) and (44) by Proposition 2. O

Note that for practical purposes it may be more convenient to use the cubature formula (41) in its
less developed form resulting from (42),
[ rotmay= 22 (38) T ewpx. )
o) W\ M

xeFp
This form may be more practical since the explicit inverse transform to X is usually
not available and, on the contrary, the calculation of the coefficients ¢(x) and the points
X(x), x € Fp is straightforward.

4. Cubature Formulas of Rank Two

In this section we specialize the cubature formula for the irreducible root systems of rank two.
Let us firstly recall some basic facts about root systems of rank 2, i.e.,, Ay,C; and G;. They are
characterized by two simple roots A = (a1, az) which satisfy

Ar: (a,m) =2, (m,a)=2, (aj,a)=-1,
G (mya) =1, (aga =2, (m,a)=-1, (46)

2
Gy: (aj,a)=2, (az,az>:§, {aq,a0) = —1.
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The transformation rules among the root system and the remaining three bases is given as follows,

) vV _ vV Y Y
Ay: o= o =2w1—wy, a= a, =-—wi+ 2wz, W= Wy, W= Wy,
1y [RY v

C: m :§a1 =2wi —wy, azza = 2w + 2w;, w1 =51 wy = w,, (47)
Gy : =a) =2 3 Ly 2 = w’ L
20 a1 =0ay =2w1-3wy, @ —5“2 = —w1 + 2w3, W= W), W2 —ng.

Taking the weights in the standard form A = (A1,A2) = Ajw1 + Arwo, the corresponding Weyl
group is generated by reflections r; and r; of the explicit form

Ay r(A,Ag) = (FAL A+ A2), 1A, A2) = (A1 + A, —Ap),
Co: (M, A2) = (AL, AL+ A2), 1ra(Ag,A2) =(A +2A2,-A2), (48)
Ga: ri(A,A2) =(=A1, 301 + A2), (A, A2) = (A + Az, —Ag).

Any Weyl group orbit of a generic point A € P consists of

Az {(A,A2), (AL, AL+ A2), (A 4 A2, =A2), (A2, =A1), (A1 = A2, A1), (A2, —Ag = A2)},
Gy i(/\l,)\z) ,2(=AL AL+ A2), (A +2A,—A0), £(A + 245, —A1 — Ap)}, (49)
Gy {£(A1,A2),£(=A1, 30 + A2), £(A1 + A, —A) , £(2A1 + Ap, =341 — Ap),

i( A= Ao, 301+ 240), (=271 — Ao, 301 + 22)).

4.1. The Case A,

If the points are considered in the a¥-basis, x = aja; + aza;, the symmetric C-functions (49) and
antisymmetric S-functions of A; are explicitly given by

1
C(/\1,/\2) (611,112) hA ( 27ti(A1a1+Aoa0) + eZm( Aar+(A+A2)ap) eZm (A1+A2)ay1—Aza7)
4e2ri(ham—(M+Az)ar) | p2mi((=Ai=A2)m+Aia2) | 62711'(—7\2‘11—/\1112)) ,
Sy (a1,82) = Zri(Ma+Azay) _ 2mi(=Ma+ (A +A2)az) _ 2mi((A1+Az)a1—A2az)

+ eZT[i(/\zul—(Al +/\2)a2) + eZﬂi((—Al—/\z)ﬂ1+A1u2) _ eZHi(—/\zul—/\laz) ,
where the values h, can be found in Table 1.

Table 1. The values of i, are shown for Ay, C; and G, with % denoting the corresponding coordinate
different from 0.

h

-+ A

AeP A, G G
(0,0) 6 8 12
(%,0) 2 2 2
(0, %) 2 2 2
(%, %) 1 1 1

Performing the transform (29), the resulting real-valued functions X, X, are given by

X1 (a1,a2) = cos2may + cos2may + cos2n(a; —az),

X(a1,a) = sin2may — sin2na; — sin2m(ay —ay) .
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The integration domain () can be described explicitly as
Q= {(y1,y2) €R?| = (v +¥3+9)* +8(y3 —3y1y3) + 108 2 0},
The weight K-polynomial (40) is given explicitly as
K(y1,y2) = —(y1 + v5+9)> +8(y; — 3y133) + 108.
The index set which will label the sets of points Fp; and )y is introduced via
Int = {[s0,51,52] € (Z2°)3 |59 + 51 + 55 = M]}.
Thus the grid Fj consists of the points

Fy = {]S\—i[a)i/ + ;—ZO)Z | [s0,51,82] € IM} .

If for j = [sp,s1,52] € In we denote

W, ) =

(X (251 +32 51 +252) X (251 +52 S1 +282))
WM " am )P\ sM 7 3M

then the set of nodes () consists of the points
o = {1 e B | et}

The integration domain () together with the set of nodes ()45 is depicted in Figure 1.

Y1

Figure 1. The region () of A, together with the points of ()15. The boundary of () is defined by the
equation K(y1,y2) = 0.

Each point of Fj; as well as of () is labeled by the index set Ijs and it is convenient for the point
x € Fp and its image in () labeled by j € Ij; to denote

€= e(x) = E(XM(JC)).
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The values of ¢; can be found in Table 2. The cubature rule for any p € Iy is of the form

1 7'(2 ] .
LP(]/L]/Z)K 2(y1y2) dyrdy: = oo Y e, v)). (50)

j€lm

Table 2. The values of ¢; are shown for A, C; and G, with x denoting the corresponding coordinate
different from 0.

jEIM &

Ay C G
%00 1 1 1
0,00 1 2 3
0,0 1 1 2
[*,%,0] 3 4 6
[,0, %] 3 4 6
[x*,x,00 3 4 6
[*,%,%x] 6 8 12

The cubature rule (50) is an analogue of the formula deduced in [24] using the generalized cosine
functions TCy and generalized sine functions TSy defined by

1 in in in
TCi(t) = 3 [e?(kz_k”(tz_%) coskimt; + ¢'3 kaks)(t=11) cog kymtty + ¢’3 leks)(hi=t2) cog klntg] ,

1 in in in
TSk(t) = 3 [e?(kz_k”(tz_%) sinkymtty + ¢’3 (koks)(t=t1) sinky 7ty + ¢'3 aks)(ti=t2) sinklnt3] ,

where t = (t1,tp,t3) € R with t; +to +t3 = 0and k = (ky, ko, k3) € Z3 with ky +kp + k3 = 0. It can be
shown by performing the following change of variables and parameters

ty =2a1—ap, th=-a1+2a, tz=-a—ap,
ki=MA, k=2, k=-A1-14

that generalized cosine and sine functions actually coincide (up to scalar multiplication) with the
symmetric C-functions and antisymmetric S-functions of A,. More precisely, we obtain

TG =), TS = £5i(0).

Example 1. The cubature formula (50) is the exact equality of a weighted integral of any polynomial
function of m-degree up to M with a weighted sum of finite number of polynomial values. It can be
used in numerical integration to approximate a weighted integral of any function by finite summing.

If we choose the function f(y1,y2) = K : (11, Y2) as our test function, then we can estimate the
integral of 1 over ()

fﬂf(ylfyz)K_%(ylfyz)dyldyz—le%dyz

by finite weighted sums with different M’s and compare the obtained results with the exact value of
the integral of 1 which is 27t = 6.2832. Table 3 shows the values of the finite weighted sums for M = 10,
20, 30, 50, 100.
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Table 3. The table shows the estimations of the integrals of 1 over the regions Q) of Ay, C, and G resp.
by finite weighted sums of the right-hand side of (50)-(52) together with the number of points in Oy
resp. for M = 10, 20, 30, 50, 100.

M 10 20 30 50 100 Exact Value
Ap 6.0751 6.2314 6.2602 6.2749 6.2811 21 = 6.2832
[Qpml 66 231 496 1326 5151 -

Cy 10.056 10.5133 10.5985 10.6421 10.6605 10.6666
[Quml 36 121 256 676 2601 -

Gy 74789  8.2561 8.4092 8.4885 8.5221 8.5333
[OQpml 14 44 91 234 884 -

4.2. The Case Cp

If the points are considered in the a”-basis, x = aja} +aza;, the symmetric C-functions (49) and
antisymmetric 5-functions of C; are explicitly given by

2
C(/\1,/\2)(a1’a2) = E (cos2m(Aqay + Agap) + cos2m(—Aqa; + (A + Ap)ay)

+cos 27 ((A1 +2Az)a1 — Agap) + cos 21t ( (A1 + 2A2)a1 — (A + A2)az)) ,
S(a ) (a1,82) =2 (cos2m(Aag + Azan) — cos2mt(—A1ay + (A1 + Az)an)
—cos271t((A1 + 2A2)ag — Apan) + cos 21 ((A1 +2A2)a; — (A1 + Az)az)) .

Performing the transform (28), the resulting real-valued functions X;, X, are given by
X1 = 2(cos2may + cos2m(a; —ap)), Xp = 2(cos2may + cos2m(2a; —ay)) .

The integration domain () can be described explicitly as

0= {(yl,yz) €R2| —2y1—4 <y, 21 —4 <y, }Ly% > ]/2}.
The weight K-polynomial (40) is given explicitly as
K(y1,y2) = (7 = 4y2) (2 +4)* ~417)..
The index set which will label the sets of points Fj; and () is introduced via
Iy = {[50,51,52] € (22°)3|sg 4 251 + 52 = M} :
Thus the grid Fj; consists of the points

Fy = {SA_}lev + ]S\—Zw; | [s0,51,82] € IM} )

If for j = [sg,s1,52] € Im we denote

G My _ 281 + $2 51+Sz) (251 +53 51 +52))
v, (Xl( M )R\ T M

then the set of nodes () consists of the points
O =1y UV eR2 | ieT
‘M (y 1Y ) € | j€lmp-

The integration domain () together with the set of nodes ()45 is depicted in Figure 2.



Symmetry 2016, 8, 63 15 of 22

Figure 2. The region () of C; together with the points ()5. The boundary is described by three equations
v2=-2y1—4 y2 =2y —4and yp = 12

Similarly to the case Aj, each point of Fjs as well as of )y is labeled by the index set I and it is
convenient for the point x € Fj; and its image in (5 labeled by j € Iy to denote

ej=¢(x) =&Xmx)).

The values of ¢; can be found in Table 2.
The cubature rule for any p € )1 takes the form

1 n2 )
[ Pl ko vy s = Fis Y eipto ). 61

Jj€lm

Example 2. The cubature formula (51) is the exact equality of a weighted integral of any polynomial
function of m-degree up to M with a weighted sum of finite number of polynomial values. It can be
used in numerical integration to approximate a weighted integral of any function by finite summing.

Similarly to Example 1, if we choose the function f(y1,12) = K2 (y1,y2) as our test function,
then we can estimate the integral of 1 over ()

fo(yl,yz)K%(ylfyz)dyldyz—fﬂldmd}/z

by finite weighted sums with different M’s and compare the obtained results with the exact value
of the integral of 1 which is % = 10.6666. Table 3 shows the values of the finite weighted sums
for M = 10, 20, 30, 50, 100.
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4.3. The Case G,

If the points are considered in the a”-basis, x = aja; +aa;, the symmetric C-functions (49) and
antisymmetric S-functions of Gy are explicitly given by
2
Ciaia) (a1,a7) = PN (cos2m(Aqay + Apan) + cos2m(—Aqya; + (BA1 + Ap)ay)
A

+ cos2m((A1 + Az)ar — Azan) + cos2m((2A1 + Az)ag — (BA1 + Ag)az)

+cos2m((—A1 — A2)ag + (BA1 + 2A2)az) 4 cos 2m((—2A1 — Az)ag + (3A1 +2A2)a2)) ,
S(aiAp)(a1,82) = 2 (cos 2m(Ayay + Azaz) — cos 2m(—A1a1 + (31 + Az)az)

—cos2m((A1 + A2)ag — Apap) + cos27((2A1 + A2)ag — (3A1 + Az)ap)

+cos2n((=A1 — Az)ag + (3A1 +2A3)ay) — cos 27 ((—2A1 — Ap)ag + (3A1 + 2A5)an)) .

Performing the transform (28), the resulting real-valued functions X, X, are given by

X1 = 2(cos2may + cos2m(ay —3ay) + cos 2m(2a1 — 3a3)),

Xp = 2(cos2may + cos2m(a; —ap) + cos2m(a; — 2a3)) .
The integration domain () can be described explicitly as

3
2

3 1
Q= {(}llfyz) eR?| -2((12+3)2 +3y2+6) <1 52((y2+3)3 =3y2-6),y1 > Zy§‘3} .

The weight K-polynomial (40) is given explicitly as
K(y1,y2) = (5 =41 = 12)(y; — 43 + 12512 +24y1 +36y2 + 36).
The index set which will label the sets of points Fp; and )y is introduced via
Iy = {[so,sl,sz] € (27°)3 s + 251 + 350 = M} )

Thus the grid F) consists of the points

Fy = {ZS\—Z@;’ + S]\—ng’ | [50,51,52] S IM} .

If for j = [sp, 51, 52] € Ip we denote

(7 Gy _ 251 +3sp 51425 251 + 35y 51+ 257
(yl Y, ) (Xl( M ’ M , X2 M ’ M

then the set of nodes () consists of the points
Oy = {(ygf),ygj)) eR?|je IM} .

The integration domain (2 together with the set of nodes (15 is depicted in Figure 3.
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1 2 3 4 5 6 le

y1 = 2((y2+ 3)% — 3y2 — 6)

y1 = —2((y2+ 3)? + 3y>+ 6)

Figure 3. The region Q) of G, together with the points of ()15. The boundary of Q) is described by
three equations y; = 2 -3,y = 2((y2 + 3)2 =3y, —6) and y; = —2((y2 +3)2 + 3y + 6).

Similarly to the case Aj, each point of Fjs as well as of () is labeled by the index set I; and it is
convenient for the point x € Fy; and its image in () labeled by j € Iy to denote

g = e(x) = &(Xp(x)).

The values of ¢; can be found in Table 2. The cubature rule for any p € Iy is of the form

1 TZZ . .
LP(]/LJ/Z)K 2y ya)dyrdys = 5 Y e ). (52)

j€lm

As in the case Aj, the cubature rule (52) is similar to the Gauss-Lobatto cubature formula derived
in [25], where Xu et al study four types of functions CCy(t), SCi(t), CSk(t) and SS(t) closely related to
the orbit functions over Weyl groups. Concretely, the functions CCy(t) and SSi(t) are given by

CCr(t) = % [cos (ks - k33)(t1 ~fs) cos 71tk ty + cos ks - k33)(t2 —h) cos Ttkots
+ cos (ks - k?;))(t?’ —t2) cos ﬂszl] ,

SS(t) = % [sin ks - kz)(tl i) sin 1tk ty + sin (ks - k33)(t2 —h) sin 1tkots
+ sin ks - k33)(t3 ~t2) sin ﬂkzh] ,

where the variable ¢ is given by homogeneous coordinates, i.e.,
t=(t toty) €RY = {teR3 |l +1p +t5 =0}

and parameter k = (ky,kz,k3) € 73N R?{. It can be verified that the linear transformations of variable
and parameter

t1 =—a1+3ay, t)=2a1-3ar, t3=-ay,
ki=M+A, k=M, k3i=-20-4
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give the connection with C-functions and S-functions of G;:

_n

Calx) = n

CC(t), Sy (x) = —125S5,(t).

Example 3. The cubature formula (52) is the exact equality of a weighted integral of any polynomial
function of m-degree up to M with a weighted sum of finite number of polynomial values. It can be
used in numerical integration to approximate a weighted integral of any function by finite summing.

Similarly to Example 1, if we choose the function f(y1,y2) = K 2 (1, y2) as our test function, then
we can estimate the integral of 1 over ()

fo(yl,yz)K‘%(ylfyz)dyldyz=faldyldyz

by finite weighted sums with different M’s and compare the obtained results with the exact value

of the integral of 1 which is % = 8.5333. Table 3 shows the values of the finite weighted sums for

M = 10, 20, 30, 50, 100.
5. Polynomial Approximations

5.1. The Optimal Polynomial Approximation

Since the polynomial function (40) is continuous and strictly positive in (2°, its square root K2
can serve as a weight function for the weighted Hilbert space L%((Q), i.e., a space of complex-valued

cosets of measurable functions f such that fQ If |2K_% < oo with an inner product defined by

(.9 = 5 | SRR W) dy. S

Our aim is to construct a suitable Hilbert basis of L%((Q) Taking the inverse transforms of (28)
and (29) and substituting them into the polynomials (20) we obtain the polynomials p, € Clys, ..., yx]
such that

C/\ Zp,\(Xl,...,Xn). (54)

Moreover, successively applying Proposition 5 to perform the substitutions (29) in p, and taking
into account (37) we obtain that

deg,, pr = Al (55)

Calculating the scalar product (53) for the p, polynomials (54), we obtain that the continuous
orthogonality of the C-functions (14) is inherited, i.e.,

(pr o)k = hyoa 0, A,A" €PT. (56)

Assigning to any function f € £2(0) a function f~€ L2(F) by the relation f~(x) = f(X(x)) and
taking into account the expansion (15) we obtain for its expansion coefficients c, that

h -~ _ h 3
“= |WﬁF| fFf(X)C/\(x) dx = K(z;lz)n Lf(y)pA(y)K 2(}/) dy. (57)

Therefore any f € £2(Q2) can be expanded in terms of p,,

f= Z axpr, ay=hy(f,pa)x (58)

AepP+
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and the set of C-polynomials p;, A € P is a Hilbert basis of £%(Q)).
To construct a basis of the space of multivariate polynomials IT; suffices to note that Equation (19)
guarantees that each monomial Z/\lZ/\2 .ZM can be expanded in terms of C; with A € P} ; the same

can be said about the transformed monomlals X)HXA2 . X Thus by the same argument as above we
obtain for any p € I1j; the expansion

p= Z bapa, by =hy(p,pa)k (59)
AeP;I

Truncating the series (58) to the finite set P;;I we obtain a polynomial approximation up[f] € Iy
of the functions f € £2(Q),

ualf] = Y apa, ar=hy(f,pa)k (60)

o
)LePM

Relative to the .C%((Q) norm is this approximation indeed optimal among all polynomials from
Iy as states the following proposition.

Proposition 7. For any f € L2(Q) is the up[f] polynomial (60) the best approximation of f, relative to the
L2(Q)-norm, by any polynomial from ITyy.

Proof. Consider any p € Iy a polynomial of the form (59), any f € Li(ﬂ) expanded by (58) and
up[f] an approximation polynomial (60). Then we calculate that

(f=p.f=p)x = (£, lx=(f,p)x = (p. ) + (p,P)x

= (£ k=Y hlaxby = Y hytbaay+ Y kP

AePy, AeP AePy,
= (f—umlfl, f=umlDr + Y, Bt oa—arP = (f = umlf], f - umlfx
AeP);

O

5.2. The Cubature Polynomial Approximation

Rather than the optimal polynomial approximation (60) one may consider for practical applications
its weakened version. Such a weaker version is obtained by using the cubature formula for an
approximate calculation of (f,p,)k, i.e., we set

oulfl = Y apns o= i Y S, 1)

AePy, yeQu

Since for f € I1pj—1 and py, A € P;;I it holds that fp; € Ilpp—1and the cubature formula is thus
valid, we obtain that the optimal approximation coincides with vps[f],

Z)M[f] = MM[f], f € IMp-1. (62)
Example 4. As a specific example of a continuous model function in the case C,, we consider

f(y1,yz) = e‘(y§+(yz+1.8)2)/(2x0.352)

defined on Q. The graph of f together with its approximations vp[f] for M = 10, 20, 30 is shown in
Figure 4.
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Figure 4. The figure shows the model function f and its approximations vp[f] for M = 10,20, 30 on O
of Cz.

Integral error estimates of the polynomial approximations vj;|f]

fQ £ (1, v2) = omlf] (v, y2) PK™2 (1, 2 )dya dy

can be found in Table 4.

Table 4. The table shows the values of integral error estimates of the polynomial approximations vp[f]
for M = 10, 20, 30.

M 10 20 30

JoIf —omlfIPK 2dy dy,  0.0636842 0.0035217  0.0000636

6. Conclusions

Due to the generality of the present construction of the cubature formulas, some of the cases
presented in this paper appeared already in the literature. The case A is closely related to
two-variable analogues of Jacobi polynomials on Steiner’s hypocycloid [26]; the case C; is
related to two-variable analogues of Jacobi polynomials on a domain bounded by two lines
and a parabola [26-28] and the corresponding Gaussian cubature formulas induced by these
polynomials are studied for example in [10]. The case G, and its cubature formulas are detailed
in [25].

The Chebyshev polynomials of the first kind induce the cubature formula of the maximal
efficiency—Gauss-Chebyshev quadrature [5,29]. The nodes of this formula are M roots of the
Chebyshev polynomials of the first kind of degree M and it exactly evaluates a weighted integral
for any polynomial of degree at most 2M — 1. The set of nodes () of A; does not correspond
to the set of roots of the Gauss-Chebyshev quadrature—; of A; consists of M + 1 points and
includes two boundary points of the interval. Thus, the number of points j; exceeds by one the
minimum number of nodes and the resulting cubature formula is not optimal. This phenomenon,
already observed for the A, sequence in [9], generalizes to all cases of Weyl groups. Even though
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the developed formulas are slightly less efficient than the optimal ones, they contain points on the
entire boundary of ())—this might be useful for some applications.

e  The technique for construction of the cubature formulas in this article is based on discrete
orthogonality of C-functions over the set Fjs. For the case A; the cosine transform corresponding
to the discrete orthogonality of cosines is standardly known as discrete cosine transform of the type
DCT-I [30]. The M roots of the Chebyshev polynomials of the first kind, which lead to the optimal
cubature formula, enter the discrete orthogonality relations of the type DCT-II. This indicates that
the discrete orthogonality relations of C-functions, which generalize the transforms of the type
DCT-IL, DCT-III and DCT-IV for admissible cases of Weyl groups [31], might lead to cubature
formulas of higher efficiency.

e The weaker version of the polynomial approximation (60) assigns to any complex function
f:Q — C apolynomial functional series {uys[f]}

(o8]

M=1'
these functional series together with an estimate of the approximation error f ( f—um(f] |2 K2
poses an open problem.

e  The Clenshaw-Curtis method for deriving cubature formulas is based on expressing a given
function into a series of the corresponding set of orthogonal polynomials and then integrating the
series term by term [32,33]. The coefficients in the series are calculated using discrete orthogonality
properties. The comparison of the resulting cubature formulas by the Clenshaw-Curtis technique
and the method used in the present paper and in [1,2] deserves further study.

e  The polynomials of the orbit functions used in the present paper and in [1,2] to derive the cubature
formulas are directly related to the Jacobi polynomials associated to root systems as well as to the
Macdonald polynomials. The discrete orthogonality of the Macdonald polynomials with unitary

Existence of conditions for convergence of

parameters, achieved in [34], opens a possibility of an extension of the current cubature formulas
to the corresponding subset of the Macdonald polynomials.
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