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Abstract: Atomic nuclei exhibit approximate pseudospin symmetry. We review the arguments
that this symmetry is a relativistic symmetry. The condition for this symmetry is that the sum of
the vector and scalar potentials in the Dirac Hamiltonian is a constant. We give the generators
of pseudospin symmetry. We review some of the predictions that follow from the insight that
pseudospin symmetry has relativistic origins . We show that approximate pseudospin symmetry in
nuclei predicts approximate spin symmetry in anti-nucleon scattering from nuclei. Since QCD sum
rules predict that the sum of the scalar and vector potentials is small, we discuss the quark origins of
pseudospin symmetry in nuclei and spin symmetry in hadrons.
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1. Introduction

Quarks in hadrons are relativistic while for the most part the properties of nuclei can be explained
by non-relativistic physics. However, a quasi-degeneracy in the single nucleon states of spherical nuclei
has a simple explanation as a relativistic symmetry. The states in question have quantum numbers
(ne, n’f;/) wheren’ =n—1,0' =¢+2,j =j+1andn,/,j are the radial, orbital angular momentum,
and total angular momentum quantum numbers, respectively [1,2]. These quasi-degeneracies persist
in recent measurements in nuclei far from stability [3]. If the average of the orbital angular momenta
is defined as a pseudo-orbital angular momentum (7) and if a pseudospin (5 = %) is coupled to the
pseudo-orbital angular momentum, the total angular momenta will be (j = 7 + %). For example, for
the (1s 1 Od%) orbits, 7 = 1, which gives the total angular momenta j = 1, 3. Subsequently pseudospin
doublets in deformed nuclei were discovered [4]. Pseudospin symmetry was later revealed to be a
relativistic symmetry of the Dirac Hamiltonian [5,6]. Furthermore, QCD sum rules predict that the
vector and scalar potentials of nucleons in nuclear matter approximately satisfy the conditions for
pseudospin symmetry. Therefore, perhaps pseudospin symmetry can be a bridge to understanding
nuclei in terms of quarks.

In this paper, we will review the symmetries of the Dirac Hamiltonian[5,7]. Data on hadrons
suggest they have a spin symmetry. Spin symmetry is not usually thought of as a relativistic symmetry
but we show in the next Section that the Dirac Hamiltonian does have a spin symmetry in a certain
limit. Then we will show that the Dirac Hamiltonian has a pseudospin symmetry and we give a short
review of the evidence of pseudospin symmetry in nuclei. We then discuss connections of pseudospin
symmetry with QCD.
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2. Symmetries of the Dirac Hamiltonian

The Dirac Hamiltonian with a Lorentz scalar potential, V5(7), and a potential which is the fourth
component of a Lorentz vector potential, Vy (7), is

H=a-p+B(Vs(7) + M) + Vv (7) )

where @, § are the Dirac matrices, p is the momentum, M is the mass, 7 is the radial coordinate, and
the velocity of light is set equal to unity, c =1.

2.1. Spin Symmetry: A Symmetry of the Dirac Hamiltonian

The Dirac Hamiltonian has spin symmetry when the difference of the vector and scalar potentials
in the Dirac Hamiltonian is a constant, Vs(¥) — Vi, (¥) = C; [8]. Hadrons [9] and anti-nucleons in a
nuclear environment have spin symmetry [10]. These are relativistic systems and normally, in such
systems, we would expect large spin-orbit splittings, but, in this limit, spin doublets are degenerate.
The generators for this SU(2) spin algebra, 5, which commute with the Dirac Hamiltonian with any
potential V (7), spherical or deformed, [H, S| = 0, are given by [11]

z s 0
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where § = 7/2 are the usual spin generators, ¢ the Pauli matrices, and U, = & - p is the helicity

unitary operator introduced in [12] and p = g, the unit momentum. The generators are four by four
matrices as appropriate for the Dirac Hamiltonian.

2.2. Pseudospin Symmetry: A Symmetry of the Dirac Hamiltonian

Another SU(2) symmetry of the Dirac Hamiltonian occurs when the sum of the vector and scalar
potentials in the Dirac Hamiltonian is a constant, Vs(7) + Vi (7) = Cps [8]. The generators for this SU(2)

algebra §, which commute with the Dirac Hamiltonian with any potential V (7), spherical or deformed,

[H, 5} =0, are given by [11]
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This symmetry was shown to be pseudospin symmetry [5]. The eigenfunctions of the Dirac
Hamiltonian in this limit will have degenerate doublets of states, one of which has pseudospin aligned
and the other with pseudospin unaligned. The “upper" matrix of the pseudospin generators in
Equation (3), U, s Uy, have the spin intertwined with the momentum which enables the generators
to connect the states in the doublet, which differ by two units of angular momentum. In finite nuclei
both potentials go to zero at infinite distances. Hence Cps = 0 and the scalar potential will be equal
in magnitude but opposite in sign to the vector potential in the pseudospin limit. The approximate
equality in the magnitude of the vector and scalar fields in nuclei and their opposite sign have been
confirmed in relativistic mean field theories [6] and in QCD sum rules [6,13].

3. Consequences of Relativistic Pseudospin Symmetry

One immediate consequence of pseudospin symmetry as a relativistic symmetry is that the
“lower" matrix of the pseudospin generators in Equation (3), 5, does not change the radial wavefunction
of the “lower" component of the Dirac eigenfunctions. Hence this symmetry predicts that the radial
wavefunctions of the “lower"” component are the same for the two states in the doublet. Previous to this
discovery many relativistic mean field calculations of nuclear properties had been made. Hence this
prediction was tested with existing calculations and, indeed, these wavefunctions are very similar
for both spherical [14,15] and deformed nuclei [16,17]. Because of the momentum dependence of
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the “upper" matrix of the generators the relationship between the “upper" components involves
a differential equation and these have also been tested in spherical [18] and deformed nuclei [17]
with success.

Magnetic dipole and Gamow-Teller transitions between the two single-nucleon states in
pseudospin doublets are forbidden non-relativistically because the states differ by two units of angular
momentum. However, they are not forbidden relativistically which means that they are proportional
to the lower component of the Dirac eigenfunction. This leads to a condition between the magnetic
moments of the states and the magnetic dipole transtion between them because the radial amplitudes
of the lower components of the two states in a pseudospin doublet are equal. Therefore, the magnetic
dipole transition between the two states in the doublet can be predicted if the magnetic moments of
the states are known [6,19]. Likewise pseudospin symmetry also predicts Gamow-Teller transitions
between a state in a parent nucleus to the partner state in the daughter nucleus if the Gamow-Teller
transition to the same states in the parent and daughter nucleus is known. We do not have space to
discuss these relationships in detail but one example occurs in the mirror nuclei %ngo and ggCalg.
The ground state and first excited state of %ngo are interpreted as a 0d3,, and 1s1,, proton hole
respectively, while the ground state and first excited state of 3)Cajg are interpreted as a 0d3/, and
181/, neutron hole respectively. These states are members of the 7i, = 1,7 = 1 pseudospin doublet.
Using the magnetic moment of *Ca a transition rate is calculated which is only about 37 % larger
than the measured value. However, the two states in the doublet are not pure single-particle states.
A modification of these relations has been derived which take into account the fact that these states
are not pure single particle states [6,20]. The modified relations give a transition rate that agrees with
the measured value to within experimental error. Again using the mass 39 nuclei, the Gamow-Teller
transitions from the ground state of 3Ca to the ground and first excited state of ¥K are known, which
is enough information to predict the transition from the ground state to the excited state. In the
non-relativistic shell model an effective tensor term g,rs [Y20]() is added to the magnetic dipole
operator and the Gamow-Teller operator to produce a transition, where g, is a calculated effective
coupling constant. However, the magnetic dipole transition calculated between the same states is an
order of magnitude lower than the experimental transition [21] although the calculated Gamow-Teller
agrees with the experimental value within the limits of experimental and theoretical uncertainty.
This inconsistency has been a puzzle for the non-relativistic shell model. On the other hand the
relativistic single-nucleon model gives a consistent description of both of these transitions. A global
prediction of magnetic dipole transitions throughout the periodic table has had reasonable success
as well [6,20]. However, a global prediction of Gamow-Teller transitions have not been done yet.
Pseuodspin symmetry can also be used to relate quadrupole transitions between multiplets [6].

4. Anti-nucleon in a Nuclear Environment

Charge conjugation changes a nucleon into an anti-nucleon. Under charge conjugation the
scalar potential of a nucleon remains invariant while the its vector potential changes sign. Hence the
pseudospin condition Vs(7) + Vy (7) & Cps becomes the spin condition Vs(7) — Vy(7) &~ Cps = Cs
where Vs y(7) are the scalar and vector potentials of an anti-nucleon in a nuclear environment
respectively. Hence approximate pseudospin for nucleons predicts approximate spin symmetry
for anti-nucleons in a nuclear environment. This conjecture is confirmed in relativistic mean field
theory [22]. Since the potentials are also very deep we would expect approximate U(3) symmetry as
well [23].

Of course the anti-nucleons scattered from nuclei experience a strong annihilation potential
while nucleons scattered from nuclei do not. However, since the nucleons do not feel an annihilation
potential, this means that the sum of the scalar and vector annihilation potentials for nucleons must
be zero which means that the difference of the anti-nucleon annihilation potentials is zero as well.
Hence the anti-nucleon annihilation potentials conserve spin symmetry as well.
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The sparse data on the scattering of polarized anti-protons on nuclei supports the prediction that
spin symmetry is approximately conserved [24]. Perhaps more extensive data on the scattering of
polarized anti-protons on nuclei will be forthcoming from GSI.

5. QCD Sum Rules

QCD sum rules have been used to show that V5 = —Vy, in nuclear matter [13]. Since the derviation
is too complex to repeat here, we shall only attempt to justify the result.

The vector potential will be proportional to the nuclear matter density, which in nuclear matter is
uniform, Vyy =~ pn. The value of py is taken to be the central matter density of nuclei which has been
measured in electron scattering from nuclei.

In order to determine the scalar potential we need to know the nuclear scalar density. There is
no direct measurement of the nuclear scalar density, but the scalar density of quarks in a nucleon
can be measured experimentally. This scalar density of quarks is given in terms of what is called the
sigma term

on = 2mg((N|q9|N) — (0]q4|0)) )

where g is quark field operator, § = q'7yo, m, is the quark mass, |N) is the nucleon state, and |0)
is the vacuum state. This sigma term can be measured in pion-nucleon scattering [25,26] and, after
a sophisticated analysis, is determined to be o ~ 45 £ 8 MeV. Averaging over all the nucleons in
nuclear matter and ignoring nuclear interactions,

onpN = 2mq((G9) oy — (G9)vac) 5)

The scalar density of quarks in nuclear matter relative to the vacuum is then

(@on

ONPN UNPN
— =1+ =1- 6
(39)vac ©)

2 mg(qq)vac m2 f2

where the last term follows from the Gell-Mann-Oakes-Renner relation [27],

2mq<‘7‘7>vac = _mgrfgr (7)

Both the nucleon mass and the scalar potential are Lorentz scalars. The effective mass will be
proportional to the left-hand side of Equation (6) with the first term on the right-hand side proportional
to the mass of the nucleon and the second proportional to the scalar potential.

The detailed QCD sum rule gives

4720,
vs = —iMan‘;N (8a)
327
vy o (8b)

Since all the quantities on the right-hand side of Equation (8b) are positive, the scalar potential
is attractive and the vector potential is repulsive, just as one finds in relativistic mean field models.
Furthermore the ratio becomes v

S ON

= =——~-11 9

VV 8 My ( )
using accepted values of the average quark mass in the proton (=5 MeV) and the value of oy
(45 MeV), which is uncannily close to the the ratio of the potentials at the center of the nucleus
as determined in relativistic mean field models and indicative of pseudospin symmetry. Also the
negative sign originates in the vacuum expectation of the quark scalar density given in Equation (7).
These features suggest that perhaps pseudospin has a more fundamental foundation in terms of QCD.
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6. Quark Models with Spin and Pseudospin Symmetries

A successful phenomenological model of quarks uses the non-relativistic Schrodinger Hamiltonian
with the Cornell potential

V() === +or (10)

The first term arises from the single gluon exchange between quarks while the second term
leads to confinement of the quarks inside the hadrons. Recently this Cornell potential was used
in the Dirac Hamiltonian and studied under the conditions of spin symmetry and pseudospin
symmetry [28]. When spin symmetry was imposed the effective energy-dependent potential derived in
the non-relativistic limit was a Cornell type potential which is consistent with hadron phenomenology.
However when pseudospin symmetry was imposed the effective energy-dependent potential derived
in the non-relativistic limit was quite different and was bag-like. The size of the bag was comparable
to the size of the nucleus. This is unrealistic because quarks in nuclei are confined to the size of the
nucleon and do not traverse the size of the nucleus as a whole.

However, this is an interesting line of research which should be explored more. In particular
the question of why hadrons have spin symmetry while nuclei have pseudospin symmetry needs to
be answered.

7. Conclusions

Most features of nuclei can be understood within the non-relativistic shell model. Therefore, it
comes as a surprise that pseudospin symmetry in nuclei is a relativistic symmetry. However, it can
never be an invariant symmetry since no nucleon bound states exist when the sum of the scalar and
vector potentials is a constant.

Approximate pseudospin symmetry in nuclei implies that spin symmetry will be approximately
conserved in anti-nucleon scattering from nuclei. The new anti-proton facility at GSI could test this
prediction by measuring the polarization of anti-protons scattered from nuclei. This prediction follows
simply from charge conjugation and, if confirmed, will be another manifestation of the relativistic
origin of pseudospin symmetry.

In addition, since QCD sum rules predict that the sum of the scalar and vector potentials is small
in nuclear matter, perhaps there is a more fundamental rationale for pseudospin symmetry in terms
of quark dynamics. With this understanding may come an answer to the question of why hadrons
exhibit spin symmetry whereas nuclei exhibit pseudospin symmetry.
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